
Chapter4

Stream3A:ScalarCalculus

Stream3is∞,aconceptthattypicallymeansunbounded(immeasurablylarge),butinthecase
ofcalculus,∞meansinfinitesimal(immeasurablysmall),sincetakingalimitrequiressmall
numbers.Takingalimitmeansyoumayneverreachthetarget,aconceptthattheGreekscalled
Zeno’sparadox(Stillwell,2010,p.76).

Whenwespeakoftheclassofordinary(versusvector)differentialequations,theterm
scalarispreferable,sincethetermordinaryisvague,ifnotmeaningless.Forscalarcalculus,a
specialsubsetoffundamentaltheoremsaboutintegrationaresummarizedinTable4.1(p.179),
startingwithLeibniz’stheorem.

Table4.1:Thefundamentaltheoremsofintegralcalculus,eachofwhichdealswithintegration.At
leasttwomaintheoremsrelatetoscalarcalculus,andthreemoretovectorcalculus.

NameMappingp.Description
Leibniz(FTC)R

1
→

R
0

179Areaunderarealcurve

Cauchy(FTCC)C
1

→
R

0

179Areaunderacomplexcurve

Cauchy’stheoremC
1

→
C

0

201Closeintegraloveranalyticregionis
zero

Cauchy’sintegralformulaC
1

→
C

0

201Thefundamentaltheoremofcomplex
calculus

ResiduetheoremC
1

→
C

0

201Residueintegration

Helmholtz’decompositionSec.5.8.3270ACornerstoneofMathematicalPhysics

Followingourdiscussionoftheintegraltheoremsonscalarcalculusarethoseonvector
calculus,withoutwhichtherecanbenounderstandingofMaxwell’sequations.Ofthese,the
fundamentaltheoremofvectorcalculus(alsoknownasHelmholtz’decomposition),Gauss’s
law,andStokes’stheoremformthethreecornerstonesofmodernvectorfieldanalysis.These
theoremsallowustoconnectthedifferential(point)andmacroscopic(integral)relationships.
Forexample,wecanwriteMaxwell’sequationseitherasvectordifferentialequations,asshown
byHeaviside(alongwithGibbsandHertz),orinintegralform.Itishelpfultoplacethese
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two forms side by side to fully appreciate their significance. To understand the differential
(microscopic) view, one must fully understand the integral (macroscopic) view (see Figs. 5.5
and 5.6 on pp. 257 and 258).

4.1 The beginning of modern mathematics
As shown in Fig. 1.2 (p. 13), mathematics as we know it today began in the 16th to 18th cen-
turies, arguably starting with Galileo, Descartes, Fermat, Newton, the Bernoulli family, and
most important Euler. Galileo was formidable because of his fame, fortune, and “successful”
stance against the powerful Catholic establishment. His creativity in scientific circles was cer-
tainly well known due to his many skills and accomplishments. Descartes and Fermat were at
the forefront of merging algebra and geometry. While Fermat kept meticulous notebooks, he
did not publish and tended to be secretive. Thus Descartes’s contributions were more widely
acknowledged, though not necessarily deeper.

Regarding the development of calculus, much was yet to be developed by Newton and Leib-
niz using term-by-term integration of functions based on Taylor series representation. This was
a powerful technique but, as stated earlier, incomplete because the Taylor series can represent
only single-valued functions within the RoC. More important, Newton (and others) failed to
recognize (i.e., rejected) the powerful generalization to complex–analytic functions. The first
major breakthrough was Newton’s publication of Principia (1687), and the second was by Rie-
mann (1851), advised by Gauss but possibly more influenced by Cauchy.

Following both Galileo’s and Newton’s lead, the secretive and introverted behavior of the
typical mathematician dramatically changed with the Bernoulli family (Fig. 3.1, p. 74). The
oldest brother Jacob taught his much younger brother Johann, who then taught his son Daniel.
But Johann’s star pupil was Leonhard Euler. Euler first mastered all the tools and then published
with a prolifically previously unknown.

Euler and the circular functions: Euler’s first major task was to understand the family of
analytic circular functions (ex, sin(x), cos(x), and log(x)), a task begun by the Bernoulli family.
Euler sought relationships among these many functions, some of which may not be thought of
as being related, such as the log and sin functions. The connection that may “easily” be made
is through their complex Taylor series representation (Eq. 3.2.9, p. 95). By the manipulation
of the analytic series representations, the relationship between ex and sin(x) and cos(x) was
precisely captured with the equation

ejω = cos(ω) + ȷ sin(ω) (4.1.1)

and its analytic inverse (Greenberg, 1988, p. 1135)

tan−1(z) =
1

2ȷ
ln

�
1ȷ− z

1ȷ + z

�
=

ȷ

2
ln

�
1 − zȷ

1 + zȷ

�
. (4.1.2)

Exercise #1
Starting from Eq. 4.1.1, derive Eq. 4.1.2.

Solution: We let z(ω) = tanω; then

z(ω) = tan(ω) =
sinω

cosω
= −ȷ

eωȷ − e−ωȷ

eωȷ + e−ωȷ
= −ȷ

e2ωȷ − 1

e2ωȷ + 1
. (4.1.3)
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Solvingfore−2ωȷ
,weget

e−2ωȷ
=

1−zȷ

1+zȷ
.(4.1.4)

Takingln()ofbothsidesandusingthedefinitionofz(ω)giveEq.4.1.2:

ω=tan−1
(z)=

ȷ

2
ln

1−zȷ

1+zȷ
.

Theseequationsarethebasisoftransmissionlines(TL),andusedthroughoutmathematical
physics.Theyarerelatedtothez(bilinear)transform,andNewton’smethodforfindingrootsof
complex–analyticfunctions(Allen,2024).Herez(ω)ofEq.4.1.3istheTL’sinputimpedance
andEq.4.1.4iscalledthereflectance.■

AlthoughmanyhighschoolstudentsmemorizeEuler’srelationship,itseemsunlikelythat
theyappreciatetheutilityofthecomplex–analyticfunction.Thispossibilitycouldchangewith
atrivialteachinginnovation(UseOverLeafforwrittenexpression).

Historyofcomplex–analyticfunctions:Newton(ca.1650)famouslyignoredimaginarynum-
bersandcalledthemimaginaryinadisparaging(pejorative)way.GivenNewton’sprominence,
hisviewmusthavekeenlyattenuatedinterestincomplexalgebra,eventhoughithadbeende-
scribedbyBombelliin1526,likelybasedonhisserendipitousfindingofDiophantus’sbook
ArithmeticintheVaticanlibrary.

Accordingtomathematicalevidence,Eulerdidnotappreciatetheroleofcomplex–analytic
functions.Theywerefirstfullyappreciatedwellafterhisdeathin1785,byAugustin-Louis
Cauchy(1789–1857),andthenextendedbyRiemannin1851.

Eulerderivedhisrelationshipsusingrealpowerseries(i.e.,realanalyticfunctions).While
Eulerwasfluentwithȷ=

√
−1,hedidnotconsiderfunctionstobecomplex–analytic.That

conceptwasfirstexploredbyCauchyalmostacenturylater.Themissinglinktotheconcept
ofcomplex–analyticfunctionsisthedefinitionofthederivativewithrespecttothecomplex
argument

F′(s)=
dF(s)

ds
,(4.1.5)

wheres=σ+ωȷ,withoutwhichthecomplex–analyticTaylorcoefficientsarenotdefined.

4.2FundamentalTheoremsofScalarCalculus
Historyofscalarcalculus:Itsomesensethestoryofcalculusbeginswiththefundamental
theoremofcalculus(Table4.1),alsoknowngenericallyasLeibniz’sformula.Thesimplest
integralisthelengthofalineL=

RL

0dx.Ifwelabelapointonalineasx=0andwishto
measurethedistancetoanyotherpointx,weformthelineintegralbetweenthetwopoints.If
thelineisstraight,thisintegralistheEuclideanlengthgivenbythedifferencebetweenthetwo
ends(Eq.3.5.3,p.120).

IfF(χ)∈Rdescribesaheightabovethelineχ∈R,then

f(x)−f(0)=

Zx

x=0

F(χ)dχ(4.2.1)

maybeviewedastheantiderivativeofF(χ).Hereχisadummyvariableofintegration.Thus
theareaunderF(χ)dependsononlythedifferenceintheareaevaluatedattheendpoints.
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This property of the area as an integral over an interval, depending on only the end points,
has important consequences in physics in terms of conservation of energy, allowing for impor-
tant generalizations. For example, as long as χ ∈ R, we can let F (χ) ∈ C with no loss of
generality, due to the linear Postulate P1 of the integral (see p. 162).

4.2.1 The fundamental theorem of real calculus
If f(x) is analytic (Eq. 3.2.8, p. 94), then

F (x) =
d

dx
f(x) (4.2.2)

is an exact real differential. It follows that F (x) is analytic. This is known as the fundamental
theorem of (real) calculus (FTC). Thus Eq. 4.2.2 may be viewed as an exact real differential.
This is easily shown by evaluating

d

dx
f(x) = lim

δ→0

f(x + δ) − f(x)

δ
= F (x)

starting from the antiderivative, Eq. 4.2.1. If f(x) is not analytic then the limit may not exist,
so this is a necessary condition.

There are many important variations on this very basic theorem (see Table 4.1). For ex-
ample, the limits could depend on time. Also when we take Fourier transforms, the integrand
depends on both time t ∈ R and frequency ω ∈ R via a complex exponential “kernel” function
e±ȷωt ∈ C, which is analytic in both t and ω.

4.2.2 The fundamental theorem of complex calculus (Sec. 4.2.1)
The fundamental theorem of complex calculus (FTCC) states (Greenberg, 1988, p. 1197) that
for any complex–analytic function F (s) ∈ C with s = σ + ωȷ ∈ C,

f(s) − f(so) =

Z s

so

F (ζ)dζ. (4.2.3)

Equations 4.2.1 and 4.2.3 differ because the path of the integral is complex. Thus the line
integral is over s ∈ C rather than a real integral over χ ∈ R. The FTCC states that the integral
depends on only the end points, since

F (s) =
d

ds
f(s). (4.2.4)

Comparing exact differentials, Eq. 4.1.5 (FTCC) and Eq. 4.2.2 (FTC), we see that f(s) ∈ C
must be complex–analytic and have a Taylor series in powers in s ∈ C. It follows that F (s) is
also complex–analytic.

Complex–analytic functions: The definition of a complex–analytic function F (s) of s ∈ C
is that the function may be expanded in a Taylor series (Eq. 3.2.20, p. 102) about an expansion
point so ∈ C. This definition follows the same logic as the FTC. Thus we need a definition for
the coefficients cn ∈ C, which most naturally follow from Taylor’s formula

cn =
1

n!

dn

dsn
F (s)

����
s=so

. (4.2.5)
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TherequirementthatF(s)haveaTaylorseriesnaturallyfollowsbytakingderivativeswith
respecttosatso.Theproblemisthatbothintegrationanddifferentiationoffunctionsof
complexLaplacefrequencys=σ+ωȷhavenotyetbeendefined.

Thusthequestion:WhatdoesitmeantotakethederivativeofafunctionF(s)∈C,
s=σ+ωȷ∈C,withrespecttos,wheresdefinesaplaneratherthanarealline?Welearned
howtoformthederivativeontherealline.Canthesamederivativeconceptbeextendedtothe
complexplane?

Theanswerisaffirmative.Thequestionmayberesolvedbyapplyingtherulesofthereal
derivativewhendefiningthederivativeinthecomplexplane.However,forthecomplexcase,
thereisanissueregardingdirection.GivenanyanalyticfunctionF(s),isthepartialderivative
withrespecttoσdifferentfromthepartialderivativewithrespecttoωȷ?Forcomplex–analytic
functions,theFTCCstatesthattheintegralisindependentofthepathinthesplane.Based
onthechainrule,thederivativemustalsobeindependentofthedirectionatso.Thisdirectly
followsfromtheFTCC.Iftheintegralofafunctionofacomplexvariableistobeindepen-
dentofthepath,thenthederivativeofafunctionwithrespecttoacomplexvariablemustbe
independentofthedirection.ThisfollowsfromTaylor’sformulaforthecoefficientsofthe
complex–analyticformula(Eq.4.2.5).

TheCauchy-Riemannconditions:TheFTCdefinestheareaasanintegraloverarealdif-
ferential(dx∈R),whiletheFTCCrelatesanintegraloveracomplexfunctionF(s)∈Calong
acomplexinterval(i.e.,path)(ds∈C).FortheFTCtheareaunderthecurvedependsononly
theendpointsoftheantiderivativef(x).Butwhatisthemeaningofan“area”alongacomplex
path?TheCauchy-Riemannconditionsprovidetheanswer.

4.2.3Cauchy-Riemannconditions
FortheintegralofZ(s)=R(σ,ω)+ȷX(σ,ω)tobeindependentofthepath,thederivativeof
Z(s)mustalsobeindependentofthepath.Thisrequirementleadstoapairofequationsknown
astheCauchy-Riemannconditions,describednext.

Todefine
d

ds
Z(s)=

d

ds
[R(σ,ω)+ȷX(σ,ω)],

wetakepartialderivativesofZ(s)withrespecttoσandȷω,andequatethem:

∂Z

∂σ
=

∂R

∂σ
+ȷ

∂X

∂σ≡
∂Z

∂ȷω
=

∂R

∂ȷω
+ȷ

∂X

∂ȷω
.

Thissaysthatahorizontalderivative,withrespecttoσ,isequivalenttoaverticalderivative,
withrespecttoωȷ.Takingtherealandimaginarypartsgivesthetwoequations

∂R(σ,ω)

∂σ
=�ȷ

∂X(σ,ω)

∂ω�ȷ
(CR-1)and

∂R(σ,ω)

∂ω�ȷ
=−�ȷ

∂X(σ,ω)

∂σ
(CR-2),(4.2.6)

knownastheCauchy-Riemann(CR)conditions.TheȷcancelsinCR-1butintroducesaȷ
2

=
−1inCR-2.Theymayalsobewritteninpolarcoordinates(s=re

θȷ
)as

∂R

∂r
=

1

r

∂X

∂θ
and

∂X

∂r
=−

1

r

∂R

∂θ
.

TheFTCC(Eq.4.2.3)followsfromCR-1andCR-2(Eq.4.2.6).
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You may wonder what would happen if we took a derivative at 45°. To do this we only
need to multiply the function by eȷπ/4. But doing so will not change the derivative. Thus we
may take the derivative in any direction by multiplying by eθȷ, and the CR conditions will not
change.

The CR conditions are necessary so that the integral of Z(s), and thus its derivative, is
independent of the path, expressed in terms of conditions on the real and imaginary parts of Z.
This is a very strong condition on Z(s), which follows assuming that Z(s) may be written as a
Taylor series in s:

Z(s) = Z0 + Z1s +
1

2
Z2s

2 + · · · , (4.2.7)

where Zn ∈ C are complex constants given by the Taylor series formula (Eq. 4.2.5). As with
the real Taylor series, there is the convergence condition that |s| < 1, called the radius of
convergence (RoC). This is an important generalization of the region of convergence (RoC) for
real s = x.

Every function that may be expressed as a Taylor series in s − so about point so ∈ C
is said to be complex–analytic at so. This series, which is single-valued, is said to converge
within a radius of convergence (RoC). This highly restrictive condition has significant physical
consequences. For example, every impedance function Z(s) obeys the CR conditions over large
regions of the s plane, including the entire right half s plane (RHP) (σ > 0). This condition is
summarized by the Brune condition ℜ{Z(σ > 0)} ≥ 0, or alternatively ∠Z(s) < ∠s

When the CR conditions are generalized to volume integrals, this is called either Gauss’s
Law or Green’s theorem, which is used in the solution of boundary value problems in engineer-
ing and physics (Kusse and Westwig, 2010).

We may merge these equations into a pair of second-order equations by taking a second
round of partials. Specifically, eliminating the real part R(σ, ω) of Eq. 4.2.6 gives

∂2R(σ, ω)

∂σ∂ω
=

∂2X(σ, ω)

∂2ω
= −∂2X(σ, ω)

∂2σ
, (CR-3) (4.2.8)

which may be written compactly as ∇2X(σ, ω) = 0. Eliminating the imaginary part gives

∂2X(σ, ω)

∂ω∂σ
=

∂2R(σ, ω)

∂2σ
= −∂2R(σ, ω)

∂2ω
, (CR-4) (4.2.9)

which may be written as ∇2R(σ, ω) = 0.
In summary, for a function Z(s) to be complex–analytic, the derivative dZ/ds must be

independent of direction (path), which requires that the real and imaginary parts of the function
obey Laplace’s equation; that is,

∇2R(σ, ω) = 0 and ∇2X(σ, ω) = 0. (4.2.10)

Equations CR-1 and CR-2 are easy to work with because they are first-order, but the in-
tuition behind them best follows from the properties of Laplace’s equation (Eq. 4.2.10). Note
two facts: (1) the derivative of a complex–analytic function is independent of its direction, and
(2) the real and imaginary parts of the function obey Laplace’s equation. Such relationships are
known as harmonic functions.

As we shall see in the next few sections, complex–analytic functions must be smooth, since
every analytic function may be differentiated an infinite number of times (the complex Taylor
series) within the RoC. The magnitude must attain its maximum and minimum on the boundary.
For example, when you stretch a rubber sheet over a jagged frame, the height of the rubber sheet
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obeysLaplace’sequation.Nowherecantheheightofthesheetriseaboveorbelowitsvalueat
theboundary.

Harmonicfunctionsdefineconservativefields,whichmeansthatenergy(likeavolumeor
area)isconserved.Theworkdoneinmovingamassfromatobinsuchafieldisconserved.If
youreturnthemassfrombbacktoa,thestoredenergyisretrieved,thuszeronetworkisdone.
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4.3 Problems DE-1

4.3.1 Topics of this homework:
Complex numbers and functions (ordering and algebra), complex power series, fundamental
theorem of calculus (real and complex); Cauchy-Riemann conditions, multivalued functions
(branch cuts and Riemann sheets)

4.3.2 Complex Power Series
Problem # 1: In each case derive (e.g., using Taylor’s formula) the power
series of w(s) about s = 0 and give the RoC of your series. If the power series
doesn’t exist, state why! Hint: In some cases, you can derive the series by
relating the function to another function for which you already know the power
series at s = 0.

– 1.1: 1/(1 − s)

– 1.2: 1/(1 − s2)

– 1.3: 1/(1 + s2).

– 1.4: 1/s

– 1.5: 1/(1 − |s|2)

Problem # 2: Consider the function w(s) = 1/s

– 2.1: Expand this function as a power series about s = 1. Hint: Let
1/s = 1/(1 − 1 + s) = 1/(1 − (1 − s)).

– 2.2: What is the RoC?

– 2.3: Expand w(s) = 1/s as a power series in s−1 = 1/s about s−1 = 1.

– 2.4: What is the RoC?
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–2.5:Whatistheresidueofthepole?

Problem#3:Considerthefunctionw(s)=1/(2−s)

–3.1:Expandw(s)asapowerseriesins−1
=1/s.StatetheRoCasa

conditionon|s−1
|.Hint:Multiplytopandbottombys−1

.

–3.2:Findtheinversefunctions(w).Wherearethepolesandzerosofs(w),
andwhereisitanalytic?

Problem#4:Summingtheseries
TheTaylorseriesoffunctionshavemorethanoneregionofconvergence.

–4.1:Givensomefunctionf(x),ifa=0.1,whatisthevalueof

f(a)=1+a+a
2
+a

3
+···?

Showyourwork.

–4.2:Leta=10.Whatisthevalueof

f(a)=1+a+a
2
+a

3
+···?

4.3.3Cauchy-RiemannEquations

Problem#5:Forthisproblemȷ=
√
−1,s=σ+ωȷ,andF(s)=u(σ,ω)+

ȷv(σ,ω).Accordingtothefundamentaltheoremofcomplexcalculus(FTCC),
theintegrationofacomplex–analyticfunctionisindependentofthepath.It
followsthatthederivativeofF(s)isdefinedas

dF

ds
=

d

ds
[u(σ,ω)+ȷv(σ,ω)].(DE-1.1)

Iftheintegralisindependentofthepath,thenthederivativemustalsobeindependentofthe
direction:

dF

ds
=

∂F

∂σ
=

∂F

∂ȷω
.(DE-1.2)

TheCauchy-Riemann(CR)conditions

∂u(σ,ω)

∂σ
=

∂v(σ,ω)

∂ω
and

∂u(σ,ω)

∂ω
=−

∂v(σ,ω)

∂σ

maybeusedtoshowwhereEquationDE-1.2holds.

–5.1:AssumingEquationDE-1.2istrue,useittoderivetheCRequations.
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– 5.2: Merge the CR equations to show that u and v obey Laplace’s equa-
tions.

∇2u(σ, ω) = 0 and ∇2v(σ, ω) = 0.

– 5.3: What can you conclude?

Problem # 6: Apply the CR equations to the following functions. State for
which values of s = σ+ iω the CR conditions do or do not hold (e.g., where the
function F (s) is or is not analytic). Hint: Review where CR-1 and CR-2 hold.

– 6.1: F (s) = es

– 6.2: F (s) = 1/s

4.3.4 Branch cuts and Riemann sheets
Problem # 7: Consider the function w2(z) = z. This function can also be
written as w±(z) =

√
z±. Assume z = reϕȷ and w(z) = ρeθȷ =

√
reϕȷ/2.

– 7.1: How many Riemann sheets do you need in the domain (z) and the
range (w) to fully represent this function as single-valued?

– 7.2: Indicate (e.g., using a sketch) how the sheet(s) in the domain map to
the sheet(s) in the range.

– 7.3: Use zviz.m to plot the positive and negative square roots +
√

z and
−√

z. Describe what you see.

– 7.4: Where does zviz.m place the branch cut for this function?

– 7.5: Must the branch cut necessarily be in this location?

Problem # 8: Consider the function w(z) = log(z). As in Problem 7, let
z = reϕȷ and w(z) = ρeθȷ.

– 8.1: Describe with a sketch and then discuss the branch cut for f(z).
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–8.2:Whatistheinverseofthefunctionz(f)?Doesthisfunctionhavea
branchcut?Ifso,whereisit?

–8.3:Usingzviz.m,showthat

tan−1
(z)=−

ȷ

2
log

ȷ−z

ȷ+z
.(DE-1.3)

–8.4:AlgebraicallyjustifyEq.DE-1.3.Hint:Letw(z)=tan−1
(z)and

z(w)=tanw=sinw/cosw;thensolvefore
wj

.

4.3.5ACauersynthesisofanyBruneimpedance
Problem#9:Onemaysynthesizeatransmissionline(laddernetwork)froma
positiverealimpedanceZ(s)byusingthecontinuedfractionmethod.Toobtain
theseriesandshuntimpedancevalues,wecanusearesidueexpansion.Here
weshallexplorethismethod.

–9.1:StartingfromtheBruneimpedanceZ(s)=
1

s+1,findtheimpedance
networkasaladdernetwork.

–9.2:UsearesidueexpansioninplaceoftheCFAfloorfunction(Sec.2.4.4,
p.50)forpolynomialexpansions.FindtheresidueexpansionofH(s)=s

2
/(s+1)

andexpressitasaladdernetwork.

–9.3:DiscusshowtheseriesimpedanceZ(s,x)andshuntadmittance
Y(s,x)determinethewavevelocityκ(s,x)andthecharacteristicimpedance
zo(s,x)when(1)Z(s)andY(s)arebothindependentofx;(2)Y(s)isin-
dependentofx,Z(s,x)dependsonx;(3)Z(s)isindependentofx,Y(s,x)
dependsonx;and(4)bothY(s,x),Z(s,x)dependonx.
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4.4 Complex–analytic Brune admittance
It is rarely stated that the variable that we are integrating over, either x (space) or t (time), is
real (x, t ∈ R), since that fact is implicit, due to the physical nature of the formulation of the
integral. But this intuition must be refined once complex numbers are included with s ∈ C,
where s = σ + ωȷ.

That time and space are real variables is more than an assumption: it is a requirement that
follows from the order property. Real numbers have order. For example, if t = 0 is now (the
present), then t < 0 is the past and t > 0 is the future. Since time and space are real (t, x ∈ R),
they obey this order property. To have time travel, time and space would need to be complex
(they are not), since if the space axis were complex the order property would be invalid.

Interestingly, it was shown by d’Alembert (1747) that time and space are related by the pure
delay. To obtain a solution to the governing wave equation, which d’Alembert first proposed
for sound waves, x, t ∈ R may be functionally combined as

ζ± = t ± x/co,

where co ∈ R [m/s] is the wave phase velocity. The d’Alembert solution to the wave equation,
describing waves on a string under tension, is

u(x, t) = f(t − x/co) + g(t + x/co), (4.4.1)

which describes the transverse velocity (or displacement) of two independent waves f(ζ−),
g(ζ+) ∈ R on the string, which represent forward and backward traveling waves.1 For example,
starting with a string at rest, if one displaces the left end, at x = 0, by a step function u(t), then
that step displacement will propagate to the right as u(t − x/co), arriving at location xo [m],
at time xo/co [s]. Before this time, the string will not move to the right of the wave-front, at
xo [m], and after to [s] it will have a non-zero displacement. Since the wave equation obeys
superposition (postulate P2, p. 162), it follows that the “plane-wave” eigenfunction of the wave
equation for x,k ∈ R3 are given by

ψ±(x, t) = δ(t ∓ k · x) ↔ est±ȷk·x, (4.4.2)

where |k| = 2π/|λ| = ω/co is the wave number, |λ| ∈ R is the wavelength, and s = σ + ωȷ,
is the Laplace frequency.

Complex propagation function κ(s): When propagation dispersion and losses are consid-
ered, we must replace the wave number ȷk ∈ C having a complex–analytic vector wave number
κ(s) = kr(s) + ȷk(s). This is known by several names: (1) the complex propagation func-
tion, (2) the dispersion relation, (3) the propagation function. Function κ(s) is a subtle and
important generalization of the scalar wave number k = 2π/λ.2

An interesting example is the exact solution to the acoustic wave equation, including vis-
cous and thermal losses, as discussed in Appendix D, where it is show that the eigenvalues are

κ±(s) =
s ± 2βo

√
s

co

=
(βo ± √

s)2 − (βo)
2

co

,

with βo ∈ R ≥ 0.
1d’Alembert’s solution is valid for functions that are not differentiable, such as δ(t − x/co).
2Recall that for lossless plane waves λf = co, and k = 2π/λ.
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Formsofenergyloss,whichincludeviscosityandradiation,requireκ(s)∈C.Physical
examplesincludeacousticplanewaves,electromagneticwavepropagation,antennatheory,
andoneofthemostdifficultcases,thatof3Delectronwavepropagatingincrystals(e.g.,
silicon),whereelectronsandelectro-magnetic(EM)wavesareinastateofquantummechanical
equilibrium.

Evenwhenwecannotsolvethesemoredifficultproblems,wecanstillappreciatetheir
qualitativesolutions.Oneoftheprinciplesthatallowsustodothatisthecausalnatureofκ(s).
NamelytheLT−1

ofκ(s)mustbecausal,thusEq.4.4.2mustbecausal.Thegroupdelaythen
describesthenatureofthefrequencydependentcausaldelay.Forexample,ifthegroupdelayis
largeatsomefrequency,thenthesolutionswillhavethelargestcausaldelayatthatfrequency
(Brillouin,1953;Papoulis,1962).Qualitativelythiscangiveadeepinsightintothesolution,
evenifwecannotcomputeit.

ElectronsandphotonsaresimplydifferentEMstates,andκ(x,s)describesthecrystal’s
dispersionrelationsasfunctionsofbothfrequencyanddirection,famouslyknownasBrillouin
zones.Dispersionisapropertyofthemediumsuchthatthewavevelocityisafunctionof
frequencyanddirection,asinsilicon.3Highlyreadablediscussionsonthehistoryofthistopic
maybefoundinBrillouin(1953).

4.4.1Generalizedadmittance/impedance
ThemostelementaryexamplesofBruneadmittanceandimpedancearethosemadeofresistors,
capacitors,andinductors.Suchdiscreteelementcircuitsarisenotonlyinelectricalnetworks
butinmechanical,acoustical,andthermalnetworksaswell(Table3.2,p.149).Theselumped-
elementnetworkscanalwaysberepresentedbyratiosofpolynomialsins.Thisgivesthema
similarstructure,witheasilyclassifiedproperties.SuchcircuitsarecalledBruneadmittances
(orimpedances).4Anexampleofaspecialsymmetryiswhenthedegreesofthenumeratorand
denominatorpolynomialscannotdifferbymorethanone.Thisrestrictiononthedegreescomes
aboutbecausetherealpartoftheadmittance/impedancemustbepositive,duetophysical
constraints.

Butthereisamuchbroaderclassofadmittancesthatcomefromtransmissionlinesand
otherphysicalstructures,whichwerefertoasgeneralizedadmittances.Aninterestingexample
isanadmittanceoftheform1/√s,calledasemicapacitor,and√s,calledasemiinductor.
Generalizedadmittance/impedanceisnottheratiooftwopolynomials.Asaresult,theyare
moredifficulttocharacterize.

WhenageneralizedadmittanceY(s)oritsimpedanceZ(s)=1/Y(s)istransformedinto
thetimedomain,itmusthavearealandpositivesurgeadmittanceYr∈Rorsurgeimpedance
Zr∈R,followedbytheresidualresponseυ(t),ζ(t).Wedefinethefollowingnotationforthe
admittance(bothfrequencyandtimeresponses),

Y(s)=Yr+Υ(s)↔y(t)=Yrδ(t)+υ(t),(4.4.3)

andtheimpedance,
Z(s)=Zr+Zi(s)↔z(t)=Zrδ(t)+ζ(t).(4.4.4)

Thecomplexityofthenotationisnecessaryandfollowsfromthefactthatz(t)↔Z(s)and
y(t)↔Y(s)arepositive-realandthusminimumphase.

3Incaseyoumissedit,whatI’msuggestingisthatphotons(propagatingwaves)andelectrons(evanescent
waves)aredifferentEMwave“states”(Jaynes,1991).Thisdifferencedependsonthemedium,whichdetermines
thedispersionrelation(Papasimakisetal.,2018).

4Sometextspreferthetermimmittancetoincludebothadmittanceandimpedance.
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When we are dealing with a transmission line (i.e., wave guides), the generalized admittance
is defined as the ratio of the flow to the force. For an electrical system (voltage Φ, current I),
the input admittance looking to the right from location x is

Y +
in (x > 0, s) =

I+(x, ω)

Φ+(x, ω)
,

and looking to the left is

Y −
in (x < 0, s) =

I−(x, ω)

Φ−(x, ω)
.

In general these two admittances Y ±
in (x, s) are different.

Generalized reflectance: A function related to the generalized impedance is the reflectance
Γ(s), defined as the ratio of a reflected wave to the incident wave. For the case of acoustics
(pressure P , volume velocity V),

Yin(x, s) ≡ V(ω)

P(ω)
=

V+ − V−

P+ + P− (4.4.5)

=
V+

P+

1 − V−/ V+

1 + P−/ P+ (4.4.6)

= Y+
r

1 − Γ(x, s)

1 + Γ(x, s)
. (4.4.7)

When the physical system is continuous at the measurement point x, Y+
r (x) = Y−

r (x) ∈ R.
The reflectance Γ(x, s) depends on the area function, the boundary conditions, or both.

There is a direct relationship between a transmission line’s area function A(x) ∈ R, its char-
acteristic impedance Yr(x) ∈ R, and its eigenfunctions. We shall provide specific examples
as they arise in our analysis of transmission lines (e.g., Fig. 5.3, p. 247). This was previously
discussed in Sec. 41 (p. 116).

A few papers that deal with the relationship between Yin(s) and the area function A(x) are
Youla (1964); Sondhi and Gopinath (1971); Rasetshwane et al. (2012). However, the general
theory of this important and interesting problem is beyond the scope of this text (See homework
DE-3, Problem # 2), as well as Appendix D.

Complex–analytic Γ(s) and Yin(s) = Z−1
in (s)

When we define the complex reflectance Γ(s), we make a key assumption: Even though Γ(s)
is defined by the ratio of two functions of real (radian) frequency ω, like the impedance, the
reflectance must be causal (Postulate P1, p. 162). That γ(t) ↔ Γ(s) and ζ(t) ↔ Zin(s) =
1/Yin(s) are causal is required by the physics.

4.4.2 Complex–analytic impedance
Conservation of energy (or power) is a cornerstone of modern physics. It may first have been
under consideration by Galileo Galilei (1564–1642) and Marin Mersenne (1588–1648). Today
the question is not whether it is true, but why. Specifically, what is the physics behind conser-
vation of energy? Surprisingly, the answer is straightforward, based on its definition and the
properties of impedance. Recall that the power is the product of the force and the flow, and
impedance is their ratio.
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I.4.3 Gauss-Lucas theorem
Of special interest is the ratio of a Diophantine monic MK(s) and its derivative M ′

K(s), because
the roots of M ′

K(s) must lie just inside of the circle of roots of the monic. Assuming that

MK(s) =
KX

k=0

sk then M ′
K(s) =

K−1X

k=0

ksk−1.

I.4.4 Roots of random events
Of particular interest is the case of Bernoulli trials having a fractional odds ration (o ∈ F). An
example would be o = N/M with N, M ∈ N (positive integers), or even better N, M ∈ P
(primes with o ∈ I having no common factors), thus with p = N/(N + M) ∈ I (irrational).
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Thepowerisgivenbytheproductoftwovariables,sometimescalledconjugatevariables,
theforceandtheflow.Inelectricalterms,thesearevoltage(force)(v(t)↔V(ω))andcurrent
(flow)(i(t)↔I(ω));thus,theelectricalpoweratanyinstantoftimeis5

P(t)=v(t)i(t).(4.4.8)

ThetotalenergyE(t)istheintegralofthepower,sinceP(t)=dE/dt.Thusifwestartwith
alltheelementsatrest(nocurrentsorvoltages),thentheenergyasafunctionoftimeisalways
positive

E(t)=

Zt

0

P(t)dt≥0(4.4.9)

andissimplythetotalenergyappliedtothenetwork(VanValkenburg,1964a,p.376).Sincethe
voltageandcurrentarerelatedbyeitheranimpedanceoranadmittance,conservationofenergy
dependsonthepropertyofimpedance.FromOhm’slawandPostulateP1(everyimpedanceis
causal),andwehave

v(t)=z(t)⋆i(t)

=

Zt

τ=0

z(τ)i(t−τ)dτ

↔V(s)=Z(s)I(s).

Example:Leti(t)=δ(t)(aperfectimpulse).Then

Ixx(t)=

Zt

τ=0

z(t−τ)δ(τ)dτ=

Zt

0

z(−τ)dτ.

EveryBruneimpedancealwayshastheformz(t)=roδ(t)+ζ(t).Thecharacteristicimped-
ancero(alsocalledsurgeimpedance)maybedefinedas(Lundbergetal.,2007)

ro=

Z∞

0−
z(t)dt.

Thisdefinitionrequiresthattheintegralofζ(t)iszero,aconclusionthatwarrantsfurther
investigation.

TheseideasareperhapseasiertovisualizeifweworkintheLaplacefrequencydomain.
Thenthetotalenergy,equaltotheintegraloftherealpartofthepower,is

1

sℜVI=
1

2s
(V∗I+VI∗)=

1

2s
(Z∗I∗I+ZII∗)=

1

sℜZ(s)|I|
2
≥0.

Mathematicallythisiscalledapositivedefiniteoperator,sincethepositiveandrealresistance
issandwichedbetweenthecurrent,forcingthe“definiteness.”

Inconclusion,conservationofenergyistotallydependentonthepropertiesoftheimped-
ance.Thusoneofthemostimportantandobviousapplicationsofcomplex–analyticfunctions
ofacomplexvariableistheimpedancefunction.Thisseemstobetheultimateexampleofthe
FTCCappliedtoz(t).

5ThevoltageissometimescalledtheElectromotiveforce(EMF).Howeverv(t)isrelativetoareference
ground.TheactualEMFis−∇v(t).
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I.4.2Monicshavingcoefficientstakenfrom{1,0}(Bernoullitrials)

Asecondinterestingquestioniswhataretherootsofpolynomialshavingcoefficientsofall
{1},forexamplethe4thdegreemonic

M4(s)=s
4
+s

3
+s

2
+s+1≡[1,1,1,1,1]?

Thiscaseiseasilydealtwithbecause

MK(s)=
KX

k=0

s
k

=
1−s

K+1

1−s

thustherootsaresk=e
j2πk/K

fork=1:K.Notethats0=1(i.e.,k=0)isnotazero
becausethatobviouszero(root)iscanceled(removed)bythepoleats=1.

Asecondseeminglymoredifficultexamplecomesfromreplacingoneormoreofthecoef-
ficientswith0,suchas

M4(s)=s
4
+0s

3
+0s

2
+s+1≡[1,0,0,1,1]?

Themainquestionhereis“Whataretherootsofsuchmonics?”Alsoaretherenumerical
errorsinMatlab/Octavewhenthecoefficientsareintegers,orperhapsevenprimes?Suchprob-
lemarisewhendealingtheestimationoftheoddsratioforaBernoullitrial,ornon-stationary
Bernoullitrials(alongsequenceofnegativestrials,followedbyasingle(orafew)positives,
suchas

M(x)=x
20

+x
19

···+x
2
+0x

1
+0≡[1,1,···,1,0,0].

oralternatively,theverydifferentsequence,havingthesamenumberofpass/failoutcomes

M(x)=x
20

+0x
19

+x
18

···+x
2
+0x

1
+1≡[1,0,1,···,1,0,1].

Givenalongstringofnegatives(1)followedbyafewpositives(0)isaclearindicationthatthe
subjecthasswitchedfromnegativetopositive.Astringof18negativesisstrongevidencethat
thetesthasbothhighsensitiveandspecificity[i.e.,theodds-ratiowasnegative(1)18times,
andthenontrial19,switchedtopositive(0)twice].

-1-0.500.51
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FigureI.1:Plotofthezeros(o)ofamonicM80(s)havingcoefficentsck=1alongwithitsderivativeM′
80(s)

(x).TheplacementoftherootsfollowsfromtheGauss-Lucustheorem,whichsaysthattherootsoftheMonic’s
derivativeM′

K(s)lieinsidetheconvexhulloftherootsofthemonicMK(s).
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Every impedance must obey conservation of energy (Postulate P3): The impedance func-
tion Z(s) has resistance R and reactance X as a function of complex frequency s = σ + ȷω.
From the causality postulate P1, z(t < 0) = 0. Every impedance is defined by a Laplace
transform pair

z(t) ↔ Z(s) = R(σ, ω) + ȷX(σ, ω),

with R, X ∈ R.
According to postulate P3 a system is passive if it does not contain a power source. Drawing

power from an impedance violates conservation of energy. This property is also called positive-
real, which was defined by Brune (1931b,a)

ℜ{Z(s ≥ 0)} ≥ 0. (4.4.10)

Positive-real systems cannot draw more power than is stored in the impedance. The region
σ ≤ 0 is called the left half s plane (LHP), and the complementary region σ > 0 is called the
right half s plane (RHP). According to the Brune condition, the real part of every impedance
must be nonnegative (the RHP).

It is easy to construct examples of second-order poles or zeros in the RHP such that Pos-
tulate P3 is violated. Thus Postulate P3 implies that the impedance may not have more than
simple (first-order) poles and zeros, strictly in the LHP. But there is more: These poles and
zeros in the LHP must meet a minimum phase condition, a condition that is easily stated:

∠Z(s) < ∠s (4.4.11)

but difficult to prove. There seems to be no proof that second-order poles and zeros (e.g.,
second-order roots) are not allowed.6 However, such roots must violate a requirement that the
poles and zeros must alternate on the σ = 0 axis, which follows from Postulate P3. In the
complex plane the concept of “alternate” is not defined (complex numbers cannot be ordered).
What has been proved (i.e., Foster’s reactance theorem), that says that if the poles are on the
real or imaginary axis, they must alternate, leading to simple poles and zeros (Van Valkenburg,
1964a). The restriction on poles is sufficient but not necessary, as Z(s) = 1/

√
s is a positive-

real impedance but is less than a first-degree pole (Kim and Allen, 2013). The corresponding
condition in the LHP, and its proof, remains elusive (Van Valkenburg, 1964a).

For example, a series resistor Ro and capacitor Co have an impedance given by (Table 3.9,
p. 160)

Z(s) = Ro + 1/sCo ↔ Roδ(t) +
1

Co

u(t) = z(t), (4.4.12)

with constants Ro, Co ∈ R ≥ 0. In mechanics, an impedance composed of a dashpot (damper)
and a spring has the same mathematical form.

A full 2d order resonant system has an inductor, resistor, and capacitor, with an impedance
given by

Z(s) =
sCo

1 + sCoRo + s2CoMo

↔ Co
d

dt

�
c+es+t + c−es−t

�
= z(t), (4.4.13)

which is a second-degree polynomial with two complex resonant frequencies s±. When Ro >
0, these roots are in the LHP, with z(t) ↔ Z(s).

Systems (networks) that contain many elements and transmission lines can be much more
complicated, yet still have a simple frequency-domain representation. This is the key to under-
standing how these physical systems work, as we describe next.

6As best I know, this is an open problem in network theory (Brune, 1931a; Van Valkenburg, 1964a).
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I.4 Properties of Diophantine polynomials

I.4.1 Polynomials having prime roots

There is an interesting debate regarding the convergence of Newton’s method. My view is that
it always converges (Sec. 3.1.2).

The following are the coefficients of a polynomial built from prime numbers

C = [950488110;−1696103097; 1255300345;−506088300; 123054080;−18928998; 1879134;−119820; 4730;

Since we know the roots are prime, we may find them by factoring C(1), which gives

R = [2, 3, 3, 5, 11, 13, 13, 13, 19, 23],

where R= factor(950488110).
Directly finding the roots of the polynomial using Matlab/Octave’s roots(C) gives

[0.5, 0.333333, 0.333333, 0.2, 0.090909, 0.076933, 0.076918, 0.076918, 0.052632, 0.043478].

These number are less than 1 because C(10)s10 is normalized to 1, forcing it to be monic.
Taking the reciprocal of the roots should return the prime roots. However note the two small
errors ([12.9983, 13.0008])

[2.0, 3.0, 3.0, 5.0, 11.0, 12.9983, 13.0008, 13.0008, 19.0, 23.0],

due to floating point numerical issues.
There are several alternatives to this. One is to use the continued fraction algorithm (CFA)

to find rational expansions of the roots. In Matlab the CFA is implemented with the command
rat(). For example

rat(1/0.5) = 1/2

and the fifth root gives
rat(1/0.090909) = 11.

However the 6th root fails the rats expansion

rat(1/0.076933) = 13 + 1/(-596)

and for the 7th root,

rat(1/0.076918)=0 + 1/(13 + 1/(1165)).

An interesting question remains: “Can these errors be removed by factoring out a few of
the smaller primes ([2, 3, 5]), or the larger primes ([19, 23])?” Since there are 3 factors of 13,
what is the effect of trying to remove that factor. Namely is there a remainder due to the near
miss, or will it factor 13 with no remainder?

This question is interesting because Newton’s method could be used to find roots, which
could then be removed using Matlab/Octave’s long division routine (decon()). Other po-
tential options are a residue expansion, or its more power sister the vector fitting algorithm
(Matlab’s vectorfit3()).
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Polesandzerosofpositive-realfunctionsmustbefirst-degree:Thedefinitionofpositive-
real(PR)functionsrequiresthatthepolesandzerosoftheimpedancefunctionbesimple(only
first-degree).Second-degreepoleswouldhaveareactive“secular”responseoftheformh(t)=
tsin(ωkt+ϕ)u(t),andthesetermswouldnotaveragetozero,dependingonthephase,asis
requiredofanimpedance.Asaresult,onlysingle-degreepolesarepossible.7Ibelievethatno
onehaseverreportedanimpedancethathassecond-degreepolesandzeros.Networkanalysis
booksneverreportsecond-degreepolesandzerosintheirimpedancefunctions.Norhasthere
everbeenanyguidanceaboutwherethepolesandzerosmightlieintheLHP.Understandingthe
exactrelationshipsbetweenpairsofpolesandzeros,toassurethattherealpartoftheimpedance
isreal,wouldresolvethislongstandingunsolvedproblem(VanValkenburg,1964b).Itisthe
residuesthatdeterminetheLHPsimplepoledegree.

CalculusonComplex–analyticfunctions:Tosolveadifferentialequationorintegratea
function,NewtonusedtheTaylorseriestointegrateonetermatatime.However,heusedonly
realfunctionsofarealvariableduetohisfundamentallackofappreciationofthecomplex
analysis.Thissamemethodishowonefindssolutionstoscalardifferentialequationstoday,but
usinganapproachthatmakesthesolutionmethodlessobvious.Ratherthanworkingdirectly
withtheTaylorseries,todayweusethecomplexexponential,sincethecomplexexponentialis
aneigenfunctionofthederivative

d

dt
e

st
=se

st
.

Sincee
st

maybeexpressedasaTaylorseriesthathascoefficientscn=1/n!,insomereal
sensethemodernapproachisacompactwayofdoingwhatNewtondid.Thuseverylinear
constantcoefficientdifferentialequationintimemaybesimplytransformedintoapolynomial
incomplexLaplacefrequencys,bylookingforsolutionsoftheformF(s)e

st
andtransforming

thedifferentialequationintopolynomialF(s)incomplexfrequency.
Forexample

d

dt
f(t)+af(t)=δ(t)↔(s+a)F(s)=1.

ThepoleofF(sr)issr+a=0istheeigenvalueofthedifferentialequation.Thusapow-
erfultoolforunderstandingthesolutionsofdifferentialequations,bothscalarandvector,is
toworkintheLaplacefrequencydomainusingtheireigenvalues(i.e.,sr=−a)andtheir
eigenfunctions.

TheTaylorseriesmaybereplacedbye
st

,whichtransformsNewton’srealTaylorseriesinto
thecomplexexponentialeigenfunction.Insomesense,thesearethesamemethods,since

e
srt

=
∞X

n=0

(srt)
n

n!
.(4.4.14)

Takingthederivativewithrespecttotimegives

d

dt
e

st
=se

st
=s

∞X

n=0

(st)
n

n!
,(4.4.15)

whichisalsocomplex–analytic.ThusiftheseriesforF(s)isvalid(i.e.,itconverges),then
itsderivativeisalsovalid.Thiswasaverypowerfulconcept,exploitedbyNewtonforreal
functionsofarealvariable,andlaterbyCauchyandRiemannforcomplexfunctionsofa

7Seculartermsresultfromsecond-degreepoles,sinceu(t)⋆u(t)=tu(t)↔1/s
2
.
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I.3Takingtheinversetogetthegcd
Variablespandqaretheremaindersrn−1andrn,respectively.Usingthisnotationwithn−1
givesEq.I.2.1.InvertingthisgivestheformulafortheGCD:

�
rn−1

rn

�
=

"
01

1−
jrn−2

rn−1

k
#�

rn−2

rn−1

�
.

Thisterminateswhenrn=0andthegcd(p,q)isrn−1.Notsurprisinglytheseequations
mirrorEq.2.4.3(p.49),butwithadifferentindexingschemeandinterpretationofthevariables.

ThisthenexplainswhyGausscalledtheCFAtheEuclideanalgorithm.Hewasnotcon-
fused.Butsincetheequationshaveaninverserelationship,theyarenotstrictlythesame.
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complex variable. The key question is “Where does the series fail to converge?” This is the
main concept behind the FTCC (Eq. 4.2.3).

The FTCC (Eq. 4.2.3) is formally the same as the FTC (Eq. 4.2.2) (Leibniz’s formula), the
key (and significant) difference being that the argument of the integrand s ∈ C. Thus this
integration is a line integral in the complex plane. One would naturally assume that the value
of the integral depends on the path of integration. And it does, but in a subtle way, as quantified
by Cauchy’s various theorems. If the path stays in the same RoC region, then the integral is
independent of that path. If a path includes a different pole, then the integral depends on the
path, as quantified by the Cauchy residue theorem. The test is to deform the path from the
first to the second. If in that deformation the path crosses a pole, then the integral will change
(namely it will depend on the path). All of this is follows from causality.

The FTC and FTCC are clearly distinguishable yet the reasoning is the same. If F (s) =
df(s)/ds is complex–analytic [i.e., has a power series f(s) =

P
k cks

k, with f(s), ck, s ∈ C],
then it may be integrated, term by term, and yet the integral does not depend on the path. At first
blush, this is sort of amazing. The key is that F (s) and f(s) must be complex–analytic, which
means they are differentiable. This all follows from the Taylor series formula Eq. 4.2.5 (p. 180)
for the coefficients of the complex–analytic series. For Eq. 4.2.3 to hold, the derivatives must be
independent of the direction (the path), as discussed on page 181. The concept of a complex–
analytic function therefore has eminent consequences in the form of several key theorems on
complex integration, as first discovered by Cauchy in about 1820.

Role of the Complex Taylor series: The complex Taylor series generalizes the functions it
describes, with unpredictable consequences, as nicely shown by the domain-coloring diagrams
in Fig. 3.12 (p. 167), where a simple translation of the s plane by a complex number can void
the positive-real property (s −√

j) cannot be a physical impedance).
Cauchy’s of complex integration tools were first exploited in physics by Sommerfeld (1952),

to explain the onset (e.g., causal) transients in waves, as he explained in detail in Brillouin
(1960, Chap. 3).

The importance of causality: Up to 1910, when Sommerfeld first published his results using
complex–analytic signals and saddle point integration in the complex plane, the implications
of the causal wave-front were poorly understood. It would be reasonable to say that Som-
merfeld’s insight changed our understanding of wave propagation for both light and sound.
Unfortunately, in my view, his insight has never been fully appreciated, perhaps even to this
day. If you question this summary, please read Brillouin (1960, Chap. 1).

The full power of the complex–analytic function was first appreciated by Bernard Riemann
(1826–1866) in his University of Göttingen PhD thesis of 1851, under the tutelage of Gauss
(1777–1855), which drew heavily on the work of Cauchy (Fig. 3.1, page ).

The key definition of a complex–analytic function is that it has a Taylor series representa-
tion, over a region of the complex frequency plane s = σ+ jω, that converges in its RoC about
the expansion point, with a radius determined by the nearest pole of the function. A further
surprising feature of all analytic functions is that within the RoC, the inverse of that function
also has a complex–analytic expansion. Thus given w(s), in theory, we can determine s(w) to
any desired accuracy, critically depending on the RoC. As an example if w(s) = es then its
inverse is s(w) = log(w). Given the right software (e.g., zviz.m), this relationship may be
made precise for every complex–analytic function.
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From the remainder formula, u1 = ⌊p/q⌋. Continuing with n = 2:
�
r0

r1

�
=

�
u2 1
1 0

� �
r1

r2

�
,

where u1 = ⌊r0/r1⌋. Continuing with n = 3:
�
r1

r2

�
=

�
u3 1
1 0

� �
r2

r3

�
,

where u2 = ⌊r1/r2⌋.
For arbitrary n we find �

rn−2

rn−1

�
=

�
un 1
1 0

� �
rn−1

rn

�
, (I.2.1)

where un = ⌊rn−1/rn⌋. This terminates when rn = 0 in the above nth step:
�
rn−2

rn−1

�
=

�
un 1
1 0

� �
rn−1

rn = 0

�
.

Example: We let p = 355 and q = 113, which are coprime, and set n = 1. Then Eq. I.2.1
becomes �

355
113

�
=

�
3 1
1 0

� �
r0

r1

�
,

since u1 = ⌊355
113

⌋ = 3. Solving for the RHS gives [r0; r1] = [113; 16] (355 = 113 · 3 + 16). To
find [r0; r1], we take the inverse:

�
r0

r1

�
=

�
0 1
1 −3

� �
355
113

�
.

For n = 2, with the RHS from the previous step,
�
113
16

�
=

�
u2 1
1 0

� �
r1

r2

�
,

since u2 = ⌊113
16
⌋ = 7. Solving for the RHS gives [r1; r2] = [16; 1] (113 = 16 · 7 + 1). It seems

we are done, but let’s go one step further.
For n = 3 we now have �

16
1

�
=

�
u3 1
1 0

� �
r1

r2

�
,

since u3 = ⌊16
1
⌋ = 16. Solving for the RHS gives [r1; r2] = [1; 0]. This confirms that we are

done, since r2 = 0.

Derivation of Eq. I.2.1: Equation Eq. I.2.1 is derived as follows: Starting from the target
x ∈ R, we define

p = ⌊x⌋ and q =
1

x − p
∈ R.

These two relationships for truncation and remainder allow us to write the general matrix recur-
sion relation for the CFA (Eq. I.2.1). Given {p, q}, we continue with the above CFA method.

One slight problem with the above is that the output is on the right and the input on the left.
Thus we need to take the inverse of these relationships to turn this into a composition.
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4.4.3Multivaluedfunctions
Inthefieldofmathematicsthereseemstohavebeenatug-of-warregardingthebasicdefini-
tionofafunction.Theaccepteddefinitiontodayisasingle-valued(i.e.,complex–analytic)
mappingfromthedomaintothecodomain(orrange).Thismakesthediscussionofcomplex–
analyticmultivaluedfunctionssomewhatawkward.In1851Riemann(workingwithGauss)
resolvedthisproblemforthecomplex–analyticsetofmultivaluedfunctionsbyintroducingthe
geometricconceptofsingle-valuedsheets,delineatedbybranchcuts.

Figure4.1:ThemappingforthesquarerootfunctionThisfunc-
tionhastwosingle-valuedsheetsofthexplanecorrespondingtothe
twosignsofthesquareroot.Thebestwaytoviewthisfunctionisin
polarcoordinates,withx=|x|e

ȷϕ
andz=

p
|x|e

ȷϕ/2
.p.196,197.

Seehttps://en.wikipedia.org/wiki/Riemannsurface

Twosimpleyetimportantex-
amplesofmultivaluedfunctionsare
thecirclez

2
=x

2
+y

2
andw=

log(z).Forexample,ifweassume
ρ=|z|istheradiusofthecir-
cle,thensolvingfory(x)givesthe
double-valuedfunction

y(x)=±
p
ρ2−x2.

Therelatedfunctionz=±√x,
withx∈C,isshowninFig.4.1as
athree-dimensionaldisplayinpolar
coordinates,withz(r)astheverti-
calaxis,asafunctionoftheangle
andradiusofx∈C.

Ifweacceptthemoderninjec-
tivedefinitionofafunction,asthe
mappingfromonesettoasecondset,theny(x)isnotafunction,oreventwofunctions.For
example,whatifx>z?Orworse,whatifz=2ȷwith|x|<1?Riemann’sconstruction,using
branchcutsformultivaluedfunction,resolvesallthesedifficulties(asbestIknow).

Toproceed,weneeddefinitionsandclassificationsofthevarioustypesofcomplexsingu-
larities:

1.Polesofdegree1arecalledsimplepoles.Theiramplitudeiscalledtheresidue(e.g.,α/s
hasresidueα).Simplepolesarespecial(seeEq.4.5.3,p.201);theyplayakeyrolein
mathematicalphysics,sincetheirinverseLaplacetransformdefinesacausaleigenfunc-
tion.

2.Whenthenumeratoranddenominatorofarationalfunction(i.e.,ratiooftwopolynomi-
als)haveacommonroot(i.e.,factor),thatrootissaidtoberemovable.

3.Asingularitythatisnotremovable,apole,orabranchpointiscalledessential.

4.Acomplex–analyticfunction(exceptforisolatedpoles)iscalledmeromorphic(Boas,
1987).Meromorphicfunctionscanhaveanynumberofpoles,evenaninfinitenumber.
Thepolesneednotbesimple.

5.WhenthefirstderivativeofafunctionZ(s)hasasimplepoleata,thenaissaidtobea
branchpointofZ(s).Animportantexampleisthelogarithmicderivative:

dln(s−a)
α
/ds=α/(s−a),α∈I.

However,theconversedoesnotnecessarilyhold.
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Notethatthenextvalueofm=M(1)isalwayslessthann=M(2)andmustremain
greaterthanorequaltozero.Thisone-linevectoroperationisthenrepeateduntiltheremainder
M(1)is0.Thegcdisthenn=M(2).Whenweuseirrationalnumbers,thecodestillworks
excepttheerrorisneverexactlyzeroduetoIEEE754rounding.Thusthecriterionmustbe
thattheerroriswithinsomesmallfactortimesthesmallestnumber(whichinMatlab/Octave
isthenumbereps=2.220446049250313×10−16

,asdefinedintheIEEE754standard).
Thus,withoutfactoringthetwonumbers,Eq.I.1.2recursivelyfindsthegcd.Perhapsthis

isbestseenwithsomeexamples.
TheGCDisanimportantandvenerablemethod,usefulinengineeringandmathematics

but,asbestIknow,nottypicallytaughtinthetraditionalengineeringcurriculum.

GCDappliedtopolynomials:Aninterestinggeneralizationistoworkwithpolynomials
ratherthannumbersandapplytheEuclideanalgorithm.

TheGCDmaybegeneralizedinseveralsignificantways.Forexample,whatistheGCD Howabout
matrixcase?

oftwopolynomials?Toanswerthisquestion,wemustfactorthetwopolynomialstoidentify
possiblecommonroots.Fornumericalreasonsitiswisetorepresenttherootssk∈F.

I.2DerivationoftheCFAmatrix
Wecandefinethecontinuedfractionalgorithm(CFA)startingfromthebasicdefinitionsofthe
floorandremainderformulas.Startingwithadecimalnumberx,wesplititintothedecimal
andremainderparts.2Ifwestartwithn=0andxo=x∈I,theintegerpartis

m0=⌊x⌋∈N

andtheremainderis
r0=x−m0.

CorrespondingtotheCFA,thenexttargetx1forn=1is

x1=r−1
0

andtheintegerpartism1=⌊x1⌋.Asinthecaseofn=0,theintegerpartis

m1=⌊x1⌋

andtheremainderis
r1=x1−m1.

Therecursionforn=2issimilar.
Forustobetterappreciatewhatishappening,itishelpfultowritetheserecursionsin

matrixformat.Rewritingthecaseofn=1andusingtheremainderformulafortheratioof
twonumbersp≥q∈Nwithq̸=0,wehave

�
p
q

�
=

�
u11
10

��
r0

r1

�
.

2ThemethodpresentedherewasdevelopedbyYimingZhangasastudentprojectin2019.
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6. I am not clear about the interesting case of an irrational pole (α ∈ I). In some cases (e.g.,
α ∈ F) this may be simplified with the logarithmic derivative operation, as mentioned on
page 84.

More complex topologies are being researched today, and progress is expected to accelerate
due to modern computing technology.8 It is helpful to identify the physical meaning of these
more complex surfaces, to guide us in their interpretation and possible applications.9

Branch cuts: Up to this point we have considered only poles of degree α ∈ N of the form
1/sα. The concept of a branch cut allows us to manipulate (and visualize) multivalued functions
for which α ∈ F. This is done by breaking each region into single-valued sheets, as shown in
Fig. 4.2 (right). The branch cut is a curve ∈ C that separates the various single-valued sheets of
a multivalued function. The concepts of branch cuts, sheets, and the extended plane were first
devised by Riemann, as described in his thesis of 1851. It was these three mathematical and
geometrical constructions that provided deep insight into complex–analytic functions, greatly
extending the important earlier work of Cauchy (1789–1857) on the calculus of complex–
analytic functions. For an alternative helpful discussion of Riemann sheets and branch cuts,
see Boas (1987, pp. 221–25), Kusse and Westwig (2010), and Greenberg (1988).

w = s
2

-2 -1  0  1  2

 2

 1

 0

-1

-2

j

w = -sqrt(-s)

-2 -1  0  1  2

 2

 1

 0

-1

-2

j

Figure 4.2: Here we use Cartesian coordinates in the domain
s = σ + ωȷ and polar coordinates for the range w(σ, ω) = |w|eψȷ.
The color intensity indicates the magnitude |s|, with black being
|s = 0| and bright (eventually white) indicating |s| → ∞. Left:
Mapping: w(s) = s2. Right: Mapping of the principal branch from
−s to w(s) = −√−s (i.e., the rotated inverse of s2). This sheet was
generated by rotating w by 180°. The branch cut is on the ψ = 0
axis, with branch points at |w| = 0 and ∞. Neither of these functions
are Brune impedances, since they violate the positive-real condition
(Eq. 3.2.19, p. 102).

To study the properties of mul-
tivalued functions and branch cuts,
we look at w(s) =

√
s and w(s) =

log(s), along with their inverse
functions w(s) = s2 and w(s) =
es. For uniformity we refer to the
complex abscissa (s = σ + ωȷ)
and the complex ordinate (w(s) =
u + vȷ). When the complex domain
and range are swapped, by taking
the inverse of a function, multival-
ued functions are a common conse-
quence. For example, f(t) = sin(t)
is single-valued and analytic in t
and thus has a Taylor series. The in-
verse function t(f) is multivalued.

The best way to explore the
complex mapping from the com-
plex planes s → w(s) is to master
the single-valued function s = w2(s) and its double-valued inverse w(s) =

√
s.

Figure 4.2 (left) shows the single-valued function w(s) = s2, and (right) one sheet of
its inverse, the double-valued mapping of w(s) = −√−s. Single-valued functions such as
w(s) = s2 are relatively straightforward. Multivalued functions require the concept of a branch
cut, defined in the image plane (also called the codomain or range). This is a technique to
render the multiple values as single-valued on each of several sheets. Each sheet is labeled in
the domain (s) plane by a sheet index k ∈ Z, while branch points and cuts are defined in the
image (w) plane.

8https://www.maths.ox.ac.uk/about-us/departmental-art/theory
9https://www.quantamagazine.org/secret-link-uncovered-between-pure-math-and-physics-20171201

Appendix I

Number theory applications

I.1 Division with rounding method
We want to show that the GCD for m, n, k ∈ N (Eq. 2.4.2, p. 47) may be written in matrix form
as �

m
n

�

k+1

=

�
0 1
1 −

�
m
n

�
� �

m
n

�

k

. (I.1.1)

Eq.I.1.1 implements the gcd(m, n) for m > n.
This starts with k = 0, m0 = a, and n0 = b. With this method there is no need to test

whether nn < mn, as it is built into the procedure. The method uses the floor function ⌊x⌋,
which finds the integer part of x (⌊x⌋ rounds toward −∞). After each step we will see that the
value nk+1 < mk+1. The method terminates when nk+1 = 0 with gcd(a, b) = mk+1.

The following vectorized code is more efficient than the direct matrix method:

function n=gcd2(a,b)

M=[abs(a);abs(b)]; %Save (a,b) in array M(2,1)

% done when M(1) = 0
while M(1) ˜= 0
disp(sprintf(’M(1)=%g, M(2)=%g ’,M(1),M(2)));
M=[M(2)-M(1)*floor(M(2)/M(1)); M(1)]; %automatically sorted
end %done

n=M(2); %GCD is M(2)

With a minor extension in the test for “end,” this code can be made to work with irrational
inputs (e.g., (nπ, mπ)).

This method calculates the number of times n < m must subtract from m using the floor
function. This operation is the same as the mod function.1 Specifically,

nk+1 = mk −
jm

n

k
nk (I.1.2)

so that the output is the definition of the remainder of modular arithmetic. This would have
been obvious to anyone using an abacus, which explains why it was discovered so early.

1https://en.wikipedia.org/wiki/Modulo_operation
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Thesheetsareindexedbyasheetindex,andseparatedbythebranchcut.Itisimportantto
understandthatthepathofeverybranchcutisnotuniqueandmaybemoved.However,branch
pointsareuniqueandthusnotmovable.

Afunctionmaybemultivaluedinboththedomainandimageplanes.Asanexample
considerw(s)=s

3/2
.

Themultivaluednatureofw(s)=√sisbestunderstoodbyworkingwiththefunctionin
polarcoordinates.Welet

sk=re
θȷ
e
2πkȷ

,(4.4.16)

wherer=|s|,θ=∠s,∈R,andk∈Zisthesheetindex.
Thisconceptofanalyticinversesbecomesimportantonlywhenthefunctionismultivalued.

Forexample,sincew(s)=s
2

hasaperiodof2,s(w)=±√wismultivalued.Riemanndealt
withsuchextensionsusingtheconceptofabranchcutwithmultiplesheetslabeledbysheet
numbers.Eachsheetdescribesananalyticfunction(Taylorseries)thatconvergeswithinsome
RoCthathasaradiusouttothenearestpole.ThusRiemann’sbranchcutsandsheetsexplicitly
dealwiththeneedtodefineuniquesingle-valuedinversesofmultivaluedfunctions.Sincethe
squarerootfunctionhastwooverlappingregionscorrespondingtothe±duetotheradical,
theremustbetwoconnectedregion—sortoflikemathematicalSiamesetwins:distinct,yetthe
same.

w = s
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Figure4.3:Colorizedplotsofsk=|s|e
θȷ

e
2πkȷ

andwk(s)=√sk=
p

|s|e
θȷ/2

e
πkȷ

,asdefinedinpolar
coordinatesbyEqs.4.4.16and4.4.17.Left:Colormaphuereferenceplanes=|s|e

θȷ
e
2πkȷ

.Thisfunctionisa
Bruneimpedance(itrepresentsaninductor).Center:Sheetindexk=0,w(s)=

p
|s|e

ȷθ/2
for−π<θ<+π

andψ=∠w(s)=θ/2between±π/2[rad].Thisfunctionispositive-real(Eq.3.2.19,p.102)butisnota
Bruneimpedance,sinceitisnottheratioofpolynomialsins.Thusitisthegeneralizedimpedance,knownasa
semiinductor.Right:Sheetindexk=1,w(s)=e

ȷθ/2
e
ȷπp

|s|forπ<θ<3πandπ/2<ψ<3π/2[rad].The
branchcutisatθ=∠s=±180◦(π[rad])wherethehueofwchangesabruptlyfromgreentopurple(center)and
frompurplebacktogreen(right).Notehowthehuematchesbetweenthecenterandrightpanelsatthebranch
cut:inthecenterpanelpurplerunsalong-180°andalong+180°ontheright.Likewise,greenrunsalong+180°in
thecenterandalong-180°ontheright.Thusw(s)=√sisanalyticonthebranchcutconnectingthetwosheets
(k=0→k=1).Thisfunctionisnotanimpedance,sinceitisnegativeintheRHP.

Hue:BystudyingFig.4.3,wecanappreciatedomain-coloring.Theangle-to-huemapis
shownintheleftpanelofFig.4.3.Thedomainangles∠sgofrom−90◦<θ<90◦(purple
toredtogreen).Forw(s)=√s,the∠siscompressedbyafactorof2(ψ=θ/2)withpurple
being−180◦,andgreenbeing+180◦.

ThusforFig.4.3theprincipal(k=0)angle∠s(−180◦<θ<180◦)mapstow(s)=√s
(middlepanel)tohalfthewplane(−90◦<ψ<90◦(frompurpletoredtogreen).

344APPENDIXH.QUANTUMMECHANICSANDTHEWHEN
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The k = 1 branch, of ∠s (+180◦ < θ < 180 + 360 = 520◦) maps to ∠w (on the right)
to green to blue to purple (ψ = θ/2). Note how the panel on the left matches the right half
of s (green = +90°, purple = −90°). The center panel ∠w is green where ∠s = 180°. Thus
∠w = 1

2
∠s. Going around the s plane one more time gives the right most figure. w(s) is

analytic everywhere except at the branch points s = 0 and s = ∞.

Moving the branch cut: Furthermore we can change ∠s by 180◦ to move the branch cut

w = ρeȷψ =
√

reȷθ/2eȷπk, (4.4.17)

where ρ = |w|, ψ∠w,∈ R. The generic Cartesian coordinates are s = σ + ωȷ and w(s) =
u(σ, ω) + v(σ, ω)ȷ. For single-valued functions such as w(s) = s2 on the left in Fig. 4.2 there
is no branch cut, since ψ = 2θ. Note how the red color (θ = 0◦) appears twice in this mapping.
For multivalued functions, a branch cut is required, typically along the negative v(σ, ω) axis
(i.e, ψ = π), but it may be freely distorted, as seen by comparing the right panel of Fig. 4.2
with the right panel of Fig. 4.3.

Properties of the branch cut: It is important to understand that the function is analytic on
the branch cut but not at the branch points. One is free to move the branch cut (at will). It does
not need to be on a line: it could be cut in almost any connected manner, such as a spiral. The
only rule is that it must start and stop at the matching branch points, or at ∞, which must have
the same degree.

The location of the branch cut may be moved by rotating the s coordinate system of Fig. 4.1.
For example, w(s) = ±ȷ

√
s and w(s) = ±√−s have different branch cuts, as may be verified

using the Matlab/Octave commands j*zviz(s) and zviz(-s). Every function is analytic
on the branch cut (since moving it does not change the function). If a Taylor series is formed
on the branch cut, it will describe the function on the two different sheets. Thus the complex–
analytic series (i.e., the Taylor formula, Eq. 4.2.5) does not depend on the location of a branch
cut, as it only describes the function uniquely (as a single-valued function), valid in its local
region of convergence.

The second sheet (k = 1) in Fig. 4.3 picks up at θ = π [rads] and continues on to π + 2π =
3π. The first sheet maps the angle of w (i.e., ϕ = ∠w = θ/2) from −π/2 < ϕ < π/2 (w =√

reȷθ/2). This corresponds to u = ℜ{w(s)} > 0. The second sheet maps π/2 < ψ < 3π/2
(i.e., 90◦ to 270◦), which is ℜ{w} = u < 0. In summary, twice around the s plane is once
around the w(s) plane because the angle is half due to the

√
s.

Branch cuts emanate and terminate at branch points, defined as singularities (poles) that
can even have fractional degree, as for example 1/

√
s, and terminate at one of the matching

roots, which includes the possibility of ∞.10 For example, suppose that in the neighborhood of
the pole, at so the function is

f(s) =
w(s)

(s − so)k
, (4.4.18)

where w, s, so ∈ C and k ∈ Q. When k = 1, so = σo + ωoȷ is a first-degree “simple pole,”
having degree 1 in the s plane, with residue w(so). Typically the order and degree are positive
integers, but fractional degrees and orders are common in modern engineering applications
(Kirchhoff, 1868; Lighthill, 1978). Here we allow both the degree and the order to be fractional
(∈ F). When k ∈ F ⊂ R, k = n/m is a real reduced fraction—namely, when GCD(n,m)=1,

10This presumes that poles and zeros appear in pairs, one of which may be at ∞.
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Solution: Starting from Eq. H.1.2 with area A(r) = Aoe
2mr

1

��Aoe2mr

∂

∂r

�
��Aoe

2mr ∂ϱ

∂r

�
=

1

c2
o

∂2ϱ

∂t2

ϱrr(r, t) + 2mϱr(r, t) =
1

c2
o

∂2ϱ

∂t2
↔ κ2 P(r, ω),

which is the time-domain version of Eq. H.4.6. ■

Since this equation is second-order in time with constant coefficients, it has two closed-form
solutions:

P±
c (r) = P±

o (ω) e−mre∓
√

m2+κ2 r

= P±
o (ω) e−mre∓j r

co

√
ω2−ω2

c ,

with ωc = mco. The two wave amplitudes P±
0 (ω) must be determined from the boundary

conditions.

Exercise #2
Shown that P±(r, ω) satisfy Eq. H.4.6.

Solution: Taking partials with respect to r,

∂r P±(r, ω) =
�
−m ∓

√
m2 + κ2

�
P±(r, ω)

∂rr P±(r, ω) =
�
−m ∓

√
m2 + κ2

�2

P±(r, ω)

=
�
2m2 + κ2 ± 2m

√
m2 + κ2

�
P±(r, ω).

Thus Eq. H.4.6 reduces to
�
2m2 + κ2 ± 2m

√
m2 + κ2

�
+ 2m

�
−m ∓

√
m2 + κ2

�
= κ2,

which is an identity. ■

Next consider the Fourier series (or Fourier transform) of the area function,

A(r) =
X

k

ake
2mkr.

It follows from the linearity of the wave equation that the general solution of Eq. H.4.6 is

P±(r, ω) =
X

k

a±
k (ω) e−mkr e∓

√
m2

k+κ2 r.

Here we have combined P±(ω) and ak as coefficients a±
k (ω).
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n⊥m).Thisdefinesthedegreeofafractionalpole.Insuchcasestheremustbetwosetsof
branchcutsofdegreesnandm.Forexample,ifk=1/2,thesingularity(branchcut)isof
degree1/2andtherearetwoRiemannsheets,asshowninFig.4.2.
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Figure4.4:ColorizedplotsoftwoLTpairs:Left:
p

π/s↔u(t)/
√

t.Right:
√

s2+1↔δ(t)+
1
tJ1(t)u(t).

Fractional-orderBesselfunction:AnimportantexampleistheBesselfunctionandits
Laplacetransform(LT)

δ(t)+
1

t
J1(t)u(t)↔

√
s2+1,

asshowninFig.4.4,whichisrelatedtothesolutiontothewaveequationintwo-dimensional
cylindricalcoordinates(seeTableC.2,p.302).Besselfunctionsarethesolutions(i.e.,eigen-
functions)ofguidedacousticwavesinroundpipes,orsurfacewavesontheearth(seismic
waves),orwavesonthesurfaceofapond(Table5.2,p.247).

Therearealimitednumberofpossibilitiesforthedegree,k∈Zor∈FofEq.4.4.18.If
thedegreeisdrawnfromR̸∈F,thepolecannothavearesidue.Accordingtothedefinition
oftheresidue,k∈Fhasnoresidue.Butthereremainsopenthepossibilityofgeneralizing
theconceptoftheRiemannintegraltheoremtoincludek∈F.Onewaytodothisistouse
thelogarithmicderivative,whichtransformsfractionalpolestosimplepoleswithfractional
residues.(SeeEx.#9,page84).

Ifthesingularityhasanirrationaldegree(k∈I),thebranchpointhasthesameirrational
degree.AccordinglythereareaninfinitenumberofRiemannsheets,asinthecaseofthelog
function.Anexampleisk=π,forwhich

F(s)=
1

sπ=e−log(sπ)
=e−πlog(s)

=e−πlog(ρ)
e−πθȷ

,

wherethedomainisexpressedinpolarcoordinatess=ρe
θȷ

.Whenk∈F,itmaybeclose
(e.g.,k=π152/π153=π152/(π152+2)=881/883≈0.99883,oritsreciprocal≈1.0023).The
branchcutcouldbesubtle(itcouldevengounnoticed),butitwouldhaveasignificantimpact
onthefunctionandonitsinverseLaplacetransform.Moreexamples?

Exercise#2
Findthepoles,zeros,andresiduesofF(s).
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∂
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2
ψ(x,t)+V(r)ψ(x,t)(H.4.1)

=−
ℏ

2

2mo

�2

r

∂

∂r
ψ(x,t)+

∂
2

∂r2ψ(x,t)

�
+V(r)ψ(x,t),(H.4.2)

whereasthehornequationisgivenbyEq.H.1.2.
Thereareseveralobviousanddisturbingdifferencesbetweenthesetwoequations.First,

theSEis,ofcourse,first-orderintime.Diffusionequationshavenodelayandthuscannothave
traditionaleigenmodes,whichresultfromstandingwavesinawaveequation,duetoboundary
conditions.Second,theEMhornequationisofSturm-Liouville(SL)form,whichisatrue
waveequation(vs.theSE,whichisadiffusionequation).Theobviousquestionarises:Isthere
apotentialVthatwouldallowthesetwoformulationstobeequivalent?Ifso,thenthiswould
provideanexplanationastowhytheSEissuccessfulinexplainingthepropertiesofRydberg
atoms.

Toexplorethispossibilitywemayexpandthetwodifferentialequationsanddirectlycom-
parethem.ExpandingEq.H.1.2gives

1

c2
o

∂
2

∂t2ψ(r,t)=
1

A(r)

∂

∂r
A(r)

∂

∂r
ψ(r,t)(H.4.3)

=
∂

2

∂r2ψ(r,t)+
1

A(r)

∂A(r)

∂r
ψ(r,t).(H.4.4)

Betweenthesetwoequationswemayremoveψ′′:

ıℏ
∂

∂t
ψ(x,t)=−

ℏ
2

2mo

�2

r

∂

∂r
ψ(x,t)+

1

c2
o

∂
2

∂t2ψ(r,t)−
1

A(r)

∂A(r)

∂r
ψ(r,t)

�
+V(r)ψ(x,t).

(H.4.5)

Itseemsthatthismayisolatethetimeandspatialparts(asinseparationofvariables).

H.4.1Theexponentialhorn
Arelevantandmotivationalexampleisthesolutionoftheexponentialhorn,havingareafunc-
tionA(r)=Aoe

2mr
.Thiscaseisinterestingbecauseithasaclosed-formsolution,which

seemsrelevantandperhapsevenrelatedtothehydrogenatom.
Assumingthatϱ(r,t)↔P(r,ω)areaFouriertransformpair,withA(r)=Aoe

2mr
,

Eq.H.1.2reducesto

∂
2
P(r,ω)

∂r2+2m
∂P(r,ω)

∂r
=κ

2
P(r,ω)↔

1

c2
o

∂
2
ϱ

∂t2,(H.4.6)

withκ(s)=s/co.

Exercise#1
ShowthatEq.H.4.6followsfromEq.H.1.2.
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1.
F (s) =

d

ds
ln

s + e

s + π

Solution:
F (s) =

d

ds
[ln(s + e) − ln(s + π)] =

�
1

s + e
− 1

s + π

�

The poles are at s1 = −e and s2 = −π with respective residues of ±1. ■

2.

F (s) =
d

ds
ln

(s + 3)e

(s + ȷ)−π

Solution:
F (s) =

d

ds
(e ln(s + 3) + π ln(s + ȷ)) =

e

s + 3
+

π

s + ȷ
.

There is a very important take-home message here regarding the utility of the logarithmic
derivative, which “linearizes” the fractional pole. ■

3.
F (s) = eπ ln s

Solution: To simplify this expression take the log

ln F (s) = ln eπ ln s = π ln s = ln sπ

Thus F (s) = sπ. The only pole is s → ∞. Thus the definition of the residue is to
multiply by the pole and take the limit as s → ∞

c−1 = lim
s→∞

sπ

s
= 0π−1 = 0.

■

4.
F (s) = π−s

Solution: Converting to exponential format: F (s) = e−s lnπ ↔ δ(t− ln π). I don’t think
the pure time delay has poles. I’m not sure what this tells us about the residue.■

Log function: Next we discuss the multivalued nature of the log function. In this case there
are an infinite number of Riemann sheets, not captured by Fig. 3.14 (p. 168), which displays
only the principal sheet. However, if we look at the formula for the log function, the nature is
easily discerned. The abscissa s may be defined as multivalued, since

sk = re2πkȷeθȷ.

Here we have extended the angle of s by 2πk, where k is the sheet index ∈ Z. Now we take
the log:

log(s) = log(r) + (θ + 2πk)ȷ.

When k = 0, we have the principal value sheet, which is zero when s = 1. For any other value
of k, w(s) ̸= 0, even when r = 1, since the angle is not zero, except for the k = 0 sheet.
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H.3.1 Eigenmodes of the Rydberg atom

One way to think of eigenmodes is to make an analogy to a piano string or an organ pipe.
In these much simpler systems, there is an almost constant delay, say τ , due to a characteristic
length, say L = τco, such that the eigenmodes of a string are given by integer multiples of a half
wavelength νn = nco/2L, while the eigenmodes of the organ pipe are multiples of a quarter
wavelength. The distinction is the boundary conditions. For the string the endpoint boundary
conditions are pinned displacement (i.e., zero velocity). The organ pipe is closed at one end
and open at the other, resulting in multiples of a quarter wavelength νn = nco/4L. In each case
ν = n/τ , where τ = 2L/co is the round-trip delay; thus ν = nco/2L. We suggest looking
at the Rydberg formula in the same way, but with very different eigenfrequencies (Eq. H.3.1).
Sommerfeld (1949, p. 201) makes a very interesting comment regarding Eq. H.3.1:

This equation reduces to a simple mathematical formula the enigma of the spectral
lines, with their finite cumulation point, the behavior of which differs so funda-
mentally from that of all mechanical systems.

H.3.2 Discussion

The Rydberg frequencies fnl (n = 1, l = 1, . . . ,∞) has poles in the radiation impedance
(Eq. H.1.3) when ϕl(fnl) ∈ N. Working backwards from the Rydberg formula (Eq. H.2.1), we
have solved for ϕ(fnl) indicating where this condition is valid (Eq. H.2.3). Since the reflectance
and the impedance must be causal complex–analytic functions of Laplace frequency s, we must
replace the discrete frequency fnl with s:

ȷ2πfnl → s = σ + ωȷ,

thereby forcing l(s) to be a complex–analytic function of s. Then the poles of the radiation
impedance must satisfy

Γ(snl) = eȷ2πl(fnl) = 1,

resulting in eigenfrequencies at fnl.
The next step in this analysis is to determine the area function A(r) given Zrad (Eq. H.1.3).

To do this we must solve an integral equation for A(r), as discussed by Sondhi and Gopinath
(1971) and by Youla (1964).

Perhaps this could be done using an analytic representation for the area function,

A(r) =
X

k

akr
k.

H.4 Relations between Sturm-Liouville and quantum mechan-
ics

If we compare the Schrödinger equation (SE) for hydrogen with the corresponding Sturm-
Liouville equation we can begin to appreciate their differences. The QM equation for hydrogen
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4.5ThreeCauchyintegraltheorems

4.5.1Cauchy’stheoremsforintegrationinthecomplexplane
TherearethreebasicdefinitionsrelatedtoCauchy’sintegralformula.Theyarecloselyrelated
andcangreatlysimplifyintegrationinthecomplexplane.Thechoiceofnamesisunfortunate,
ifnottotallyconfusing.HenceIcallthemCT-1,CT-2andCT-3.

1.Cauchy’s(integral)theorem(CT-1):
I

C
F(s)ds=0(4.5.1)

ifandonlyifF(s)iscomplex–analyticinsideofasimpleclosedcurveC(Stillwell,2010;
Boas,1987,p.45).TheFTCC(Eq.4.2.3)saysthattheintegraldependsononlytheend
pointsifF(s)iscomplex–analytic.Withthepath(contourC)closed,theendpointsare
thesameandthustheintegralmustbezeroaslongasF(s)iscomplex–analytic.

2.Cauchy’sintegralformula(CT-2):

1

2πj

I

B

F(s)

s−so

ds=

(
F(so),so∈C<B(inside)

0,so∈C>B(outside).
(4.5.2)

HereF(s)isrequiredtobeanalyticeverywherewithin(andon)theboundaryBofinte-
gration(Greenberg,1988,p.1200);(Boas,1987,p.51);(Stillwell,2010,p.220).When
thepointso∈Ciswithintheboundary,thevalueF(so)∈Cistheresidueofthepole
soofF(s)/(s−so).Whenthepointsoliesoutsidetheboundary,theintegraliszero.

3.The(Cauchy)residuetheorem(CT-3):(Greenberg,1988,p.1241);(Boas,1987,p.73)

I

C
f(s)ds=2πj

KX

k=1

ck=
KX

k=1

IF(s)

s−sk

ds,(4.5.3)

wheretheresiduesck∈Ccorrespondtothekthpoleoff(s)enclosedbythecontourC
[(Greenberg,1988,p.1241);(Boas,1987,p.73)].Cauchy’sintegralformula(CT-2)isa
specialcaseoftheresiduetheorem(CT-3).

Howtocalculatetheresidue:Thecaseoffirst-degreepoleshasspecialsignificancebe-
causetheBruneimpedanceallowsonlysimplepolesandzeros,thusincreasingitsutility.The
residuesforsimplepolesareF(sk),whichiscomplex–analyticintheneighborhoodofthepole,
butnotatthepole.

Considerthefunctionf(s)=F(s)/(s−sk),wherewehavefactoredf(s)toisolatethe
first-orderpoleats=sk,withF(s)analyticatsk.Thentheresidueofthepolesatck=F(sk).
Thiscoefficientiscomputedbyremovingthesingularity,placingazeroatthepolefrequency,
andtakingthelimitass→sk—namely,

ck=lim
s→sk

[(s−sk)f(s)](4.5.4)

(Greenberg,1988;Boas,1987,p.72).
WhenthepoleisanNthdegree,theprocedureismuchmorecomplicatedandrequires

takingN−1orderderivativesoff(s)followedbythelimitprocess(Greenberg,1988,p.1242).
Higher-degreepolesarerarelyencountered;thusitisgoodtoknowthatthisformulaexists,but
perhapsitisnotworththeefforttolearn(i.e.,memorize)it.
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whereνn,marethepossibleeigenfrequencies,coisthespeedoflight,R∞≈1.097×10
7

isthe
Rydbergconstant,Znistheatomicnumber,alongwithpositiveintegersm>n∈N,which
representtheprincipalquantumnumbersthatlabelallpossibleallowedatomiceigenstates.
Integernindicatesthelowest(rest)atomiceigenstatewhilemlabelsthehigher(excited)state.4

Whenn=1,theseriesistheLymanseriescorrespondingtohydrogen(Z1=1).Whenn=1,
m=2,andZ1=1,thefrequencyis

ν1,1=coR∞
�������*

3
4 �1

12−
1

22

�
=2.5×10

15
[Hz],(H.3.2)

andthewavelengthisλ=co/ν=4×10
8
/R∞=36.36[m].

Anopenquestioninthismodelis:Whyarestateseitheremptyorfilled?Theamplitudes
ofthemodesofastringororganpipearenotquantized.Whatisitabouttheatomthatforces
theenergytobequantized?

Givenobservedfrequenciesνn,mitispossibletofindtheareafunctionthattrapsthephotons
intotheRydbergeigenstates.Eq.H.3.1mayberewrittenas

νn,m=coRZ
2
n4

�m
2
−n

2

(2nm)2

�
.

ItisinterestingtocompareEq.H.3.1toEuclid’sformulaEq.2.5.1(p.61):

a=m
2
−n

2
,b=2mn,c=m

2
+n

2
,(H.3.3)

wherem>n∈N.Euclid’sformulaisequivalenttothePythagoreantheoremforintegers,
since

c
2

=a
2
+b

2
,(H.3.4)

with{a,b,c}∈N.Herea<b<c.
Ifweinterpretthequantumnumbersasmultiplesofaquarterwavelength,thentheRydberg

formulaiscongruenttothePythagoreantheorem.Giventhesymmetry,thiscannotbean
accident.

Intermsofthelengthsoftherighttriangle{a,b,c},Rydberg’sformulabecomes

νn,m=coRZ
2
n4

�a

b2

�
.

Butsinceb
2

=c
2
−a

2
,

νn,m=co
RZ

2
n

a
4

�a
2

c2−a2

�

=co
RZ

2
n

a
4
a

2

c2

�1

1−(a/c)2

�
.

Intermsofquantized(discrete)angles,sin(θn,m)=a/c,

νn,m=co
RZ

2
n

a
4

�sin
2
θ

1−sin
2
θ

�

=co
RZ

2
n

a
4

�sin
2
θ

cos2θ

�

=co
RZ

2
n

a
4tan

2
θn,m.

4http://en.wikipedia.org/w/index.php?title=Rydberg_formula
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Some open questions: Without the use of CT-3 it is hard to evaluate the inverse Laplace
transform of 1/s directly. For example, how do we show that the integral (Eq. 4.5.2) is zero for
negative time (or 1 for positive time)? CT-3 resolves this difficult problem by the convergence
of the integral for negative and positive times. Clearly the convergence of the integral at ω → ∞
plays an important role.

4.5.2 Cauchy Integral Formula and Residue Theorem
CT-2 is an important extension of CT-1, in that a pole has been explicitly represented in the
integrand at s = so. If the pole location is outside the curve C, the result of the integral is zero,
in keeping with CT-1. When the pole is inside C, the integrand is no longer complex–analytic at
the enclosed pole. When this pole is simple, the residue theorem applies. For the related CT-3
the same result holds, except it is assumed that there are K simple poles in the function F (s).
This requires K repeated applications of CT-2. Thus it represents a minor extension of CT-2.
When the integrand is f(s)/PK(s) where f(s) is analytic in C and PK(s) is a polynomial of
degree K, with all of its roots sk ∈ C, then CT-3 applies.

Nonintegral degree singularities: A key point is that this theorem applies when k ∈ I,
including fractionals k ∈ F, but for these cases the residue is always zero, since by definition
the residue is the amplitude of the 1/s term (Boas, 1987, p. 73). Below are examples:

1. When k ∈ F (e.g., k = 2/3), the residue of sk is zero, by definition.

2. The function 1/
√

s has a zero residue (we apply the definition of the residue, Eq. 4.5.4).

3. When k ̸= 1 ∈ I, the residue is, by definition, zero.

4. When k = 1, the residue is given by Eq. 4.5.4.

5. CT-1, CT-2, and CT-3 are essential when computing the inverse Laplace transform.

Summary and examples: These three CT theorems, all attributed to Cauchy, collectively are
related to the fundamental theorems of complex calculus. The general principles are:

1. In general it makes no sense (nor is there any need) to integrate through a pole; thus the
poles (or other singularities) must not lie on C.

2. CT-1 (Eq. 4.5.1) follows trivially from the fundamental theorem of complex calculus
(Eq. 4.2.3, p. 180), since if the integral is independent of the path and the path returns to
the starting point, the closed integral must be zero. Thus Eq. 4.5.1 holds when F (s) is
complex–analytic within C.

3. Since the real and imaginary parts of every complex–analytic function obey Laplace’s
equation (Eq. 4.2.8, p. 182), it follows that every closed integral over a Laplace field—
that is, those defined by Laplace’s equation—must be zero. In fact, this is the property
of a conservative system, corresponding to many physical systems. If a closed box has
fixed potentials on the walls, with any distribution whatsoever, and a point charge (i.e.,
an electron) is placed in the box, then a force equal to F = qE is required to move that
charge, and thus work is done. However, if the point is returned to its starting location,
the net work done is zero.
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Typically one uses the reflectance phase 2πϕ(f); thus the group delay is τ(f) = −∂ϕ(f)/∂f ,
which is physically interpreted here as the frequency-dependent delay from the proton to the
radius of the electron’s orbit. Thus this delay is given by

τ(f) = n
∂

∂f

�
1 − n2

coR
f

�−1/2

=
n3

2coR

�
1 − n2

coR
f

�−3/2

,

which is constant for low frequencies and then rises to ∞ as frequency approaches the Rydberg
frequency (f → coR/n2).

One may solve Eq. H.1.1 for m, for the case of the Lyman series (no = 1), by the use of the
following identity for the Rydberg eigenfrequencies fnm, which follow directly from Eq. H.1.1,
with m = no + l (with no, m, l ∈ N)

fnm =
co

λnm

= coR

�
1

n2
o

− 1

(no + l)2

�

=
coR

n2
o

�
1 − 1

(1 + l/no)2

�
. (H.2.2)

Note that as l → ∞, fno,l →= coR/n2
o, which is Sommerfeld’s “finite cumulation point” [Hz]

fno,∞ for the Lyman series (no = 1).
We can solve Eq. H.2.2 for the mode number l/n < 1 as a function of mode frequency:

n2 fnl

coR
= 1 − 1

(1 + l/n)2
Starting from Eq. H.2.2

1

(1 + l/n)2
= 1 − n2 fnl

coR
Solving for l/n

(1 + l/n)2 =
1

1 − n2 fnl

coR

l

n
= ± 1q

1 − n2 fnl

coR

− 1 ϕ(fnl)/2π = l = m − no ∈ N, (H.2.3)

as summarized in the lower panel of Fig. H.4.

H.2.2 Finding the area function
Once the phase has been determined, we can compute the impedance using Eq. H.1.3. We may
then decompose the impedance by using the analytic continued fraction algorithm (or Cauer
synthesis), discussed in Sec. 3.8, p. 144.

H.3 Euclid’s formula and the Rydberg atom model
Fundamental to quantum mechanics is the Rydberg formula, which describes the quantized
energy levels of atoms:3

νn,m = coR∞Z2
n

�
1

n2
− 1

m2

�
, (H.3.1)

3https://www.youtube.com/watch?v=e0IWPEhmMho
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4.Workisdoneinchargingacapacitor,andenergyisstored.However,whenthecapacitor
isdischarged,alloftheenergyisreturnedtotheload.

5.SoapbubblesandrubbersheetsonawireframeobeyLaplace’sequation.

6.TheseareallcaseswherethefieldsareLaplacian,thusclosedlineintegralsmustbezero.
Laplacianfieldsarecommonlyseenbecausetheyaresobasic.

7.Wehavepresentedtheimpedanceastheprimaryexampleofacomplex–analyticfunc-
tion.Physically,everyimpedancehasanassociatedstoredenergy,andeverysystem
havingstoredenergyhasanassociatedimpedance.Thisimpedanceisusuallydefinedin
thefrequencysdomain,asaforceoveraflow(i.e.,voltageovercurrent).Thepower
P(t)isdefinedastheforcetimestheflowandtheenergyE(t)asthetimeintegralofthe
power

E(t)=

Zt

−∞
P(t)dt,(4.5.5)

whichissimilartoEq.4.2.1(p.179)[seeSec.3.8.3,Eq.3.8.9(p.148)].Insummary,
impedanceandpowerandenergyareallfundamentallyrelated.
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FigureH.4:ThetoppanelisaplotofEq.H.1.1,showinghowtheeigenmodefrequenciesfldependonthe
eigen-numberindexl.Asthemodenumberincreases,thefrequencyreachesanasymptoteatcoR≈3.29[GHz],
withawavelengthlimitnear1/R≈91.2[nm].Thelowerpanelshowstheinversemappingfromfrequencyto
themodeindexnumberϕ(f).ThisfigureisfortheLymanseries(n=1andm=1,...,20).Theinverseof
thisrelationshipisl=ϕ−1

(fl)maybederivedfromEq.H.1.1,whichprovidesthepolefrequenciesrequiredto
satisfyEq.H.1.3.Notethatforfrequenciesgreaterthanco/Rthephaseswitchesfrompurelyrealtoimaginary,
accountingforthefreeelectronsthatmustexistabovetheupperaccumulationfrequency(i.e.,3.29[GHz]forthis
example).

H.2Rydbergsolutionmethods
ThebasicideabehindthemethodistouseEq.H.1.3,bynotingthatthepolesoftheimpedance
aredeterminedbytherootsofthedenominatorofZrad.Specifically,ifspisanimpedancepole,
thenitmustsatisfyΓ(sp)≈1.Exceptforlossesduetoradiation,theatomislossless;thus
|Γ(s)|=1.Namely,itmustbeoftheform

Γ(s)=e−ȷϕ(f)
,(H.2.1)

wherethephaseϕ(f)∈Rands=σ+ωȷisthecomplexLaplaceradianfrequency,with
ω=2πf[Hz].Sinceweknowtheeigenmodefrequencies,whichobeyϕ(fno,m)=2πm,we
mayfindϕ(f),asfollows:Foragivenseriesindexno,andgiventheeigenfrequenciesfm,we
seekthephasemodefunctionϕno(f)thatmapstheeigenfrequenciestotheirmodeindexm,
i.e.,

ϕno(fm)=2πm.

H.2.1Groupdelayτ(s)

Thephaseϕ(ω)isrelatedtothegroupdelayτ(ω)bytherelation

τ(ω)=−
∂

∂ω
ϕ(ω).

Hereonemayassumethatthephaseiscomplex–analytic,2thusallowingacausaldamping
termintothereflectancephaseEq.H.2.1.Thisfollowsnaturallybecausethereflectancemust
becausal(Postulate3.10.2,p.162).Inthetimedomainthedelaymaybewrittenintermsof
theinverseLTofthegroupdelay,

Γ(s)=e−ȷ
Rs

oτ(s)ds
.

2ItfollowsthattheserelationshipsarerelatedbyaHilberttransform.
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4.6 Problems DE-2

4.6.1 Topics of this homework:
Integration of complex functions, Cauchy’s theorem, integral formula, residue theorem, power
series, Riemann sheets and branch cuts, inverse Laplace transforms, Quadratic forms.

Two fundamental theorems of calculus
Fundamental Theorem of Calculus (Leibniz):

According to the fundamental theorem of (real) calculus (FTC),

f(x) = f(a) +

Z x

a

F (ξ)dξ, (DE-2.1)

where x, a, ξ, F, f ∈ R. This is an indefinite integral (since the upper limit is unspecified). It
follows that

df(x)

dx
=

d

dx

Z x

a

F (x)dx = F (x).

This justifies also calling the indefinite integral the antiderivative.
For a closed interval [a, b], the FTC is

Z b

a

F (x)dx = f(b) − f(a), (DE-2.2)

thus the integral is independent of the path from x = a to x = b.

Fundamental Theorem of Complex Calculus:

According to the fundamental theorem of complex calculus (FTCC),

f(z) = f(z0) +

Z z

z0

F (ζ)dζ, (DE-2.3)

where z0, z, ζ, f, F ∈ C. It follows that

df(z)

dz
=

d

dz

Z z

z0

F (ζ)dζ = F (z). (DE-2.4)

For a closed interval [s, so], the FTCC is
Z s

so

F (ζ)dζ = f(s) − f(so), (DE-2.5)

thus the integral is independent of the path from x = a to x = b.number
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mechanics, the history of which is nicely summarized in Condon and Morse (1929).
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3 
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n = 1
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n = 4

n = 6n = 5

434 nm

12
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nm

Lyman series

Balmer series

94 nm

410 nm

486 nm656 nm

1875 nm
1282 nm

1094 nm

97 nm
95 nm

Figure H.3: This diagram defines hydrogen’s allowed electron transitions, defining the Lyman (n = 1),
Balmer (n = 2), and Paschen (n = 3) series. The numbers represent the wavelengths λ [nm] of the pho-
tons having frequencies fnm = co/λnm, following an electron transition from level n to m (taken from:
https://en.wikipedia.org/wiki/Hydrogen spectral series).

It was clear from the days of Bohr that the Rydberg formula did not follow the typical rules
of eigenspectra, so much so that Arnold Sommerfeld wrote (Sommerfeld, 1949, p. 201):

The lines of this spectrum cumulate at the limit given by the Rydberg constant
R. The adjoining continuum lies in the near ultraviolet range. Both the discrete
and the continuous spectrum are given by the Schrödinger equation. This equation
reduces to a simple mathematical formula the enigma of the spectral lines, with
their finite cumulation point, the behavior of which differs so fundamentally from
that of all mechanical systems.

H.1.2 Rydberg wave equation
The objective of this analysis is to demonstrate that one can define a classical Sturm-Liouville
model of the enigmatic Rydberg atom, by the use of the Webster horn equation

1

A(r)

∂

∂r
A(r)

∂

∂r
ψ(r, t) =

1

c2
o

∂2

∂t2
ψ(r, t), (H.1.2)

which is a one-dimensional wave equation for the electric potential ψ(r, t) propagating in a
wave guide having area A(r) as a function of the range, where r is the range variable (the axis
of wave propagation).

We shall show that given the Rydberg spectrum (Eq. H.1.1), we may accurately estimate
the electric reflectance Γ(s) looking out from the origin (i.e., the proton location, as indicated
by the small red dot in Fig. H.3). The radiation impedance Zrad(s) seen by the proton is related
to the reflectance Γ(s) by the relation

Zrad(s) = ro
1 + Γ(s)

1 − Γ(s)
. (H.1.3)

This formula is the basis of the Smith chart used in both physics and engineering studies. It
follows that once Γ(s) is known (i.e., evaluated given Eq. H.1.1), the radiation impedance may
be computed. It has been shown that the area function A(r) may be found given the radiation
impedance (Sondhi and Gopinath, 1971; Youla, 1964).
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Problem#1

–1.1:ConsiderEquationDE-2.1.WhatistheconditiononF(x)forwhich
thisformulaistrue?

–1.2:ConsiderEquationDE-2.3.WhatistheconditiononF(z)forwhich
thisformulaistrue?

–1.3:LetF(z)=P∞
k=0ckz

k
.

–1.4:Let

F(z)=

P∞
k=0ckz

k

z−ȷ
.

Problem#2:Inthefollowingproblems,solvetheintegral

I=

Z

C
F(z)dz

foragivenpathC∈C.

–2.1:Performthefollowingintegrals(z=x+iy∈C):
I=

R1+ȷ

0zdz

–2.2:I=
R1+j

0zdz,butthistimemakethepathexplicit:from0to1,with
y=0,andthentoy=1,withx=1.

–2.3:DiscusswhetheryourresultsagreewithEq.DE-2.4?

Problem#3:PerformthefollowingintegralsontheclosedpathC,whichwe
definetobetheunitcircle.Youshouldsubstitutez=e

iθ
anddz=ie

iθ
dθ,and

integratefrom{−π,π}togooncearoundtheunitcircle.

DiscusswhetheryourresultsagreewithEq.DE-2.4?

–3.1:
R

Czdz

–3.2:
R

C
1
zdz

–3.3:
R

C
1
z2dz
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100 nm1000 nm10 000 nm
visible

Hu-α Pf-α Br-α Pa-α Ba-α Ly-α

FigureH.1:DiagramofthewavelengthspectrumofhydrogenfortheLyman,Balmer,andPaschen
series,asafunctionofeachline’swavelength.Thenotation“Ly-α”indicatesthelongestwave-
lengthλ11=122[nm](i.e.,lowestfrequencyof2.46[GHz])fortheLymanseries.Figurecitation:
https://en.wikipedia.org/wiki/Hydrogenspectralseries
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FigureH.2:Rydbergfrequenciesin[GHz]andthecorrespondingwavelengths,computedfromtheRydberg
formulaλ−1

nm=R
1

n2−
1

m2

�
,whereintegerndefinestheseries(Lyman:n=1,Balmer:n=2,Paschen:

n=3,etc.)andintegerm>ndefinestheoutertransitionline(seeFig.H.3).Forexample,accordingtothe
lowerpanel(greenseries),theLymanserieslineλ1,2=122[nm](n=1andm=2),inagreementwiththe
lowerpanelofthisfigure,Figs.H.3andH.1.ThefrequencyofthePaschenseriesline(3,6)isat1.094[µm](0.3
[GHz])(upperpanel)
(http://www.physics.drexel.edu/%7Etim/open/hydrofin/).

allbasedonthesesimpleobservations.HereR∞=1.097×10
7

[m−1
];co=3×10

8
[m/s]is

thespeedoflight;fnmarethedimensionlessRydbergintegerfrequencies;andn,m∈Nare
positiveintegers∈N,wherenlabelstheseriesandm>n(λ>0)describesthetransition
fromorbitmtoorbitn,asdescribedinthecaptionofFig.H.3.

H.1.1TheRydbergatommodel
In1909Rutherforddemonstratedthattheatomconsistedofadensecore(theproton)sur-
roundedbyelectrons.Thisviewwassupportedbythespectrumoftheatom,whichallows
foraradiationspectrumcausedbyelectronsjumpingfromoneenergyleveltoanother.Itwas
thennotedbyBohrin1913(Bohr,1954)andothersthatthewavelengthsofhydrogen,asde-
scribedbyEq.H.1.1,areconsistentwithFig.H.2,wherethereciprocalwavelength[m−1

]is
givenbyEq.H.1.1,havingfrequenciesfnm=c/λnm[Hz].Thechallengeofthe1920swasto
explaintheseintuitiveandsimplemodelsofhydrogen.Thisgaverisetothebirthofquantum
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– 3.4: I =
R

C
1

(z+2ȷ)2dz.

Recall that the path of integration is the unit circle, starting and ending at
-1.

Problem # 4: FTCC and integration in the complex plane
Let the function F (z) = cz, where c ∈ C is given for each question. Hint: Can you apply the

FTCC?

– 4.1: For the function f(z) = cz, where c ∈ C is an arbitrary complex
constant, use the Cauchy-Riemann (CR) equations to show that f(z) is analytic
for all z ∈ C.

– 4.2: Find the antiderivative of F (z).

– 4.3: c = 1/e = 1/2.7183, . . . where C is ζ = 0 → i → z

– 4.4: c = 2, where C is ζ = 0 → (1 + i) → z

– 4.5: c = i, where the path C is an inward spiral described by z(t) = 0.99tei2πt

for t = 0 → t0 → ∞

– 4.6: c = et−τ0, where τ0 > 0 is a real number and C is z = (1−i∞) → (1+i∞).
Hint: Do you recognize this integral? If you do not, please do not spend a lot
of time trying to solve it via the “brute force” method.

4.6.2 Cauchy’s theorems CT-1, CT-2, CT-3
There are three basic definitions related to Cauchy’s integral formula. They are all related and
can greatly simplify integration in the complex plane. When a function depends on a complex
variable, we use uppercase notation, consistent with the engineering literature for the Laplace
transform.

Problem # 5: Describe the relationships between the theorems:

– 5.1: CT-1 and CT-2

– 5.2: CT-1 and CT-3

– 5.3: CT-2 and CT-3

Appendix H

Quantum Mechanics and the WHEN

While it is clear that both Schrödinger’s equation and Dirac’s equations are highly accurate,
after about 100 years, it is not clear why. Both of these theories seem to violate classical
electromagnetics (EM), such as Ohm’s law, since they are built on energy principles rather than
electric and magnetic fields. One point I find disturbing is that QM defines a probabilistic wave
function, and appears to not be causal. These two properties are in conflict. How can the past
be probabilistic, and how can the future not be?

Here we delve into this question, by providing a classical (i.e., EM-based) derivation for
the hydrogen atom, one of the most important and obvious successes of quantum mechanics
(QM). The problem with QM is not that it fails—rather, it succeeds, without obvious basis. The
problem is that we cannot understand the basic principles, and it seems to be in contradiction
with any principles of a physical theory.

Based on the Rydberg formula, we determine the reflection coefficient, and thus the radi-
ation impedance seen by the electron, in a radial coordinate system centered on the proton.
Since the electron and proton both have spin 1

2
, their magnetic fields must attractively align,

accounting for the near-field vector potential, and complementing the far-field attraction due
to their opposite signs. As the electron and proton approach each other, due to their far-field
potential attraction, the magnetic near field becomes more attractive at close range, due to the
magnetic dipoles of the two “particles,” causing them to merge with neutral net magnetic mo-
ment and neutral charge, giving a highly stable hydrogen atom. However, given a sufficiently
strong distorting field, this highly symmetric state could be disturbed, leading to photon ra-
diation, constrained by the radial eigenstates. It seems more clear than ever that photons and
electrons are in a state of equilibrium at the outskirts of very large Rydberg atoms.1

H.1 Equation for Rydberg eigenmodes
Like every tuned resonant circuit, atoms have well-defined resonant frequencies, or eigen-
modes. Figure H.1 shows the observed radiation spectra for hydrogen. From the very be-
ginning, it has been clear that there is a pattern to these spectral lines. In 1880 Rydberg easily
fitted a formula that quantifies the observed eigen spectral lines of hydrogen in terms of the
reciprocals of the radiated wavelengths:

1

λnm

= R∞

�
1

n2
− 1

m2

�
,

fnm

coR∞
=

1

n2
− 1

m2
, (H.1.1)

1https://physics.aps.org/synopsis-for/10.1103/PhysRevLett.121.193401
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–5.4:Considerthefunctionwithpolesatz=±j,

F(z)=
1

1+z2=
1

(z−j)(z+j)
.

Findtheresidueexpansion.

Problem#6:ApplyCauchy’stheoremstosolvethefollowingintegrals.State
whichtheorem(s)youusedandshowyourwork.

–6.1:
H

CF(z)dz,whereCisacirclecenteredatz=0witharadiusof
1
2

–6.2:
H

CF(z)dz,whereCisacirclecenteredatz=jwitharadiusof1

–6.3:
H

CF(z)dz,whereCisacirclecenteredatz=0witharadiusof2

Integrationofanalyticfunctions
Problem#7:Inthefollowingquestions,you’llbeaskedtointegrateF(s)=u(σ,ω)+iv(σ,
aroundthecontourCforcomplexs=σ+iω,

I

C
F(s)ds.(DE-2.6)

Followthedirectionscarefullyforeachquestion.Whenaskedtostatewherethefunctionis
andisnotanalytic,youarenotrequiredtousetheCauchy-Riemannequations

–7.1:F(s)=sin(s)

–7.2:GivenfunctionF(s)=
1
sStatewherethefunctionisandisnotana-

lytic.

–7.3:ExplicitlyevaluatetheintegralwhenCistheunitcircle,definedas
s=e

iθ
,0≤θ≤2π.

–7.4:EvaluatethesameintegralusingCauchy’stheoremand/ortheresidue
theorem.

–7.5:F(s)=
1
s2Statewherethefunctionisandisnotanalytic.

–7.6:ExplicitlyevaluatetheintegralwhenCistheunitcircle,definedas
s=e

iθ
,0≤θ≤2π.

334APPENDIXG.WEBSTERHORNEQUATIONDERIVATION
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– 7.7: What does your result imply about the residue of the second-order
pole at s = 0?

– 7.8: F (s) = est: State where the function is and is not analytic.

– 7.9: Explicitly evaluate the integral when C is the square
(σ, ω) = (1, 1) → (−1, 1) → (−1,−1) → (1,−1) → (1, 1).

– 7.10: Evaluate the same integral using Cauchy’s theorem and/or the residue
theorem.

– 7.11: F (s) = 1
s+2: State where the function is and is not analytic.

– 7.12: Let C be the unit circle, defined as s = eiθ, 0 ≤ θ ≤ 2π. Evaluate
the integral using Cauchy’s theorem and/or the residue theorem.

– 7.13: Let C be a circle of radius 3, defined as s = 3eiθ, 0 ≤ θ ≤ 2π.
Evaluate the integral using Cauchy’s theorem and/or the residue theorem.

– 7.14: F (s) = 1
2πi

est

(s+4) State where the function is and is not analytic.

– 7.15: Let C be a circle of radius 3, defined as s = 3eiθ, 0 ≤ θ ≤ 2π.
Evaluate the integral using Cauchy’s theorem and/or the residue theorem.

– 7.16: Let C contain the entire left half s plane. Evaluate the integral using
Cauchy’s theorem and/or the residue theorem. Do you recognize this integral?

– 7.17: F (s) = ± 1√
s

(e.g., F 2 = 1
s) State where the function is and is not

analytic.

– 7.18: This function is multivalued. How many Riemann sheets do you need
in the domain (s) and the range (f ) to fully represent this function? Indicate
(e.g., using a sketch) how the sheet(s) in the domain map to the sheet(s) in the
range.

– 7.19: Explicitly evaluate the integral
R

C
1√
z
dz when C is the unit circle,

defined as s = eiθ, 0 ≤ θ ≤ 2π. Is this contour closed? State why or why not.
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M(x). The ratio C/M determines the area-dependent characteristic admittance Yr(x) (∈ R):

Yr(x) =
1√

stiffness · mass
=

s
Y(x, s)

Z(x, s)
=

s
C(x)

M(x)
=

s
A(x)

�sρo

�sA(x)

ηo Po

=
A(x)

ρoco

> 0 (G.1.9)

(Campbell, 1903, 1910, 1922). The characteristic impedance is Zr(x) = 1/Yr(x). Based
on a physical argument, Yr(x) must be positive and real; thus only the positive square root
is allowed. As long as A(x) has no jumps (is continuous), Yr(x) must be the same in both
directions. It is locally determined by the isopressure surface and its volume velocity.

Radiation admittance

The radiation admittance is defined looking into a horn with no termination (infinitely long)
from the input at x = 0:

Y ±
rad(s) =

V±

P± ∈ C. (G.1.10)

The impedance depends on the direction, with + looking to the right and − to the left.
The input admittance Y ±

in (x, s) is computed using the upper equation of Eq. 5.2.11 (p. 242)
for V(x, s) and then dividing by the pressure eigenfunction P±. This results in the logarithmic
derivative of P±(x, s):

Y ±
in (x, s) ≡ V±

P± =
−1

sM(x)

∂

∂r
ln P±(x, s).

For example, for the conical horn (last column of Table 5.2, p. 247)

Y ±
in = Yr(1 ± co/sro). (G.1.11)

Note that Y +
in (x, s) + Y −

in (x, s) = 2Yr = 2A0r
2/ρoco ∈ R, which shows that the frequency-

dependent parts of the two admittances, being equal and opposite in sign, exactly cancel.
As the wavefront travels down the variable-area horn, there is a mismatch in the character-

istic admittance due to the change in area. This mismatch creates a reflected wave, which in the
case of the conical horn is = −co/sro. Due to conservation of volume, there is a correspond-
ing identical forward component that travels forward, equal to +co/sro. The sum of these two
responses to the change in area must be zero in order to conserve volume velocity.

The resulting equation for the velocity eigenfunctions is therefore

V±(x, s) = Y ±
in (x, s) P±(x, s).

Propagation function κ(s) The eigenfunctions of the lossless wave equation propagate as

P±(x, s) =
e∓κ(s)x

p
A(x)

,

where κ(s) =
p

Z(x, s)Y(x, s) = ±s
√

MC. The velocity eigenfunctions V±(x, s) may be
computed from Eq. G.1.4.

From the above definitions,

κ(s) =

s
sρo

���A(x)

s���A(x)

ηoPo

=
s

co

.

Thus κ(s) and s are the eigenvalues of the differential operations ∂/∂x and ∂/∂t on the pressure
P(x, s). See Appendix D for the inclusion of visco-thermal losses. Rydberg-Body.te
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–7.20:Explicitlyevaluatetheintegral
R

C
1√
zdzwhenCistwicearoundthe

unitcircle,definedass=e
iθ

,0≤θ≤4π.Isthiscontourclosed?Statewhy
orwhynot.Hint:Notethat

√
ei(θ+2π)=

√
ei2πeiθ=e

iπ√
eiθ=−1

√
eiθ.

–7.21:Whatdoesyourresultimplyabouttheresidueofthe(twice-around
1
2order)poleats=0?

–7.22:Showthattheresidueiszero.Hint:Applythedefinitionofthe
residue.

4.6.3Laplacetransformapplications
Problem#8:Atwo-portnetworkapplicationfortheLaplacetransform

+

−

+

−

RR

I1

V1V2

CI2

Thisthree-elementelectricalcircuitisasystemthatactstolow-passfilterthesignalvoltage
V1(ω),toproducesignalV2(ω).Itisconvenienttodefinethedimensionlessratios/sc=RCs
intermsofatimeconstantτ=RCandcutofffrequencysc=1/τ.

4.6.4ComputerexerciseswithMatlab/Octave
Problem#9:Withthehelpofacomputer
NowwelookatafewimportantconceptsusingMatlab/Octave’ssymscommandsorWolfram
Alpha’ssymbolicmathtoolbox.11

Forexample,tofindtheTaylorseriesexpansionabouts=0of

F(s)=−log(1−s),

wefirstconsiderthederivativeanditsTaylorseries(abouts=0)

F′(s)=
1

1−s
=

∞X

n=0

s
n
.

Then,weintegratethisseriestermbyterm:

F(s)=−log(1−s)=

Zs

F′(s)ds=
∞X

n=0

s
n

n
.

AlternativelywecanuseMatlab/Octavecommands:
11https://www.wolframalpha.com/
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FigureG.1:Derivationofthehornequa-
tionusingGauss’slaw:Thedivergenceof
thevelocity∇·uwithinδx,shownasthe
shadedregion,isintegratedovertheenclosed
volume.Nextthedivergencetheoremisap-
plied,transformingtheintegraltoasurface
integralnormaltothesurfaceofpropagation.
Thisresultsinthedifferenceofthetwovol-
umevelocitiesδν=ν(x+δx)−ν(x)=
[u(x+δx)·A(x+δx)−u(x)·A(x)].The
flowisalwaysperpendiculartotheisopres-
surecontours.

δx

x

A
(x

)

A
(x

+
δx

)

u(x)

G.1.2Conservationofmass
IntegratingEq.5.2.6overthevolumeVgives

−
Z

V

∇·udV=
1

ηoPo

∂

∂t

Z

V

p(x,t)dV.

ThevolumeVisdefinedbytwoisopressuresurfacesbetweenxandx+δx(theshadedregionof
Fig.G.1).Ontheright-handsideweusethedefinitionoftheaveragepressure(i.e.,Eq.G.1.1)
integratedoverthevolumedV.

ApplyingGauss’slawtotheleft-handside1andusingthedefinitionofϱ(ontheright)in
thelimitδx→0give

−
∂

∂x
ν(x,t)=

A(x)

ηoPo

∂

∂t
ϱ(x,t)↔Y(x,s)P(x,s),(G.1.6)

where
Y(x,s)=sA(x)/ηoPo=sC(x).(G.1.7)

C(x)=A(x)/ηoPo[m
4
/N]istheper-unit-lengthcomplianceoftheair.EquationsG.1.4and

G.1.6accuratelycharacterizetheWebsterplane-wavemodeuptothefrequencywherethe
higher-ordereigenmodesbegintopropagate(i.e.,f>fc).

G.1.3Hornproperties
Speedofsoundco

IntermsofM(x)andC(x),thespeedofsoundandtheacousticadmittanceare

co=

r
stiffness

mass
=

1
p

C(x)M(x)
=

s
ηoPo

ρo

.(G.1.8)

Thisassumesthemediumislossless.Foradiscussionoflossypropagation,seeAppendixD
(p.311).

G.1.4CharacteristicadmittanceYr(x):
Sincethehornequation(Eq.5.2.10)issecond-order,ithastwoeigenfunctionsolutionsP±.
TheratiosofEq.G.1.7toEq.G.1.5aredeterminedbythelocalstiffness1/C(x)andmass

1AsshowninFig.G.1,takingthelimitofthedifferencebetweenthetwovolumevelocitiesν(x+δx)−ν(x)
dividedbyδxresultsin∂ν/∂x.
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syms s
taylor(-log(1-s),’order’,7)

– 9.1: Use Octave’s taylor(-log(1-s)) to the seventh order, as in the
example above. Try the above Matlab/Octave commands. Give the first seven
terms of the Taylor series (confirm that Matlab/Octave agrees with the formula
derived above).

– 9.2: What is the inverse Laplace transform of this series? Consider the
series term by term.

– 9.3: The function 1/
√

z has a branch point at z = 0; thus it is singular
there. Can you apply Cauchy’s integral theorem when integrating around the
unit circle?

– 9.4: This Matlab/Octave code computes
R 4π

0
dz√

z
using Matlab’s/Octave’s

symbolic analysis package. Run the following script:

syms z
I=int(1/sqrt(z))
J = int(1/sqrt(z),exp(-j*pi),exp(j*pi))
eval(J)

What answers do you get for I and J?

– 9.5: Modify this code to integrate f(z) = 1/z2 once around the unit circle.
What answers do you get for I and J?

– 9.6: Bessel functions can describe waves in a cylindrical geometry.
The Bessel function has a Laplace transform with a branch cut

J0(t)u(t) ↔ 1√
1 + s2

.

Draw a hand sketch showing the nature of the branch cut. Hint: Use zviz.

Appendix G

Webster horn equation derivation

G.1 Overview
In this appendix we transform the acoustic equations, Eqs. 5.2.5 and 5.2.6 (p. 239), into their
equivalent integral form, Eq. 5.2.10 (p. 241). This derivation is similar (but not identical) to
that of Hanna and Slepian (1924) and Pierce (1981, p. 360).

G.1.1 Conservation of momentum
The first step is to integrate the normal component of Eq. 5.2.5 (p. 239) over the isopressure
surface S , defined by ∇p = 0

−
Z

S
∇p(x, t) · dA = ρo

∂

∂t

Z

S
u(x, t) · dA.

The average pressure ϱ(x, t) is defined by dividing by the total area:

ϱ(x, t) ≡ 1

A(x)

Z

S
p(x, t) n̂ · dA. (G.1.1)

From the definition of the gradient operator, we have Is there an isopressure surf
given diffusion?

∇p =
∂p

∂x
n̂, (G.1.2)

where n̂ is a unit vector perpendicular to the isopressure surface S. Thus the left side of
Eq. 5.2.5 reduces to ∂ϱ(x, t)/∂x.

The integral on the right side defines the volume velocity,

ν(x, t) ≡
Z

S

u(x, t) · dA. (G.1.3)

Thus the integral form of Eq. 5.2.5 becomes

− ∂

∂x
ϱ(x, t) =

ρo

A(x)

∂

∂t
ν(x, t) ↔ Z(x, s) V , (G.1.4)

where
Z(s, x) = sρo/A(x) = sM(x) (G.1.5)

and M(x) = ρo/A(x) [kgm/m5] is the per-unit-length mass density of air.
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Problem#10:Matlab/Octaveexercises

–10.1:TrythefollowingMatlab/Octavecommands,andthencommentonyourfindings.

%TaketheinverseLTof1/sqrt(1+sˆ2)
symss
I=ilaplace(1/(sqrt((1+sˆ2))));
disp(I)

%FindtheTaylorseriesoftheLT
T=taylor(1/sqrt(1+sˆ2),10);disp(T);

%Verifythis
symst
J=laplace(besselj(0,t));
disp(J);

%plottheBesselfunction
t=0:0.1:10*pi;
b=besselj(0,t);
plot(t/pi,b);
gridon;

–10.2:WhendidFriedrichBessellive?

–10.3:WhatdidheuseBesselfunctionsfor?

Problem#11:Colorizedplotsofanalyticfunctions.Usezvizforeachofthe
following.

–11.1:DescribetheplotgeneratedbyzvizS=Z.

–11.2:Describetheplotgeneratedbyzviz1./sqrt(1+S.
2
).

–11.3:Describetheplotgeneratedbyzviz1./sqrt(1−S.
2
).Isthis

functionaBruneimpedance(i.e.,doesthisfunctionobey

–11.4:zviz1./(1+sqrt(S))

4.6.5InverseofRiemannζ(s)function
Problem#12:Inversezetafunction(Thisproblemisforextracredit).

–12.1:FindtheLT−1
ofonefactoroftheRiemannzetafunctionζp(s),

whereζp(s)↔zp(t).Describeyourresultsinwords.Hint:Considerthe
geometricseriesrepresentation

ζp(s)=
1

1−e−sTp=
∞X

k=0

e−skTp
,(DE-2.7)

forwhichyoucanlookuptheLT−1
ofeachterm.
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Problem # 13: Inverse transform of products:
The time-domain version of Eq. DE-2.7 may be written as the convolution of all the zk(t)
factors:

z(t) ≡ z2(t) ⋆ z3(t) ⋆ z5(t) ⋆ z7(t) ⋆ · · · ⋆ zp(t) ⋆ · · · , (DE-2.8)

where ⋆ represents time convolution.
Explain what this means in physical terms. Start with two terms (e.g., z1(t) ⋆ z2). Hint:

The input admittance of this cascade may be interpreted as the analytic continuation of ζ(s) by
defining a cascade of eigenfunctions with eigenvalues derived from the primes. For a discussion
of this idea see Sec. 3.2.3 and C.1.1.

Physical interpretation: Such functions may be generated in the time domain, as shown in
Fig. 3.3, using a feedback delay of Tp seconds, described by the two equations in the Fig. 3.3
with a unity feedback gain α = −1. Taking the Laplace transform of the system equation, we
see that the transfer function between the state variable q(t) and the input x(t) is given by ζp(s),
which is an all-pole function, since

Q(s) = e−sTnQ(s) + V (s), or ζp(s) ≡
Q(s)

V (s)
=

1

1 − e−sTp
. (DE-2.9)

Closing the feed-forward path gives a second transfer function Y (s) = I(s)/V (s)—namely,

Y (s) ≡ I(s)

V (s)
=

1 − e−sTp

1 + e−sTp
. (DE-2.10)

If we take i(t) as the current and v(t) as the voltage at the input to the transmission line, then
yp(t) ↔ ζp(s) represents the input impedance at the input to the line. The poles and zeros of
the impedance interleave along the jω axis. By a slight modification, ζp(s) may alternatively
be written as

Yp(s) =
esTp/2 + e−sTp/2

esTp/2 − e−sTp/2
= j tan(sTp/2). (DE-2.11)

Every impedance Z(s) has a corresponding reflectance function given by a Möbius trans-
formation, which may be read off of Eq. DE-2.11 as

Γ(s) ≡ 1 + Z(s)

1 − Z(s)
= e−sTp , (DE-2.12)

since impedance is also related to the round-trip delay Tp on the line. The inverse Laplace
transform of Γ(s) is the round-trip delay Tp on the line

γ(t) = δ(t − Tp) ↔ e−sTp . (DE-2.13)

Working in the time domain provides a key insight, as it allows us to parse out the best ana-
lytic continuation of the infinity of possible continuations that are not obvious in the frequency
domain (See Sec. 3.2.3). Transforming to the time domain is a form of analytic continuation of
ζ(s) that depends on the assumption that Zeta(t) ↔ ζ(s) is one-sided in time (causal).
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Sergei Schelkunoff may have been the first to formalize this concept (Schelkunoff, 1943),
but he was not the first to use it, as exemplified by the Helmholtz resonator. George Ashley
Campbell was the first to use the concept in the important application of a wave filter, some
30 years before Schelkunoff (Campbell, 1903). These two men were 40 years apart and both
worked for the telephone company (after 1929, called AT&T Bell Labs) (Fagen, 1975).

There are alternative definitions of the QS approximation, depending on the geometric cell
structure. The alternatives are listed in Table F.1.

The quasistatic approximation: Since the velocity perpendicular to the walls of a horn must
be zero, any radial wave propagation is exponentially attenuated (κ(s) is real and negative, i.e.,
the propagation function κ(s) (Sec. 4.4, p. 189) will not describe radial wave propagation),
with a space constant of about 1 diameter. The assumption that these radial waves can be
ignored (i.e., more than 1 diameter from their source) is called the quasistatic approximation.
As the frequency is increased and once f ≥ fc = 2co/λ, the radial wave can satisfy the zero
normal velocity wall boundary condition and therefore will not be attenuated. Thus above this
critical frequency, radial waves (also known as higher-order modes) are supported (κ becomes
imaginary). Thus for Eq. 5.2.10 (p. 241) to describe guided wave propagation, f < fc. But even
under this condition, the solution is not precise within a diameter (or so) of any discontinuities
(i.e., rapid variations) in the area.

Each horn, as determined by the area function A(r), has a distinct wave equation and thus
a distinct solution. Note that the area function determines the upper cutoff frequency via the
quasistatic approximation, since fc = co/λc, λc/2 > d, and A(r) = π(d/2)2. Thus to satisfy
the quasistatic approximation, the frequency f must be less than the cutoff frequency:

f < fc(r) =
co

4

r
π

A(r)
. (F.3.4)

We have discussed two alternative matrix formulations of these equations: the ABCD trans-
mission matrix, used for computation, and the impedance matrix, used when working with
experimental measurements (Pierce, 1981, Chap. 7). For each formulation, reciprocity and re-
versibility show up as different matrix symmetries, as addressed in Sec. 3.10 (p. 155) (Pierce,
1981, pp. 195–203).

Periodic ↔ discrete: P11 As has been shown in the discussion on the Fourier transform,
when the time (or frequency) domain response is periodic, the frequency (or time) domain is
discrete. This is a fundamental symmetry property that must always be obeyed. This is closely
related to the causal ↔ complex–analytic property of the Laplace and z transforms.

Summary

A transducer converts between modalities. We propose the general definitions of the eleven
system postulates that include all transduction modalities, such as electrical, mechanical, and
acoustical. It is necessary to generalize the concept of the QS approximation (Postulate P9) to
allow for guided waves.

Given the combination of the important QS approximation and these space-time, linearity,
and reciprocity properties, a rigorous definition and characterization of a system can thus be
established. It is based on a taxonomy of such materials formulated in terms of material and
physical properties and extended network postulates.
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4.6.6Quadraticforms
Amatrixthathaspositiveeigenvaluesissaidtobepositive-definite.Theeigenvaluesarerealif
thematrixissymmetric,sothisisanecessaryconditionforthematrixtobepositive-definite.
Thisconditionisrelatedtoconservationofenergy,sincethepoweristhevoltagetimesthe
current.Givenanimpedancematrix

V=ZI,

thepowerPis
P=I·V=I·ZI,

whichmustbepositive-definiteforthesystemtoobeyconservationofenergy.

Problem#14:Inthisproblem,considerthe2×2impedancematrix

Z=

�
21
14

�
.

–14.1:SolveforthepowerP(i1,i2)bymultiplyingoutthismatrixequation
(whichisaquadraticform):

P(i1,i2)=I
T

�
21
14

�
I.

–14.2:Istheimpedancematrixpositive-definite?Showyourworkbyfind-
ingtheeigenvaluesofthematrixZ.

–14.3:Shouldanimpedancematrixalwaysbepositive-definite?Explain.
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differenttimescale.Wefirstdiscussgeneralizedpostulates,expandingonthoseofCarlinand
Giordano.

Deterministicity(randomness):P9Whenthemediaareuniformandtime-invariant,the
impedanceandtransferfunctionswillbedeterministic.Whenthemediaareturbulent,the
responsewillberandom.Whenlightpropagatesthroughtheuniverse,itisstronglytime-
varying.Thus,astrophysicswillbeseenasrandom,whereasexperimentsintheshelterofthe
relativelyuniformenvironmentoftheearthwillbedeterministic.Modelcalculationwillalso
bedeterministicunlessoneistryingtocreatearandom,time-varying,turbulentmedium.

Thequasistaticconstraint:P10Whenasystemisdescribedbythewaveequation,delayis
introducedbetweentwopointsinspaceanddependsonthewavespeed.Whenthewavelength
islargecomparedtothedelay,wecansuccessfullyapplythequasistatic(QS)approximation.
Thismethodhaswidespreadapplicationandisfrequentlyusedwithoutmentionoftheas-
sumption.Thiscanleadtoconfusion,sincethelimitationsoftheapproximationmaynotbe
appreciated.Anexampleistheuseofquasistaticsinquantummechanics.TheQSapproxima-
tionhaswidespreadusewhenthesignalsmaybeaccuratelyapproximatedbyaband-limited
signal.ExamplesincludeKCL,KVL,waveguides,transmissionlines,andmostimportant,
impedance.TheQSpropertyisnotmentionedinthesixpostulatesofCarlinandGiordano
(1964);thustheyneedtobeextendedinsomefundamentalways.

Whenthedimensionsofacellularstructureinthematerialaremuchsmallerthanthewave-
length,cantheQSapproximationbevalid?Thiseffectcanbeviewedasamodefilterthat
suppressesunwanted(orconverselyenhancesthedesired)modes(Ramoetal.,1965).QS
maybeappliedtoathree-dimensionalspecification,asinasemiconductorlattice.Butsuch
applicationsfalloutsidethescopeofthistext(SchwingerandSaxon,1968).

AlthoughIhaveneverseentheideadiscussedintheliterature,theQSapproximationis
appliedwhenGreen’stheoremisdefined.Forexample,Gauss’slawisnottruewhenthe
volumeofthecontainerviolatesQS,sincechangesinthedistributionofthechargehavenot
reachedtheboundary,whendoingtheintegral.Thussuchintegralrelationshipsassumethat
thesystemisinquasi-steady-state(i.e.,thatQSholds).

TableF.1:Severalwaysofindicatingthequasistatic(QS)approximation.Fornetworktheorythereisonlyone
latticeconstanta,whichmustbemuchlessthanthewavelength(wavelengthconstraint).Thesethreeconstraints
arenotequivalentwhentheobjectmaybealargerstructuredmedium,spanningmanywavelengthsbutwithacell
structuresizemuchsmallerthanthewavelength.Forexample,eachcellcouldbeaHelmholtzresonatororan
electromagnetictransducer(e.g.,anearphone).

MeasureDomain
ka<1Wavenumberconstraint
λ>2πaWavelengthconstraint

fc<c/2πaBandwidthconstraint

Formally,QSisdefinedaska<1,wherek=2π/λ=ω/candaisthecellulardimension
orthesizeoftheobject.Otherwaysofexpressingthisincludeλ/4>a,λ/2π>a,λ>4a,or
λ>2πa.Itisnotclearwhetheritisbettertonormalizeλby4(quarter-wavelengthconstraint)
or2π≈6.28>4,whichismoreconservativebyafactorofπ/2≈1.6.Alsokandacanbe
vectors(e.g.,Eq.3.1.5,p.75).
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4.7 The LT and its inverse LT −1

The Laplace transform LT take causal time functions into the complex–analytic frequency
domain s. The inverse Laplace transform LT −1 (Eq. 3.10.1, p. 156) transforms a function of
complex frequency F (s) and returns a causal function of time f(t),

f(t)u(t) ↔ F (s),

where u(t) = 0 for t < 0. Examples are provided in Table 3.9 (p. 160). The forward transform
is typically a relatively simple set of integrals to find F (s). However the inverse transform is
the key to understanding this powerful tool. Here we discuss the details of finding the inverse
transform by using CT-3, and we see how the causal requirement f(t < 0) = 0 comes about.

As shown in Fig. 4.5, the integrand of the inverse transform is F (s)est and the limits of
integration are σo ∓ ωȷ with σo > 0. To find the inverse using CT-3 we must close the curve
at ω → ∞, and specify that the integral converges. There are two ways to close the integral:
to the right σ > 0 (RHP), and to the left σ ≤ 0 (LHP). But there must be some logical reason
for this choice. That logic is determined by the sign of t. For the integral to converge, the term
|est| = eσt must go to zero as ω → ∞. Note that both t and ω go to ∞. Thus it is the interaction
between these two limits that determines how we pick the closure, RHP or LHP.

→ ∞→ ∞

No Poles in RHPPoles on LHP

For t > 0 close in the LHP For t < 0 close in the RHP
t < 0; σt < 0t > 0; σt < 0

C
on

to
ur

Figure 4.5: When computing the LT −1 we must take advantage of the powerful Cauchy residue integral
theorem (CT-3). To use CT-3 we must close the integral at s → ∞. Furthermore this closure integral must go to
zero as {t, σ} → ∞. For t < 0, the convergence of the residue e−σt depends on σt < 0, since the product st must
have a negative real part. For convergence for t < 0, σ > 0 so that σt < 0. Thus the integral must be close in in
the RHP. Likewise, for t > 0, σ < 0, so that σt < 0. Thus the integral must be close in the LHP. Following these
guidelines based on CT-3, poles in the LHP lead to causal stable solutions, since there σ < 0 and t → ∞, while
poles in the RHP will lead to causal unstable solutions, each the form eσtu(t).
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Rayleigh reciprocity: P6 Reciprocity is defined in terms of the unloaded output voltage that
results from an input current. Specifically (same as Eq. 3.8.6, p. 146),

�
z11(s) z12(s)
z21(s) z22(s)

�
=

1

C(s)

�
A(s) ∆T

1 D(s)

�
, (F.3.3)

where ∆T = A(s)D(s) − B(s)C(s) = ±1 for the reciprocal and antireciprocal systems,
respectively. This is best understood in terms of Eq. F.2.1. The off-diagonal coefficients z12(s)
and z21(s) are defined as

z12(s) =
Φi

Ul

����
Ii=0

z21(s) =
Fl

Ii

����
Ul=0

.

When these off-diagonal elements are equal [z12(s) = z21(s)], the system is said to obey
Rayleigh reciprocity. If they are opposite in sign [z12(s) = −z21(s)], the system is said to be
antireciprocal. If a network has neither reciprocal nor antireciprocal characteristics, then we
denote it nonreciprocal (McMillan, 1946). The most comprehensive discussion of reciprocity,
even to this day, is that of Rayleigh (1896, Vol. I). The reciprocal case may be modeled as
an ideal transformer (Van Valkenburg, 1964a), while for the antireciprocal case the general-
ized force and flow are swapped across the two-port. An electromagnetic transducer (e.g., a
moving-coil loudspeaker or electrical motor) is antireciprocal (Kim and Allen, 2013; Beranek
and Mellow, 2012); it requires a gyrator rather than a transformer, as shown in Fig. F.1.

Reversibility: P7 A second two-port property is the reversible/nonreversible postulate. A
reversible system is invariant to the input and output impedances being swapped. This property
is defined by the input and output impedances being equal.

Referring to Eq. F.3.3, when the system is reversible, z11(s) = z22(s) or, in terms of the
transmission matrix variables, A(s)

C(s)
= D(s)

C(s)
or simply A(s) = D(s), assuming C(s) ̸= 0.

An example of a nonreversible system is a transformer with a turns ratio that is not 1. Also,
an ideal operational amplifier (when the power is turned on) is nonreversible due to the large
impedance difference between the input and output. Furthermore, it is active; it has a power
gain due to the current gain at constant voltage (Van Valkenburg, 1964b).

Generalizations of this lead to group theory and Noether’s theorem. These generalizations
apply to systems that have many modes, whereas quasistatics holds when they operate below
a cutoff frequency (Table F.1), meaning that, as in the case of the transmission line, there are
no propagating transverse modes. While this assumption is never exact, it leads to highly
accurate results because the nonpropagating evanescent transverse modes are attenuated over a
short distance and thus, in practice, may be ignored (Montgomery et al., 1948; Schwinger and
Saxon, 1968, Chaps. 9–11).

We extend the Carlin and Giordano postulate set to include Postulate P7, reversibility, which
was refined by Van Valkenburg (1964a). To satisfy the reversibility condition, the diagonal
components in a system’s impedance matrix must be equal. In other words, the input force and
flow are proportional to the output force and flow, respectively (i.e., Ze = zm).

Spatial invariance: P8 The characteristic impedance and wave number κ(s, x) may be
strongly frequency- and/or spatially dependent or even be negative over some limited frequency
ranges. Due to causality, the concept of a negative group velocity must be restricted to a limited
bandwidth (Brillouin, 1960). As Einstein’s theory of relativity makes clear, all materials must
be strictly causal (Postulate P1), a view that must therefore apply to acoustics but at a very
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4.7.1Casefornegativetime(t<0)andcausality:
Letusfirstconsidernegativetime,includingt→−∞.IfweweretocloseCintheLHP
(σ<0),thentheproductσtispositive(σ<0,t<0,thusσt>0).Inthiscase,asω→∞,
theclosureintegral|s|→∞willdiverge.IfwecloseintheRHP(σ>0),thentheproduct
σt<0ande

st
willgotozeroasω→∞.ThuswemaynotcloseintheLHPfornegativetime.

Thisthenjustifiesclosingthecontour,allowingfortheuseofCauchyCT-3.

4.7.2Caseforzerotime(t=0):
Whenthetimeiszero,theintegraldoesnot,ingeneral,converge,whichleavesf(t)undefined.
Thisismostobviousinthecaseofthestepfunctionu(t)↔1/s,wheretheintegralmaynot
beclosedbecausetheconvergencefactore

st
=1failsfort=0.

Thefactthatu(t)doesnotexistatt=0helpstoexplainthe-Gibbsphenomenoninthe
inverseFouriertransform.Atthetimewhereajumpoccurs,thederivativeofthefunctiondoes
notexist,andthusthetimeresponsefunctionisnotanalytic.TheFourierexpansiondoesnot
pointwiseconvergewherethefunctionisnotanalytic.Alow-passfiltermaybeusedtosmooth
thefunction,butatthecostoftemporalresolution.

4.7.3Caseforpositivetime(t>0)
Nextweinvestigatetheconvergenceoftheintegralforpositivetimet>0.Inthiscasewe
mustclosetheintegralintheLHP(σ<0)forconvergence,sothatst<0(σ≤0andt>0).
Whentherearepolesontheωȷ=0axis,σo>0assuresconvergencebykeepingtheon-axis
polesinsidethecontour.Atthispoint,CT-3isrelevant.Ifwerestrictourselvestosimplepoles
(asrequiredforaBruneimpedance),theresiduetheoremmaybedirectlyapplied.

Unstablepoles:Animportantbutsubtlepointarises:IfF(s)hasapoleintheRHP,thenthe
aboveargumentstillappliesifwepickσotobetotherightoftheRHPpole.Thismeansthatthe
inversetransformmaystillbeappliedtounstablepoles(thoseintheRHP).Thisthenexplains
theneedfortheσointhelimits.IfF(s)hasnoRHPpolesintheextendedRHP(σ≥0),we
maytakeσo=0.

Thesimplestexampleisthestepfunction,forwhichF(s)=1/s,thus

u(t)=

I

LHP

e
st

s

ds

2πȷ↔
1

s
,

whichisadirectapplicationofCT-3.Theforwardtransformofu(t)isstraightforward,as
discussedinAppendixC.ThisistrueofmostoftheelementaryforwardLaplacetransforms.
Inthesecases,causalitymaybebuiltintotheintegralbythelimits.Aninterestingproblemis
howtoprovethatu(t)isnotdefinedatt=0.

TheinverseLaplacetransformofF(s)=1/(s+1)hasaresidueof1ats=−1,thusthat
istheonlycontributiontotheintegral.MoredemandingcasesareLaplacetransformpairs

1
√

t
u(t)↔

r
π

s
andJo(t)u(t)↔

1
√

s2+1
,

asshowninFig4.6(right),andmoreinTableC.2(p.302).Manyoftheseareeasilyprovedin
theforwarddirectionbutaremuchmoredifficultintheinversedirectionduetotheproperties
att=0,unlessCT-3isinvoked.
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2.IfZ(s)isPR,thenitsreciprocalY(s)=1/Z(s)isPR(thepolesandzerosswap).

3.Iftheimpedancecanbewrittenastheratiooftwopolynomials(alimitedcaserelatedto
thequasistaticsapproximation,PostulateP9)thathavedegreesNandL,then|N−L|≤
1.

4.Theangleoftheimpedanceθ≡∠Zlieswithin[−π≤θ≤π].

5.Theimpedanceanditsreciprocalarecomplex–analyticintherighthalf-plane;thuseach
obeystheCauchy–Riemannconditionsthere.

Energyandpower:SincePostulateP3requirestheimpedancePRcondition,itensuresthat
everyimpedanceispositive-definite(PD),thusguaranteeingthatconservationofenergyis
obeyed(SchwingerandSaxon,1968,p.17).Thismeansthatthetotalenergyabsorbedbyany
PRimpedancemustremainpositiveforalltime.Mathematicallywecanstatethisas

E(t)=

Zt

−∞
v(t)i(t)dt=

Zt

−∞
i(t)⋆z(t)i(t)dt>0,

wherei(t)isanycurrent,v(t)=z(t)⋆i(t)isthecorrespondingvoltage,andz(t)isthereal
causalimpulseresponseoftheimpedance[e.g.,z(t)↔Z(s)areaLaplacetransformpair].In
summary,ifZ(s)isPR,thenE(t)isPD.

AsdiscussedindetailbyVanValkenburg,anyrationalPRimpedancecanberepresented
asapartialfractionexpansion,whichcanbeexpandedintofirst-orderpolesas

Z(s)=K
Π

L
i=1(s−ni)

Π
N
k=1(s−dk)

=
X

n

ρn

s−sn

e
j(θn−θd)

,(F.3.2)

whereρnisacomplexscalefactor(residue).EverypoleinaPRfunctionhasonlysimplepoles
andzeros,whichrequiresthat|L−N|≤1(VanValkenburg,1964b).

WhereasthePDpropertyclearlyfollowsfromPostulateP3(conservationofenergy),the
physicsisnotsoclear.Specifically,whatisthephysicalmeaningoftheconstraintsonZ(s)?
Inmanyways,theimpedanceconceptishighlyartificial,asexpressedbyPostulatesP1–P7.

Whentheimpedanceisnotrational,specialcaremustbetaken.Anexampleofthisis
thesemi-inductorM√sandthesemicapacitorK/√sdue,forexample,totheskineffectin
EMtheoryandviscousandthermallossesinacoustics,bothofwhicharefrequency-dependent
boundary-layerdiffusionlosses(Vanderkooy,1989).Theyremainpositive-realbuthavea
branchcutandthusaredouble-valuedinfrequency.

Real-timeresponse:P4Theimpulseresponseofeveryphysicalsystemisreal,notcomplex.
ThisrequiresthattheLaplacetransformhaveconjugatesymmetryH(s)=H∗(s∗),wherethe
∗indicatesconjugation[e.g.,R(σ,ω)+X(σ,ω)=R(σ,ω)−X(σ,−ω)].

Timeinvariance:P5Themeaningoftime-invariantrequiresthattheimpulseresponseofa
systemdoesnotchangeovertime.Thisrequiresthatthesystemcoefficientsofthedifferential
equationdescribingthesystemareconstant(independentoftime).
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Figure 4.6: Left: Colorized plot of w(z) = sin(z). Right: Colorized plot of w(z) = Jo(πz). Note the
similarity of the two functions. The first Bessel zero is at 2.405 and thus appears at 0.7655 = 2.405/π, about
1.53 times larger than the root of cos(πz) at 1/2. Other than this minor distortion of the first few roots, the two
functions are basically identical. It follows that their LT s must have similar characteristics, as documented in
Table C.2 p. 302. These colorized plots show that these two functions become the same for x = ℜz > 0. The
black lines indicate where the function has a constant real part.

Along the x-axis of Fig. 4.6, cos(πx) is periodic with a period of π. The dark spots are at
the zeros at ±π/2, ±3π/2, . . .. Along the ȷy-axis, the function goes to either zero (black) or ∞
(white). This behavior carries the same π periodicity as on the x = 0 line.

The last LT example of Fig. 4.7 gives an important insight into the properties of the Hankel
function H

(1)
0 (πz/2), which has a branch cut along the negative real axis. On the right is the

Hankel function H
(1)
0 (πz/2), which is a mixed and distorted version of cos(πz) with the zeros

pushed downward, and eπz. Note how the white and black contour lines of the colorized maps
are always perpendicular where they cross.

4.7.4 Properties of the LT
As shown in Table 3.8 of Laplace transforms, there are integral (i.e., integration, not integer)
relationships, or properties, that are helpful to identify. The first of these is a definition, not a
property:notation to Appdx A.

f(t) ↔ F (s).

Causality: When we take the LT , the time-domain response is in lowercase (e.g., f(t)) and
the frequency-domain transform is in uppercase (e.g., F (s)). It is required, but not always
explicitly specified, that f(t < 0) = 0; that is, the time function must be causal, as stated by
Postulate P1 (162).

Linearity: The most basic property is the linearity (superposition) property of the LT , stated
by Postulate P2 (p. 162).
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property, we call it Einstein causality, which says that the delay must be proportional to the
distance x, with impulse response δ(t − x/c).

Linearity: P2 The wave properties of a system may be nonlinear. This is not restrictive, as
most physical systems are naturally nonlinear. For example, a capacitor is inherently nonlinear:
As the charge builds up on the plates of the capacitor, a stress is applied to the intermediate
dielectric due to the electrostatic force F = qE. In a similar manner, an inductor is nonlinear.
Two wires carrying a current are attracted or repelled due to the force created by the flux. The
net force is the product of the two fluxes due to each current.

In summary, most physical systems are naturally nonlinear; it’s simply a matter of degree.
An important counterexample is an amplifier with negative feedback and a very large open-loop
gain. There are, therefore, many types of nonlinearity, both instantaneous types and those with
memory (e.g., hysteresis). Given the nature of Postulate P1, even an instantaneous nonlinearity
may be ruled out. The linear model is so critical for our analysis, providing fundamental
understanding, that we frequently take Postulates P1 and P2 for granted.

Passive/Active impedances: P3 This postulate is about conservation of energy and Otto
Brune’s positive-real (PR, also called physically realizable) condition that every passive im-
pedance must obey. Following on the work of his primary Ph.D. thesis advisor Wilhelm Cauer
(1900–1945) and Ernst Guillemin, along with Norbert Wiener and Vannevar Bush at MIT,
Brune mathematically characterized the properties of every PR one-port driving point imped-
ance (Brune, 1931b).

When the input resistance of the impedance is real, the system is said to be passive, which
means the system obeys conservation of energy. The real part of Z(s) is positive if and only
if the corresponding reflectance is less than 1 in magnitude. The reflectance of Z(s) is defined
as a bilinear transformation of the impedance, normalized by its surge resistance ro (Campbell,
1903):

Γ(s) =
Z(s) − ro

Z(s) + ro

=
Ẑ − 1

Ẑ + 1
,

where Ẑ = Z/ro. The surge resistance is defined in terms of the inverse Laplace transform of
Z(s) ↔ z(t), which must have the form

z(t) = roδ(t) + ρ(t),

where ρ(t) = 0 for t < 0. It naturally follows that γ(t) ↔ Γ(s) is zero for negative and zero
time—namely, γ(0) = 0, t ≤ 0.

Given any linear PR impedance Z(s) = R(σ, ω) + jX(σ, ω) that has real part R(σ, ω) and
imaginary part X(σ, ω), the impedance is defined as being PR (Brune, 1931b) if and only if

ℜZ(s) = R(σ ≥ 0, ω) ≥ 0. (F.3.1)

That is, the real part of any PR impedance is nonnegative everywhere in the right half-plane
(σ ≥ 0). This is a very strong condition on the complex–analytic function Z(s) of a complex
variable s. This condition is equivalent to any of the following statements (Van Valkenburg,
1964a):

1. There are no poles or zeros in the right half-plane (Z(s) may have poles and zeros on the
σ = 0 axis).
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Figure4.7:Left:TheBesselfunctionJ0(πz),whichissimilartocos(πz),exceptthezerosaredistortedaway
froms=0byasmallamount,duetothecylindricalgeometry.Right:TherelatedHankelfunctionH

(1)
0(πz/2).

TheHankelfunctionH
(1)
0(πz/2)hasabranchcutandacomplexzeroatz0,12/π=−1.5−0.1ȷ,asmaybeseen

intheplot.

Convolutionproperty:TheproductoftwoLTsinfrequencyresultsinconvolutionintime:

F(s)G(s)↔f(t)⋆g(t)=

Zt

0

f(τ)g(t−τ)dτ,

whereweuse⋆toindicatetheconvolutionoftwotimefunctions.
Akeyapplicationofconvolutionisfiltering,whichtakesmanyforms.Themostbasicfilter

isthemovingaverage,themovingsumofdatasamples,normalizedbythenumberofsamples.
Suchafilterhasverypoorperformance.Italsointroducesadelayofhalfthelengthofthe
average,whichmayormaynotconstituteaproblem,dependingontheapplication.Other
importantexamplesarealow-passfilterthatremoveshigh-frequencynoiseandanotchfilter
thatremoveslinenoise(i.e.,60[Hz]intheUnitedStates,anditssecondandthirdharmonics,
120and180[Hz]).Suchnoiseistypicallyaresultofpoorgroundingandgroundloops.Itis
bettertosolvetheproblematitsrootthantoremoveitwithanotchfilter.Still,filtersarevery
importantinengineering.

BytakingtheLToftheconvolutionwecanderivethisrelationship:

Z∞

0

[f(t)⋆g(t)]e−st
dt=

Z∞

t=0

�Zt

0

f(τ)g(t−τ)dτ

�
e−st

dt

=

Zt

0

f(τ)

�Z∞

t=0

g(t−τ)e−st
dt

�
dτ

=

Zt

0

f(τ)

�
e−sτ

Z∞

t′=0

g(t′)e−st′
dt′

�
dτ

=G(s)

Zt

0

f(τ)e−sτ
dτ

=G(s)F(s).
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whatisneededtofullycharacterizeitsoperation,fromelectricalinputtomechanical(acousti-
cal)output.

Theinputiselectrical(voltageandcurrent)[Φi,Ii]andtheoutput(load)isthemechanical
(forceandvelocity)[Fl,Ul].Thefirstmatrixisthegeneralcase,expressedintermsoffour
unspecifiedfunctionsA(s),B(s),C(s),andD(s),whilethesecondmatrixisforthespecific
exampleofFig.F.1.ThethreeentriesaretheelectricaldrivingpointimpedanceZe(s),the
mechanicalimpedancezm(s),andthetransductionT=Bol,whereBoisthemagneticflux
strengthandlisthelengthofthewirecrossingtheflux.Sincethetransmissionmatrixis
antireciprocal,itsdeterminant∆T=−1,asiseasilyverified.

Othercommonexamplesofcross-modalitytransductionandcurrent–thermal(thermoelec-
triceffect)andforce–voltage(piezoelectriceffect).Thesesystemsareallreciprocal:thusthe
transductionhasthesamesign.

F.2Impedancematrix
Theseelevennetworkpostulatesdescribethepropertiesofasystemthathasaninputandan
output.Foranelectromagnetictransducer(loudspeaker)thesystemisdescribedbythetwo-
porttransmissionmatrix,asshowninFig.F.1.Theelectricalinputimpedanceofaloudspeaker
isZe(s),definedby

Ze(s)=
V(ω)

I(ω)

��
��
U=0

.

Notethatthisdriving-pointimpedancemustbecausalsinceitisafunctionofs;thusithasa
Laplacetransform.Thecorrespondingtwo-portimpedancematrixforFig.F.1is

�
Φi

Fl

�
=

�
z11(s)z12(s)
z21(s)z22(s)

��
Ii

Ul

�
=

�
Ze(s)−T(s)
T(s)zm(s)

��
Ii

Ul

�
.(F.2.1)

SuchadescriptionallowsustodefineThéveninparameters,aconceptusedwidelyincircuit
analysisandnetworkmodelsfromothermodalities.

Theimpedancematrixisanalternativedescriptionofthesystembutwithgeneralizedforces
[Φi,Fl]ontheleftandgeneralizedflows[Ii,Ul]ontheright.Arearrangementoftermsallows
ustogofromtheABCDtotheimpedanceparameters(VanValkenburg,1964b).Theelectro-
magnetictransducerisantireciprocal(PostulateP6),z12=−z21=T=Bol.

F.3Taxonomyofalgebraicnetworks
ThepostulatesareextendedbeyondthosedefinedbyCarlinandGiordano(Sec.3.10,p.155)
whenthereisaninteractionofwavesandastructuredmedium,alongwithotherpropertiesnot
coveredbyclassicnetworktheory.Assumingquasistatics(QS),thewavelengthmustbelarge
relativetothemedium’slatticeconstants.ThustheQSpropertymustbeextendedtothree
dimensionsandpossiblytothecasesofanisotropicandrandommedia.

Causality:P1Aswestated,duetocausalitythenegativeproperties(e.g.,negativerefractive
index)mustbelimitedinbandwidthasaresultoftheCauchy–Riemannconditions.However,
evencausalityneedstobeextendedtoincludethedelay,asquantifiedbythed’Alembertsolu-
tiontothewaveequation,whichmeansthatthedelayisproportionaltothedistance.Thuswe
generalizePostulateP1toincludethespace-dependentdelay.Whenwewishtodiscussthis
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We first encountered this relationship on page 112 in the context of multiplying polynomials,
which is the same as convolving their coefficients. The parallel should be obvious. In the case
of polynomials, the convolution is discrete in the coefficients, and here it is continuous in time.
But the relationships are the same.

Time-shift property: When a function is time-shifted by time To, the LT is modified by
e−sTo , leading to the property

f(t − To) ↔ e−sTo F (s).

This is easily shown by applying the definition of the LT to a delayed time function.

Time derivative: The key to the eigenfunction analysis provided by the LT is the transfor-
mation of a time derivative on a time function—that is,

d

dt
f(t) ↔ sF (s).

Here s is the eigenvalue corresponding to the time derivative of est. Given the definition of the
derivative of est with respect to time, this definition seems trivial. Yet that definition was not
obvious to Euler. It needed to be extended to the space of the complex–analytic function est,
which did not happen before Cauchy’s key results.

Given a differential equation of order K, the LT results in a polynomial in s of degree
K. It follows that this LT property is the cornerstone of why the LT is so important to
scalar differential equations, as it was to the early analysis of Pell’s equation and the Fibonacci
sequence, presented in chapter 2. While the relation eȷθ = cos θ + ȷ sin θ was first uncovered
by Euler. By the time of his death the formula’s significance would have been clear to him.
Who first coined the terms eigenvalue and eigenfunction? The word eigen is a German word
meaning of one.

Initial and final value theorems: There are much more subtle relationships between f(t)
and F (s) that characterize f(0+) and f(t → ∞), which are known as initial value theorems.
If the system under investigation has potential energy at t = 0, then the voltage (velocity) need
not be zero for negative time. An example is a charged capacitor or a moving mass. These are
important concepts, but best explored in a more in-depth treatment. They are not violations of
causality.

4.7.5 Solving differential equations:
Many differential equations may be solved by assuming a power series (i.e., Taylor series)
solution of the form

y(x) = xr

∞X

n=0

cnx
n, (4.7.1)

with r ∈ Z and coefficients cn ∈ C. This method of Frobenius is quite general (Greenberg,
1988, p. 193).

Example: When a solution of this form is substituted into the differential equation, a recursion
relationship in the coefficients results. For example, if the equation is

y′′(x) = λ2y(x),

Appendix F

Eleven postulates of systems of algebraic
networks

Physical systems obey basic rules that follow from the physics. It is helpful to summarize these
restrictions as postulates presented in terms of a taxonomy, or categorization method, of the
fundamental properties of physical systems. Eleven of these are listed in this appendix from an
article by Kim and Allen (2013).

F.1 Representative system
A taxonomy of physical systems comes from a systematic summary of the laws of physics,
which includes at least the eleven basic network postulates, described in Sec. 3.10.

To describe the network postulates, it is helpful to start from a two-port matrix representa-
tion as discussed in Sec. 3.8 (p. 144).

Figure F.1: The schematic representation of an algebraic network, defined by its two-port ABCD transmission,
that has three elements called the Hunt parameters (Hunt, 1952): Ze(s), the electrical impedance, zm(s), the
mechanical impedance, and T (s), the transduction coefficient matrix of an electromechanical transducer network.
The port variables are Φ(f) and I(f): the frequency domain voltage and current, and F (f) and U(f): the force
and velocity (Hunt, 1952; Kim and Allen, 2013). This matrix factors the two-port model into three 2×2 matrices,
separating the three physical elements as matrix algebra. It is a standard impedance convention that the flows
I(f)andU(f) are defined into each port. Thus it is necessary to apply a negative sign on the velocity −U(f) so
that it has an outward flow, as required to match the next cell with its inward flow.

As shown in Fig. F.1, the two-port transmission matrix for an acoustic transducer (loud-
speaker) is characterized by the equation

�
Φi

Ii

�
=

�
A(s) B(s)
C(s) D(s)

� �
Fl

−Ul

�
=

1

T

�
zm(s) Ze(s)zm(s) + T 2

1 Ze(s)

� �
Fl

−Ul

�
, (F.1.1)

shown as a product of three 2 × 2 matrices in the figure, with each factor representing one of
the three Hunt parameters of the loudspeaker.

This figure represents the electromechanical motor of the loudspeaker and consists of three
elements: the electrical input impedance Ze(s), a gyrator, which is similar to a transformer that
relates current to force, and the output mechanical impedance zm(s). This circuit describes

323
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therecursioniscn=cn−1/n.Theresultingequationis

y(x)=e
λx

=x
0

∞X

n=0

1

n!
x

n
,

namely,cn=1/n!,thusncn=1/(n−1)!=cn−1.

Exercise#3
Findtherecursionrelationshipfory(x)=Jν(x)oforderνthatsatisfiesBessel’sequation

x
2
y′′(x)+xy′(x)+(x

2
−ν

2
)y(x)=0.

Solution:Ifweassumeacomplex–analyticsolutionoftheformofEq.4.7.1,wefindthe
Besselrecursionrelationshipforcoefficientsck(Greenberg,1988,p.231):

ck=−
1

k(k+2ν)
ck−2.

■
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4.8 Problems DE-3

4.8.1 Topics of this homework: Brune impedance
lattice transmission line analysis

4.8.2 Brune Impedance
Problem # 1: Residue form
A Brune impedance is defined as the ratio of the force F (s) to the flow V (s) and may be
expressed in residue form as

Z(s) = c0 +
KX

k=1

ck

s − sk

=
N(s)

D(s)
(DE-3.1)

with

D(s) =
KY

k=1

(s − sk) and ck = lim
s→sk

(s − sk)D(s) =
K−1Y

n′=1

(s − sn).

The prime on the index n′ means that n = k is not included in the product.

– 1.1: Find the Laplace transform (LT ) of a (1) spring, (2) dashpot, and (3)
mass.
Express these in terms of the force F (s) and the velocity V (s), along with the electrical equiv-
alent impedance: (1) Hooke’s law f(t) = Kx(t), (2) dashpot resistance f(t) = Rv(t), and (3)
Newton’s law for mass f(t) = Mdv(t)/dt.

– 1.2: Take the Laplace transform (LT ) of Eq. DE-3.2 and find the total
impedance Z(s) of the mechanical circuit.

M
d2

dt2
x(t) + R

d

dt
x(t) + Kx(t) = f(t) ↔ (Ms2 + Rs + K)X(s) = F (s). (DE-3.2)

– 1.3: What are N(s) and D(s) (see Eq. DE-3.1)?

– 1.4: Assume that M = R = K = 1 and find the residue form of the
admittance Y (s) = 1/Z(s) (see Eq. DE-3.1) in terms of the roots s±. Hint:
Check your answer with Octave’s/Matlab’s residue command.

– 1.5: By applying Eq. 4.5.3 (page 201), find the inverse Laplace transform
(LT −1). Use the residue form of the expression that you derived in question 1.4.
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SI Units
The pressure P [Pa] is a potential and the volume velocity V [kgm/m2] is a flux having power
P V . The corresponding thermal power is Q = T Ṡ where Ṡ is the entropy-rate (Q is the
absorbed heat power) in Watts. Since the temperature T is a potential, analogous to a voltage,
then d S/dt must be a flux, analogous to the current in an electrical system.

The total internal energy of a substance is defined by the enthalpy H = PV −Q, where Q =
T S is the energy due to heat and PV is the mechanical energy. If H is constant and we vary the
heat by a small amount, then 0 = δHδQ− δ(PV ) = δQ− PδV − V δP . The thermodynamic
constant cp is defined as ∂Q/∂T |Po

(constant P) and cv is defined as ∂Q/∂T |Vo
(constant V).

Summary and conclusions
Since P V is the acoustic power and P/ V the acoustic impedance, Q̇ = T Ṡ is the thermal
power, thus z22 is the associated thermal impedance. What is unique about this set of equations
is that 1) they are linear in their variables, and that they must obey reciprocity, defined as either
|T | = 1 or z12 = z21.
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Figure4.8:DepictionofatrainconsistingofcarstreatedasmassesMandlinkagestreatedasspringsof
stiffnessKorcomplianceC=1/K.Belowitistheelectricalequivalentcircuitforcomparison.Themasses
aremodeledasinductorsandthespringsascapacitorstoground.Thevelocityisanalogoustoacurrentandthe
forcefn(t)tothevoltageϕn(t).Thelengthofeachcellis∆[m].Thetrainmaybeaccuratelymodeledasa
transmissionline(TL),sincetheequivalentelectricalcircuitisalumpedmodelofaTL.Thismethod,calleda
Cauersynthesis,isbasedontheABCDtransmissionlinemethodofSec.3.8(p.144).

4.8.3Transmission-lineanalysis
Problem#2:Train-mission-lineWewishtomodelthedynamicsofafreight
trainthathasNsuchcarsandstudythevelocitytransferfunctionundervari-
ousloadconditions.

AsshowninFig.4.8,thetrainmodelconsistsofmassesconnectedbysprings.

Problem#3:Transferfunctions
UsetheABCDmethod(seethediscussioninAppendixB.3,p.297)tofindthematrixrepre-
sentationofthesystemofFig.4.8.Definetheforceonthenthtraincarfn(t)↔Fn(ω)andthe
velocityvn(t)↔Vn(ω).

Breakthemodelintocellsconsistingofthreeelements:aseriesinductorrepresentinghalf
themass(M/2),ashuntcapacitorrepresentingthespring(C=1/K),andanotherseries
inductorrepresentinghalfthemass(L=M/2),transformingthemodelintoacascadeof
symmetric(A=D)identicalcellmatricesT(s).

–3.1:FindtheelementsoftheABCDmatrixTforthesinglecellthatrelate
theinputnode1tooutputnode2

�
F
V

�

1

=T
�

F(ω)
−V(ω)

�

2

.(DE-3.3)

–3.2:ExpresseachelementofT(s)intermsofthecomplexNyquistratio
s/sc<1(s=2πjf,sc=2πjfc).TheNyquistwavelengthsamplingcondition
isλc>2∆.Itsaysthecriticalwavelengthλc>2∆.conditionisλc>2∆.12

Itsaysthecriticalwavelengthλc>2∆.Namelyitisdefinedintermsthe
minimumnumberofcells2∆,perminimumwavelengthλc.
TheNyquistwavelengthsamplingtheoremsaysthatthereareatleasttwocarsperwavelength.

Proof:Fromthefigure,thedistancebetweencars∆=coTo[m],where

co=
1

√
MC

[m/s].

12Thehistoryofthisrelationhasbeentracedbackto1841,asdiscussedby(Brillouin,1953,Chap.I,II,Eq.4.7).
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Thetransmissionmatrixplaysatheoreticalandmodelingrole.ThusZisusedforexper-
imentsandTforcalculations.OtherimportantmatricidesaretheadmittancematrixYand
G.Therearesimplerelationshipsbetweenallthesematrices(VanValkenburg,1964a,p.310),
threeofwhichare:

T=
1

z21

�
z11∆Z
1z22

�
,Z=

1

C

�
A∆T
1D

�
,Y=

1

∆T

�
z22−z12

−z21z11

�
.

Physicaldescriptionofthe2x2conjugatevariables

Todeterminethephysicalmeaningsofthematrixelementswemuststartwiththeequationof
statefortheidealgasPV=RT,whereRisthespecificgasconstant,todaydefinedinSI
unitsaskAv,wherek≡1.380649×10−23

[J/°K]isBoltzman’sconstantandAvisAvogadro
numberAv=8.31446261815324[J/°Kmol].TheformaldefinitionoftheAvogadronumber
isthenumberofmoleculesinonegram-moleculeofoxygen.

Twokeythermodynamicconstantscpandcvare

cv≡
∂u

∂T

��
��

V
=

∂S
∂T

��
��

V
cp≡

∂h

∂T

��
��

P
=

∂S
∂T

��
��

P
.

Notethatcp−cv≡RandcpforH2at300[°K]is14.31.
Toidentifycpandcvintermsofthesematrixelementsweneedtodosomealgebra.The

equationsneedtobereformulatedas
�P

Ṡ

�
=

�
z11β
γδ

��
V
T

�
and

�V
Ṡ

�
=

�
y11y12

scvscp

��
P
T

�
.(E.1.1)

Heres=σ+ωȷiscalledtheLaplacefrequency,commontotheLaplacetransform.Bothcp

andcvhaveunitsofFarads.
Forincompressableliquidstheseareequal,thuswemaydefinecl=cp=cv.Inthiscase

theinternalenergyuandenthalpyharegivenby

u≈h=uo+clT,

whichmeansthatanyvolumechangeisdrivenonlybytemperatureratherthanbywork(Am-
baum,2010).

Forwaterinthevaporstatetheyaredistinctwithcp=cv+Randcv=5R/2.Itfollows
thatamixtureofdryairwith5%watervaporismainlydiatomic

cp/cv=1.4=(5+2)/5.

FromEq.E.1.1,z11isthereciprocalofthebulkmodulus,definedasratioofthevolumeover
thepressurecomplianceforconstantentropy(iso-thermal).Likewise,z22istheratioofT/Ṡ
forconstantvolume(i.e.,isobaric).

TheShockleydiodeequationinasemiconductoristheratiooftheelectriccurrentandthe
voltageacrossap–njunctionisVT=k/q≈8.617333262×10−5

[V/°K],isknownasthe
thermalvoltage.

Moleculespossessadditionalinternaldegreesoffreedom,aswellasthethreedegreesof
freedomformovementofthemoleculeasawhole.Therearesevendiatomicgas,themost
importantbeingHydrogenH2,NitrogenN2andOxygenO2.Thesepossessatotalofsix
degreesofsimplefreedompermoleculeduetothethreetranslational,tworotational,andone
vibrationalmode.Atlowertemperatures,notallthesedegreesoffreedomcanfullyparticipate
inthegas’thermalheatcapacity.
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The cutoff frequency obeys fcλc = co. The Nyquist critical wavelength is λc = co/fc > 2∆.
Therefore the Nyquist sampling condition is

f < fc ≡
co

λc

=
co

2∆
=

1

2∆
√

MC
[rad/sec]. (DE-3.4)

Finally, sc = ȷ2πfc.

– 3.3: Use the property of the Nyquist sampling frequency ω < ωc (Eq. DE-3.4)
to remove higher order powers of frequency

1 +




�

0�
s

sc

�2

≈ 1 (DE-3.5)

to determine a band-limited approximation of T (s).
Problem # 4: Now consider the cascade of N such T (s) matrices and perform
an eigenanalysis.

– 4.1: Find the eigenvalues and eigenvectors of T (s) as functions of s/sc.

Problem # 5: Find the velocity transferfunction H12(s) = V2/V1|F2=0.

– 5.1: Assuming that N = 2 and F2 = 0 (two half-mass problem), find the
transfer function H(s) ≡ V2/V1. From the results of the T matrix, find

H21(s) =
V2

V1

����
F2=0

Express H12 in terms of a residue expansion.

– 5.2: Find h21(t) ↔ H21(s).

– 5.3: What is the input impedance Z2 = F2/V2, assuming F3 = −r0V3?

– 5.4: Simplify the expression for Z2 as follows:
1. Assuming the characteristic impedance r0 =

p
M/C,

2. terminate the system in r0: F2 = −r0V2 (i.e., −V2 cancels).

3. Assume higher-order frequency terms are less than 1 (|s/sc| < 1).

4. Let the number of cells N → ∞. Thus |s/sc|N = 0.

When a transmission line is terminated in its characteristic impedance r0, the input impedance
Z1(s) = r0. Thus, when we simplify the expression for T (s), it should be equal to r0. Show
that this is true for this setup.

– 5.5: State the ABCD matrix relationship between the first and N th nodes
in terms of the cell matrix. Write out the transfer function for one cell, H21.

– 5.6: What is the velocity transfer function HN1 = VN

V1
?
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fine by four differentials (Ambaum, 2010).

du = TdS − pdν

dh = TdS + νd P
df = −SdT − Pdν

dg = −SdT + νd P .

Linear 2 × 2 systems of equations: The LCV ther-
modynamic variables are the mechanical (acoustical)
pressure P , volume velocity V and the heat variables,
temperature T , and entropy rate Ṡ .

The linear transmission and impedance matrices T
and Z relate the acoustic variables P , V to the thermo-
dynamic variables T, Ṡ in two very different ways:

�
T

Ṡ

�
= T

�
P

−V

�
=

�
A B
C D

� �
P

−V

�
and

�
P
T

�
= Z

�V
Ṡ

�
=

�
z11 z12

z21 z22

� �V
Ṡ

�
.

On the left is the transmission matrix T and on the right is the corresponding impedance matrix
Z . By inspection, the T and Z matrix elements are

T =

"
T
P
��

V=0
T
V
��

P=0
Ṡ
P

���
V=0

Ṡ
V

���
P=0

#
, Zc =




P
V
��

Ṡ=0
P
Ṡ

���
V=0

T
V
��

Ṡ=0
T
Ṡ

���
V=0




Due to reciprocity, the determinant of T = 1 and z12 = z21 (Postulate P8). When using this
matrix representation, any algebra is explicit. The transmission matrix T and impedance matrix
Z are related by Eq. 3.8.6, as discussed on page 146.

Summary of Maxwell relations

There are six variants on the transmission matrix (Van Valkenburg, 1964a). The most common
are the transmission T and the impedance Z matrices. Others, such as the admittance matrix
Y is simply the inverse of Z . But other variants are also used for special applications, such
scattering matrices.

All the matrices used in thermodynamics are reciprocal, meaning z12 = z21 or ∆T = 1.
Each matrix form show reciprocity in a different way. These expressions for reciprocity were
first worked out by Maxwell, where they are called Maxwell relations (Ambaum, 2010). From
the Maxwell relations, it may be shown that the specific heat capacities are equal to cv = y22 =
z11/∆Z and cp = g22 = 1/y22 = ∆Z/z11.

Physical meaning of the matrix elements
The utility of the T and Z representations are very different. The impedance matrix Z always
has a physically measurable interpretation. The diagonal elements z11, z22 represent the input
impedance looking into the two ports, while the off-diagonal elements are transfer impedances,
related to the a transfer function between input and output fluxes and potentials. If the system
is reciprocal they are equal (z12 = z21).
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Stream3B:VectorCalculus

5.1Propertiesoffieldsandpotentials
Beforewecandefinethevectoroperations∇(),∇·(),∇×(),and∇

2
(),wemustdefinetheob-

jectstheyoperateon:scalarandvectorfields.Thewordfieldhastwoverydifferentmeanings:
amathematicalone,whichdefinesanalgebraicstructure,andaphysicalone,discussednext.

Ultimatelywewishtointegratein∈R
3
,R

n
andC

n
.Integrationisquantifiedbyseveral

fundamentaltheoremsofcalculus,eachaboutintegration(seepp.179–181).

5.1.1Scalarandvectorfields:notation
Scalarfields:

Weusethetermscalarfieldinterchangeablywithanalyticinaconnectedregionofthespatial
vectorx=[x,y,z]

T
∈R

3
.Inmathematics,functionsthatarepiecewisedifferentiableare

calledsmooth,whichisdifferentfromanalytic.Asmoothfunctionhasatleastoneormore
derivatives.Everyanalyticfunctionissingle-valuedandisaninfinitelydifferentiablepower
series(Sec.3.2.4,p.100).
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2.specificenthalpyh=u+Pν,

3.Helmholtzfreeenergyf=u−TSand

4.Gibbsfunctiong=u−TS+Pν.

TheGibbsfunctionisalinearcombinationoftheotherthree(Ambaum,2010,Sec.3.1).As
explainedbyTolman(1948),Gibbsviewedaphasetransitionasamembraneseparatingtwo
statesofagas.Thesefourrelationscouldbecombinedintoa3×3nonlinearenergyma-
trixrelating[h,f,g]

T
to[u,Pν,TS]

T
.Theentriesofthematrixelementswouldallbeeither

0,1,−1.

Whenmanyvariablesareusedtodescribeasystem,asinthecaseofthermodynamics,
amatrixformulationismorecompactrepresentation.Heretraditionalthermodynamic
relationsarereformulatedusinglinear2×2matrixalgebra.aStartingfromthestate
equationandtheHelmholtzexpressionforthefreeenergy,werewritethesystemasa
lineartwo-portnetwork.Byevaluatingtheimpedancematrixelements,wemayobtain
thestandardthermodynamicrelationsintermsofthetwoheatcapacitiescpandcv.Due
tothisunificationofvariables,the2×2formulation,suchaformulationmanipulation
ofthermodynamicrelationsbecomestransparent.

aAnalternativeapproachistousea3×3scatteringmatrixinmorethan2variables(Bilbao,2004).

Inacoustics,thegradientofthepressure−∇Pistheacousticforcedensity,whichispro-
portionaltothevolumevelocityV(theacousticflux,ormassflow).Thusthepotentialandits
correspondingmassfluxarelinearconjugatevariables,theratioofwhichdefinesthespecific
acousticimpedance,whichforairisρco.Whenworkingwithimpedancesitisstandardpractice
toworkwiththeLaplacecomplexfrequencydomains.TheLTtransformsdifferentialequa-
tionsintimeintoalgebraicrelations(i.e.,polynomials).Inthermodynamicsthetermpotential
hasaverydifferentmeaning.Hereweshallnotrefertoenergiesaspotentials.Whenspeaking
ofconjugatevariables,pressure,voltageandtemperaturearepotentials,andvelocity,current
andentropyareflows.

Usingmodernengineeringterminology,thegradientofeverypotentialisageneralized
forceF,whichaccordingtoOhm’slaw,isproportionaltoageneralizedflowJ.Workingwith
LCVPandthevolumevelocitysVgives

−∇P=ρcosV.

Hereρcoistheimpedanceofair,definedastheratioofthegeneralizedforceF=−∇Pover
thevolumevelocity(flow)sV.

δq/cv

δq/cp

δT

δT′

vp

T

A

C

B

Ohm’slawdefinesalinearrelation,withtheim-
pedancebeingthecomplexproportionalfactor.The
poweristheproductofLCV,whichisanonlinearrela-
tion,sinceitisquadraticintheconjugatevariables.It
followsfromlinearalgebrathatlinearsystemsofequa-
tionsaremoretransparent,compared,say,tothether-
modynamicenergy–basednonlinearofequations.

Intermsofthefourbasicenergydefinitions,the
force-flowrelationsforthefourpowerrelationsarede-
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Vector fields: A vector field is composed of three scalar fields. For example, the electric field
used in Maxwell’s equations, e(x, t) = [Ex, Ey, Ez]

T [V/m], has three components, each a
scalar field. When the magnetic flux vector b(x) is static (Postulate P5, p. 163), the potential
ϕ(x) [V] uniquely defines e(x, t) via the gradient,

e(x, t) = −∇ϕ(x, t) [V/m]. (5.1.1)

The electric force on a charge q is F = qe; thus e is proportional to the force, and when
the medium is conductive, the current density (a flow) is jm = σoe [A/m2]. The ratio of the
potential to the flow is an impedance, so σo is a conductance.

Example: Suppose we are given the vector field in R3

a(x) = [ϕ(x), ψ(x), θ(x)]T [Wb/m],

where each of the three functions is a scalar field. Then a(x) = [x, xy, xyz]T is a legal vector
field that has components analytic in x.

Example: From Maxwell’s equations, the magnetic flux vector is given by

b(x, t) = ∇ × a(x, t) [Wb/m2]. (5.1.2)

We shall see that this is always true because the magnetic charge ∇·b(x, t) must be 0, which
is always true in-vacuo. Feynman (1970b, pp. 14-1 to 14-3) provides an extended and helpful
tutorial on the vector potential, with many examples.

To verify that a field is a potential, we may check the units. However, a proper mathematical
definition is that the potential must be an analytic function of x and t, so that we can operate on
it with ∇() and ∇×(). Note that the divergence of a scalar field is not a legal vector operation.

Scalar potentials: The above discussion describes the utility of potentials for defining vector
fields (e.g., Eqs. 5.1.1 and 5.1.2). The key distinction between a potential and a scalar field
is that potentials have units and thus have a physical meaning. Scalar potentials (i.e., voltage
ϕ(x, t) [V], temperature T (x, t) [°C], and pressure ϱ(x, t) [pascals]) are physical scalar fields.
All potentials are composed of scalar fields, but not all scalar fields are potentials.

For example, the ŷ component of e, Ey(x, t) = ŷ · e(x, t) [V/m], is not a potential. While
∇ey is mathematically defined as the gradient of one component of a vector field, it has no
physical meaning (as best I know).

Vector potentials: Vector potentials, like scalar potentials, are vector fields with physically
meaningful units. They are more complicated than scalar potentials because they are composed
of three scalar fields. Vector fields are composed of laminar and rotational flow, which are math-
ematically described by the fundamental theorem of vector calculus (also called Helmholtz’s
decomposition theorem). One superficial but helpful comparison is the momentum of a mass,
which may be decomposed into its forward (linear) and rotational momentum.

Since we find it is helpful to analyze problems using potentials (e.g., voltage) and then
take the gradient (i.e., voltage difference) to find the flow (i.e., current density j = σe(x, t)
[A/m2]), where σ [℧/m2] is the conductivity, the same logic and utility apply when we use the
vector potential to describe the magnetic flux (flow) b(x, t) (Feynman, 1970c). When operating
on a scalar potential, we use a gradient, whereas for the vector potential, we operate with the
curl (Eq. 5.1.2).

Appendix E

Thermodynamic systems

Many people find thermodynamics difficult to understand. Here we explore the reasons behind
this lack of transparency, and propose a solution. To understand the problem it is helpful to
compare the nonlinear energy-equilibrium methods used in thermodynamic, to linear imped-
ance methods, used in acoustics, mechanics and electrical circuit theory.

Acoustics, mechanics and electrical circuits are explained in terms of linear systems of
equations, such as as Kirchhoff’s and Ohm’s laws, as discussed in Appendix D. The linear
impedance formulation leads to a system of equations that is easily solved, using standard
methods of linear algebra. Thermodynamics on the other hand is formulated in terms of equi-
librium energies, resulting in a nonlinear systems of equations. This explains the difficulty in
understanding the relationships. A second issue is that these equations are frequently over-
specified.

Traditionally thermodynamics has been formulated with two types of variables, those that
are proportional to the mass, called extensive such as volume and mass, and the those that are
independent of mass, called intensive variables, such as temperature and density (Ambaum,
2010, p. 3).

A more modern and transparent notation is to work with two conjugate variables (CV),1

force density and flux. Examples of the CV force density include pressure P , temperature T ,
the Nernst potential, and electrical voltage. Fluxes CVs inclued mass flux and its area integral,
volume velocity V , heat flux, called entropy S, and electrical current.

Impedance is the ratio of CV, and the power is their product. For example, in electrical
network theory, the impedance is the voltage over the current and the power is the product.
Working with impedance always results in systems of linear equations. linear conjugate vari-
ables (LCV) are a generalization of force, the gradient of a potential, and flow. Namely the
formulation in terms of LCV simplifies the thermodynamic system of nonlinear equations.

E.1 Summary of the thermodynamic relations
To reduce the number of variables we remove mass from the system by working with specific
variables (those that are normalized by the mass). The ratio of the volume V and mass M de-
fines the specific volume ν ≡ V/M = 1/ρ, where ρ is the density. Throughout this discussion
we shall use SI units, with V [m3], M [kgm], ρ = 1/ν [kg/m3].

Four classical thermodynamic energies are defined:

1. internal energy u,
1https://en.wikipedia.org/wiki/Conjugate_variables_(thermodynamics)
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InEq.5.1.1weassumedthatthemagneticfluxvectorb(x)wasstatic,andthuse(x,t)isthe
gradientofthetime-dependentvoltageϕ(x,t).However,whenthemagneticfieldisdynamic
(notstatic),Eq.5.1.1isnotvalid,duetomagneticinduction:Avoltageinducedintoaloopof
wireisproportionaltothetime-varyingfluxcuttingacrossthatloopofwire.Thisisknownas
theAmpere-Maxwelllaw.Inthestaticcasetheinducedvoltageiszero.

Insummary,theelectricfieldstrengthincludesbothscalarpotentialϕ(x,t)andmagnetic
fluxvectorpotentiala(x,t)components,whilethemagneticfieldstrengthdependsonlyonthe
magneticpotential.

5.1.2Gradient∇,divergence∇·,curl∇×,andLaplacian∇
2

Threekeyvectordifferentialoperatorsareusedinlinearpartialdifferentialequations,suchas
thewaveanddiffusionequations.Allofthesebeginwiththe∇operator:

∇=x̂
∂

∂x
+ŷ

∂

∂y
+ẑ

∂

∂z
.

AsoutlinedinTable5.1,theofficialnameofthisoperatorisnabla.Ithasthreebasicuses:
(1)thegradientofascalarfield,(2)thedivergenceofavectorfield,and(3)thecurlofavector
field.Theshorthandnotation∇ϕ(x,t)=(x̂∂x+ŷ∂x+ẑ∂x)ϕ(x,t)isconvenient.1

Table5.1:Thethreevectoroperatorsmanipulatescalarandvectorfields.Thegradientconvertsscalarfields
intovectorfields.Thedivergencemapsvectorfieldstoscalarfields.Thecurlmapsvectorfieldstovectorfields.
Foursecond-orderoperators(forexampleDoGandgOd)aredefinedinSec.5.6.9(p.263).Boldmnemonicsare
reservedforvector-in,vector-outoperators,withthecurlbeinganexception.
SeveralentriessimilartoCoC,seemfeasible:
WedgeofWedgeWoW,
CurlofWedgeCoW,
WedgeofCurlWoC=0,
WedgeofDivWoD,
CurlofWedgeCoW=0.

NameInputOutputOperatorMnemonic
GradientScalarVector∇()grad
DivergenceVectorScalar∇·()div
LaplacianScalarScalar∇·∇=∇

2
()DoG

Wedgie,CoWVectorScalar∇∧()CoW,wedge
CurlVectorVector∇×()curl
GodVectorVector∇2()=∇(∇·())gOd
Bull-DoGVectorVector∇

2
()=∇·∇()DoG

CurlofCurlVectorVector∇×∇×=∇2()−∇2()CoC
DivofCurlVector0∇·∇×()DoC
CurlofGradScalar0∇×∇()CoG
CurlofWedgeVectorScalar≈COCCoW()orCOW()

1https://en.wikipedia.org/wiki/Del_in_cylindrical_and_spherical_
coordinates
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Gradient ∇():

As shown in Fig. 5.1, the gradient transforms a complex scalar field Φ(x, s) ∈ C into a vector
field (C3)

∇Φ(x, s) =

�
x̂
∂

∂x
+ ŷ

∂

∂y
+ ẑ

∂

∂z

�
Φ(x, s)

= x̂
∂Φ

∂x
+ ŷ

∂Φ

∂y
+ ẑ

∂Φ

∂z
.

The gradient may also be factored into a unit vector n̂, as defined in Fig. 5.1, that gives the
direction of the gradient, and the gradient’s length ||∇()||, defined in terms of the norm of
the gradient. Thus the gradient of Φ(x) may be written in “polar coordinates” as ∇Φ(x) =
||∇Φ|| n̂, which leads to the unit vector

n̂ =
∇(Φ(x))

||∇Φ|| .

Consider the paraboloid z = 1 − (x2 + y2) as the potential, with isopotential circles of
constant z that have a radius of zero at z = 1 and unit radius at z = 0. The negative gradient

e(x) = −∇z(x, y) = 2(xx̂ + yŷ + 0ẑ)

is ⊥ to the circles of constant radius (constant z) and thus points in the direction of the radius.

x

z

y

n̂ ⊥ dS = 0

Tangent plane
S(x) Surface (open)

Figure 5.1: Definition of the unit vector n̂ defined by
the gradient ∇S ⊥ to the tangent plane. A bifurcated vol-
ume defines surface S(x). At one point a tangent plane
(shaded) touches the surface. At that point the gradient
∇S(x) is normalized to unit length, defining n̂, which is
perpendicular (⊥) to the shaded tangent plane.

A skier in free fall on this surface would be the first one down the hill. Normally skiers try
to stay close to the isoclines (not in the direction of the gradient) so they can stay in control. If
you ski on an isocline, you must walk, since there is no pull due to gravity. The gravitational
potential at the surface of the earth is

ϕ = G
mM

r
.

Divergence ∇·():
The divergence of a vector field results in a scalar field. For example, the divergence of the
electric field flux vector d(x) [C/m2] equals the scalar field charge density ρ(x) [C/m3]:

∇·d(x) ≡
�
x̂
∂

∂x
+ ŷ

∂

∂y
+ ẑ

∂

∂z

�
· d(x) =

∂Dx

∂x
+

∂Dy

∂y
+

∂Dz

∂z
= ρ(x). (5.1.3)

Thus the divergence is analogous to the scalar (dot) product (e.g., a · b) between two vectors.
Recall that the voltage is the line integral of the electric field,

V (a) − V (b) =

Z b

a

e(x) · dx = −
Z b

a

∇V (x) · dx = −
Z b

a

dV

dx
dx, (5.1.4)
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Pressure Eigen-solutions: The forwarded P− and backward P+ pressure waves propagate as

P±(s, x) = e−κ(s)x, e−κ(s)x, (D.1.11)

where κ(s) the complex conjugate of κ(s), such that ℜκ(s) > 0. The term βo

√
s affects both

the real and imaginary parts of κ(s). The real part is a frequency-dependent loss, and the
imaginary part introduces a frequency-dependent speed of sound (Mason, 1928).

D.1.2 Impact of viscous and thermal losses
Equation D.1.2 and the measured data are compared in Fig. D.1, as reproduced from Mason’s
Fig. 4, which shows that the wave speed drops from 344 m/s at 2.6 kHz to 339 m/s at 0.4 kHz,
a 1.5% reduction. At 1 kHz the loss is 1 dB/m for a 7.5-mm tube. Note that the loss and the
speed of sound vary inversely with the radius. As the radius approaches the boundary layer
thickness (i.e., the radial distance such that the loss is e−1), the effect of the damping dominates
the propagation.

Cut-off frequency so: The frequency where the lossless part equals the lossy part is defined
as κ(so) = 0, namely,

√
so = −βo, or so = β2

o .
To get a feeling for the magnitude of so, let R = 0.75/2 [cm] (i.e., the average radius of the

adult ear canal). Then for R = 3.75 × 10−3 [cm]

so = (1.9 × 10−3/3.75 × 10−3)2 = 1/4.

We conclude that the losses are insignificant in the audio range, since for the human ear canal,
fo = β2

o/π ≈ 0.25/π = 0.08 Hz.3 This frequency represents the lower bound of the transition
from adiabatic to iso-thermal equilibrium. It should be clear that acoustic frequencies do not
actually obey the adiabatic approximation, due to the thin boundary layer. Both the real and
imaginary part of propagation function κ(s), the characteristic impedance zo(s) and the speed
of sound c′o(s) all depended on frequency in the auditory range of human hearing.

Summary: The Helmholtz-Kirchhoff theory of viscous and thermal losses results in a frequency-
dependent speed of sound that has a frequency dependence proportional to 1/

√
s rather than

1/
√
ω (Mason, 1928, Eq. 4). This corresponds to a 2% change in the sound velocity over

the decade from 0.2 to 2 kHz (Mason, 1928, Fig. 5), in agreement with Mason’s experimental
results.

3/home/jba/Mimosa/2C-FindLengths.16/doc.2-c_calib.14/m/MasonKappa.m
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whichissimplythefundamentaltheoremofcalculus(seep.179).Inacharge-freeregion,this
integralisindependentofthepathfromatob,whichisapropertyofaconservativesystem.

Whenweworkwithguidedwaves(narrowtubesofflux)havingrigidwallsthatblockthe
flow,suchthatthediameterissmallcomparedwiththewavelength(PostulateP10,p.163),the
divergencesimplifiesto

∇·d(x)=∇rDr=
1

A(r)

∂

∂r
A(r)Dr(r),(5.1.5)

whereristhedistancedownthehorn(rangevariable),A(r)istheareaoftheisoresponse
surfaceasafunctionoftheranger,andDr(r)istheradialcomponentofvectordasafunction
oftheranger.Inspherical,cylindrical,andrectangularcoordinates,Eq.5.1.5providesthe
correctexpression(Table5.2,p.247).

Propertiesofthedivergence:Thedivergenceisadirectmeasureofthefluxdensityofthe
vectorfield.Avectorfieldissaidtobeincompressibleifthedivergenceofthatfieldiszero.It
isthereforecompressiblewhenthedivergenceisnonzero[e.g.,∇·d(x,s)=ρ(x,s)](seeTable
5.3,page260).

Forexample,comparedtoair,waterisconsideredtobeincompressible.Thestiffnessofa
fluid(i.e.,thebulkmodulus)isameasureofitscompressibility.Atverylowfrequencies,air
maybetreatedasincompressible(likewater),sinceass→0,

−∇·u(x,s)=
s

ηoPo

P(x,s)→0.

Thedefinitionofcompressibledependsonthewavelengthinthemedium,sothetermmust
beusedwithsomeawarenessofthefrequenciesbeingintheanalysis.Asaruleofthumb,ifthe
wavelengthλ=co/fismuchlargerthanthesizeofthesystem,themediummaybemodeled
asanincompressiblefluid.

Curl∇×():

Thecurl(∇×())takesavectorinC
3

intoasecondvectorinC
3
.Forexample,inthecaseof

fluids,thevorticityisdefinedasω=∇×νandrotationasΩ=ω/2.Thecurlisameasureof
therotationofavectorfieldinaplaneabouttheaxisperpendiculartothatplane.Inthecaseof
aliquid,itcorrespondstotheangularmomentum,suchasinawhirlpoolinwater,oratornado
inair.Amassivetopfallsoverwhennotspinning.Butoncespinning,itcanstablystandonits
pointedtip.Thesesystemsarestableduetoconservationofangularmomentum.

ThecurlandthedivergencearebothkeyoperationswhenweworkingwithMaxwell’sfour
equations.Forexample,thecurltransformsthevectorfieldh(x,s)∈C

3
[A/m]intoacomplex

vectorcurrentdensityc(x,s)∈C
2

[A/m
2
]:

∇×h(x,s)≡

��
��
��

x̂ŷẑ
∂x∂y∂z

HxHyHz

��
��
��=c(x,s)[A/m

2
].(5.1.6)

Thenotation|·|indicatesthedeterminant(AppendixA.3.1,p.289),∂xisshorthandfor∂/∂x,
andh=[Hx,Hy,Hz]

T
.
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Mason(1928)assumedtheviscositytobeµo=18.6×10−6
[Pa-s](viscosity),thusthe

dynamic-to-adiabaticvisco-thermalelasticratiois

η′
o

ηo

=
1.5345

1.4

√µo=1.0961√µo,

giving

2βo=1.0961
P

2S

rµo

ρo

.

Hereµo/ρoisknownasthekinematicviscosityandµoasthedynamicviscosity.

Reductionofthelossycharacteristicimpedance:RenderingEq.D.1.3dimensionless,its
complex–analyticexpressiongreatlysimplifies

zo(ω)
√Poηoρo

−1=
2βo
√ω


�

√−ȷ
1−ȷ
√

2
=

2βo
√s

�����:1 √ȷ√−ȷ=
2βo
√s

,(D.1.9)

thusthelossynormalizedcharacteristicimpedanceiszo(ω)/ro=1+
2βo √s,wherero=√Poηoρo

isthelosslesscharacteristicresistance,and2βoisdefinedinEq.D.1.7.

Reductionofthelossyspeedofsound:Finally,startingfromEq.D.1.4,

c′
o(ω)=co

�
1−

Pη′
o

2S√2ωρo

�
,(D.1.10)

notethatforω>0,
�
1−

c′
o

co

�
>0,thus

1−
c′
o(ω)

co

=
Pη′

o

2S√2ωρo

=
P

2S

η′
o

√ȷ
√2sρo

=
P

2S
1.0961

ηo
√s

rµo

ρo

r
ȷ

2
=2βo

ηo
√s

r
ȷ

2
.

Forω<0,thiswilldiffer,andforω=0itissingular.Thisisbecauseofthesingularbranch
cutats=0,dueto1/√s.TheinverseLTof1/√sisprovidedinAppendixC,Sect.C.2.

Caseofthecylindricalguide:Forthecaseofacylindricalwaveguide,P/2S=1/R.Thus

2βoR=η′
o/√ρo=1.0961ηo

p
µo/ρo=1.0961×1.4

r
18.6×10−6

1.2
=1.9105×10−3

.

Itiswelldocumentedintheliteraturethattheboundarylayerthicknessisproportionalto
thesquarerootofthekinematicviscosity(µ/ρ)overfrequency.Ourresult,Eq.D.1.5,isa
complex-analyticextensionofthisclassicboundarylayerequation,derivedfromtheclassic
resultsofKirchhoff(1868)andRayleigh(1896),asverifiedbyMason(1928).

Ignoresofthelossywaveequation:WemayfactorEq.D.1.5torevealthemathematical
impactofthedampingonκ(s)

√so=−βo±βo,

namely√so={0,−β1}.Ingeneraltheremustbefourroots,butsinceβ1∈R>0,theroots
inthiscasearedegenerate,andinthelefthalfplane.

Thesmallertheradiusthegreaterthedamping(β1=1.1×10−3
/R).Alsonotethatthe

propagationfunctionκ(ω)hasaHelmholtz-Kirchhoffcorrectionforboththerealandimagi-
naryparts.Thusboththespeedofsoundandthedampingaredependentonfrequency,andin
asimilarway.
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Exercise #1
If we let h = −yx̂ + xŷ + 0ẑ, ∇×h = 2ẑ, thus h has a constant rotation; when h =
0x̂ + 0ŷ + z2ẑ, ∇×h = 0 has a curl of zero and thus is irrotational.

There are simple rules that precisely govern when a vector field is rotational versus irrota-
tional, and compressible versus incompressible. These classifications are dictated by Helmholtz’s
theorem, the fundamental theorem of vector calculus (Eq. 5.6.11, p. 261).

Wedgie ∇∧ () :

A special case of the curl is the two-dimensional differential wedge products2

∇x ∧ h(x, t) =

����
∂y ∂z

Hy Hz

���� = Cx(x, s) [A/m2].

The curl is made up of three such differential wedge products.3

Laplacian ∇2():

The Laplacian operator ∇2 ≡ ∇·∇ (Table 5.1, page 225) is defined as the divergence of the
gradient

∇2 ≡ ∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
. (5.1.7)

Since the Laplacian does so much common work, we nickname it DoG (Div of Grad).
Starting from a scalar field, the gradient produces a vector, which is then operated on by

the divergence to take the output of the gradient back to a scalar field. Thus the Laplacian
transforms a scalar field back to a scalar field. We have seen the Laplacian before when we
defined complex–analytic functions (Eq. 4.2.8, p. 182).

A classic example of the Laplacian is a voltage scalar field Φ(x) [V], which results in the
electric field vector

e(x) = [Ex(x), Ey(x), Ez(x)]T = −∇Φ(x) [V/m].

When this is scaled by the permittivity, we obtain the electric flux d = ϵoe [C/m2], the charge
density per unit area. Here ϵo [F/m] is the vacuum permittivity ϵo = 1/coro ≈ 8.85 × 10−12

[F/m].
Taking the divergence of d results in the charge density ρ(x) [C/m3] at x:

∇·d = ∇2Φ(x) = ρ(x).

Thus the Laplacian of the voltage, scaled by ϵo, results in the local charge density.
Another classic example of the Laplacian is an acoustic pressure field ϱ(x, t) [Pa], which

defines a vector force density f(x, t) = −∇ϱ(x, t) [N/m2] (Eq. 5.2.5, p. 239). When this force
density [N/m2] is integrated over an area, the net radial force [N] is

Fr = −
Z

S
∇ϱ(x)dx [N]. (5.1.8)

2https://en.wikipedia.org/wiki/Triple_product#As_an_exterior_product
3This notation suggests that ||∇·e + ȷ ∧ e||2 = ||∇·e||2 + || ∧ e||2, which is related to Helmholtz’s theorem.
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Figure D.2: Figure 5 from Mason (1928) showing the velocity of sound as a function of frequency, when
visco-thermal losses are included. Note the change in the slope around 0.8 [kHz].

Reduction of Kirchhoff’s equations to complex–analytic form: We may rewrite κ and zo

in terms of βo

coκ±(s) =

βo ± √

s
�2 (D.1.5)

Review again

The two boxed equations below provide the derivation for the reduction of Mason’s formula,
for coκ(ω), to its complex–analytic form (Eq. D.1.5). The first step is to define 2βo and coκ(ω)−
s. The second box shows it is equal to 2βo

√
s. Thus κ(s) is complex–analytic in the Laplace

frequency s, and following a completion of squares in
√

s, is given by Eq. D.1.5. The inverse
Laplace transforms of

√
s and 1/

√
s are provided in Table C.2 of Appendix C and Table 3.9 of

Sect. 3.10.1.

STARTING FROM MASON (1928) coκ(ω):

coκ(ω) =
Pη′o

√
ω

2S
√

2ρo
+ ȷω

�
1 +

Pη′o
2S

√
2ωρo

�

(D.1.6)
DEFINE VARIABLES 2βo AND s = ȷω:

coκ(ω) = s +
�

�
��>

2βo

Pη′o
2S

√
ρo

�r
ω

2
+

s√
2ω

�
(D.1.7)

THUS

coκ(ω) − s =
2βo√

2

�√
ω +

s√
ω

�
(D.1.8)

MULTIPLYING TOP AND BOTTOM ON RIGHT BY
√
ȷ:

coκ(ω) − s =
2βo√

2

�√
ȷω

√
ȷ

+
s
√
ȷ

√
ȷω

�
SET

√
ȷω =

√
s

=
2βo√

2

�√
s

√
ȷ

+
s
√
ȷ√
s

�
, CROSS MULTIPLY

=
2βo√

2

�
s + ȷs
√
ȷ · √s

�
, FACTOR OUT

s√
s

= 2βo

�


1 + ȷ√
2ȷ

�
s√
s

REPLACE
s√
s

=
√

s

= 2βo
√

s

TO SHOW 1 + ȷ =
√

2ȷ, SQUARE BOTH SIDES:���1 − 1 + 2ȷ = 2ȷ.

Acoustic constants for air: Assuming ηo = 1.4 (ratio of specific heats), ρo = 1.2 [kgm/m3]
(density), a temperature of 23.5 [◦C], and Po = 105 [Pa] (atmospheric pressure), the lossless
sound velocity is co =

p
Poηo/ρo = 341.57 [m/s]. By a comparison of this value of co to

Fig. D.2, it is clear that this value does not agree with Mason’s measurements. Thus to agree
with his experimental results, either the ratio Po/ρo or ηo = 1.4 need to be corrected. Since 2βo

depends on η′o, ρo and µo this is a good place to look for the discrepancy.

Correction for η′o: The dimensionless constant η′o/
√

µ is defined as the composite thermody-
namic constant (Kirchhoff, 1868; Rayleigh, 1896)

η′o√
µo

=
h
1 +

p
5/2


η1/2

o − η−1/2
o

�i
= 1.5345.
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Aninflatedballoonwithastaticinternalpressureof3[atm],inanambientpressureof1
[atm](sealevel),formsasphereduetotheelasticnatureoftherubber,whichactsasastretched
springunderitssurfacetension.Thenetnormalforceonthesurfaceoftheballoonisitsarea
timesthepressuredropof2[atm]acrossthesurface.Thusthestaticpressureis

ϱ(x)=3u(ro−r)+1[Pa],

whereu(r)isastepfunctionoftheradiusr=||x||>0,centeredatthecenteroftheballoon,
havingradiusro.

Takingthegradientgivesthenegative4oftheradialforcedensity(i.e.,perpendiculartothe
surfaceoftheballoon):

−fr(r)=∇ϱ(x)=
∂

∂r
3u(ro−r)+1=−2δ(ro−r)[Pa].

Thisequationdescribesastaticpressurethatis1[atm](10
5

[Pa])outsidetheballoonand3
[atm]inside.Thenetpositiveforcedensityisthenegativeofthegradientofthestaticpressure.

Finally,takingthedivergenceoftheforceproducesadoubledeltafunctionattheballoon’s
surface.Specifically,∇

2
ϱ(x)=−2δ

(1)
(ro−r),where2isthepressuredropacrosstheballoon.

Ifwetakethethicknessoftherubber(l[m])intoaccount,then∇
2
ϱ=−2(δ(ro)−δ(ro−l)).

VectorLaplacian∇
2
():

AsecondformoftheLaplacianisthevectorLaplacian∇
2
(),definedasthedivergenceofthe

gradient∇
2
()≡∇·∇(),thusnicknamedBull-Dog,operatesonavectortoproduceavector

(Table5.1,page225).WeshallneedthiswhenworkingwithMaxwell’sequations.

5.1.3ScalarLaplacianoperatorinNdimensions
Ingeneral,itmaybeshownthatinN=1,2,3dimensions(Sommerfeld,1949,p227),

∇
2
rP≡

1

rN−1

∂

∂r

�
r

N−1∂P
∂r

�
.(5.1.9)

ForeachvalueofN,theareaA(r)=Aor
N−1

.Thisresultwillturnouttobeusefulwhen
weworkwiththeLaplacianinone,two,andthreedimensions.Thisnaturallyfollowsfrom
Eq.5.2.10,p.241:

1

A(r)

∂

∂r

�
A(r)

∂

∂r

�
ϱ(r,t)=

1

c2
o

∂
2

∂t2ϱ(r,t)↔
s
2

c2
o

P(r,s).

Example:WhenN=3(i.e.,sphericalgeometry),A(r)=Aor
2
,thus

∇
2
rP≡

1

r2∂rr
2
∂rP(5.1.10)

=
1

r

∂
2

∂r2rP,(5.1.11)

4Theforceispointingout,stretchingtheballoon.
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FigureD.1:Thisfigure,takenfromMason(1928),comparestheHelmholtz-Kirchhofftheoryfor|κ(f)|to
Mason’s1928experimentalmeasurementsoftheloss.Theratiooftwopowers(P1andP2)isplotted(seeMason’s
discussionimmediatelybelowhisFig.4),andasindicatedinthelabel:“10log10P1/P2for1[cm]oftubelength.”
Thisisaplotofthetransmissionpowerratioin[dB/cm]whichis10log|Γ(ω)|

2
whereΓ(iω)thereflection

coefficient.Foradiscussionofthereflectioncoefficientanditsproperties,refertoSec.4.4.1,p.189.

1922;StewartandLindsay,1930)wasacousticversionoftheworkofGeorgeCampbell(1904-
1923)onelectricalwavefilters.Iftodayyoudesignearphonesandhearingaids,orotoacoustic
research,theworksofStewardandMasonarerelevant.

Mason’sspecificationofthepropagationfunction

Mason’sresultsarereproducedinFig.D.1fortubesofradiibetween3.7and8.5[mm]of
lengthsL,havingpowerreflectance

|ΓL(f)|
2

=
��
e−κ(f)L��2

[cm−1
].(D.1.1)

ThecomplexpropagationfunctionusebyMason(1928),astakenfrom(Rayleigh,1896,
p.319),was

κ(ω)=
Pη′

o

√ω

2coS√2ρo

+
iω

co

�
1+

Pη′
o

2S√2ωρo

�
,(D.1.2)

andthecharacteristicimpedanceis

zo(ω)=
p

Poηoρo

�
1+(1−ȷ)

Pη′
o

2S√2ωρo

�
,(D.1.3)

whereS=πR
2

isthetubeareaandP=2πRisitsperimeter.
FollowingMason(1928,Fig.5),themeasuredspeedofsound

c′
o(ω)=co

�
1−

Pη′
o

2S√2ωρo

�
.(D.1.4)

dependsonfrequencyω,asderivedfromtheimaginarypartofEq.D.1.2.FigureD.2directly
comparesMason’smeasuredsoundspeedwiththisequation.
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resulting in the general d’Alembert solutions (Eq. 4.4.1 p. 188) for the spherical wave equation,

P±(r, s) =
1

r
e∓κ(s)r

where κ(s) = s/co.

Exercise #2
Prove the result of the previous example by expanding Eqs. 5.1.10 and 5.1.11 using the chain
rule.

Solution: Expanding Eq. 5.1.10:

1

r2
∂rr

2∂r P =
1

r2


2r + r2∂r

�
∂r P

=
2

r
Pr + Prr.

Expanding Eq. 5.1.11, we obtain

1

r
∂rrr P =

1

r
∂r ( P + r Pr)

=
1

r
( Pr + Pr + r Prr)

=
2

r
Pr + Prr.

Thus the two are equivalent. ■

Summary

The radial component of the Laplacian in spherical coordinates (Eq. 5.1.10) simplifies to

∇2
rϱ(x) =

1

r2

∂

∂r
r2 ∂

∂r
ϱ(x) =

1

r

∂2

∂r2
rϱ(x).

Since DoG is ∇2 = ∇·∇, it follows that the net force f(x) = [Fr, 0, 0]T , Eq. 5.1.8 in spherical
coordinates has a radial component Fr and angular component of zero. Thus the force across a
balloon may be approximated by a delta function across the thin sheet of stretched rubber.

We can extended the preceding example in an interesting way to the case of a rigid hose, a
rigid tube, that terminates on the right in an elastic medium (the above example of a balloon),
such as an automobile tire. On the far left let’s assume there is a pump injecting the fluid into
the rigid hose. Consider two different fluids: air and water. Air is treated as a compressible
fluid, whereas water is incompressible. However, such a classification is relative, determined
by the relative compliance of the balloon (i.e., tire) at the relatively rigid pump and hose.

This is a special case of a more general situation: When a fluid is treated as incompressible
(rigid), the speed of sound becomes infinite, and the wave equation is an invalid description. In
this case the motion is best approximated by Laplace’s equation. This represents the transition
from short to long wavelengths, from wave propagation having delay, to quasistatics, having
no delay.

This example may be modeled as either an electrical or a mechanical system. While the
two systems are very different in their physical realization, they are mathematically equivalent,
forming a perfect analog. If we take the electrical analog, the pump is a current source, injecting

Appendix D

Visco-thermal losses

D.1 Adiabatic approximation at low frequencies
Newton’s early development understandably ignored viscous and thermal losses, by assuming
iso-thermal conditions. But starting at very low frequencies, the isothermal assumption breaks
down. Modern theory, for audio frequencies, assumes the adiabatic approximation, and is
thus described by the scalar wave equation (Pierce, 1981). But it turns out that even at audio
frequencies, the adiabatic approximation is invalid. This was first shown by Kirchhoff, but was
not fully appreciated for more than a century, due to mathematical difficulties, which we now
believe can be explained, as discussed next.

Following Helmholtz (1858), as extended by Kirchhoff (1868), visco-thermal loss mecha-
nisms are related. The full theory was first worked out by Kirchhoff (1868, 1974). To under-
stand how the are related is complicated, due to both the history and the mathematics, as briefly
discussed by Pierce (1981). Both forms of damping are caused by two different, but coupled,
diffusion effects: (1) viscous effects, due to shear at the container walls, and (2) thermal effects,
due to deviations from adiabatic expansion (Kirchhoff, 1868, 1974). I believe that Einstein was
eventually involved, following his studies on Brownian motion (Einstein, 1905).1,2

These two loss mechanism are restricted to a thin region called the boundary layer, which
critically depends on the square root of the Laplace frequency. A key transition region is where
the acoustic wavelength approaches the complex boundary layer thickness. When the radius of
the container (a horn) approaches the viscous boundary layer, the theory breaks down.

D.1.1 Lossy wave-guide propagation
The formulation of visco-thermal loss in air transmission was first worked out by Helmholtz
(1863a) and then extended by Kirchhoff (1868) to include thermal damping (Rayleigh, 1896,
Vol. II, p. 319). These losses are accurately represented by the complex–analytic propagation
function κ(s) (Eq. D.1.5). Following his review of these theories, Crandall (1926, Appendix A),
the head of the 1926 Acoustic Research Department at that time, noted that the “Helmholtz-
Kirchhoff” theory had never been experimentally verified. Acting on Crandall’s suggestion,
Physicist Warren Mason set out to experimentally verify Kirchhoff’s 60 year old theory. Ma-
son’s analysis consumed several years (Mason, 1928).

This was a continued effort. Mason (1927) extended earlier work of Stewart’s on acoustic
transmission lines, by including viscous and thermal losses. Stewart’s acoustic theory (Stewart,

1See Ch. 3 of https://www.ks.uiuc.edu/Services/Class/PHYS498/.
2https://en.wikipedia.org/wiki/Einstein_relation_(kinetic_theory)
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chargeQointothehose,whichbeingrigidcannotexpand(hasafixedvolume).Thehose
maybemodeledasaresistorandthetireasacapacitorCo,whichfillswithchargeasitis
deliveredviatheresistor,fromthepump.ThecapacitorobeysthesameequationasHooke’s
lawforaspring,F=Ko∆,whereKoisthestiffnessofthespring,Co=1/Koisthespring’s
compliance,and∆isthedisplacement.Inelectricalterms,Qo=CoΦwhereΦisthevoltage,
whichactslikeaforceF;Qoisthecharge,whichplaystheroleofthemassofthefluid.The
chargeQisconserved,justasthemassofthefluidisconserved(theycannotbecreatedor
destroyed).

Theflowofthefluidiscalledtheflux,whichisthegeneraltermforthemassflow,heator
electricalcurrentflow(Table3.2,p.149).Thetwoequationsmayberewrittendirectlyinterms
oftheforce(F,Φ)andflow(momentumorcurrentflux).Athirdalternativeisintermsofthe
electrical

I=Co
d

dt
Φ[A](5.1.12)

andmechanical
J=Co

d

dt
F[kgm-s/m](5.1.13)

impedance/admittancerelationship.
Itiscommontotreatthestiffnessoftheballoon,whichactsasaspring,asacompliance

Co=1/Ko,inwhichcasetheimpedanceZisdefinedinthefrequencydomainastheratioof
thegeneralizedforceoverthegeneralizedflow

Z(s)=
1

sCo

[ohms].

InthecaseofmechanicalsystemsZm(s)≡F/J,whilefortheelectricalsystem,Ze(s)≡Φ/I.
InthermodynamicsthethermalcomplianceisCo=S/T,thusZthemo=T/sS=1/sCo.It
ishelpfultousetheunit[ohms]whenworkingwithanyimpedance,allowingforauniform
terminologyforthedifferentphysicalsituationsandmanyformsofimpedance.Thisgreatly
simplifiesthenotation.

Inthetimedomain,Ohm’slawbecomesEq.5.1.13forthecaseofamechanicalcompliance
Co=1/KoandEq.5.1.12fortheelectricalcapacitorC.AsshowninTable3.2,theformula
forthegeneralizedimpedanceistypicallyexpressedintermsoftheLaplacefrequencys,which
ofcourseistheLTofthetimevariables.

Thefinalsolutionofthissystemissolvedinthefrequencydomain.Theimpedanceseenby
thesourceisthesumoftheresistanceRandtheimpedanceoftheload,giving

Z=R+
1

sC
.

Thisresultsinasimplerelationshipbetweentheforceandtheflow,asdeterminedbytheaction
ofthesourceontheloadZ(s).Theresultsmaybegivenintermsofthevoltageacrossthe
complianceintermsofthevoltageΦs(orcurrentIs)duetothesource.Givensomealgebra,
thevoltageacrossthecomplianceΦc,dividedbythevoltageofthesource,is

Φc

Φsource
=

R

R+1/sC
.

Thusthecalculusreducestosomealgebrainthefrequencydomain,whichinthiscasehasa
simplepoleatsp=−1/RC.Thetimedomainresponseisthenfoundbytakingtheinverse
LT.

310APPENDIXC.LAPLACETRANSFORMSLT
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Cauchy’s residue theorem (p. 201) gives the final answer, which describes how the voltage
across the compliance builds exponentially with time, from zero to the final value. Given the
voltage, we can also compute the current, as a function of time. This then represents the entire
process of either blowing up a balloon, charging a capacitor, or heating water on a stove, the
difference being only the physical notation, as the math is identical.

Note that this differential equation is first-order in time, which in frequency means the
impedance has a single pole. Thus the equation for charging a capacitor or pumping up a
balloon describes a diffusion process. If we had taken the impedance of the mass of the fluid
in the hose into account, we would have a lumped-parameter model of the wave equation with
a second-order system. This is mathematically related to the homework assignment about train
cars (masses) connected by springs (Fig. 5.4, Homework DE-3, problem 2).

Example: The voltage

ϕ(x, t) = e−κ·xu(t − x/c) ↔ 1

s
e−κ·x [V] (5.1.14)

represents one of d’Alembert’s solution (Eq. 4.4.1, p. 188) of the wave equation (Eq. 3.1.5,
p. 75) as well as an eigenfunction of the gradient operator ∇. From the definition of the scalar
(dot) product of two vectors (Fig. 3.4, p. 119),

κ · x = κxx + κyy + κzz = ||κ|| ||x|| cos θκx,

where ||κ|| =
p
κ2

x + κ2
y + κ2

z and ||x|| =
p

x2 + y2 + z2 are the lengths of vectors κ and x,
and θκx is the angle between them. As before, s = σ + ωȷ is the Laplace frequency.

To keep things simple, we let κ = [κx, 0, 0]T so that κ · x = κxxx̂. We shall soon see that
||κ|| = 2π/λ follows from the basic relationship between a wave’s radian frequency ω = 2πf
and its wavelength λ:

ωλ = co. (5.1.15)

As the frequency increases, the wavelength becomes shorter. This key relationship may have
been first researched by Galileo in about 1564, followed by Mersenne5 in about 1627 (Fig. 1.1,
p. 8).

Exercise #3
Show that Eq. 5.1.14 is an eigenfunction of the gradient operator ∇.

Solution: Taking the gradient of ϕ(x, t) gives

∇e−κ·xu(t) = −∇κ · x e−κ·xu(t)

= −κ e−κ·xu(t),

or in terms of ϕ(x, t),
∇ϕ(x, t) = −κϕ(x, t) ↔ −s

c
e−κ·x.

Thus ϕ(x, t) is an eigenfunction of ∇, having the vector eigenvalue κ. As before, ∇ϕ is
proportional to the current, since ϕ is a voltage, and the ratio (i.e., the eigenvalue) may be
thought of as a mass, analogous to the impedance of a mass (or inductor). In general, the units
provide the physical interpretation of the eigenvalues and their spectra. ■

5 See https://www-history.mcs.st-and.ac.uk/Biographies/Mersenne.html;

“In the early 1620s, Mersenne listed Galileo among the innovators in natural philosophy whose views should be rejected.
However, by the early 1630s, less than a decade later, Mersenne had become one of Galileo’s most ardent supporters.”
(Garber, 2004)
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Example:
Filter properties: Given the function

F (s) =
(s + 1)(s − 1)

(s + 2)
,

1. Find the minimum phase M(s) and all-pass A(s) parts. The minimum phase part has all
of its poles and zeros in the left half-plane (LHP), while the all-pass part has its poles
in the LHP and mirrored zeros in the RHP. Thus we place a removable pole zero pair
symmetrically across from the RHP zero, and then write the expression as the product,
that is F (s) = M(s) · A(s):

F (s) =
(s + 1)(s − 1)

(s + 2)
· s + 1

s + 1
=

(s + 1)2

s + 2
· s − 1

s + 1

Thus M(s) ≡ (s+1)2

s+2
and A(s) ≡ s−1

s+1

2. Find the magnitude of M(s) Take the real part of the log of M and then the anti-log.
Thus |M | = eℜ ln M(s)

3. Find the phase of M(s) In this case we use the imaginary part: ∠M = ℑ ln M(s)

4. Find the magnitude of A(s) 1, by definition.

5. Find the phase of A(s) ∠A = ℑ ln(A)

More questions

There are a number of question to be addressed:

1. Can we interpret the zeta function as a frequency domain quantity, and then inverse trans-
form it into the time domain?

The answer to this is yes, and the results are quite interesting.

2. Make a histogram of the entropy for the first million integers.

This is a 5 minute job in Matlab/Octave. For example:

K=1e5; N=1:K; F=zeros(K,10);
for n=1:K;
f=factor(n);
F(n,1:length(f))=f;
end;
hist(F);
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Exercise#4
Computen̂forϕ(x,s)asgivenbyEq.5.1.14.

Solution:n̂=κ/||κ||representsaunitvectorinthedirectionofthewavepropagation.■

Exercise#5
Ifthesignofκisnegative,whataretheeigenvectorsandeigenvaluesof∇ϕ(x,t)?

Solution:

∇e−κ·xu(t)=−κ·∇(x)e−κ·xu(t)

=−κe−κ·xu(t).

Nothingchangesotherthanthesignofκ.Physicallythismeansthewaveistravelinginthe
oppositedirection,correspondingtotheforwardandretrograded’Alembertwaves.■

Priortothissection,wehadconsideredtheTaylorseriesinonlyonevariable,suchas
forpolynomialsPN(x),x∈R(Eq.3.1.7,p.77),andPN(s),s∈C(Eq.3.2.20,p.102).The
generalizationfromrealtocomplex–analyticfunctionsledtotheLTandthehostofintegration
theorems(FTCC,CauchyCT-1,CT-2,CT-3).Whatisinstorewhenwegeneralizefromone
spatialvariable(R)tothree(R

3
)?

Exercise#6
Findthevelocityv(t)ofanelectroninafielde.

Solution:FromNewton’ssecondlaw,−qE=mev̇(t)[N],wheremeisthemassofthe
electron.Thuswemustsolvethisfirst-orderdifferentialequationtofindv(t).Asbefore,this
isbestdoneinthefrequencydomainv(t)↔V(s).■

Roleofpotentials:Notethatthescalarfields(e.g.,temperature,pressure,voltage)areall
scalarpotentials,summarizedinTable3.2(p.149).Ineachcasethegradientofthepotential
resultsinavectorforcefield,justasintheelectriccaseabove(Eq.5.1.1).

Table3.2ishelpfulinunderstandingthephysicalmeaningofthegradientofapotential,
whichistypicallyageneralizedforce(electricfield,acousticforcedensity,temperatureflux),
thatinturngeneratesaflow(current,velocity,heatflux(entropy)).Theratioofthepotential
overflowdeterminestheimpedance.Fourexamplesare

1.Thevoltagedropacrossaresistorcausesacurrenttoflow,asdescribedbyOhm’slaw.
Thedifferenceinvoltagebetweentwopointsisacrudeformofgradientwhenthefre-
quencyf[Hz]islow,suchthatthewavelengthismuchlargerthanthedistancebetween
thetwopoints.Thisistheessenceofthequasistaticapproximation(PostulateP10,p.
163).

2.Thegradientofthepressuregivesrisetoaforcedensityinthefluidmedium(air,water,
oil,etc.),thatcausesaflow(velocityvector)inthemedium.

3.Thegradientofthetemperaturealsocausesaflowofheatthatisproportionaltothe
thermalresistance,givenOhm’slawforheat(Feynman,1970b,p3–7).

4.Whenasolutioncontainsions,itdefinesanelectrochemicalNernstpotentialN(x,t)
(Fermi,1936;Scott,2002).Thiselectrochemicalpotentialissimilartoavoltageor
temperaturefield,thegradientofwhichdefinesavirtualforceontheions,resultinginan
ioniccurrent.
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ThisequationisoftheformF
s

2

�
ζ(s)=F

1−s
2

�
ζ(1−s),whereF(s)=Γ(s)/π

s
.

AsshowninTable3.8,theLT−1
off(−t)↔F(−s)representstime-reversal.Thisleads

tocausalandanticausalfunctionsthataresymmetricaboutℜ{s}=1/2(Riemann,1859)
leadingtoaninterpretationofEuler’sfunctionalequation.

Riemann(1859,page2)providesanalternativeintegraldefinitionofζ(s),basedonthe
complexcontourintegration,5

2sin(πs)Γ(s−1)ζ(s)=ȷ

I∞

x=−∞

(−x)
s−1

ex−1
dx

−x→yȷ
=

I∞ȷ

y=−∞ȷ

(yȷ)
s−1

e−yȷ−1
dxȷ.

Givenζk(s),itseemsimportanttolookattheinverseLTofζk(1−s)togaininsightintothe
analyticallyextendedζ(s).

WhatistheRoCofζ(s)?ItiscommonlystatedthatEuler’sandthusRiemann’sproduct
formulasarevalidonlyforℜs>1;however,thisdoesnotseemtobeactuallyproved(Icould
bemissingthisproof).HereIarguethattheproductformulaisentireexceptatthepoles—
namely,thattheformulaisanalyticeverywhereotherthanatthepoles.

Theargumentgoesasfollows:Startingfromtheproductformula(Eq.C.1.7,p.304),we
formthelog-derivativeandstudythepolesandresidues:

D(s)≡
d

ds
lnΠk

1

1−e−sTk

=−
∞X

k=1

1

1−e−sTk

d

ds
1−e−sTk

=−
X

k

Tke−sTk

1−e−sTk↔
∞X

k=1

∞X

n=1

δ(t−nTk).

HereTk=lnπk,aspreviouslydefined,and↔denotestheinverseLaplacetransform,trans-
formingD(s)↔d(t)intothetimedomain.Notethatd(t)isacausalfunction,composedof
aninfinitenumberofdeltafunctions(i.e.,timedelays),asshowninFig.C.2(p.307).

Zerosofζ(s)Wearestillleftwiththemostimportantquestion:Wherearethezerosofζ(s)?
EquationC.1.11hasnozeros;itisanall-polesystem.Thecascadeofmanysuchsystemsis
alsoall-pole.AsIseeit,theissueis:Whatistheactualformulaforζ(s)?

Toanswerthisquestion,weneedtostudythepropertiesofthereflectancefunctionΓ(s).
Frequency-domaintransferfunctionshavingunitymagnitudeonthejωaxisarecalledall-pass
filtersintheengineeringliterature.Whenthereflectanceisloss-less,itisthereforeall-pass
since|Γ(jω|=1.Animportantpropertyofall-passfiltersisthattheymaybeaccurately
approximatedbypole-zeropairsstraddlingthejωaxis,withthepolestotheleft(asrequired
bycausality)andthezerostotheright.Giventhisplacement,thephasesofthepolesand
zerosadd.Thegroupdelaygivesthenetdelayoftheall-passfilter,whichistwicethedelay
ofthepolesalone.Itwouldseemthatthiscarefulplacementofthezerosexactlyacrossfrom
thepolesprovidestherequirementthatthezerosalllineupparalleltothejωaxis,asdeemed
bytheRiemannhypothesis.Couldthisbetheresolutionofthislong-standingmystery?An
alternativepossibilityisthattheconvergentproductformulahaszerosthatareobscuredbythe
lackofconvergenceofEq.C.1.2.

5WecanverifyRiemann’suseofx,whichistakentoberealratherthancomplex.Thiscouldbemorenatural
(i.e.,modernLaplacetransformationnotation)if−x→yȷ→z.
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Thus in the above examples there is a potential, the gradient of which is a force, that when
applied to the medium (an impedance) causes a flow (flux or current) proportional to that im-
pedance due to the medium, which is the ratio of the gradient of the potential to the current.
The product of the force and flow is a power.

Exercise #7
Show that the integral of Eq. 5.1.1 is an antiderivative.

Solution: We use the definition of the antiderivative given by the FTC (Eq. 4.2.2, p. 180):

ϕ(x, t) − ϕ(xo, t) =

Z x

xo

e(x, t) · dx

= −
Z x

xo

∇ϕ(x, t) · dx

= −
Z x

xo

�
x̂
∂

∂x
+ ŷ

∂

∂y
+ ẑ

∂

∂z

�
ϕ(x, t) · dx

= −
Z x

xo

�
x̂
∂ϕ

∂x
+ ŷ

∂ϕ

∂y
+ ẑ

∂ϕ

∂z

�
· (x̂dx + ŷdy + ẑdz)

= −
Z x

xo

∂ϕ

∂x
dx −

Z y

yo

∂ϕ

∂y
dy −

Z z

zo

∂ϕ

∂z
dz

= −
Z x

xo

dϕ(x, t)

= −
�
ϕ(x, t) − ϕ(xo, t)

�
.

This may be verified by taking the gradient of both sides:

∇ϕ(x, t) −�
��>

0
∇ϕ(xo, t) = −∇

Z x

xo

e(x, t) · dx = e(x, t).

If we apply the FTC, the antiderivative must be ϕ(x, t) = Exxx̂ + 0ŷ + 0ẑ. This same point is
made by Feynman (1970b, p. 4-1, Eq. 4.28). ■

Given that the force on a charge is proportional to the gradient of the potential, this exercise
shows that the integral of the gradient depends on only the end points, the work done in moving
a charge depends on only the limits of the integral, which is the definition of a conservative field
but holds only in the ideal case where e is determined by Eq. 5.1.1—that is, the medium has
no friction (there are no other forces on the charge).

The conservative field: An important question is: When is a field conservative? A field is
conservative when the work done by the motion is independent of the path of the motion. Thus
the conservative field is related to the FTC, which states that the integral of the work depends
on only the end points.

A more complete answer must await the introduction of the fundamental theorem of vector
calculus (Eq. 5.6.11, p. 261). A few examples provide insight:

Example: The gradient of a scalar potential, such as the voltage (Eq. 5.1.1), defines the electric
field, which drives a current (flow) across a resistor (impedance). When the impedance is
infinite, the flow is zero, leading to zero power dissipation. When the impedance is lossless,
the system is conservative.
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+

Zeta
p (t)δ(t)

Delay

α = 1
Zeta

p (t − Tp)

Zeta
p (t) = αZeta

p (n − Tp) + δ(t)

Tp

Figure C.2: This feedback network is described by a time-domain difference equation with delay Tp = lnπk.
It has an all-pole transfer causal function given by Eq. C.1.11. Physically this delay corresponds to Tp [s].

Such functions may be generated in the time domain as shown in Fig. C.2, using a feedback
delay of Tp [s] as described by the equation in the figure, with a unity feedback gain α = 1,

Zeta(t) = Zeta(t − Tp) + δ(t).

Taking the Laplace transform of the system equation, we see that the transfer function between
the state variable q(t) and the input x(t) is given by Zeta

p (t). Taking the LT , we see that ζ(s)
is a causal all-pole function,

ζp(s) = e−sTpζp(s) + 1(t) or ζp(s) =
1

1 − e−sTp
. (C.1.11)

This is a key expression in the theory of Black Body radiation where the Black Body radiation
formula is (Allen, 2024) fix this

S(s) =
−s3

1 − e−ℏs/kT

In terms of the physics, these transmission line equations are telling us that ζ(s) may be
decomposed into an infinite cascade of transmission lines (Eq. C.1.10), each having a unique
delay given by Tk = ln πk, πk ∈ P, the log of the primes. The input admittance of this
cascade may be interpreted as an analytic continuation of ζ(s) that defines the eigenmodes of
that cascaded impedance function.

Working in the time domain provides a key insight, as it allows us to determine the ana-
lytic continuation of the infinity of possible continuations, which may not be obvious in the
frequency domain. Transforming to the time domain is a variant of analytic continuation of
a function Z(s) ↔ Zeta(t) that depends on the assumption that Zeta(t) is one-sided in time
(causal). It may be helpful to compare this variant to Euler’s continuation of ζ(s), and later
Riemann’s classic 1851 definition of complex–analytic continuation Zeta(s).

Additional relationships: We need to know some important relationships provided by both
Euler and Riemann (1859) when we study ζ(s). Move to Lec33

With the goal of generalizing his result, Euler extended the definition with the functional
equation

ζ(s) = 2sπs−1 sin
�πs

2

�
Γ(1 − s) ζ(1 − s). (C.1.12)

This seems closely related to Riemann’s time reversal symmetry properties (Bombieri, 2000),

π−s/2Γ
�s

2

�
ζ(s) = π−(1−s)/2Γ

�
1 − s

2

�
ζ(1 − s).
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Example:Ataudiblefrequenciestheviscosityofairisquitesmallandthus,forsimplicity,
itmaybetakenaszero.However,whenthewavelengthissmall(e.g.,at100[kHz]λ=
co/f=345/10

5
=3.45[mm])thelosslessassumptionbreaksdown,resultinginasignificant

propagationloss.Whentheviscosityistakenintoaccount,thefieldislossyandthusthefield
isnolongerconservative.Innarrowtubes,forexampleaflute,thermallossplaysamuchlarger
roleduetothewalls(AppendixD).

Example:Ifatemperaturefieldisatime-varyingconstant[i.e.,T(�x,t)=To(t)],thereisno
“heatflux,”since∇To(t)=0.Whenthereisnoheatflux[i.e.,flux,orflow],thereisnoheat
power,sincethepoweristheproductoftheforceandtheflow.

Example:TheforceofgravityisgivenbythegradientofNewton’sgravitationalpotential
(Eq.3.1.1,p.74):

F=−∇rϕN(r)=−
∂

∂r

1

r
=

1

r2.

Historicallyspeaking,ϕN(r)wasthefirstconservativefield,usedtoexplaintheellipticor-
bitsoftheplanetsaroundthesun.Galileo’slawsaysthatbodiesfallwithconstantacceleration,
givingrisetoaparabolicpathandatimeoffallproportionaltot

2
.Thisbehavioroffalling

objectsdirectlyfollowsfromtheGalileanpotential:

ϕG(r)=
1

(r−ro)
=−ro

1−r/ro

=
r<ro−ro(1−r/ro+(r/ro)

2
+···)≈r≪ro

ro−r,

which,giventhelargeradiusrooftheearthandthesmalldistanceoftheobjectfromthesurface
oftheearthr−ro,isequaltothedistanceabovetheground.ThusGalileo’slawsaysthatthe
forceafallingbodyseesisconstant:

FG=−Go∇rϕG(r)=Go.

ThiscanbescaledbyGotoaccountforthemagnitudeofthegravitationalforce.

Exercise#8
Galileodiscoveredthattheheightofafallingobjectisproportionaltothesquareofthetimeit
falls.BasedonNewton’sfollow-upanalysis,todaywewouldsaythisheighth(t)is

h(t)=
1

2
mGo(t−to)

2
[m],

wheremistheobject’smassandGoisthegravitationalconstantfortheearthatitssurfacero.
Showthath(t)directlyfollowsfromthepotentialϕG=ro−r.Thisformulaappliesifyou
tossaballintotheairorifyoudropitfromahighplace.

Solution:GivenGalileo’spotentialϕG(r)≈r≪ro

mGo(ro−r),thusḧ(t)=mGo.Given

Galileo’sformulafortheheighth(t),thevelocityisv(t)=ṙ(t)=mGot,andtheacceleration
isr̈(t)=mGo.■

Exercise#9
Findthetimethatittakestofallfromadistancer=L.Thatissolveh(t)=Lforthetimethe
objecttakestofallthedistanceL.

Solution:Settingto=0givest
2

=2L/mGo.ThusthetimetofallisT(L)=
p

2L/mGo.
■
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w = 1/(1-exp(-s ))

-2-1 0 1 2

 2

 1

 0

-1

-2

j

FigureC.1:Plotofw(s)=
1

1−e−sπ.Herew(s)haspoleswheree
snln2

=1—namely,whereωnln2=n2π,
asseeninthecolorizedmap(s=σ+ωȷ)istheLaplacefrequency[rad]).

Wecannowidentifythepolesofζk(s)(p∈N),whicharerequiredtodeterminetheRoC.
Forexample,thekthfactorofEq.C.1.7expressedasanexponential,is

ζk(s)≡
1

1−π−s
k

=
1

1−e−sTk
=

∞X

k=0

e−skTk
,(C.1.8)

whereTk≡lnπk.Thusζp(s)haspolesat−snTp=2πnȷ(whene−sTp
=1),and

ωn=
2πn

Tk

,

with−∞<n∈Z<∞.Thesepolesaretheeigenmodesofthezetafunction.Fig.C.1isa
domain-colorizedplotofthisfunction.ItisclearthattheRoCofζkis>0.Itwouldbehelpful
todeterminewhyζ(s)hasamorerestrictiveRoCthaneachofitsfactors.

InverseLaplacetransform

TheinverseLaplacetransformofEq.C.1.8isaninfiniteseriesofdelaysTp(Table3.9)4

Z
eta
p(t)=δ(t))Tp≡

∞X

k=0

δ(t−kTp)↔
1

1−e−sTp.(C.1.9)

Inversetransformoftheproductoffactors

Thetime-domainversionofEq.C.1.7maybewrittenastheconvolutionofalltheZ
eta
k(t)

factors

Z
eta

(t)≡Z
eta
2⋆Z

eta
3(t)⋆Z

eta
5(t)⋆Z

eta
7(t)⋆···⋆Z

eta
p(t)⋆···,(C.1.10)

where⋆representstimeconvolution(Table3.8).

4Hereweuseashorthanddouble-parenthesesnotationf(t))T≡P∞
k=0f(t−kT)todefinetheone-sided

infinitesum.
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5.2 Partial differential equations and field evolution
The three main classes of partial differential equations (PDEs) are: elliptic, parabolic, and
hyperbolic, distinguished by the order of the time derivative. These categories seem to have
little mathematical utility (the categories are labels).

5.2.1 The Laplacian ∇2:
In the most important case the space operator is the Laplacian ∇2, the definition of which
depends on the dimensionality of the waves—that is, the coordinate system being used. We
first discussed the Laplacian as a 2D operator on p. 182 where we studied complex–analytic
functions, and again on p. 225. An expression for ∇2 for one, two, and three-dimensions was
provided as Eq. 5.1.9 (p. 229). In three dimensional rectangular coordinates, it is defined as
(see p. 228)

∇2T (x) =

�
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

�
T (x). (5.2.1)

The Laplacian operator is ubiquitous in mathematical physics, starting with simple complex–
analytic functions (Laplace’s equation) and progressing to Poisson’s equation, the diffusion
equation, and finally the wave equation. Only the wave equation results in a delay. The diffu-
sion equation “wave” has an instantaneous spread (the effective “wavefront” velocity is infinite,
yet the wavelength is long; it’s not a traveling wave).

Examples of elliptic, parabolic, and hyperbolic equations are

1. Laplace’s equation: The equation

∇2Φ(x) = 0 (5.2.2)

describes, for example, the voltage inside a closed chamber that has a given voltage on
the walls or the steady-state temperature within a closed container having a specified
temperature distribution on the walls. There are no dynamics to the potential, even when
it is changing, since the potential instantaneously follows the potential on the walls.

2. Poisson’s equation: In the steady state, the diffusion equation degenerates to either Pois-
son’s or Laplace’s equation; both are classified as elliptic equations (second-order in
space, zero-order in time). As in the diffusion equation, the evolution has a wave veloc-
ity that is functionally infinite. For example,

∇2Φ(x, t) = ρ(x, t)

holds for gravitational fields or the voltage around a charge. It does not describe gravity
waves, which travel at the speed of light.

3. Fourier diffusion equation: Equation 5.2.3 describes the evolution of the scalar tempera-
ture T (x, t) (a scalar potential), gradients of solution concentrations (i.e., ink in water),
and Brownian motion. Diffusion is first-order in time, which is categorized as parabolic
(first-order in time, second-order in space). When these equations are Laplace trans-
formed, diffusion has a single real root, resulting in a real solution (e.g., T ∈ R). There
is no wavefront in the case of the diffusion equation. As soon as the source is turned on,
the field is nonzero at every point in the bounded container. As an example,

∇2T (x, t) = κo
∂T (x, t)

∂t
↔ sκoT (x, s) (5.2.3)
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Finding the RoC of the product formula: It would be interesting to find the RoC for Pk(s),
and for rigor, this question demands further investigation. To find the RoC, we need to evaluate

|π−s
k | = |e−sTk | = |e−σTk | =

�
1

πk

�σ

< 1 for σ > 0,

where Tk = ln πk. For example,

1

P5(s)
=

1

1 −


1
5

�s = 1 +
1

5s
+

1

52s
+

1

53s
· · · , ℜ{s} = σ > 0.

The RoC for each root is σ ≥ 0 since when σ < 0 .
Since 1/πk < 1 for all k ∈ N, the Taylor series of ζk(x) is entire except at its poles. Note

that the RoC of a Taylor series in powers of π−s
k increases with k.

Exercise #1
Work out the RoC for k = 2.

Solution: The formula for the RoC is given above, which for π2 = 3 is

|π−sr
k | =

(
1
3

�σr
< 1 for σr > 0,

1
3

�−σr
< 1 for σr < 0,

where σr is the boundary of the RoC.
■

Exercise #2
Show how to construct Zeta

2 (t) ↔ ζ2(s) by working in the time domain.
Solution: The basic procedure for building a sieve is to sum the integers

S1 =
∞X

n=1

n2n−1 = 1 · 20 + 2 · 21 + 3 · 22 + · · · ,

while the sieve for the kth prime πk is

Sk =
∞X

n=1

nπn−1
k = 1 · π0

k + πk · 21 + πk · 22 + · · · .

This sum may be written in terms of the convolution with the Heaviside step function uk, since

uk ⋆ uk = nuk = 0 · u0 + 1 · u1 + 2u2 + · · · + kuk + · · · .

■

Poles of ζk(s)

Riemann proposed that Euler’s zeta function ζ(s) ∈ C has a complex argument [first explored
by Chebyshev in 1850 (Bombieri, 2000)] that extends ζ(s) into the complex plane (s ∈ C),
thus making it a complex–analytic function. Thus we might presume that ζ(s) has an inverse
Laplace transform. There seems to be very little written on this topic (Hill, 2007). We explore
this question further here.
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describesthetemperatureT(x,t)↔T(x,ω),asproposedbyFourierin1822,orthe
diffusionoftwomiscibleliquids(Fick,1855)orBrownianmotion(Einstein,1905).The
diffusionequationisnotawaveequation,sincethetemperaturewavefrontpropagates
instantaneously.Thediffusionequationdoesapoorjobofrepresentingthevelocityof
moleculesbangingintoeachother,sincesuchcollisionshaveameanfreepath,andthus
thevelocitycannotbeinfinite.

4.Waveequations:Therearescalarandvectorformsofwaveequations.

(a)Scalarwaveequations:Equation3.1.3(p.75)describestheevolutionofascalar
potentialfield,suchaspressureϱ(x,t)(sound)orthedisplacementofastringor
membraneundertension.Thewaveequationissecond-orderintime.Whentrans-
formedintothefrequencydomain,thesolutionhaspairsofcomplexconjugate
roots,leadingtotworealsolutions.Thewaveequationisclassifiedashyperbolic
(second-orderintimeandspace).

(b)Vectorwaveequations:Maxwell’sequationsdescribethepropagationoftheelec-
trice(x,t)andmagnetich(x,t)fieldstrengthvectors,aswellastheelectricd(x,t)=
ϵoe(x,t)andmagneticb(x,t)=µoh(x,t)fluxvectors.MEareantireciprocal
(P6).

Solutionevolution:Thepartialdifferentialequationdefinestheevolutionofthescalarfield
[pressureϱ(x,t)andtemperatureT(x,t)],orvectorfield(e,d,b,h),asfunctionsofspacex
andtimet.Therearetwobasiccategoriesoffieldevolution:diffusionandpropagation.

1.Diffusion:ThesimplestandeasiestPDEexample,easilyvisualized,isastatic6(time-
invariant)scalartemperaturefieldT(x)[°C].Justlikeanimpedanceoradmittance,a
fieldhasregionswhereitisanalytic,andforthesamereasons,T(x,t)satisfiesLaplace’s
equation

∇
2
T(x,t)=0.

Sincethereisnocurrentwhenthefieldisstatic,suchsystemsarelosslessandthusare
conservative.

WhenT(x,t)dependsontime(isnotstatic),itisdescribedbythediffusionequation
(Eq.5.2.3),aruleforhowT(x,t)evolveswithtimefromitsinitialstateT(x,0).The
constantκoiscalledthethermalconductivity,whichdependsonthepropertiesofthe
fluidinthecontainer,withsκobeingthethermaladmittanceperunitarea.Theconduc-
tivityisameasureofhowtheheatgradientsinduceheatcurrentsj=−κo∇T,analogous
toOhm’slawforelectricity.

NotethatwhenT(x,t→∞)thetemperaturereachesasteadystate,j=0and∇
2
T=0.

Thisalldependsonwhatishappeningattheboundaries.Whenthewalltemperatureofa
containerisafunctionoftime,theinternaltemperatureT(x,t)willcontinuetochange,
butwithafrequency-dependentdelaythatdependsonthethermalconductivityκo.

Suchasystemisanalogoustoanelectricalresistor–capacitorseriescircuitconnected
toabattery.Forexample,thewalltemperature(voltageacrossthebattery)represents
thepotentialdrivingthesystem.Thethermalconductivityκo(theelectricalresistor)is
likewiseanalogous.Thefluid(theelectricalcapacitor)isbeingheated(charged)bythe

6PostulateP3,p.163.
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Eulerproductformula

AsfirstpublishedbyEulerin1737,wecanrecursivelyfactorouttheleadingprimeterm,
whichresultsinEuler’sproductformula.Euler’sprocedureisanalgebraicimplementationof
thesieveofEratosthenes(Fig.2.3,p.45).

Multiplyingζ(s)bythefactor1/2
s

andsubtractingfromζ(s)removeallthepowersof2:
1/2

0
+1/2

s
+1/2

2s
+1/2

3s
+···

�
1−

1

2s

�
ζ(s)=1+

1

2s+
1

3s+
1

4s+
1

5s+···−
�1

2s+
1

4s+
1

8s+
1

16s+···
�

,(C.1.3)

whichresultsin RoC?

ζ1(s)=

1−2−s�

ζ(s)=1+
1

3s+
1

5s+
1

7s+
1

9s+
1

11s+
1

13s+···.(C.1.4)

Repeatingthiswithaleadfactor1/3
s

appliedtoEq.C.1.4gives3

1

3s


1−2−s�

ζ(s)=
1

3s+
1

9s+
1

15s+
1

21s+
1

27s+
1

33s+···.(C.1.5)

SubtractingEq.C.1.5fromEq.C.1.4cancelsthetermsontheright-handsideofEq.C.1.4,
giving

ζ2(s)=

1−3−s�

1−2−s�
ζ(s)=1+

1

5s+
1

7s+
1

11s+
1

13s+
1

17s+
1

19s+···.

Ifweexpressthisintermsoftheprimesπk,wecanbettervisualizethestructure:

ζ2(s)=

1−π−s

2

�
1−π−s

1

�
ζ(s)=1+

1

π
s
3

+
1

π
s
4

+
1

π
s
5

+
1

π
s
6

+
1

π
s
7

+
1

π
s
8

+···.

Thusζ2hasremovedprimesπ1,π2,leavingπ3astheleadtermintheseriesontheright-hand
side.

Thisleadstoarecursioninζk,

ζk(s)=ζ(s)
kY

l=1

ζl(s)=1+
∞X

l=k+1

π−s
l.

Theseriesontheright-handsideconvergesrapidlyto1aseachprimeisremoved,becausethe
RoCisbecomingmuchlargerwitheachrecursion.Eachrecursivestepinthisconstruction
ensuresthattheleadterm,alongwithallofitsmultiplicativefactors,issubtractedout,justlike
thecancellationswiththesieveofEratosthenes.Itisinstructivetocompareeachiterationwith
thatofthesieve(seeFig.2.3,p.45).

Repeatingthisprocesswiththeremainingprimesremovesallthetermsontheright-hand
sidebutthefirst(leaving1),whichresultsinEuler’sanalyticproductformula(s=x∈R),or
Riemann’scomplex–analyticproductformula(s∈C):

1=ζ(s)(1−2−s
)·(1−3−s

)·(1−5−s
)·(1−7−s

)·····(1−π−s
n)····.

=ζ(s)
∞Y

k=1

(1−π−s
k)(C.1.6)

ζ(s)=
1

Q
kPk(s)

,ℜ{s}=σ>0,(C.1.7)

wherethezerosofPk(s)=1−π−s
kdefinethepolesofζ(s)forprimeπk.

3ThisisknownasEuler’ssieve,asdistinguishedfromtheEratosthenessieve.
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heat (charge) flux. In all cases Ohm’s law defines the ratio of the potential (voltage) to
the flux (current). How this happens can be understood only once the solution to the
equations has been established. The fluid has a heat capacity analogous to that of an
electrical capacitor (Kirchhoff, 1868, 1974). Sometimes the diffusion equation is called
the telegraph equation.

2. Propagation: Pressure and electromagnetic waves are described by a scalar potential
(pressure) (Eq. 3.1.3, p. 75) and a vector potential (Eq. 5.7.4, p. 268), leading to scalar and
vector wave equations. Sometimes the wave equation is called the telephone equation.

The Taylor series of f(x): Next we extend the concept of the Taylor series of one variable to
x ∈ R3. Just as we generalized the derivative with respect to a real frequency variable ω ∈ R
to complex frequency s = σ +ωȷ ∈ C, here we generalize the derivative with respect to x ∈ R
to the vector x ∈ R3.

Since the scalar field is analytic in x, it is a good place to start. Assuming we have carefully
defined the Taylor series (Eq. 3.2.9, p. 95) in one and two (Eq. 4.2.7, p. 182) variables, the
Taylor series of f(x) in x ∈ R3 about x = 0 may be defined as

f(x + δx) = f(x) + ∇f(x) · δx +
1

2!

3X

k=1

3X

l=1

∂2f(x)

∂xk∂xl

δxkδxl + HOT, (5.2.4)

where HOT stands for Higher Order Terms (Greenberg, 1988, p 639). From this definition, it
is clear that the gradient is the generalization of the second term in the one-dimensional Taylor
series expansion.

Summary: For every potential ϕ(x, t) there exists a force density f(x, t) = −∇ϕ(x, t),
proportional to the potentials, that drives a generalized flow u(x, t). If the normal components
of the force and flow are averaged over a surface, the mean force and volume flow (i.e, volume
velocity for the acoustic case) are defined. In such cases the impedance Z(s) is the net force
through the surface force over the net flow, and Gauss’s law and quasistatics (Postulate P10,
p. 163) come into play (Feynman, 1970a). We call this the generalized impedance. An example
is Z(s) =

√
s.

Assuming linearity (Postulate P2, p. 162), the product of the force and flow is the power,
and the ratio (force/flow) is an impedance (Table 3.2, p. 149). This impedance statement is
called Ohm’s law, Kirchhoff’s laws, Laplace’s law, or Newton’s laws. In the simplest cases,
they are all linearized (proportional) complex relationships between a force and a flow. Very
few impedance relationships are inherently linear over a large range of force or current, but
for physically useful levels, they are treated as linear. Nonlinear interactions require a more
sophisticated approach, typically involving numerical methods, working in the time domain.

In electrical circuits it is traditional to define a zero potential ground point that all voltages
use as the reference potential. The ground is a useful convention as a simplifying rule, but it
obscures the physics and obscures the fact that the voltage is not the force. Rather, the force is
the voltage difference, referenced to the ground, which is defined as zero volts. This results in
abstracting away (i.e., hiding) the difference in voltage. It seems misleading (more precisely, it
is wrong) to state Ohm’s law as the voltage over the current, since Ohm’s law actually says that
the voltage difference (i.e., voltage gradient) over the current defines an impedance (Kennelly,
1893).
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as described in his 1851 paper.1 But is his definition correct? To resolve this one needs to
improve our understanding of the core definition of analytic continuation, as it relates to the
LT −1. In the case of the geometric series the analytic continuation is the closed form expres-
sion f(s) = 1/(1− s) which is valid for all s ̸= 1. This is not Riemann’s definition of analytic
continuation.

This section is a beginners review of ζ(s), building on the developments of analytic func-
tions from Chapter 3, especially in Secs. 3.2.6, 5.4, and Fig. 5.3 p. 256. Well understood are
the locations of the poles of zeta, which depend on the prime numbers. Not so well understood
are the remaining analytic properties over the entire plane, such as the zeros of ζ(x), namely
the poles of 1/ζ(s). A key function is ln ζ(s).

Consider z ≡ esT , where T is the sample period at which data are taken (every T seconds).
For example, if T = 22.676 = 106/44, 100 [µs], then the data is sampled at 44.10 [kHz]. This
is how modern digital audio works, for CD-quality music. The unit-time delay time operator
z−1 is

δ(t − T ) ↔ e−sT .

When we deal with the Euler and Riemann zeta functions, the only sampling period that
makes sense is T = 1 [s] or 1 [Hz] (i.e., n ∈ Z). In this case, the samples of interest are
mod(n, πk). Starting from the sieve of Eratosthenes, Euler showed that the counting numbers
n ∈ Z, presented at a rate of one per second [1-Hz], may be uniquely reduced to multiples
of the primes. This is the basis for the fundamental theorem of arithmetic, the theorem of the
concept of the prime number, which states that every integer may be uniquely factored into a
product of prime numbers.

The zeta function The poles of the zeta function depend explicitly on the primes, which
makes it a very special function. In 1737 Euler proposed the real-valued function ζ(x) ∈ R,
and x ∈ R to prove that the number of primes is infinite (Goldstein, 1973). Euler’s definition
of ζ(x) ∈ R is given by the analytic power series,

ζ(x) =
∞X

n=1

1

nx
for x > 1 ∈ R. (C.1.1)

This series converges for x > 0, since R = n−x < 1, n > 1 ∈ N.2

In 1860 Riemann extended the zeta function into the complex plane, resulting in ζ(s),
defined by the complex–analytic power series, identical to the Euler formula except x ∈ R has
been replaced by s ∈ C;

Zeta(t) ↔ ζ(s) ≡ 1

1s
+

1

2s
+

1

3s
+

1

4s
+ · · · =

∞X

n=1

1

ns
=

∞X

n=1

n−s forℜ{s} = σ > 1. (C.1.2)

This formula converges for ℜ{s} > 1 (Goldstein, 1973). To determine the formula in other
regions of the s plane, we need to extend the series via analytic continuation. As it turns
out, Euler’s formulation provided detailed information about the structure of primes, going far
beyond his original goal.

1https://www.youtube.com/watch?v=v9nyNBLCPks
2Sanity check: For example, let n = 2 and x > 0. Then R = 2−ϵ < 1, where ϵ ≡ lim x → 0+. Taking the log

gives log2 R = −ϵ log2 2 = −ϵ < 0. Since log R < 0, R < 1.
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Whenwemeasurethevoltagebetweentwopoints,itisacrudeapproximationtothegra-
dientbasedonthequasistaticapproximation(PostulateP10).Thepressureisalsoapotential,
thegradientofwhichisaforcedensity,whichdrivesthevolumevelocity(flow).

InSec.5.6.8weintroducethefundamentaltheoremofvectorcalculus(otherwiseknown
asHelmholtz’sdecompositiontheorem),whichgeneralizesOhm’slawtoincludecirculation
(e.g.,angularmomentum,vorticity,andtherelatedmagneticeffects).Tounderstandthese
generalizationsinflow,weneedtounderstandcompressibleandrotationalfields(Table5.3,
p.260),complex–analyticfunctions,andmoremathematicalphysicshistory.

Itisthedifferenceinthepotential(i.e.,voltage,temperature,pressure)thatisproportional
totheflux.Thiscanbeviewedasamajorsimplificationofthegradientrelationship,justified
bythequasistaticassumption(PostulateP10,p.163).

Therootsoftheimpedancearerelatedtotheeigenmodesofthesystemequations.The
solutionstotheequationsaretheeigenfunctions,evaluatedattheeigenvalues(p.182)

5.2.2Scalarwaveequation(Acoustics)
Inthissectionwediscussthegeneralsolutiontothewaveequation,whichhastwoforms:scalar
waves(acoustics)andvectorwaves(electromagnetics).Thesehaveanimportantmathematical
distinctionbutasimilarsolutionspace,onescalarandtheothervector.Westartwiththescalar
waveequation.ThevectorcasewillbediscussedSec.5.7.2(p.267).

AgoodstartingpointforunderstandingPDEsistoexplorethescalarwaveequation(Eq.3.1.3,
p.75).AcousticwavepropagationwasfirstanalyzedmathematicallybyIsaacNewtoninhis
famousbookPrincipia(1687),inwhichhefirstcalculatedthespeedofsoundbasedonthe
conservationofmassandmomentum.

Earlyhistory:ThestudyofwavepropagationbeginsatleastasearlyasHuygens(ca.1678)
(Pierce,1981,p15).Theacousticvariablesarethepressure,

ϱ(x,t)↔P(x,s),

andtheparticlevelocity,
ν(x,t)↔U(x,s).

Toobtainawave,wemustincludetwobasiccomponents:thestiffnessofairanditsmass.
Thetwoequationsarecalled(1)Newton’ssecondlaw(F=ma)and(2)Hooke’slaw(F=
kx),respectively.Invectorformtheseequationsare(1)Euler’sequation(i.e.,conservationof
momentumdensity),

−∇ϱ(x,t)=ρo
∂

∂t
ν(x,t)↔ρosU(x,s),(5.2.5)

whichassumesthetime-averagedensityρoisindependentoftimeandpositionx,and(2)the
continuityequation(i.e.,conservationofmassdensity),

−∇·ν(x,t)=
1

ηoPo

∂

∂t
ϱ(x,t)↔

s

ηoPo

P(x,s)(5.2.6)

(Pierce,1981;Morse,1948,p295).HerePo=10
5

[Pa]isthebarometricpressureandηoPois
thedynamic(adiabatic)stiffness,withηo=1.4(Seep.313).CombiningEqs.5.2.5and5.2.6
(removingν(x,t))resultsinthethree-dimensionalscalarpressurewaveequation

∇
2
ϱ(x,t)=

1

c2
o

∂
2

∂t2ϱ(x,t)↔
s
2

c2
o

P(x,s)(5.2.7)
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TableC.2:AnextendedtableofLaplacetransforms.J0,K1areBesselfunctionsofthefirstandsecondkind.

f(t)↔F(s)Name

d
1/2

dt1/2f(t)u(t)↔√sF(s)halfderivati

d
1/2

dt1/2u(t)↔√scaseofviscousdampinghalf-derivati

d

dt

1
√
πt

u(t)↔
s
√s

=√ssemi-inductor

1
√
πt

u(t)↔
1
√s

halfintegration

erfc(α
√

t)↔
1

s
e−2α√s

(MorseandFeshbach(1953),p.1582)α>0;erfc

J0(at)u(t)↔
1

√
s2+a2J-Bessel

Jn(ωot)u(t)↔

�p
s2+ω2

o−s
�n

ωn
o

p
s2+ω2

o

J1(t)u(t)/t↔
√

s2+1−s

J1(t)u(t)/t+2u(t)↔
√

s2+1+s=e
sinh−1

(s)

δ(t)+J1(t)u(t)/t↔
√

s2+1

I0(t)u(t)↔1/
√

s2−1I-Bessel

u(t)/
√

t+1↔e
s

r
π

s
erfc(√s)Errorfunction

√
tu(t)∗

√
1+tu(t)↔e

s/2
K1(s/2)/2sK-Bessel

Z
eta

(t)↔ζ(s)Riemannzetafunction
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Figure 5.2: Experimental setup showing a large
pipe on the left terminating at the wall containing a
small hole with a balloon, shown in green. At time
t = 0 the balloon is pricked and a pressure pulse is
released. The baffle on the left represents a semi-
∞ long tube having a large radius compared to the
horn input diameter 2a. At time T the outbound
pressure pulse ϱ(r, T ) = δ(t−x/co)/r has reached
a radius x = r − ro = coT , where r = x is the
location of the source at the throat of the horn and
r is measured from the vertex. At the throat of the
horn V+/A+ = V−/A−. The term “horn” is used
for the case of scalar waves, while the term “wave-
guide” is used when speaking of EM waves. When
the propagation is constrained by a horn, or wave-
guide, the waves are “guided.”
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with co =
p
ηoPo/ρo being the air sound velocity, and ν =

√
ηoPoρo being the characteristic

resistance of air, assuming no visco-thermal losses.

Exercise #10
Show that Eqs. 5.2.5 and 5.2.6 can be reduced to Eq. 5.2.7.

Solution: Taking the divergence of Eq. 5.2.5 gives

−∇·∇ϱ(x, t) = ρo
∂

∂t
∇·ν(x, t). (5.2.8)

Note that ∇·∇ = ∇2 (Table 5.1). Next, substituting Eq. 5.2.6 into the above equation results
in the scalar wave equation, Eq. 5.2.7, since co =

p
ηoPo/ρo. ■

5.2.3 The Webster horn equation (WHEN)
An important generalization of the problem of lossless plane-wave propagation in one-dimensional
uniform tubes is known as transmission line theory. As depicted in Fig. 5.2, by allowing the
area A(r) [e.g., for the conical horn A(r) = Ao(r/L)2 with L = 1 [m] and A0 ≤ 4π] of an
acoustical waveguide (horn) to vary along the range axis r (the direction of wave propagation),
we can explore general solutions to the wave equation. Classic applications of horns include
vocal tract acoustics, loudspeaker design, cochlear mechanics, quantum mechanics (e.g., the
hydrogen atom), and wave propagation in periodic media (Brillouin, 1953).

We must be more precise when defining the area A(x): The area is not the cross-sectional
area of the horn; rather it is the wavefront (isopressure) area, which is related to Gauss’ law,
since the gradient of the pressure defines the force that drives the mass flow (also called volume
velocity).

For the scalar wave equation (Eq. 5.1.9, p. 229), the Webster Laplacian is

∇2
r ϱ(r, t) =

1

A(r)

∂

∂r

�
A(r)

∂

∂r

�
ϱ(r, t). (5.2.9)

The Webster Laplacian is based on the quasistatic approximation (Postulate P10, p. 163), which
requires that the frequency lie below the critical value fc = co/2d—namely, that a half wave-
length be greater than the horn diameter d (i.e., d < λ/2).7 For the adult human ear canal,

7This condition may be written in several ways, the most common being ka < 1, where k = 2π/λ and a is
the horn radius. This may be expressed in terms of the diameter as 2π

λ
d
2 < 1, or d < λ/π < λ/2. Thus d < λ/2

may be a more precise metric by the factor π/2 ≈ 1.6. This is called the half-wavelength assumption, a synonym
for the quasistatic approximation, and the Nyquist theorem (See DE-3, #2).

Appendix C

Laplace transforms LT

Laplace transforms are discussed in Sec. 3.10 (p. 155), with the definition of the LT in Eq. 3.10.1
(p. 156). Level-I (basic) LT s are listed in Table 3.6 (p. 156).

C.1 Tables of Laplace transforms
The following tables of LT and LT −1 are a convenient summary of their properties and evalua-
tions for many different functions. Table 3.8 gives basic function properties such as convolution
and the properties of step functions and frequency scaling. Table C.1 provides the commands
for doing symbolic (computer algebra and calculus) transformations, which includes some un-
usual LT s and Taylor series of the Γ(s) function (Graham et al., 1994), a complex–analytic
extension of the factorial. Table 3.9 gives the basic transforms typically used for more common
calculations. Table C.2 provides extended less common transforms, such as the half-derivative
and integration and Bessel functions.

These tables are available in most books on differential equations and remain a core tech-
nology for analytic methods for solving differential equations.

Table C.1: Symbolic relationships among Laplace transforms. K3 is a constant.

syms command result
syms t s p laplace


t(p−1)

�
Γ(p)s−p

syms s ilaplace(gamma(s)) ee−t

syms s t a ilaplace(exp(-a*s)/s,s,t) Heaviside(t − a)

syms Gamma s t taylor(Gamma,s,t) 1
s
− γ + s

�
γ2

2
+ π2

12

�
+

s2
�
+1

6
polygamma (2, 1) − γπ2

12
− γ3

6

�
+

s3K3 + · · ·

C.1.1 LT −1 of the Riemann zeta function

The analytic properties of the zeta function ζ(s) have been a holy grail for mathematicians,
starting with Euler, all of whom have made their reputation on that function. For the neo-
phyte, ζ(s) is important because it is an analytic extension of the sieve, which is the prime
identification method. Analytic continuation of the ζ(s) function was first stated by Riemann,
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d=7.5[mm]andfc=(343/2·7.5)×10−3
≈22.87[kHz],whichisabovetheupperrange

ofhumanhearing.
ThetermontherightofEq.5.2.9,whichisidenticaltoEq.5.1.9(p.229),isalsothe

Laplacianforthintubes(e.g.,rectangular,spherical,andcylindricalcoordinates).Thusthe
Websterhorn“wave”equationis

1

A(r)

∂

∂r

�
A(r)

∂

∂r

�
ϱ(r,t)=

1

c2
o

∂
2

∂t2ϱ(r,t)↔
s
2

c2
o

P(r,s),(5.2.10)

whereϱ(r,t)↔P(r,s)istheacousticpressureinPascals[Pa](HannaandSlepian,1924;
Mawardi,1949;Eisner,1967;Morse,1948);Olson(1947,p.101);Pierce(1981,p.360).
Extensiveexperimentalanalysesforvarioustypesofhorns(conical,exponential,parabolic)
alongwithareviewofhorntheorymaybefoundinGoldsmithandMinton(1924).Ofspecial
interestisEisner(1967)duetohishistorysectionandlonglistofrelevantarticles.

ThelimitsoftheWebsterhornequation:ItiscommonlystatedthattheWebsterhorn
equation(WHEN)isfundamentallylimitedandthusisanapproximationthatappliesonlyto
frequenciesmuchlowerthanfc(Morse,1948;Shaw,1970;Pierce,1981).However,inallthese
discussionsitisassumedthattheareafunctionA(r)isthehorn’scross-sectionalarea,notthe
areaoftheisopressurewavefront.

Inthenextsectionweshowthatthis“limitation”maybeavoided(subjecttothef<fc

quasistaticlimit,PostulateP10,p.163),makingtheWebsterhorntheoryan“exact”solutionfor
thelowest-order“plane-wave”eigenfunctionsofEq.5.2.10.Thelimitationofthequasistatic
approximationisthatit“ignores”higher-orderevanescentmodes,whicharenaturallysmall
since,beingevanescentmodesbelowtheircutofffrequency,thewavenumberisrealandthus
theydonotpropagate(Hahn,1941;Karal,1953).Thismethodisfrequentlycalledamodal
analysisoreigenanalysis.Thisisthesameapproximationthatisrequiredtodefineanimped-
ance,sinceeveryeigenmodehasanimpedance(Miles,1948).ThesemodesdefineaHilbert
“vector”space(alsocalledaneigenspace).

AsderivedinAppendixG(p.331),theacousticvariables(eigenfunctions)areredefined
ontheisopressurewavefrontboundaryforthepressureandthecorrespondingvolumevelocity
(HannaandSlepian,1924;Morse,1948;Pierce,1981).Theresultingacousticimpedanceis
thentheratioofthepressuretothevolumevelocity.Thisapproximationisvaliduptothe
frequencywherethefirstcross-modebeginstopropagate(f>fc),whichmaybeestimated
giventherootsoftheBesseleigenfunctions(Morse,1948).Perhapsitshouldbenotedthatthese
ideas,whichmaycomefromacoustics,applyequallywelltoelectromagneticsandquantum
mechanics,andotherwavephenomena.

Visco-thermallosses:Whenlossesaretobeincluded,thewavenumberκ(s)=s/comust
bereplacedwithEq.D.1.5(p.313).Thisintroducesdispersioninthewavefrontduetothe
verysmalldispersiveterm2β0

√s,whichcontainsabranchcut.Whencalculatingthelosses,
wemustbecarefulthattheyarealwaysonthecorrectRiemannsheet.Incaseswhereprecise
estimatesofthewavepropertiesandinputimpedancearerequired,thistermiscritical.

Thebestknownexamplesofwavepropagationareelectricalandacoustictransmission
lines.Suchsystemsarelooselyreferredtoasthetelegraphortelephoneequations,harking
backtotheearlydaysoftheirdiscovery(Heaviside,1892;Campbell,1903;Brillouin,1953;
Feynman,1970a).Thetelegraphequationcharacterizesthelargeresistanceofthewireover
longdistancesalongwiththestraycapacitanceofthewiretotheground(whichatthetimewas
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taken as the second conductor, to save wire). Thus the telegraph equation is best modeled by
a diffusion line. The telephone equation included loading coils, consisting of inductors placed
periodically in the wire, to increase the circuits inductance. This converted the circuit into a
true transmission line. The loading coils were introduced by the AT&T engineer and mathe-
matician George Ashley Campbell (Campbell, 1903, 1937), however they were first proposed
and promoted by Heaviside.

In acoustics, waveguides are known as horns, such as the horn connected to the first phono-
graphs from around the turn of the century (Webster, 1919). Thus the names reflect the histori-
cal development, back to a time when mathematics and its applications were related.

5.2.4 Matrix formulation of the WHEN
Newton’s laws of conservation of momentum (Eq. 5.2.5) and mass (Eq. 5.2.6) are modern
versions of Newton’s starting point for calculating the horn lowest-order plane-wave eigenmode
wave speed.

The acoustic equations for the average pressure P(r, ω) and the volume velocity are derived
in Appendix G, where the pressure and particle velocity equations (Eqs. G.1.4 and G.1.6) are
transformed into a 2 × 2 matrix of acoustical variables, average pressure P(r, ω) and volume
velocity V(r, ω):

− d

dr

�
P(r, ω)
V(r, ω)

�
=

"
0 sρ0

A(r)
sA(r)
ηoPo

0

# �
P(r, ω)
V(r, ω)

�
. (5.2.11)

The equations
M(r) = ρo/A(r) and C(r) = A(r)/ηoPo (5.2.12)

define the per-unit-length mass and compliance of the horn (Ramo et al., 1965, p 213). The
product of P(r, s) and V(r, s) defines the acoustic power [W/m2], while their ratio defines the
horn’s admittance Y ±

in (r, s) = V±/ P , looking in the two directions (Pierce, 1981, p 37–41).
To obtain the Webster horn pressure equation Eq. 5.2.10 from Eq. 5.2.11, we take the partial

derivative of the top equation

−∂2 P
∂r2

= s
∂M(r)

∂r
V + sM(r)

∂ V
∂r

and then use the lower equation to remove ∂ V/∂r,

∂2 P
∂r2

− s
∂M(r)

∂r
V = s2M(r)C(r) P =

s2

c2
o

P .

Note that c2
o = MC =

�
ρo

��A(r)

�
·
�
��A(r)
ηoPo

�
. In air co =

p
η0Po/ρo.

We must then use the upper equation a second time to remove V:

∂2

∂r2
P +

1

A(r)

∂A(r)

∂r

∂

∂r
P =

s2

c2
o

P(r, s). (5.2.13)

By use of the chain rule, equations of this form may be directly integrated, since

∇r P =
1

A(r)

∂

∂r

�
A(r)

∂

∂r

�
P(r, s)

=
∂2

∂r2
P(r, s) +

1

A(r)

∂A(r)

∂r
P(r, s). (5.2.14)
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Impedance is not Hermitian: By definition, when a system is Hermitian its matrix is conju-
gate symmetric

Z(s) = Z†(s),

a stronger condition than reciprocal, but not the symmetry of the Brune impedance matrix. A
reciprocal Brune impedance is symmetric (not Hermitian).
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Thisisequivalenttointegrationbyparts,withintegrationfactorA(r).Finallywesetκ(s)≡
s/co,whichlatermaybegeneralizedtoincludevisco-thermallosses(Eq.D.1.5,p.313).

MergingEqs.5.2.13and5.2.14resultsintheWebsterhornequation(WHEN)(Eq.5.2.10,
p.241):

1

A(r)

∂

∂r
A(r)

∂

∂rP(r,s)=κ
2
(s)P(r,s)↔

1

c2
o

∂
2

∂t2ϱ(r,t).(5.2.15)

EquationshavingthisformareknownasSturm-Liouvilleequations.Thisimportantclassof
ordinarydifferentialequationsfollowsfromtheuseofseparationofvariablesoftheLaplacian
inany(i.e.,every)separablecoordinatesystems(MorseandFeshbach,1953,p494–523).The
frequencydomaineigensolutionsaredenotedP±(r,s).

Wetransformthethree-dimensionalacousticwaveequationintoacousticvariables(Eq.5.2.7)
inAppendixGbytheapplicationofGauss’slaw,resultingintheone-dimensionalWHEN
(Eq.5.2.10),whichisanonsingularSturm-Liouvilleequation.8Itseemssignificantthatthe
integrationfactorcorrespondstothehorn’sareafunction.Thuswehavedemonstratedthat
Eqs.5.2.7and5.2.11reducetotoEq.5.2.15inahorn.

8TheWebsterhornequationiscloselyrelatedtoSchrödinger’sequation(Salmon,1946).
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B.3.2Matriceswithsymmetry
Reversiblesystems:

WhenA=D

e=

"
−

qB
C+

qB
C

11

#
Λ=

�
A−

√
BC0

0A+
√

BC

�
(B.3.5)

thetransmissionmatrixissaidtobereversible,,andthepropertiesgreatlysimplify.
Inthiscasenotethatro=

p
B/Cisthecharacteristicimpedanceandκ(s)=1/

√
BCis

thepropagationfunction.

Reciprocalsystems

ForthecaseoftheABCDmatrixtheeigenvaluesdependcriticallyonreciprocity.Areciprocal
matrixiswhen∆T=1andisanti-reciprocalfor∆T=−1.Itishelpfultodisplaythe
eigenfunctionsandvaluesintermsof∆Tsothisdistinctionisclear.

Whenthematrixissymmetric(B=C),thusro=1andthecorrespondingsystemissaid
tobereciprocal.Mostphysicalsystemsarereciprocal.Thedeterminantofthetransmission
matrixofareciprocalnetwork∆T=AD−BC=1.Forexample,electricalnetworkscom-
posedofinductors,capacitorsandresistorsarealwaysreciprocal.Itfollowsthatthecomplex
impedancematrixissymmetric(VanValkenburg,1964a).

Magneticsystemssuchasdynamicloudspeakersareanti-reciprocal,andcorrespondingly
∆T=−1.Theimpedancematrixoftheseloudspeakersisskewsymmetric(KimandAllen,
2013).Allimpedancematricesareeithersymmetricoranti-symmetric,dependingonwhether
theyarereciprocal(LRCnetworks)oranti-reciprocal(magneticnetworks).Thesesystemshave
complexeigenvalueswithnegativerealparts,correspondingtodamped(lossy)causalsystems.
Thisfollowsfromconservationofenergy.

TheimpedancematrixcannotbeHermitian,orthelosseswouldbezero,becauseHermitian
matriceshaverealeigenvalues.AphysicalsystemhavingpowerlossescannotbeHermitian
becausetheeigenvaluesmusthaveanegativerealparts.

Insummary,givenareciprocalsystem,theTmatrixhas∆T=1,andthecorresponding
impedancematrixissymmetric(notHermitian).

B.3.3Theimpedancematrix
AspreviouslydiscussedinSec.3.8(p.144),theimpedancematrixZis

�
V1

V2

�
=Z(s)

�
I1

I2

�
=

1

C

�
A∆T
1D

��
I1

I2

�
.

Reciprocalsystemshaveskew-symmetricimpedancematrices,namelyz12=z21(i.e.,∆T=
1).ThisconditionisbestunderstoodusingtheTformoftheimpedancematrix,asshownin
Fig.3.9(p.146).WhenthesystemisbothreversibleA=Dandreciprocal(B=C),the
impedancematrixsimplifiesto

Z(s)=
1

C

�
A1
1A

�
.

Forsuchsystemsthereareonlytwodegreesoffreedom,AandC.Asdiscussedpreviouslyin
Sec.3.8(p.144),eachofthesehasaphysicalmeaning:1/AistheThéveninsourcevoltage
assumingavoltagedrive,andB/AistheThéveninimpedance(Sec.3.8.3,p.145).
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5.3 Problems VC-1

5.3.1 Topics of this homework:
Vector algebra and fields in R3, gradient and scalar Laplacian operators, definitions of diver-
gence and curl, Gauss’s (divergence) and Stokes’s (curl) laws, system classification (postu-
lates).

5.3.2 Scalar fields and the ∇ operator

Problem # 1: Let T (x, y) = x2 + y be an analytic scalar temperature field in
two dimensions (single-valued ∈ R2).

– 1.1: Find the gradient of T (x) and make a sketch of T and the gradient.

– 1.2: Compute ∇2T (x) to determine whether T (x) satisfies Laplace’s
equation.

– 1.3: Sketch the iso-temperature contours at T = −10, 0, 10 degrees.

– 1.4: The heat flux9 is defined as J(x, y) = −κ(x, y)∇T , where κ(x, y) is
denotes the thermal conductivity at the point (x, y). Given that κ = 1 every-
where (the medium is homogeneous), plot the vector J(x, y) = −∇T at x = 2,
y = 1. Be clear about the origin, direction, and length of your result.

– 1.5: Find the vector ⊥ to ∇T (x, y)—that is, tangent to the iso-temperature
contours. Hint: Sketch it for one (x, y) point (e.g., 2, 1) and then generalize.

– 1.6: The thermal resistance RT is defined as the potential drop ∆T over
the magnitude of the heat flux |J |. At a single point the thermal resistance is

RT (x, y) = −∇T/|J |.
How is RT (x, y) related to the thermal conductivity κ(x, y)?

Problem # 2: Acoustic wave equation
Note: In this problem, we will work in the frequency domain.

9The heat flux is proportional to the change in temperature times the thermal conductivity κ of the medium.
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A = [1 2; 1 1]; %define the matrix
[E,D] = eig(A); %compute the eigenvector and eigenvalue matrices
A*E-E*D %This should be $\approx 0$, within numerical error.
E*D-D*E %This is not zero

Summary:
Thus far we have shown that for the case of Pell matrix with N = 2, the normalized eigenmatrix
and its inverse is

e = [e+, e−] =
1√
3

�√
2 −

√
2

1 1

�
e−1 =

√
6

4

�
1

√
2

−1
√

2

�

and the eigenmatrix is

Λ =

�
λ+ 0
0 λ−

�
=

�
1 +

√
2 0

0 1 −
√

2

�
.

B.3 Symbolic analysis of T e = eΛ

B.3.1 The 2 × 2 transmission matrix
Here we assume

T =

�
A B
C D

�

with ∆T = 1.
The eigenvectors e± of T are

e± =

"
1
2C

h
(A − D) ∓

p
(A − D)2 + 4BC

i

1

#
(B.3.1)

and eigenvalues are

λ± =
1

2

h
(A + D) ∓

p
(A − D)2 + 4BC

i
. (B.3.2)

Thus the expression under the radical may be rewritten in terms of the determinant of T
(i.e., ∆T = AD − BC) since

(A − D)2 − (A + D)2 = −4AD.

The for the ABCD matrix the expression under the radical becomes

(A − D)2 + 4BC = A2 + D2 − 4AD + 4BC
= A2 + D2 − 4∆T .

Rewriting the eigenvectors and eigenvalues in terms of ∆T = ±1, we find

e± =




1
C

�
A−D

2
∓

qA+D
2

�2 ∓∆T

�

1


 (B.3.3)

and

λ± =


A + D

2
∓

s�A + D
2

�2

∓∆T


 . (B.3.4)

Note this may be further simplified since the radical is the same.
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–2.1:Thebasicequationsofacousticsinonedimensionare

−
∂

∂xP=ρosV⃗and−
∂

∂xV⃗=
s

ηoPo

P.

HereP(x,ω)isthepressure(inthefrequencydomain),V(x,ω)isthevolumevelocity(the
integralofthevelocityoverthewavefrontwithareaA),s=σ+ωȷ,ρo=1.2isthespecific
densityofair,ηo=1.4,andPoistheatmosphericpressure(i.e.,10

5
Pa).Notethatthepressure

fieldPisascalar(pressuredoesnothavedirection),whilethevolumevelocityfieldV⃗isa
vector(velocityhasdirection).

Wecangeneralizetheseequationstothreedimensionsusingthe∇operator

−∇P=ρosV⃗and−∇·V⃗=
s

ηoPo

P.

–2.2:Startingfromthesetwobasicequations,derivethescalarwaveequa-
tionintermsofthepressureP,

∇
2
P=

s
2

c
2
0

P,

wherec0isaconstantrepresentingthespeedofsound.

–2.3:Whatisc0intermsofη0,ρ0,andP0?

–2.4:Rewritethepressurewaveequationinthetimedomainusingthetime
derivativepropertyoftheLaplacetransform[e.g.,dx/dt↔sX(s)].Foryour
notation,definethetime-domainsignalusingalowercaseletter,p(x,y,z,t)↔P.

5.3.3Vectorfieldsandthe∇operator

5.3.4Vectoralgebra
Problem#3:LetR(x,y,z)≡x(t)x̂+y(t)ŷ+z(t)ẑ.

–3.1:Ifa,b,andcareconstants,whatisR(x,y,z)·R(a,b,c)?

–3.2:Ifa,b,andcareconstants,whatis
d
dt(R(x,y,z)·R(a,b,c))?

Problem#4:Findthedivergenceandcurlofthefollowingvectorfields:

–4.1:v=x̂+ŷ+2ẑ

–4.2:v(x,y,z)=xx̂+xyŷ+z
2
ẑ

–4.3:v(x,y,z)=xx̂+xyŷ+log(z)ẑ

–4.4:v(x,y,z)=∇(1/x+1/y+1/z)
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B.2.1Pellequationeigenvalue-eigenvectoranalysis
Hereweshowhowtocomputetheeigenvaluesandeigenvectorsforthe2×2Pellmatrixfor
N=2

a=

�
12
11

�
.

TheMatlab/Octavecommand[E,D]=eig(A)returnstheeigenvectormatrixe

e=[e+,e−]=
1
√

3

�√
2−

√
2

11

�
=

�
0.8165−0.8165
0.57740.5774.

�

andtheeigenvaluematrixΛ(Matlab/Octave’sD)

Λ≡
�
λ+0
0λ−

�
=

�
1+

√
20

01−
√

2

�
=

�
2.41420

0−0.4142

�
.

TableB.1:SummaryofthesolutionofPell’sequationduetothePythagoreansusingmatrixrecursion,
forthecaseofN=3.Theintegersolutionsareshownontheright.Notethatxn/yn→

√
3,inagreement

withtheEuclideanalgorithm.TheMatlab/OctaveprogramforgeneratingthisdataisPellSol3.m.It
seemslikelythatthepowersofβ0couldbeabsorbedinthestartingsolution,andthenberemovedfrom
therecursion.

Pell’sEquationforN=3
CaseofN=3&[x0,y0]

T
=[1,0]

T
,β0=ȷ/

√
2

Note:x
2
n−3y

2
n=1,xn/yn−→∞

√
3

�
x1

y1

�
=β0

�
1
1

�
=β0

�
13
11

��
1
0

�
(1β0)

2
−3(1β0)

2
=1

�
x2

y2

�
=β

2
0

�
4
2

�
=β

2
0

�
13
11

��
1
1

�
4β

2
0

�2
−3


2β

2
0

�2
=1

�
x3

y3

�
=β

3
0

�
10
6

�
=β

3
0

�
13
11

��
4
2

�
10β

3
0

�2
−3


6β

3
0

�2
=1

�
x4

y4

�
=β

4
0

�
28
16

�
=β

4
0

�
13
11

��
10
6

�
28β

4
0

�2
−3


16β

4
0

�2
=1

�
x5

y5

�
=β

5
0

�
76
44

�
=β

5
0

�
13
11

��
28
16

�
76β

5
0

�2
−3


44β

5
0

�2
=1

Pell’sequationforN=3

InTableB.1,Pell’sequationforN=3isgiven,withβ0=ȷ/
√

2.Perhapstryothertrivial
solutionssuchas[−1,0]

T
and[±ȷ,0]

T
,toprovidecluestothepropervalueofβ0forcases

whereN>3.2

Example:IsuggestthatyouverifyeΛ̸=Λeandae=eΛwithMatlab/Octave.Hereisthe
Matlab/Octaveprogramwhichdoesthis:

2MystudentKehanfoundthegeneralformulaforβo.
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5.3.5 Vector and scalar field identities
Problem # 5: Find the divergence and curl of the following vector fields:

– 5.1: v = ∇ϕ, where ϕ(x, y) = xey

– 5.2: v = ∇ × A, where A = xx̂ + yŷ + zẑ

– 5.3: v = ∇ × A, where A = yx̂ + x2ŷ + zẑ

– 5.4: For any differentiable vector field V , write two vector calculus iden-
tities that are equal to zero.

– 5.5: What is the most general form a vector field may be expressed in, in
terms of scalar Φ and vector A potentials?

Problem # 6: Perform the following calculations. If you can state the answer
without doing the calculation, explain why.

– 6.1: Let v = sin(x)x̂ + yŷ + zẑ. Find ∇ · (∇ × v).

– 6.2: Let v = sin(x)x̂ + yŷ + zẑ. Find ∇ × (∇√
v · v)

– 6.3: Let v(x, y, z) = ∇(x + y2 + sin(log(z)). Find ∇ × v(x, y, z).

5.3.6 Integral theorems
Problem # 7: For each of the following problems, in a few words, identify
either Gauss’s or Stokes’s law, define what it means, and explain the formula
that follows the question.

– 7.1: What is the name of this formula?
Z

S
n̂ · v dA =

Z

V
∇ · v dV.

– 7.2: What is the name of this formula?
Z

S

(∇ × V ) · dS =

I

C

V · dR

Give one important application.

– 7.3: Describe a key application of the vector identity

∇ × (∇ × V⃗ ) = ∇(∇ · V⃗ ) −∇2V⃗ .
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If we divide the top row by
√

N the two rows are identical, since the matrix must be singular.
Thus this matrix equation gives two identical equations. This is the price of an over-specified
equation (the singular matrix is degenerate).

We can determine each eigenvectors direction, but not their magnitudes.
Following the same procedure for λ− = −

√
N , the equation for e− is

�
−
√

N N

1 −
√

N

� �
e−1
e−2

�
= 0.

As before, this matrix is singular. Here e−1 −
√

Ne−2 = 0, thus the eigenvector is e− =
c [
√

N, 1]T where c is a normalization constant.
Thus the unnormalized eigenmatrix is

e =

�
e+
1 e−2

e+
2 e−2

�
=

�√
N −

√
N

1 1

�
.

Normalization of the eigenvectors:
The constant c may be determined by normalizing the eigenvectors to have unit length. Since
we cannot determine the length, we set it to 1. Thus the degeneracy may be resolved by the one
degree of freedom normalization

�
±
√

N
�2

+ 12 = N + 1 = 1/c2.

Thus the normalization factor to force each eigen vector to have length 1 is c = 1/
√

N + 1.

B.2 Pell equation solution example
Sec. 2.5.2 (p. 62) showed that the solution [xn, yn]T to Pell’s equation is given by powers of the
Pell matrix a. For N = 2, in Sec. 2.5.2 we found the explicit formula for [xn, yn]T , based on
powers of the Pell matrix

a = 1ȷ

�
1 2
1 1

�
. (B.2.1)

This recursive solution to Pell’s equation (Eq. 2.5.2) is Eq. 2.5.4 (p. 62). Thus we need powers
of A, that is An, which gives an explicit expression for [xn, yn]T . By the diagonalization of A,
its powers are simply the powers of its eigenvalues.

From Matlab/Octave with N = 2 the eigenvalues of Eq. B.2.1 are λ± ≈ [2.4142ȷ,−0.4142ȷ]
(i.e., λ± = 1ȷ(1 ±

√
2)). The solution for N = 3 is shown on page 296.

Once the matrix has been diagonalized, one may compute powers of that matrix as powers
of the eigenvalues. This results in the general solution given by

�
xn

yn

�
= 1ȷnan

�
1
0

�
= 1ȷneΛnE−1

�
1
0

�
.

The eigenvalue matrix D is diagonal with the eigenvalues sorted, largest first. The Mat-
lab/Octave command [E,D]=eig(A) is helpful to find D and E given any A. As we saw
above,

Λ = 1ȷ

�
1 +

√
2 0

0 1 −
√

2

�
≈

�
2.414ȷ 0

0 −0.414ȷ

�
.
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Figure5.3:Throatacousti-
calresistancerAandacoustical
reactancexA,frequencycharac-
teristicsofinfiniteeigenfunctions
oftheparabolic,conical,expo-
nential,hyperbolic,andcylindri-
calhorns,havingathroatarea
of1[cm

2
].Notehowthe“crit-

ical”frequency(definedhereas
thefrequencywherethereactive
andrealpartsoftheradiationim-
pedanceareequal)ofthehornre-
ducesdramaticallywiththetype
ofhorn.Fortheuniformhorn,
thereactivecomponentiszero,
sothereisnocutofffrequency.
Fortheparabolichorn(#1),the
cutoffisaround3kHz.Forthe
conicalhorn(#2),thecutoffisat
0.6[kHz].Fortheexponential
horn(#3),thecriticalfrequency
isaround0.18[kHz],whichis
one-16ththatoftheparabolic
horn.Foreachhornthecross-
sectionalareaistakenas100
[cm

2
]atadistanceofL=1[m]

fromthethroat(Olson,1947,p
101);(Morse,1948,p283).

5.4Examplesoffinite-lengthhorns
Figure5.3istakenfromtheclassicbookbyOlson(1947,p.101),showingthetheoreticalProofread

acousticalradiationimpedanceZrad(r,ω)forfivehornshavingdifferentareafunctions,result-
inginfrequencedependentimpedancebetween50[Hz]to10[kHz].Theparabolichorn(#1)
hasamildpeakinthereactiveinputimpedancejustbelow2[kHz].Theconical(megaphone)
horn(#2)hasamaximumreactivepeatat5[kHz],closetothefrequencywheretherealand
imaginarypartsareequal.Themostinterestinghornsare#3and#4which,havearazorsharp
cutoffnear150[Hz],wheretheimpedanceabruptlyswitchesfromresistivetoreactive.The
cylindricalhorn(#5)hasaconstantimpedance.Alltheimpedanceshavebeennormalizedto
havetheirimpedanceof1athighfrequncies.

Table5.2:HornsandtheirpropertiesforN=1,2,and3dimensions,alongwiththeexponentialhorn
(EXP).Therangevariablegoesfromro≤r≤L[m]witharea1≤A(r)≤100[cm

2
].F(r)isthecoefficient

onPx,κ(s)≡s/co,wherecoisthespeedofsoundands=σ+ωȷistheLaplacefrequency.Thehorn’s
eigenfunctionsareP±(ξ,s)↔ϱ±(ξ,t).When±isindicated,theoutboundsolutioncorrespondstothenegative
sign.EigenfunctionsH±

0(ξ,s)areoutboundandinboundHankelfunctions.Therightmostcolumnistheinput
radiationadmittancenormalizedbythecharacteristicadmittanceYr(r)=A(r)/ρoco.

NNameradiusArea/AoF(r)P∓(r,s)ϱ∓(ro,t)Y∓
rad/Yr

1Duniform110e∓κ(s)r
δ(t)1

2Dparabolic√rr1/rH∓
0(−jκ(s)r)—

−ȷroH∓
1

H∓
0

3Dconicalrr
2

2/re∓κ(s)r
/rδ(t)±

co

rou(t)1±co/sro

EXPexponentiale
mr

e
2mr

2me−(m∓
√

m2+κ2
)r

e−mr
E(t)Eq.5.4.11

Table5.2summarizesthepropertiesoffourofthesehorns:uniform(cylindrical)(A=Ao),
parabolic(A(r)=Aor),conical(spherical)(A(r)=Aor

2
),andexponential(A(r)=Aoe

2mr
),

wheremiscalledtheflairparameter.

294APPENDIXB.EIGENANALYSIS

a−λ±I2issingular:

IfwerestrictEq.B.1.1toasingleeigenvector(oneofe±),alongwiththecorresponding
eigenvalueλ±,weobtainthetwomatrixequations

ae±=e±λ±=λ±e±.

Notetheswapintheorderofe±andλ±.Sinceλ±isascalar,thisislegal(andcritically
important),sincethisallowsustofactoroute±

(a−λ±I2)e±=0.(B.1.6)

Thematrixa−λ±I2mustbesingularbecausewhenitoperatesone±,havingnonzeronorm,
itmustbezero.

Itfollowsthatitsdeterminant(i.e.,|(a−λ±I2)|=0)mustbezero.Thisequationuniquely
determinestheeigenvaluesλ±.

B.1.1Calculatingtheeigenvaluesλ±

Theeigenvaluesλ±ofamaybedeterminedfrom|(a−λ±I2)|=0.Asanexampleweleta
bePell’sequation(Eq.2.5.4,p.62).Inthiscasetheeigenvaluesmaybefoundfrom

��
��1−λ±N

11−λ±

��
��=(1−λ±)

2
−N=0,

thusλ±=(1∓
√

N).1

B.1.2Calculatingtheeigenvectorse±

Oncetheeigenvalueshavebeendetermined,theyaresubstitutedintoEq.B.1.6,whichdeter-
minestheeigenvectorse=

�
e+,e−

�
,bysolving

(a−λ±)e±=

�
1−λ±2

11−λ±

�
e±=0,(B.1.7)

where1−λ±=1−(1∓
√

N)=±
√

N,thusthePellequationeigenvaluesare

λ±=1∓
√

N.

RecallthatEq.B.1.6issingularbecauseweareusinganeigenvalue,andeacheigenvector
ispointinginauniquedirection(thisiswhyitissingular).Youmightexpectthatthisequa-
tionhasnosolution.Insomesenseyouwouldbecorrect.Whenwesolvefore±,thetwo
equationsdefinedbyEq.B.1.6areco-linear(thetwoequationsdescribeparallellinessotheir
scalarproductisone).Thisfollowsfromthefactthatthereisonlyoneeigenvectorforeach
eigenvalue.

Sincethereisonlyoneeigenvalueweareexpectingtrouble,yetwemayproceedingtosolve
fore+=[e

+
1,e

+
2]

T
witheigenvalue+

√
N

�√
NN

1
√

N

��
e
+
1

e
+
2

�
=0.

1Itisaconventiontoordertheeigenvaluesfromlargesttosmallest.
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5.4.1 Uniform Horn #5
The one-dimensional wave equation [A(r) = Ao = 1 [cm2]] is

d2

dr2
P = κ2(s) P ,

thus the roots (eigenvalues) are κ2
±(s) ≡ ±s2/c2

o.

Solution: The two eigenfunctions of this equation are the two d’Alembert waves (Eq. 4.4.1,
p. 188):

ϱ(x, t) = P+
0 ϱ

+(t − x/c) + P−
0 ϱ

−(t + (x − L)/c) ↔ P+
0 e−κ(s)x + P−

0 eκ(s)(x−L),

where P±
0 ∈ C are wave amplitudes and κ(s) = s/co = ȷω/c is called the propagation function

(also known as the wave-evolution function, propagation constant, and wave number).
Note that for the uniform lossless horn, ω/co = 2π/λ ≥ 0. It is convenient to normalize

P+
0 = 1 and P−

L = 1. The characteristic admittance Yr(x) (Table 5.2) is independent of
direction. The signs must be physically chosen, with the velocity V± into the port, to ensure
that the real part Yr ≥ 0, to assure the system remains stable.

Applying the boundary conditions: The general solution in terms of the eigenvector matrix,
evaluated at x = L, is

�
P(x)
V(x)

�

L

=

�
e−κx eκ(x−L)

Yre
−κx −Yre

κ(x−L)

�

L

�
P+

0

P−
0

�

L

=

�
e−κL 1

Yre
−κL −Yr

� �
P+

0

P−
0

�

L

, (5.4.1)

where P+
0 and P−

0 are the relative amplitudes of the two unknown eigenfunctions to be deter-
mined by the boundary conditions at x = 0, L, κ = s/c, and Yr = 1/Zr = Ao/ρoc.

Solving Eq. 5.4.1 for P+
0 and P−

0 with determinant ∆ = −2Yre
−κL,we get

�
P+

L

P−
L

�
=

−1

2Yre−κL

�
−Yr −1

−Yre
−κL e−κL

� �
P
V

�

L

=
1

2

�
eκL −ZeκL

1 Z

� �
P

−V

�

L

. (5.4.2)

In the final step we swapped all the signs, including those on V , and moved Zr = 1/Yr inside
the matrix.

We can uniquely determine these two weights P+
L , P−

L given the pressure and velocity at
the boundary x = L, which is typically determined by the load impedance (ZL(s) = PL/ VL).

The weights may now be substituted back into Eq. 5.4.1 to determine the pressure and
velocity amplitudes at any point 0 ≤ x ≤ L:

�
P
V

�

x

=
1

2

�
e−κx eκ(x−L)

Yre
−κx −Yre

κ(x−L)

�

x

�
eκL −ZeκL

1 Z

� �
P

−V

�

L

. (5.4.3)

Setting x = 0 and multiplying these out give the final transmission matrix:
�

P
V

�

0

=
1

2

�
eκL + e−κL Zr(e

κL − e−κL)
Yr(e

κL − e−κL) eκL + e−κL

�

x

�
P

−V

�

L

. (5.4.4)

Note that the diagonal terms are coshκL and the off-diagonal terms are sinh κL.

Appendix B

Eigenanalysis

Eigenanalysis is ubiquitous in engineering applications. It is useful in solving differential and
difference equations, data-science applications, numerical approximation and computing, and
linear algebra applications. Typically one must take a course in linear algebra to become knowl-
edgeable in the inner workings of this method. In this appendix we intend to provide sufficient
basics to allow one to read the text.

B.1 The eigenvalue matrix (Λ)

Given 2 × 2 matrix a, the related matrix eigen-equation is

ae = eΛ. (B.1.1)

Pre-multiplying by e−1 diagonalizes a, resulting in the eigenvalue matrix

Λ = E−1ae (B.1.2)

=

�
λ1 0
0 λ2

�
. (B.1.3)

Post-multiplying by e−1 recovers a

a = eΛE−1 =

�
a11 a12

a21 a22

�
. (B.1.4)

Matrix product formula:

This last relation is the entire point of the eigenvector analysis, since it shows that any power
of a may be computed from powers of the eigenvalues. Specifically,

an = eΛnE−1. (B.1.5)

For example, a2 = aa = eΛ�����: 1
(E−1e) ΛE−1 = eΛ2E−1.

Equations B.1.1, B.1.3 and B.1.4 are the key to eigenvector analysis, and you need to mem-
orize them. You will use them repeatedly throughout this text.
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Applyingthelastboundarycondition,weevaluateEq.5.4.2toobtaintheABCDmatrixat
theinput(x=0)(Pipes,1958),

�
P
V

�

0

=

�
coshκLZrsinhκL

YrsinhκLcoshκL

��
P

−V

�

L

.(5.4.5)

Notethattheuniformhornisreversible(P7)andreciprocal(P6).

Exercise#11
Evaluatetheexpressionintermsoftheloadimpedance.

Solution:SinceZload=−PL/VL,wehave

P
V

��
��
0

=
ZloadcoshκL−ZrsinhκL

ZloadYrsinhκL−coshκL
(5.4.6)

■

Impedancematrix:Equation5.4.5isanimpedancematrix(algebrarequired)

�
P0

PL

�
=Zr

sinh(κL)

�
cosh(κL)1

1cosh(κL)

��
V0

VL

�
.

Exercise#12
Writeouttheshort-circuit(VL=0)inputimpedanceZin(s)fortheuniformhorn.

Solution:

Zin(s)=P
V

��
��

VL=0

=Zr
coshκL

sinhκL
=ZrtanhκL|VL=0.

■

InputadmittanceYin:Giventheinputadmittanceofthehorn,itispossibletodetermine
whetheritisuniformwithoutfurtheranalysis.Thatis,ifthehornisuniformandinfinitein
length,theinputadmittanceatx=0is

Yin(x=0,s)≡V(0,ω)

P(0,ω)
=Yr,

sinceP
+
0=1andP−

L=0.Foraninfiniteuniformhorn,therearenoreflections.
WhentheuniformhornisterminatedwithafixedimpedanceZratx=L,wecansubstitute

pressureandvelocitymeasurementsintoEq.5.4.2tofindP0andP0,andgiventhese,wecan
calculatethepressurereflectanceatx=L(Eq.3.4.6,p.116),

ΓL(s)=PL

P0

=P(L,ω)−ZrV(L,ω)

P(L,ω)+ZrV(L,ω)
=

ZL−Zr

ZL+Zr

.

GivensufficientlyaccuratemeasurementsofthethroatpressureandassumingΓL=0,the
inputimpedanceZinattheinputx=0isZr=ρoc/Ao.
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Derivationoftheinverseofa2×2matrix
1.Step1:Toderive(ii)startingfrom(i),normalizethefirstcolumnto1.

�
1

b
a

1
d
c

��
x1

x2

�
=

�1
a0
0

1
c

��
y1

y2

�
.

2.Step2:Subtractrow(1)fromrow(2):(2)←(2)−(1)
�
1

b
a

0
d
c−

b
a

��
x1

x2

�
=

�1
a0
−

1
a

1
c

��
y1

y2

�
.

3.Step3:Multiplyrow(2)bycaandexpressresultintermsofthedeterminate∆=ad−bc.
�
1

b
a

0∆

��
x1

x2

�
=

�1
a0
−ca

��
y1

y2

�
.

4.Step4:Solverow(2)forx2:x2=−
c
∆y1+

a
∆y2.

5.Step5:Solverow(1)forx1:

x1=
1

a
y1−

b

a
x2=

�1

a
+

b

a

c

∆

�
y1−

b

a

a

∆
y2.

.

Rewritinginmatrixformat,intermsof∆=ad−bc,gives:
�
x1

x2

�
=

�1
a+

bc
a∆−

b
∆

−
c
∆

a
∆

��
y1

y2

�
=

1

∆

�∆+bc
a−b
−ca

��
y1

y2

�
=

1

∆

�
d−b
−ca

��
y1

y2

�
,

sinced=(∆+bc)/a.

Summary:Thisisalotofmessyalgebra,soitisessentialthatyoumemorizethefinalresult:
(1)swapthediagonal,(2)changetheoff-diagonalsigns,and(3)normalizebythedeterminant
∆.
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5.4.2 Conical horn #2
Using the conical horn area A(r) ∝ r2 in Eq. 5.2.10, on page 241 (or Eq. 5.2.11 on page 242)
results in the spherical wave equation

Prr(r, ω) +
2

r
Pr(r, ω) = κ2 P(r, ω), (5.4.7)

where κ(s) = ±s/co. The eigensolutions of Eq. 5.4.7 are

P±(r, s) =
e∓κr

r
↔ 1

r
δ(t ∓ r/co).

Radiation admittance for the conical horn: The conical horn’s acoustic input admittance
Yin(r, s) at any location r is found by dividing V(r, s) by P(r, s):

Y ±
in (r, s) =

V±

P± = −A(r)

sρo

d

dr
ln P±(r, s) (5.4.8)

= Yr(r)
h
1 ± co

sr

i
↔ A(r)

ρoco

�
δ(t − r/co) ± co

r
u(t − r/co)

�
. (5.4.9)

The pressure pulse is delayed by r/co due to e−κ(s)r. As the area of the horn increases, the
pressure decreases as 1/r = 1/

p
A(r). This results in the uniform backflow cou(t)/r ↔ co/sr

due to conservation of mass, and the characteristic admittance Yr(r) variation with r.

5.4.3 Exponential horn #3
If we define the area as A(r) = Aoe

2mr, the eigenfunctions of the horn are

P±(r, ωȷ) = e−mre∓j
√

ω2−ω2
c r/c, (5.4.10)

which may be shown by the substitution of P±
c (r, ωȷ) into Eq. 5.2.10 (p. 241).

This case is of special interest because the radiation impedance is purely reactive below
the horn’s cutoff frequency (ω < ωc = mco), as may be seen from curves 3 and 4 of Fig. 5.3
(p. 247). As a result, no energy can radiate from an open horn for ω < ωc because the eigen-
values

κ(s) = −m ± ȷ

co

p
ω2 − ω2

c = −m ±
p

s2 − s2
c

are purely real (this is the case of nonpropagating evanescent waves).
If we use Eq. 4.4.7 (p. 190), the input admittance is

Y ±
in (x, s) = −A(x)

sρo

�
m ±

√
m2 + κ2

�
x. (5.4.11)

Kleiner (2013) gives an equivalent expression for Yin(x, ω) given area S(x) = emx,

Yin(x, ω) =
S(x)

ȷωρ

"
m

2
+ ȷ

p
4ω2 − (mc)2

2c

#
,

and impedance

Zin(r, ω) =
ρc

ST

"
ȷ
ωc

ω
+

r
1 −

�ωc

ω

�2
#

,
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whereas post-multiplication swaps the columns,

AP =

�
a b
α β

� �
0 1
1 0

�
=

�
b a
β α

�
.

For the 3 × 2 case there are 3 · 2/2 = 3 such matrices (swap a row with the other 2, then
swap the remaining two rows).

6. Gaussian elimination (GE) operations Gk: There are three types of elementary row op-
erations, which may be performed without fundamentally altering a system of equations
(e.g. the resulting system of equations is equivalent). These operations are (1) swap rows
(e.g. using a permutation matrix), (2) scale rows, or (3) perform addition/subtraction of
two scaled rows. All such operations can be performed using matrices.

For lack of a better term, we’ll describe these as ‘Gaussian elimination’ or ‘GE’ matri-
ces.2 We will categorize any matrix that performs only elementary row operations (but
any number of them) as a ‘GE’ matrix. Therefore, a cascade of GE matrices is also a GE
matrix.

Consider the GE matrix

G =

�
1 0
1 −1

�
.

(a) This pre-multiplication scales and subtracts row (1) from (2) and returns it to row
(2).

GA =

�
1 0
1 −1

� �
a b
α β

�
=

�
a b

a − α b − β

�
.

The shorthand for this Gaussian elimination operation is (1) ← (1) and (2) ←
(1) − (2).

(b) Post-multiplication adds and scales columns.

AG =

�
a b
α β

� �
1 0
−1 1

�
=

�
a − b b
α− β β

�
.

Here the second column is subtracted from the first, and placed in the first. The
second column is untouched. This operation is not a Gaussian elimination. There-
fore, to put Gaussian elimination operations in matrix form, we form a cascade of
pre-multiply matrices.

Here det(G) = 1, G2 = I , which won’t always be true if we scale by a num-

ber greater than 1. For instance, if G =

�
1 0
m 1

�
(scale and add), then we have

det(G) = 1, Gn =

�
1 0

n · m 1

�
.

2The term ‘elementary matrix’ may also be used to refer to a matrix that performs an elementary row opera-
tion. Typically, each elementary matrix differs from the identity matrix by a single row operation. A cascade of
elementary matrices could be used to perform Gaussian elimination.
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whereωc(r)isthecutofffrequency.Giventhisexactsolutiontotheexponentialhorn,wecould
useaseriesexpansionoftheform

A(r)=
X

k

ake
bkx

∈R(5.4.12)

toobtainthegeneralsolution,foranarbitraryanalyticA(r).

5.5Solutionmethods
Tomodelthewaveequation,twodistinctmathematicaltechniquesaredescribed.Thefirst
oftheseiscalledseparationofvariables.Thismethodislimitedtoasmallandrestrictive
numberofseparablecoordinatesystems(SCS).OncetheSCSischosen,theeigenfunctionsare
knownassolutionstothatspecificSturm-Liouvilleequation,whicharealwaysscalar(ordinary)
differentialequation(ODEs).

Thesecondmethodusesthetransmissionmatrix(alumped-parametermethod).Thisso-
lutionmethodassumesalimitontheupperfrequencyresponse.Thatis,quasistaticsassumes
thewavelengthislargerthanthesizeoftheobjectbeingmodeled.Thusotherthantheupper
frequencylimit,therearenolimitationsintheanalyticalandnumericalsolutionsusingthe
transmissionmatrixmethod.Furthermore,itmaybecomputedinboththefrequencyandtime
domains(Fettweis,1986).

1a.Separablecoordinatesystems:ClassicallyPDEsaresolvedbyseparationofvariables.
Thismethodislimitedtoafewortho-normalcoordinatesystems,suchasrectangular,
cylindrical,andsphericalcoordinates(Morse,1948,p296–97).Evenaslightdeviation
fromseparablespecificcoordinatesystemsrepresentsamajorbarriertowardfurtheranal-
ysisandunderstanding,blockinginsightintomoregeneralcases.Separablecoordinate
systemshaveahighdegreeofsymmetry.Notethatthesolutionofthewaveequationis
nottiedtoaspecificcoordinatesystem.

1b.Sturm-Liouvillemethodsandeigenvectors:Whenthecoordinatesystemisseparable,
theresultingPDEsarealwaysreducedtoasystemofSturm-Liouvilleequations.The
solutionsofthisimportantclassofSturm-Liouvilleeigenfunctionsarealltabulated.

Websterhorntheory(Webster,1919;Morse,1948;Pierce,1981)isageneralizedSturm-
Liouvilleequationthataddsitsphysicsintheformofthehorn’sareafunction.TheWeb-
sterequationsidestepstheseriouslylimitingproblemofseparationofvariablesbyusing
thealternativequasistaticsolution,whichignoresthenonpropagatinghigh-frequency
evanescentmodes.Thisisessentiallyaone-dimensionallow-passapproximationtothe
waveequation.

Whilemathematicsprovidesrigor,physicsprovidesunderstanding.Thephysicalappli-
cationsmakethetheoryuseful.

2.Lumped-elementmethod:Asdescribed(seepage144)asystemmayberepresentedin
termsoflumpedelements,aseitherelectricalinductors,capacitors,andresistorsortheir
mechanicalcounterparts,masses,springs,anddashpots.Suchsystemsarerepresentedby
2×2transmissionmatricesinthes(i.e.,Laplace)domain(Ramoetal.,1965,Appendix
IV).
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row[x1,x2,x3,...]orsinglecolumn[x1,x2,x3...]
T

(whereTindicatesthetranspose).
Inthistextwewilltypicallyusecolumnvectors.Thevectormayalsobewrittenout
usingunitvectornotationtoindicatedirection.Forexample:x3×1=x1x̂+x2ŷ+x3ẑ=
[x1,x2,x3]

T
,wherex̂,ŷ,ẑareunitvectorsinthex,y,zCartesiandirections(herethe

vector’ssubscript3×1indicatesitsdimensions).Thetypeofnotationusedmaydepend
ontheengineeringproblemyouaresolving.

3.Matrix:A=
�
a1,a2,a3,...,aM

�
N×M={an,m}N×Mcanbeanon-squarematrixifthe

numberofelementsineachofthevectors(N)isnotequaltothenumberofvectors(M).
WhenM=N,thematrixissquare.Itmaybeinvertedifitsdeterminant|A|=Qλk̸=0
(whereλkaretheeigenvalues).Inthistextweworkonlywith2×2and3×3square
matrices.

4.Linearsystemofequations:Ax=bwherexandbarevectorsandmatrixAisasquare.

(a)Inverse:Thesolutionofthissystemofequationsmaybefoundbyfindingthe
inversex=A−1

b.

(b)Equivalence:IftwosystemsofequationsA0x=b0andA1x=b1havethesame
solution(i.e.,x=A−1

0b0=A−1
1b1),theyaresaidtobeequivalent.

(c)Augmentedmatrix:Thefirsttypeofaugmentedmatrixisdefinedbycombiningthe
matrixwiththeright-handside.Forexample,giventhelinearsystemofequations
oftheformAx=y�

ab
cd

��
x1

x2

�
=

�
y1

y2

�
,

theaugmentedmatrixis

[A|y]=

�
aby1

cdy2

�
.

Asecondtypeofaugmentedmatrixmaybeusedforfindingtheinverseofamatrix
(ratherthansolvingaspecificinstanceoflinearequationsAx=b).Inthiscasethe
augmentedmatrixis

[A|I]=

�
ab10
cd01

�
.

PerformingGaussianeliminationonthismatrix,untiltheleftsidebecomesthe
identitymatrix,yieldsA−1

.ThisisbecausemultiplyingbothsidesbyA−1
gives

A−1
A|A−1

I=I|A−1
.

5.Permutationmatrix(P):Amatrixthatisequivalenttotheidentitymatrix,butwithscram-
bledrows(orcolumns).Suchamatrixhasthepropertiesdet(P)=±1andP

2
=I.For

the2×2case,thereisonlyonepermutationmatrix:

P=

�
01
10

�
P

2
=

�
01
10

��
01
10

�
=

�
10
01

�
.

ApermutationmatrixPswapsrowsorcolumnsofthematrixitoperateson.Forexample,
inthe2×2case,pre-multiplicationswapstherows,

PA=

�
01
10

��
ab
αβ

�
=

�
αβ
ab

�
,
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When a system of lumped-element networks contains only resistors and capacitors or
resistors and inductors, the solution is a diffusion equation, which does not support prop-
agated waves. Depending on the elements in the system of equations, there can be an
overlap between a diffusion process and scalar waves, represented as transmission lines,
both modeled as lumped-element networks of 2 × 2 matrices (Eq. 3.8.1, p. 144) (Camp-
bell, 1922; Brillouin, 1953; Ramo et al., 1965).

Nyquist sampling and quasistatics: Quasistatic methods provide band-limited solu-
tions below a critical frequency fc for a much wider class of geometries, by avoiding
high-frequency cross-modes. The model of a train is depicted in Fig. 5.4, which is the
same as Fig. 4.8 (p. 221).

Example: Train-mission-line problem. The mechanical mass-spring system of Fig. 5.4
is the electrical equivalent circuit. The mass is modeled as an inductor and the springs
as capacitors to ground. The velocity is analogous to a current and the force fn(t) to the
voltage ϕn(t). The length of each cell is ∆ [m].

K K KK K
MM M M

f1 f2 f3 f4

C

1
2M

1
2M

ϕ1 ϕ2 ϕ3 ϕ4

∆

Figure 5.4: Depiction of a train consisting of cars, treated as a mass M and linkages, treated as
springs of stiffness K or compliance C = 1/K. The equivalent electrical circuit is shown below the mass-
spring system, with the masses modeled by inductors (M ) and springs modeled as capacitors (C). For this
model to accurately represent a transmission line the frequency must be less than the equivalent Nyquist
frequency fc. The delay of one cell is To = ∆/co. One can measure either To or ∆ and co = 1/

√
MC.

Since λc = 2∆, it follows that the cutoff frequency is fc = co/2∆ = 1/2To. For f < fc, the frequency
response is independent of frequency, thus acting as a pure delay. As the frequency is increased above fc,
the wavelength becomes shorter that the critical wavelength λc = 2∆, and the delay line becomes a lowpass
filter, strongly departing from transmission line properties. For more detailed information see the Figure
caption on p. 221.

When the wavelength λ = co/fc is greater than twice the physical distance ∆ between
the elements

λ > λc = 2∆ [m],

the approximation is mathematically equivalent to a transmission line. As described in
DE-3, problem #2, the velocity is co = 1/

√
MC [m/s]. As the frequency increases, the

wavelength becomes shorter. When the frequency is equal to the critical frequency fc

the critical wavelength λc = co/fc = 2∆. Above the critical frequency the quasistatic
(lumped-element) model breaks down and transitions from a delay line to a lowpass filter,
as discussed in DE-3, problem #2.

The frequency is under the control of the modeling process, since more elements may be
added to allow for higher frequencies (shorter wavelengths). If the nature of the solution
at high frequencies (f > fc) is desired, we may add more sections (make ∆ smaller). For
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Complex power: In this special case, the complex power P(s) ∈ R(s) is defined, in the
complex frequency domain (s), as

P(s) = I†(s)V (s) = I†(s)Z(s)I(s) ↔ p(t) [W].

The real part of the complex power must be positive. The imaginary part corresponds to avail-
able stored energy.

The case of three-dimensions is special, allowing definitions that are not easily defined in
more than three dimensions. A vector in R3 labels the point having the coordinates of that
vector.

A.3.4 Matrices
When working with matrices, the role of the weights and vectors can change, depending on the
context. A useful way to view a matrix is as a set of column vectors, weighted by the elements
of the column-vector of weights multiplied from the right. For example,




a11 a12 a13 · · · a1M

a21 a22 a23 · · · a2M

. . .
aN1 aN2 aN3 · · · aNM







w1

w2

w3
...

wM




= w1




a11

a21

a31
...

aN1




+ w2




a12

a22

a32
...

aN2




+ · · · + wM




a1M

a2M

a3M
...

aNM




,

where the weights are
�
w1, w2, . . . , wM

�T . Alternatively, the matrix is a set of row vectors of
weights, each of which is applied to the column vector on the right ([w1, w2, . . . , WM ]T ).

The determinant of a matrix is denoted as either det A or simply |A| (as in the absolute
value). The inverse of a square matrix is A−1 or invA. If |A| = 0, the inverse does not exist.
AA−1 = A−1A.

Matlab/Octave’s notional convention for a row-vector is [a, b, c] and a column-vector is
[a; b; c]. A prime on a vector takes the complex conjugate transpose. To suppress the conjuga-
tion, place a period before the prime. The : argument converts the array into a column vector,
without conjugation. A tacit notation in Matlab is that vectors are columns and the index to a
vector is a row vector. Matlab defines the notation 1:4 as the “row-vector” [1, 2, 3, 4], which is
unfortunate as it leads users to assume that the default vector is a row. This can lead to serious
confusion later, as Matlab’s default vector is a column. I have not found the above convention
explicitly stated, and it took me years to figure this out for myself.

When writing a complex number we shall adopt 1ȷ to indicate
√
−1. Matlab/Octave allows

either 1ı or 1ȷ.
Units are SI; angles are in degrees [deg] unless otherwise noted. The units for π are always

radians [rad]. For example sin(π), eȷ90
◦

= eȷπ/2.

A.3.5 2 × 2 complex matrices
Does this discussion

long in
Appendix A?Here are some definitions to learn:

1. Scalar: A number – for example {a, b, c, α, β, . . .} ∈ {Z, Q, I, R, C}

2. Vector: A quantity having direction as well as magnitude, often denoted by a bold letter x,
or with an arrow over the top x⃗. In matrix notation, this is typically represented as a single
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many(perhapsmost)problems,lumpedelementsareeasytouseandaccurate,aslong
aswedon’tviolatetheNyquistcondition(Nyquist,1924;Brillouin,1953;Ramoetal.,
1965).

5.5.1Eigenfunctionsϱ±(r,t)oftheWHEN

Becausethewaveequation(Eq.5.2.7)issecond-orderintime,therearetwocausalindependent
eigenfunctionsolutions:anoutbound(right–traveling)ϱ

+
(r,t)wave,andaninbound(left-

traveling)ϱ−(r,t)wave.
EveryeigenfunctiondependsonanareafunctionA(r)(Eq.5.2.10,p.241).Intheory

then,givenaneigenfunction,itshouldbepossibletofindtheareaA(r).Thisisknownasthe
inverseproblem,whichisgenerallybelievedtobeadifficultproblem.Specifically,giventhe
eigenvaluesλk,howdoesonedeterminethecorrespondingareafunctionA(r)?

BecausethecharacteristicimpedanceYr(r)ofthewaveinthehornchangeswithlocation,
therearelocalreflectionsduetotheseareavariations.Thustherearefundamentalrelationships
betweentheareachangedA(r)/dr,thehorn’seigenfunctionsP±(r,s),theeigenmodes,and
theinputimpedance.

Complexvs.realfrequency:Weshallcontinuetomaintainthedistinctionthatfunctionsof
ωareFouriertransformsandcausalfunctionsofLaplacefrequencyscorrespondtoLaplace
transforms,whicharenecessarilycomplex–analyticinsintherighthalf-plane(RHP)region
ofconvergence(RoC).Thisdistinctioniscritical,sincewetypicallydescribeimpedanceZ(s)
andadmittanceY(s)ascomplex–analyticfunctionsinsintermsoftheirpolesandzeros.The
eigenfunctionsP±(r,s)ofEq.5.2.10arealsocausalcomplex–analyticfunctionsofs.

Plane-waveeigenfunctionsolutions:In1690,nineyearsbeforeNewton’spublicationof
Principia,ChristiaanHuygenswasthefirsttogaininsightintowavepropagation,todayknown
asHuygens’sprinciple.Whilehisconceptshowedadeepinsight,wenowknowitwasflawed,
asitignoredthebackward-travelingwave(Miller,1991).In1747d’Alembertpublishedthe
firstcorrectsolutionfortheplane-wavescalarwaveequation,

ϱ(x,t)=f(t−x/co)+g(t+x/co),(5.5.1)

wheref(·)andg(·)aregeneralfunctionsoftheirargument.Thatthisisthesolutionmaybe
shownbyuseofthechainrule,bytakingpartialswithrespecttoxandt.

Intermsofphysics,d’Alembert’sgeneralsolutiondescribestwoarbitrarywaveformsf(·)
andg(·)travelingataspeedco,oneforwardandonereversed.Thissolutionisquiteeasily
visualized.

Exercise#13
Bytheuseofthechainrule,provethatd’Alembert’sformulasatisfiestheone-dimensional
waveequation.

Solution:Takingaderivativewithrespecttotandrgives

∂tϱ(r,t)=−cof′(r−cot)+cog′(r+cot)

∂rϱ(r,t)=f′(r−cot)+g′(r+cot),
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Thetripleproduct:Thisisdefinedbetweenthreevectorsas

A·(B×C)=det

��
��
��

a1a2a3

b1b2b3

c1c2c3

��
��
��.

Thismaybeindicatedwithouttheuseofparentheses,sincetherecanbenoothermeaningful
interpretation.Howeverforclarity,parenthesesshouldbeused.Thetripleproductisthevol-
umeoftheparallelepiped(3D-crystalshape)outlinedbythethreevectors,asshowninFig.3.4
p.119.

Dialectsofvectornotation:Physicalfieldsare,bydefinition,functionsofspacex[m],and
inthemostgeneralcase,timet[s].WhenLaplacetransformed,thefieldsbecomefunctionsof
spaceandcomplexfrequency(e.g.,e(x,t)↔e(x,s)).Asbefore,thereareseveralequiva-
lentvectornotations.Forexample,e(x,t)=

�
Ex,Ey,Ez

�T
=Ex(x,t)x̂+Ey(x,t)ŷ+

Ez(x,t)ẑis“in-line,”tosavespace.Thesameequationmaywrittenin“displayed”notation
as:

e(x,t)=




Ex(x,t)
Ey(x,t)
Ez(x,t)


=




Ex

Ey

Ez


(x,t)=

�
Ex,Ey,Ez

�T
≡Exx̂+Eyŷ+Ezẑ.

Notethethreenotationsforvectors,boldfont,element-wisecolumns,element-wisetrans-
posedrowsanddyadicformat.Theseareallshorthandnotationsforexpressingthevector.
Suchusageissimilartoadialectinalanguage.

Complexelements:Whentheelementsarecomplex(∈C),thetransposeisdefinedasthe
complexconjugateoftheelements.Insuchcomplexcasesthetransposeconjugatemaybe
denotedwitha†ratherthanT



−2ȷ
3ȷ
1




†

=
�
2ȷ−3ȷ1

�
∈C.

Forthiscasewhentheelementsarecomplex,thedotproductisarealnumber

a·b=a†b=
�
a∗

1a∗
2a∗

3

�



b1

b2

b3


=a∗

1b1+a∗
2b2+a∗

3b3∈R.

Normofacomplexvector:Thedotproductofavectorwithitselfiscalledthenormofa

∥a∥=
√

a†a≥0.

whichisalwaysnon-negative.
Suchaconstructionisusefulwhenaandbarerelatedbyanimpedancematrix

V(s)=Z(s)I(s)

andwewishtocomputethepower.Forexample,theimpedanceofamassismsandacapacitor
is1/sC.Whengivenasystemofequations(amechanicalorelectricalcircuit)onemaydefine
animpedancematrix.
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and a second derivative gives

∂ttϱ(r, t) = c2
of

′′(r − cot) + c2
og

′′(r + cot)

∂rrϱ(r, t) = f ′′(r − cot) + g′′(r + cot).

From these last two equations we have the one-dimensional wave equation

∂rrϱ(r, t) =
1

c2
o

∂ttϱ(r, t),

which has solutions in Eq. 5.5.1. ■

Exercise #14
Assuming f(·) and g(·) are δ(·), find the Laplace transform of the solution corresponding to
the uniform horn A(x) = 1.

Solution: Using Table 3.9 (p. 160) of Laplace transforms on Eq. 5.5.1 gives

ϱ(x, t) = δ(t − x/co) + δ(t + x/co) ↔ e−sx/co + esx/co . (5.5.2)

Note that the delay To = ±x/co depends on the range x. ■

Three-dimensional d’Alembert spherical eigenfunctions: We can generalize the d’Alembert
solution to spherical waves by changing the area function of Eq. 5.2.10 to A(r) = Aor

2 (see
Eq. 5.1.9, p. 229 and Table 5.2, p. 247). The radial wave equation then becomes

∇2
rϱ(r, t) =

1

c2
o

∂2

∂t2
ϱ(r, t). (5.5.3)

where
∇2

r p(r, t) ≡ ∇ · ∇ p(r, t). (5.5.4)

Multiplying by r (see the discussion of the conical horn in Sec. 5.4.7, p. 254) provides the
d’Alembert wave equation solution for arbitrary forward f(·) and retrograde g(·) waveforms

rϱ(r, t) = f(t − r/co) + g(t + r/co). (5.5.5)

Finally dividing by r results in the well known spherical (3D) d’Alembert wave equation eigen-
functions (Eq. 5.5.3)

ϱ(r, t) =
f(t − r/co)

r
+

g(t + r/co)

r
. (5.5.6)

This dependence on r is required for the conservation of energy for spherical waves (Allen and
Berkley, 1979).

5.6 Integral definitions of ∇(), ∇·(), ∇×(), and ∇∧ ()

In Sec. 5.2, page 236, we described to two forms of wave equations, scalar and vector. Up to
now we have only discussed the scalar case. The vector wave equation describes the evolution
of a vector field, such as Maxwell’s electric field vector E(x, t).

There are two equivalent definitions for each of the four operators: differential and integral.
The integral form provides a more intuitive view of the operator, which in the limit converges
to the differential form. Following a discussion of the gradient, divergence, and curl integral
operators, we discuss these two forms.

In addition there are three fundamental vector theorems: Gauss’s law (divergence theorem),
Stokes’s law (curl theorem), and Helmholtz’s decomposition theorem. Without the use of these
fundamental vector calculus theorems, we could not understand Maxwell’s equations.
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Polar wedge product: The vector wedge product in polar coordinates is (Fig. 3.4, p. 119)

B ∧ C = ȷ∥B∥ ∥C∥ sin θ ∈ R,

where sin θ ∈ R is therefore the direction-sine between B and C.

Complex polar vector product: From these two polar definitions and eȷθ = cos θ + ȷ sin θ,

B · C + ȷB ∧ C = ||B|| · ||C|| est.

Hence

|B · C|2 + |B ∧ C|2 = ||B∥2 ∥C∥2 | cos2 θ| + ||B∥2 ∥C∥2 | sin2 θ| = ||B||2 ||C||2.

As described in Fig. 3.4, this relationship holds true in any vector space, of any number of
dimensions, containing vectors B and C.

In this case s = σ + ωȷ ∈ C can be the Laplace frequency. Jaynes (1991) has a brilliant reread!
insight into this type of vector product.

A.3.3 Norms of vectors

The norm of a vector is the scalar product of the vector with itself

∥A∥ =
√

A · A ≥ 0,

forming the Euclidean length of the vector.

Euclidean distance between two points in R3: The scalar product of the difference between
two vectors (A − B) · (A − B) is the Euclidean distance between the points they define

∥A − B∥ =
p

(a1 − b1)2 + (a2 − b2)2 + (a3 − b3)2.

Triangle inequality

∥A + B∥ =
p

(a1 + b1)2 + (a2 + b2)2 + (a3 + b3)2 ≤ ∥A∥ + ∥B∥.

In terms of a right triangle this says the the sum of the lengths of the two sides is greater to the
length of the hypotenuse, and equal when the triangle degenerates into a line.

Vector cross product: The vector product (aka cross product) A × B = ∥A∥ ∥B∥ sin θ is
defined between the two vectors A and B. In Cartesian coordinates

A × B = det

������

x̂ ŷ ẑ
a1 a2 a3

b1 b2 b3

������
.



5.6.INTEGRALDEFINITIONSOF∇(),∇·(),∇×(),AND∇∧()255

5.6.1Maxwell’sequations
Maxwell’stwocurlelectricequations,fortheelectricalandmagneticfieldstrengthse,hare
themostfundamental

∇×e=−∂tb.(5.6.1)

andmagneticfieldstrengths
∇×h=j+∂td.(5.6.2)

Analternatepopularnotationfor∂tbisḃ,butthedotoverbiseasytovisuallymiss.
Theunitsoneisin[Volts/m]whilehhasunitsof[Amps/m

2
].Theconductioncurrent

jobeysOhm’sLaw(j=σe),whereσistheconductivityin℧/m
2

anddisknowasthe
displacementcurrent,firstidentifiedandthennamedbyMaxwell,ashefirstconceivedthese
thesefourequations.

Thelasttwoequationsareknowasconstitutiverelations,defineasd=ϵoeandb=µoh.

∇·d=ρ(5.6.3)

and
∇×b=0.(5.6.4)

Twoadditionalimportantconstantsarethecharacteristicimpedanceoffreespacezo=
p
ϵo/µo=

377Ω,andthespeedoflightco=1/√ϵoµo≈3×10
8

[m/s].Theseareknowasthemostsignif-
icantequationsinscience,onlyrivaledbyEinstein’sfamousenergy-massequivalencerelation
E=mc

2
o,whichiseasilyderivedfromMaxwellfirsttwoequationsinEq.3.5.10,p.122.

5.6.2Electricfieldse,d

5.6.3Gradient:e=−∇ϕ(x)

AsshowninFig.5.1(p.226),thegradientmapsR
1

7→∇R
3
.Thegradientisdefinedasthe

unit-normaln̂weightedbythepotentialϕ(x)averagedoveraclosedsurfaceS,

∇ϕ(x)≡lim
S,V→0

�RR
Sϕ(x)n̂dS

V

�
[V/m],(5.6.5)

havingareaSandvolumeVandcenteredatx(Greenberg,1988,p773).10Heren̂isadimen-
sionlessunitvectorperpendiculartothesurfaceS:

n̂=∇ϕ

∥∇ϕ∥
.(5.6.6)

ThedimensionsofEq.5.6.5areintheunitsofthepotentialtimesthearea,dividedbythe
volume,asneededforagradient(e.g.,[V/m]).Theunitsdependonthepotential.Ifϕwere
temperature,theunitswouldbe[deg/m].

Exercise#15
JustifytheunitsofEq.5.6.5.

Solution:Theunitsdependonϕperunitlength.Ifϕisvoltage,thenthegradienthasunits
of[V/m].Underthelimit,d|S|/||S||musthaveunitsofm−1

.■

10Forfurtherdiscussions,seeGreenberg(1988,pp.778,791,809).
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Aswithmonics,theleadcoefficientmustalwaysbe1.Thecomplexvariables∈Cisthe
Laplacefrequency.

TheratiooftheoutputY(s)overtheinputX(s)iscalledthesystemtransferfunctionH(s).
Thecoefficientα∈Riscalledthegain.Therootsofthenumeratorarecalledthezerosand
thoseofthedenominator,thepoles.WhenH(s)istheratiooftwodegree1monics,thetransfer
functionissaidtobebilinear,sinceitislinearinboththeinputandoutput.InsuchcasesH(s)
hasonlyonepoleandonezero.TheinverseLaplacetransformofthetransferfunctioniscalled
thesystemimpulseresponse,whichdescribesthesystem’soutputsignaly(t)foranygiven
inputsignalx(t),viaconvolution(i.e.,y(t)=h(t)⋆x(t)).

A.3Matrixalgebra:Systems

A.3.1Vectors
Vectorsascolumnsoforderedsetsofscalars∈C.Whenwewritethemoutintext,wetypically
userownotation,withthetransposesymbol:

[a,b,c]
T

=




a
b
c


.

Thisisstrictlytosavespaceonthepage.Thenotationforconjugatetransposeis†,forexample



a
b
c




†

=
�
a∗b∗c∗�

.

Theaboveexampleissaidtobea3-dimensionalvectorbecauseithasthreecomponents.

A.3.2Vectorproducts
Ascalarproduct(akadotproduct)isdefinedto“weight”vectorelementsbeforesumming
them,resultinginascalar.Thetransposeofavector(arow-vector)istypicallyusedasascale
factor(i.e.,weights)ontheelementsofavector.Forexample,




1
2
−1


·




1
2
3


=




1
2
−1




T


1
2
3


=

�
12−1

�



1
2
3


=1+2·2−3=2.

Amoreinterestingexampleis



1
2
4


·




1
s
s
2


=




1
2
4




T


1
s
s
2


=

�
124

�



1
s
s
2


=1+2s+4s

2
.

Polarscalarproduct:Thevector-scalarproductinpolarcoordinatesis(Fig.3.4,p.119)

B·C=∥B∥∥C∥cosθ∈R,

wherecosθ∈Riscalledthedirection-cosinebetweenBandC.
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The natural way to define the surface and volume is to place the surface on the isopotential
surfaces, forming either a cube or a pill-box-shaped volume. As the volume ||S|| goes to zero,
so must the area |S|. One must avoid irregular volumes where the area is finite as the volume
goes to zero (Greenberg, 1988, footnote p 762).

A well-known example is the potential

ϕ(x, y, z) =
Q

ϵo
p

x2 + y2 + z2
=

Q

ϵoR
[V]

around a point charge Q [SI units of coulombs]. The constant ϵo is the permittivity [F/m2].
A second well-known example is the acoustic pressure potential around an oscillating sphere,
which has the same form (see Table 5.2, p. 247).

How does this work? To better understand what Eq. 5.6.5 means, consider a three-dimensional
Taylor series expansion (See Eq. 5.2.4, p. 238) of the potential in x about the limit point xo:

ϕ(x) ≈ ϕ(xo) + ∇ϕ(x) · (x − xo) + HOT.

We could define the gradient using this relationship as

∇ϕ(xo) = lim
x→xo

ϕ(x) − ϕ(xo)

x − xo

.

For this definition to apply, x must approach xo along n̂. To compute the higher-order terms
(HOT), we need the Hessian matrix.11

The natural way to define a surface |S| is to find the isopotential contours. The gradient
is in the direction of maximum change in the potential, thus perpendicular to the isopotential
surface. The key to the integral definition is in taking the limit. As the volume ||S|| shrinks to
zero, the HOT are small and the integral reduces to the first-order term in the Taylor expansion,
since the constant term integrates to zero. Such a construction was used in the proof of the
Webster horn equation (Appendix G, p. 331; Fig. G.1, p. 332).

One major problem with Eq. 5.6.5 is that this definition is self-referencing, since n̂ is based
on the gradient. Thus the integral definition of the gradient is based on the gradient. Equation
5.6.5 is similar to the mean value theorem for the gradient.

5.6.4 Divergence: ∇·d = ρ [C/m3]
The definition of the divergence at x = [x, y, z]T is (see Eq. 5.1.3)

∇·d(x, t) ≡ [∂x, ∂y, ∂z] · d(x, t) =

�
∂Dx

∂x
+

∂Dy

∂y
+

∂Dz

∂z

�
(x, t) = ρ(x, t),

which maps R3 7→
∇·

R1.

5.6.5 Divergence and Gauss’s law
Like the gradient, the divergence of a vector field may be defined as the surface integral of a
compressible vector field in the limit as the volume enclosed by the surface goes to zero. As in

11Hi,j = ∂2(x)ϕ/∂xi∂xj , which exists if the potential is analytic in x at xo.
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A.1.6 Periodic functions
Fourier series tells us that periodic functions are discrete in frequency, with frequencies given
by nTs, where Ts is the sample period. The discrete FT (DFT) is a good example. When using
the DFT, the sample period is Ts = 1/2Fmax and the minimum and maximum frequencies are
given by Fmin = Fmax/NFTwhereNFTis the size of the DFT.

This concept is captured by the Fourier series, which is a frequency expansion of a periodic
function. This concept is quite general. Periodic in frequency implies discrete in time. Periodic
and discrete in time requires periodic and discrete in frequency (the case of the DFT). The
modulo function x = mod (x, y) is periodic with period y (x, y ∈ R).

A periodic function may be conveniently indicated using double-parentheses notation. This
is sometimes known as modular arithmetic. For example,

f((t))T = f(t) = f(t ± kT )

is periodic on t, T ∈ R with a period of T and k ∈ Z. This notation is useful when deal-
ing with Fourier series of periodic functions such as sin(θ) where sin(θ) = sin((θ))2π =
mod (sin(θ), 2π).

When a discrete valued (e.g., time t ∈ N) sequence is periodic with period N ∈ Z, we use
square brackets

f [[n]]N = f [n] = f [n ± kN ],

with k ∈ Z. This notation will be used with discrete-time signals that are periodic, such as the
case of the DFT.

It is common for fractions to repeat. For example 1/7=0.((142857)) where the double brack-
ets indicates this number repeats. That is 1/7=0.142857,142857,142857,142857, . . . .

A.2 Differential equations vs. polynomials
A polynomial has degree N defined by the largest power. A quadratic equation is degree 2, and
a cubic has degree 3. We shall indicate a polynomial by the notation

PN(z) = zN + aN−1z
N−1 · · · a0.

It is a good practice to normalize the polynomial so that aN = 1. This will not change the roots,
defined by Eq. 3.1.7 (p. 77). The coefficient on zN−1 is always the sum of the roots zn (aN−1 =PN

n zn), and a0 is always their product (a0 =
QN

n zn). Polynomials with aN = 1 are denoted
monic polynomials. Because that is a mouthful, it is helpful to call MN(s) = PN(s)/aN a
monic.

Differential equations have order (polynomials have degree). If a second-order differential
equation is Laplace transformed (Lec. 3.10, p. 155), one is left with a degree 2 polynomial. For
example,

d2

dt2
y(t) + b

d

dt
y(t) + cy(t) = α

�
d

dt
x(t) + βx(t)

�
↔ (A.2.1)

(s2 + bs + c)Y (s) = α(s + β)X(s). (A.2.2)
Y (s)

X(s)
= α

s + β

s2 + bs + c
≡ H(s) ↔ h(t). (A.2.3)
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SSurface(closed)

Tangentplane

ρencCharge

n̂⊥dS

VolumeV

∇·d≡lim
V,S→0

�RR
Sn̂·ddS

V

�
[C/m

3
]

Qenc=

ZZ

S
n̂·ddS

=

ZZZ

V
ρencdV[C]

Figure5.5:Left:Ontheleftisthephysicallayoutoftheintegral.Right:Thetopequationistheintegral
definitionofthedivergenceofdasanintegralovertheclosedsurfaceSofthenormalcomponentofvectord,
giventhelimitasthesurfaceandvolumeshrinkto0.ThemiddleequationstatestheenclosedchargeQencinterms
ofthesurfaceintegralofthenormalcomponentofd.Thebottomequationgivesthechargeenclosedintermsof
avolumeintegralovertheenclosedchargedensityρenc.

thecaseofthegradient,ifthisdefinitionistomakesense,thesurfaceSmustbeclosed,defining
thevolumeV.Thedifferencehereisthatthesurfaceintegralisoverthenormalcomponentof
thevectorfieldbeingoperatedon(Greenberg,1988,p762–763)

∇·d=lim
V,S→0

�RR
Sd·n̂dS

V

�
=ρ(x,y,z)[C/m

3
].(5.6.7)

Aswiththegradient,wehavedefinedthesurfacewithareaS,andvolumeV.Itisanecessary
conditionthatastheareaSgoestozero,sodoesthevolumeV.

Asdefinedpreviously(Eq.5.6.6)andshownhereinFig.5.5,n̂isaunitvectornormalto
theclosediso-potentialsurfaceS.Thelimit,asthevolumeandsurfacesimultaneouslygoto
zero,definesthetotalfluxacrossthesurface.Thusthesurfaceintegralisameasureofthetotal
fluxperpendiculartothesurface.Itishelpfultocomparethisformulawiththatforthegradient,
Eq.5.6.5.

Gauss’slaw:ThedefinitionsinFig.5.5resultedinGauss’slaw,amajorbreakthroughin
vectorcalculus.Fortheelectricalcase,thisisequivalenttotheobservationthatthetotalflux
acrossthesurfaceisequaltothenetchargeenclosedbythesurface.Sincethevolumeintegral
overthechargedensityρ(x,y,z)isthetotalchargeenclosedQenc,

Qenc=

ZZZ

V
∇·DdV=

ZZ

S
d·n̂dS[C].(5.6.8)

Whenthesurfaceintegraloverthenormalcomponentofd(x)iszero,thetotalchargeenclosed
iszero.Ifthereisonlypositive(ornegative)chargeinsidethesurface,∇·d=ρ(x)=0.
Itisclearthatthisresultonlyholdsinthequasistaticlimit,whichisalwayssatisfiedbecause
S→0.

Takingthederivativewithrespecttotimegivesthetotalcurrentnormaltothesurface:

Ienc=

ZZ

S
d·n̂dS=Q̇enc=

ZZZ

V
ρ̇encdV[A].(5.6.9)

AssummarizedbyFeynman(1970b,p.13-2):

ThecurrentleavingtheclosedsurfaceSequalstherateofthechargeleavingthat
volumeV,definedbythatsurface.

Theintegraldefinitionreducestoacommon-sensesummarythatcanbegraspedintuitively.
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whichmaybereadas“theset‘{···}’ofallp/qsuchthat‘:’q̸=0,‘and’p,q⊂Z.The
translationofthesymbolsisinsingle(‘···’)quotes.

IrrationalnumbersIareveryspecial:Theyareformedbytakingalimitoffractionals,as
thenumeratoranddenominator→∞,andapproachalimitpoint.Itfollowsthatirrational
numbersmustbeapproximatedbyfractionals.

Thereals(R)includecomplexnumbers(C)havingazeroimaginarypart(i.e.,R⊂C).
Thesizeofasetisdenotedbytakingtheabsolutevalue(e.g.,|N|).Normallyinmathematics

thissymbolindicatesthecardinality,sowearedefiningitdifferentlyfromthestandardnotation.

A.1.4Classificationofnumbers:

Fromtheabovedefinitionsthereexistsanaturalhierarchicalstructureofnumbers:

P⊂N,Z:{N,0,−N},F⊥Z,Q:Z∪F,R:Q∪I⊂C

1.Theprimesareasubsetofthecountingnumbers:P⊂N.

2.ThesignedintegersZarecomposedof±Nand0,thusN⊂Z.

3.ThefractionalsFdonotincludeofthesignedintegersZ.

4.TherationalsQ=Z∪Faretheunionofthesignedintegersandfractionals.

5.IrrationalnumbersIhavethespecialpropertiesI⊥Q.

6.TherealsR:Q,IaretheunionofrationalsandirrationalsI.

7.RealsRmaybedefinedasasubsetofthosecomplexnumbersChavingzeroimaginary
part.

A.1.5Roundingschemes

InMatlab/Octavetherearefivedifferentroundingschemes(i.e.,mappings):round(x),
fix(x),floor(x),ceil(x),roundb(x),withinputx∈Randoutputk∈N.For
example3=⌊π⌉,3=⌊e

1
⌉=⌊2.7183⌉roundstothenearestinteger,whereas3=floor(π)

roundsdownwhile3=ceil(e
1
)=⌈e

1
⌉roundsup.Roundingschemesareuseforquantizing

anumberandgeneratingaremainder.Forexample:y=rem(x)isequivalenttoy=x−⌊x⌉.
Noteround(π)≡⌊π⌉introducesnegativeremainderswheneveranumberroundsup(π=
⌈π⌉−0.8541).

Thecontinuedfractionalgorithm(CFA),Sec.2.4.4(p.50)isarecursiveroundingscheme,
operatingonthereciprocaloftheremainder.Forexample:

exp(1)=3+1/(−4+1/(2+1/(5+1/(−2+1/(−7)))))−o

1.75×10−6�

,

=[3;−4,2,5,−2,−7]−o(1.75×10−6
).

TheexpressionsinsquarebracketsisanotationfortheCFAintegercoefficients.TheOctave/-
Matlabfunctionhavingx∈R,iseitherrat(x)withoutput∈N,orrats(x),withoutput
∈F.
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5.6.6 Magnetic fields h, b

5.6.7 Integral definition of the curl: ∇×h = c

The second of Maxwell’s equations is As briefly summarized on page 227, the differential
definition of the curl maps R3 7→

∇×
R3. The curl of the magnetic field strength h(x) is the

current density c = σe + ḋ:

∇×h ≡

������

x̂ ŷ ẑ
∂x ∂y ∂z

Hx Hy Hz

������
= c [A/m2].

n̂ ⊥ dS

Tangent plane
S Surface (open)

B Boundarydl

∇×h ≡ lim
B,S→0

�RR
S n̂ × h dS

S

�
[A/m2]

Ienc =

ZZ

S
(∇×h) ·n̂ dS =

I

B
h·dl [A]

Figure 5.6: Left: The integral definition of the curl is related to that of the divergence (Eq. 5.6.7), as an
integration over the tangent to the surface, except: (1) the curl is defined as the cross-product n̂ × h [A/m2] of
unit vector n̂ with the current density h(Greenberg, 1988, p 823), and (2) the surface is open, leaving a boundary
B along the open edge. As with the divergence, which leads to Gauss’s law, this definition leads to a second
fundamental theorem of vector calculus: Stokes’s law (also called the curl theorem). Right: Equations that
summarize Stokes theorem (law).

Curl and Stokes’s law: Like the gradient and divergence, the curl may be written in integral
form, allowing for the physical interpretation of its meaning:

The surface integral definition of ∇×h = c [A/m2], where the current density
c = σe + ḋ is perpendicular to the rotation plane of h.

Stokes’s law states that the open surface integral over the normal component of the curl of
the magnetic field strength (n̂ · ∇×h [A/m2]) is equal to the line integral

H
B h · dl along the

boundary B. As summarized in Fig. 5.6, Stokes’s law is

Ienc =

ZZ

S
(∇×h) ·n̂ dS

=

ZZ

S
c ·n̂ dS

=

I

B
h·dl [A].

(5.6.10)

That is: The line integral of H along the open surface’s boundary B is equal to the total current
enclosed Ienc .

In many texts the normalization (denominator under the integral) is a volume V (Greenberg,
1988, p 778,823–4). However, because the surface is open, this volume does not exist (when
we define a volume, the surface must be closed). The definition must hold even in the limit

A.1. NUMBER SYSTEMS 283

Greek letters

Frequently Greek letters, as provided in Fig. A.1, are associated in engineering and physics with
a specific physical meaning. For example, ω [rad] is the radian frequency 2πf , ρ [kgm/m3] is
commonly the density. ϕ, ψ are commonly used to indicate angles of a triangle, and ζ(s) is the
Riemann zeta function. Many of these are so well established it makes no sense to define new
terms, so we will adopt these common terms (and define them).

Likely you do not know all of these Greek letters, commonly used in mathematics. Some
of them are pronounced in strange ways. The symbol ξ is pronounced “see,” ζ is “zeta,” β is
“beta,” and χ is “kie” (rhymes with pie and sky). I will assume you know how to pronounce
the others, which are more phonetic in English. One advantage of learning LATEX the pow-
erful open-source math-oriented word-processing system used to write this book, is that math
symbols are included, making then easily learned.

Table A.2: Double-bold notation for the types of numbers. (#) is a page number. Symbol with an exponent
denote the dimensionality. Thus R2 represents the real plane. An exponent of 0 denotes point, e.g., ȷ ∈ C0. It is
reasonable to consider negative primes to be primes.

Symbol (p. #) Genus Examples Counter Examples
N (24) Counting 1,2,17,3, 1020 -5, 0, π, -10.3, 5j
P (24) Prime 2, 3, 17, 199, 23993 0, 1, 4, 32, 12
Z (25) Integer -1, 0, 17, 5j, -1020 1/2,π,

√
5

Q (25) Rational 2/1, 3/2, 1.5, 1.14
√

2, 3−1/3, π
F (26) Fractional 1/2, 7/11·2 1/

√
2

I (26) Irrational
√

2, 3−1/3, π, e Vectors
R (26) Reals

√
2, 3−1/3, π 2πj

C (27) Complex 1,
√

2j, 3−j/3, πj Vectors
G Gaussian integers 3 − 2ȷ ∈ Z ∪ C complex integers

Double-Bold notation

Table A.2 indicates the symbol followed by a page number indication where it is discussed, and
the Genus (class) of the number type. For example, N > 0 indicates the infinite set of counting
numbers {1, 2, 3, · · · }, not including zero. Starting from any counting number, you get the
next one by adding 1. Counting numbers are sometimes called the natural or cardinal numbers.

We say that a number is in the set with the notation 3 ∈ N ⊂ R, which is read as “3 is in the
set of counting numbers, which in turn is in the set of real numbers,” or in vernacular language
“3 is a real counting number.”

Prime numbers (P ⊂ N) are taken from the counting numbers, but do not include 1.
The signed integers Z include 0 and negative integers. Rational numbers Q are historically

defined to include Z, a somewhat inconvenient definition, since the more interesting class are
the fractionals F, a subset of rationals F ∈ Q that exclude the integers (i.e., F ⊥ Z). This is a
useful definition because the rationals Q = Z ∪ F are formed from the union of integers and
fractionals.

The rationals may be defined, using set notation (a very sloppy notation with an incompre-
hensible syntax), as

Q = {p/q : q ̸= 0 & p, q ∈ Z},
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whenthecurvedsurfaceSdegeneratestoaplane,withtheboundaryBenclosingS.Inthis
limitthereisnovolume.

Toresolvethisproblem,wetakethenormalizationtobethesurfaceSofFig.5.6.Notethat
inthelimitB→0,thelimitingdefinitionisindependentofanycurvature,sincetheintegral
isoverthenormalcomponentofh(i.e.,n̂⊥h(x,t))atthelimitpointxo.Thenetfluxis
independentofthecurvatureofSasB→0.

Finally,thecurlofavectoriscomposedofthreewedgeproducts.However,thecurlis
definedonlyinR

3
.SincethewedgeproductisdefinedinR

2
,forvectorsofanylength,itcan

beusedtogeneralizethecurltoeveryvectorspace,independentofitsdimension.
Thewedgeproduct(Fig.3.4,p.119)isalsoanaturaltoolfordealingwiththeHalleffect

andsuperconductivity,sincethesearetwo-dimensionalphenomena.

Summary:Sinceintegrationisalinearprocess(sumsofsmallerelements),wecantile(tes-
sellate)thesurface,breakingitupintosmallersurfacesandtheirboundaries,thesumofwhich
isequaltotheintegralovertheoriginalboundary.Thisisanimportantconceptthatleadsto
theproofofStokes’slaw.

Table5.1(p.225)providesadescriptionofthethreebasicintegrationtheoremsalongwith
theirmappingdomains.TheintegralformulationsofGauss’sandStokes’slawsusen̂·dand
h×n̂intheintegrands.Thekeydistinctionbetweenthetwolawsnaturallyfollowsfromthe
propertiesofthescalar(A·B)andvector(A×B)products,asdiscussedinFig.3.4(p.119).
TofullyappreciatethedifferencesbetweenGauss’sandStokes’slaws,wemustmasterthese
twotypesofvectorproducts.

ParaphrasingFeynman(1970b,3-12),wehave

1.Φ2=Φ1+
R2

1∇Φ·dS
Thelineintegralofananalyticfunctiondependsonlyontheendpoints.

2.
H

d·n̂dS=
H
∇·ddV=

H
ρdV

Thenormalcomponentoverasurfaceintegralequalthedivergenceoverthevolume
integral.

3.
H

Be·dl=
H

S(∇×e)·n̂dS=−
H

Ḃ·n̂dS
Thelineintegraloftheelectricfield(theinducedEMFinanyloop)equalstheintegralof
thenormalcomponentoftime-rate-of-changeofthemagneticflux.TheinducedEMFis
theThéveninvoltageinserieswiththeloop.Thisexplainstheworkingofanelectrical
transformer.

5.6.8Helmholtz’sdecompositiontheorem
Thisisthetimetorethinkeverythingwehavedefinedintermsofthetwotypesofvectorfields
thatdecomposeeveryanalyticvectorfieldasshowninTable5.3.Theirrotationalfieldis
definedasonethatiscurlfree.Theincompressiblefieldisonethatisdivergencefree.

AccordingtoHelmholtz’sdecompositiontheorem,everyanalyticvectorfieldmaybede-
composedintoindependentrotationalandcompressiblecomponents(Helmholtz,1978).An
alternativenameforHelmholtz’sdecompositiontheoremisthefundamentaltheoremofvec-
torcalculus(FTVC).Gauss’sandStokes’stheorems,12alongwithHelmholtz’sdecomposition

12Thesetheoremsaremathematicalrelationshipsthatfollowfromphysicalprinciples.
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index:11020+1
+0ajt—
+5eoyz

Thisishelpfulforquicklymovingaroundthealphabet,whenlookingupwordsinthedictionary
oranalphabetizedlist.IfyouforgethowmanylettersthereareintheEnglishalphabet,this
willhelpyourecallitis26.

WhenworkingwithFourierFTandLaplaceLTtransforms,lowercasesymbolsareinthe
timedomainwhileuppercaseindicatesthefrequencydomain,asf(t)↔F(ω).Animportant
exceptionisMaxwell’sequationsbecausetheyaresowidelyusedasupper-caseboldletters
(e.g.,e(x,ω)).Itwouldseemlogicaltochangethistoe(x,t)↔E(x,ω),toconform.

A.1.3Commonmathematicalsymbols
Therearemanypre-definedsymbolsinmathematics,toomanytosummarizehere.Weshall
onlyuseasmallsubset,definedhere.

•Asetisacollectionofobjectsthathaveacommonproperty,definedbybraces.For
example,ifsetP={a,b,c}suchthata

2
+b

2
=c

2
,thenmembersofPobeythe

Pythagoreantheorem.Thuswecouldsaythat{1,1,
√

2}∈P.

•Numbersets:N,P,Z,Q,F,I,R,Carebrieflydiscussedbelow,andingreaterdetailin
Sec.2.1(pp.24–27).

•Onecandefinesetsofsetsandsubsetsofsets,andthisisprone(inmyexperience)
toerror.Forexample,whatisthedifferencebetweenthenumber0andthenullset
∅={0}?Is0∈∅?Askamathematician.Thisseemsalacklusterconstructioninthe
worldofengineering.

•Avectorisacolumnn-tuple.Forexample[3,5]
T

=

�
3
5

�
.

•Thesymbol⊥isusedindifferentwaystoindicatetwothingsareperpendicular,orthog-
onal,orindisjointsets.InsettheoryA⊥BisequivalenttoA∩B=∅.Iftwovectors
e,hareperpendiculare⊥h,thentheirinnerproducte·h=0iszero.Onemustinfer
themeaningof⊥fromitscontext.

TableA.1:ListofallupperandlowercaseGreeklettersusedinthetext.
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theorem, are the three fundamental theorems of vector calculus. Portraits of Helmholtz and
Kirchhoff are provided in Fig. 5.8 (p. 261).

Table 5.3: The four possible classifications of scalar and vector potential fields: rotational/irrotational and com-
pressible/incompressible. Rotational fields are generated by the vector potential (e.g., A(x, t)), while compress-
ible fields are generated by the scalar potentials (e.g., voltage ϕ(x, t), velocity ψ, pressure ϱ(x, t), or temperature
T (x, t)).

Field: Compressible Incompressible
ν(x, t) ∇·ν ̸= 0 ∇·ν = 0

Rotational ν = ∇ϕ + ∇×ω ν = ∇×w
∇×ν ̸= 0 Vector wave Eq. Lubrication theory

∇2ν = 1
c2
ν̈ Boundary layers

Irrotational Acoustics Statics
conservative ν = ∇ψ ∇2ϕ = 0
∇×ν = 0 ∇2ϱ(x, t) = 1

c2
ϱ̈(x, t) Laplace’s Eq. (c → ∞)

The four categories of linear fluid flow: The following is a summary of the four cases for
fluid flow, as shown in Table. 5.3:

1,1 Compressible, rotational fluid (general case): ∇ψ ̸= 0, ∇× w ̸= 0. This is wave
propagation in a medium where viscosity cannot be ignored, as in acoustics close to the
boundaries, where viscosity contributes to losses (Batchelor, 1967).

1,2 Incompressible, rotational fluid (lubrication theory): ν = ∇×w ̸= 0,∇·ν = 0,∇2ψ = 0.
In this case, the flow is dominated by the walls, while the viscosity and heat transfer
introduce shear. This is typical of lubrication theory (solenoidal fields).

2,1 Compressible, irrotational fluid (acoustics): ν = ∇ψ, ∇×w = 0. Here losses (viscosity
and thermal diffusion) are small (assumed to be zero). We can define a velocity potential
ψ, the gradient of which gives the air particle velocity, thus ν = −∇ψ. For an irrotational
fluid, ∇×ν = 0 (Greenberg, 1988, p 826). This is the case for the conservative field,
where

R
ν · n̂dR depends on only the end points and

H
B ν · n̂dR = 0. When a fluid

may be treated as having no viscosity, it is typically assumed to be irrotational, since it
is viscosity and shear that lead to rotation (Greenberg, 1988, p 814). A fluid’s angular
velocity is Ω = 1

2
∇×ν = 0; thus irrotational fluids have zero angular velocity (Ω = 0).

2,2 Incompressible, irrotational fluid (statics): ∇·ν = 0 and ∇×ν = 0; thus ν = ∇ψ and
∇2ψ = 0. An example is water in a small space at low frequencies, where the wavelength
is long compared to the size of the container; the fluid may be treated as incompressible.
When ∇×ν = 0, the effects of viscosity may be ignored, as it is the viscosity that creates
the shear that leads to rotation. This is the case in modeling the cochlea, where fluid
losses are ignored and the quasistatic limit is justified.

In summary, each of these cases is an approximation that best applies in the low-frequency
limit. This is why it is called quasistatic, meaning low but not zero frequency, where the
wavelength is more than twice the diameter.

A magnetic solenoidal field is a uniform-flux field bz(x) that is generated by a solenoidal
coil and, to an excellent approximation, is uniform inside the coil, making it similar to that of

Appendix A

Notation

A.1 Number systems

The notation used in this book is defined in this appendix so that it may be quickly accessed.1

Where the definition is sketchy, page numbers are provided where these concepts are fully
explained, along with many other important and useful definitions. For example a discussion
of N may be found on page 24. Math symbols such as N may be found at the top of the index,
since they are difficult to alphabetize.

A.1.1 Units

Strangely, or not, classical mathematics, as taught today in schools, does not seem to acknowl-
edge the concept of physical units. Units seem to have been abstracted away. This makes
mathematics distinct from physics, where almost everything has units. Presumably this makes
mathematics more general (i.e., abstract). But for the engineering mind, this is not ideal, or
worse, as it necessarily means that important physical meaning, by design, has been surgically
removed. We shall use SI units whenever possible, which means this book is not not a typical
book on mathematics. Spatial coordinates are quoted in meters [m], and time in seconds [s].
Angles in degrees have no units, whereas radians have units of inverse-seconds [s−1]. A com-
plete list of SI units may be found at https://physics.nist.gov/cuu/pdf/sp811.pdf
and in Graham et al. (1994), for a discussion of basic math notation.

When writing a complex number we shall adopt 1ȷ to indicate
√
−1. Matlab/Octave allows

either 1ı or 1ȷ.
Units are SI; angles are in degrees [deg] unless otherwise noted. The units for π are always

radians [rad]. For example sin(π), eȷ90
◦

= eȷπ/2.

A.1.2 Notation

We use ln as the log function base e, log as base 2, and πk to indicate the kth prime (e.g.,
π1 = 2, π2 = 3).

It is helpful to know where the letters of the alphabet are. Everyone knows the first letter is
/a/ and the last /z/, but what is the 10th or 20th letter? The table below shows that /j/ is the 10th
letter, /t/ the 20th, /o/ the 15th, and /z/ the 26th.

1https://en.wikipedia.org/wiki/List_of_mathematical_symbols_by_subject#Definition_symbols
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Figure5.7:Asolenoidisauniformcoilofwire.ThetermcomesfromtheGreek
meaning“shapedlikeapipeorchannel.”Whenasteadycurrentispassedthroughthe
wire,auniformmagneticfieldintensityhiscreated.Suchacoilisindistinguishablefrom
apermanentbarmagnetwithitsnorthandsouthpoles.Dependingonthedirectionofthe
current,oneendofafinitesolenoidalcoilisthenorthpoleofthemagnet,andtheother
endisthesouthpole.Theuniformfieldinsidethecoiliscalledsolenoidal,aconfusing
synonymforrotational(FigurefromWikipedia).

apermanentmagnet.Asaresult,thedivergenceofasolenoidalfieldisapproximatelyzero,
whichmakesitincompressible(∇·=0)androtational(∇×̸=0).

Youneedtoknowthetermsolenoidalsinceitiswidelyused.Howeverthepreferredterms
areincompressibleandrotational.Strictlyspeaking,thetermsolenoidalfieldappliestoonlya
magneticfieldproducedbyasolenoid.

Figure5.8:Left:HermannvonHelmholtz(takenfromHelmholtz(1978)),Right:GustavKirchhoff.Together
theywerethefirsttoaccountforviscous(Helmholtz,1858,1978,1863b)andthermal(Kirchhoff,1868,1974;
Tran-Cong,1993,Englishtranslation)lossesintheacousticpropagationofairbornesound,asfirstexperimentally
verifiedbyMason(1928)p.311).

Applicationandderivation

Helmholtz’sdecompositiontheoremisexpressedasthelinearsumofascalarpotentialϕ(x,y,z)
(thinkvoltage)andavectorpotential(thinkmagneticvectorpotential).Specifically,

b(x,s)=∇×A+∂td(5.6.11)

whereϕisthescalarandaisthevectorpotentialasafunctionoftheLaplacefrequencys.
Ofcourse,thisdecompositionisgeneral(notlimitedtotheelectromagneticcase).Itapplies
tolinearfluidvectorfields,whichincludelinearfluids(water,air).Ifrotationalanddilation
becomecoupled,thisrelationshipwillbreakdown.

Thistheoremiseasilystated(andproved)butlesseasilyappreciated(Heras,2016).A
physicaldescriptionishelpful:Everyvectorfieldmaybesplitintotwoindependentparts:
translationandrotation.Wehaveseenthissameideainvectoralgebra,wherethescalarand
wedgeproductsoftwovectorsareperpendicular(Fig.3.4,p.119).

Forexample,thinkoflinearversusangularmomentum,whichareindependentinthatthey
representdifferentwaysofdeliveringkineticenergyviadifferentmodalities(degreesoffree-
dom,DoF).Linearandrotationalmotionsareacommonthemeinphysics,rootedingeometry.
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Thus it seems a natural extension to split a vector field into independent dilation and rotation
parts.

Example: A fluid with mass and momentum can be moving along a path and independently be
rotating. These independent modes of motion correspond to different types of kinetic energy
(modes), such as translational, compressional, and rotational. Each eigenmode of vibration can
be viewed as an independent degree of freedom (DoF).

Helmholtz’s decomposition theorem (FTVC) quantifies these degrees of freedom. To prove
the construction, second-order vector identities DoC: ∇·∇×() = 0 and CoG: ∇×∇() = 0 may
be used to verify the FTVC. The FTVC also plays an important role when applied to Maxwell’s
equations.

Helmholtz’s decomposition theorem proof: To prove Eq. 5.6.11 we must understand how
it splits the vector field into parts. The identities have a physical meaning: Every vector field
may be split into its translational and rotational parts. If e is the electric field [V/m], ϕ is the
voltage, and a is the current induced rotational part.

To do this we need the two key vector identities that are always zero for analytic fields: the
curl of the gradient (∇×∇()),

∇×∇ϕ(x) = 0, (5.6.12)

and the divergence of the curl13 (∇·∇×())

∇·(∇×a) = 0. (5.6.13)

These identities are easily verified by working out a few specific examples based on the defini-
tions of the three operators, gradient, divergence, and curl, or in terms of the operator’s integral
definitions (see page 254).

By applying these two identities to Helmholtz’s decomposition, we can appreciate the the-
orem’s significance. We can work backward via a physical argument that rotational momentum
(rotational energy) is independent of translational momentum. Once these forces are made
clear, the vector operations take on meaning. One might conclude that the physics is simply
related to geometry via the scalar and vector products.

Specifically, if we take the divergence of Eq. 5.6.11 and use the DoG, then

− 1

ϵo
ρ = ∇·e = ∇·{−∇ϕ +����:0∇×a} = −∇·∇ϕ = −∇2ϕ,

If we take the curl, then

−ḃ = ∇×e = ∇×{����*0
−∇ϕ + ∇×a} = ∇×∇×a = ∇2 a −∇2a,

since the ∇×∇ zeros the scalar field ϕ(x, y, z).

5.6.9 Second-order operators
In addition to the first-order vector derivatives are second-order operators, the most important
being the scalar Laplacian ∇2() = ∇·∇() and vector Laplacian ∇2() = ∇·∇(), which operates
on vectors.14

13Helmholtz was the first person to apply mathematics in modeling the eye and the ear (Helmholtz, 1863a).
14https://en.wikipedia.org/wiki/Del_in_cylindrical_and_spherical_coordinates#Non-trivial_

calculation_rules

Appendices
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BADERRORS:Terminology:

Therearesixsecond-ordercombinationsof∇,requiringsixmnemonics(Table5.1,p.225):

1.DoG:Divergenceofthegradient(scalarLaplacianoperatesonscalarpotentials(Green-
berg,1988,p.779)):

∇
2
ϕ=(∇·∇)ϕ

=
∂

2
ϕ

∂x2+
∂

2
ϕ

∂y2+
∂

2
ϕ

∂z2(5.6.14)

2.DoG:DivergenceoftheGradient(Bull-Dog,thevectorLaplacian∇
2

(Sommerfeld,
1952,p33)):

∇
2
a=(∇·∇)a

=
∂

2
a

∂x2+
∂

2
a

∂y2+
∂

2
a

∂z2

=∇
2
a−∇×∇×a(5.6.15)

3.gOd:GradientoftheDivergence(∇2a=∇(∇·a))

∇
2
a=∇(∇·a)

=∇
�∂ax

∂x
+

∂ay

∂y
+

∂az

∂z

�

=

�
x̂
∂

∂x
+ŷ

∂

∂y
+ẑ

∂

∂z

��∂ax

∂x
+

∂ay

∂y
+

∂az

∂z

�

=x̂
∂

∂x∇·A+ŷ
∂

∂y∇·A+ẑ
∂

∂z∇·A(5.6.16)

4.CoC:Curlofthecurl(∇×∇×=gOd-DoG)

∇×∇×a=∇(∇·a)−(∇·∇)a

whichissimplyareorganizationofEq.5.6.15(Sommerfeld,1952,p33,Eq.2b).

5.DoC:Divergenceofthecurl(∇·∇×=0)

6.CoG:Curlofthegradient(∇×∇=0)

DoC(·)andCoG(·)arespecialbecausetheyarealwayszero:

∇·∇×a=0,∇×∇ϕ=0,(5.6.17)

makingthemusefulinprovingtheFTVC(Eq.5.6.11,p.261).

278CHAPTER5.STREAM3B:VECTORCALCULUS
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The third special vector identity

∇×∇×a = ∇2 a −∇2a, (5.6.18)

as the difference between gOd and CoC (i.e., DoG = gOd − CoC):

∇2() = ∇2 () −∇×∇×(). (5.6.19)

The role of gOd (∇2 ) is commonly ignored because it is zero for the magnetic wave equation,
due to there being no magnetic charge [∇·b(x, t) = 0; thus ∇2 b(x, t) ≡ 0]. However for the
electric vector wave equation it plays a role as a source term:

∇2ϕ(x, t) = −∇e(x, t) = − 1

ϵo
∇2 d(x, t) = − 1

ϵo
∇ρ(x, t),

or since ∇·d = ρ,
∇2 d(x, t) = ∇∇·d = −∇ρ(x, t).

When the charge density is inomogeneous, such as the case of a plasma (e.g., the sun), this
term plays an important role as a source term in the electric wave equation. This case needs to
be further explored through some physical examples.

Exercise #16
Show that DoG: ∇2 and gOd: ∇2 differ.

Solution: Use ∇×∇×() to explore this relationship. If DoG and gOd were the same,
∇×∇×() would be null.■

Exercise #17
What is the difference between DoG: ∇2 and Bull-DoG: ∇2?

Solution: DoG operates on scalar functions while Bull-DoG operates on vector functions.■

Discussion: It is helpful to view these two groups as playing fundamentally different roles:
utility operators ∇×∇×(): DoG: ∇2(), and gOd: ∇2 (),

and
identity operators DoC: DoC() = 0 and CoG: ∇×∇()=0 (Eq. 5.6.17).
When using second-order differential operators, we must be careful with the order of oper-

ations, which can be subtle. Most of this is common sense. For example, don’t operate on a
scalar field with ∇×, and don’t operate on a vector field with ∇.15 DoG acts on on each vector
component ∇2a = ∇2Axx̂ + ∇2Ayŷ + ∇2Azẑ (Eq. 5.6.15), which is very different from the
action of the Laplacian (DoG).

5.7 The unification of electricity and magnetism
Once you have mastered the three basic vector operations—gradient, divergence, and curl—
we are ready to appreciate Maxwell’s equations. Like the vector operations, these equations
may be written in integral or differential form. An important difference is that with Maxwell’s
equations, we are dealing with well-defined physical quantities. The scalar and vector fields
take on meaning and units. Thus, to understand these important equations, we must master
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– 10.4: Find the charge density per unit area (σ = Q/A, where Q is charge
and A is area) on the surface of each plate. Hint: E = −∇V , and Gauss’s law
states that

RR
S D · n̂dS = Qenc.

– 10.5: Determine the per-unit-area capacitance C of the system.

5.9.9 Webster horn equation
Problem # 11: Horns illustrate an important generalization of the solution of
the one dimensional wave equation in regions where the properties (i.e., area
of the tube) vary along the axis of wave propagation. Classic applications of
horns are in vocal tract acoustics, loudspeaker design, cochlear mechanics,
and any case that has wave propagation. Write the formula for the Webster
horn equation, and explain the variables.

5.10 Further readings
The above concepts come straight from mathematical physics, as developed in the 17th–19th
centuries. Much of this was first developed in acoustics by Helmholtz, Stokes, and Rayleigh,
following through Green’s footsteps, as described by Rayleigh (1896). When it comes to fully
appreciating Green’s theorem and reciprocity, I have found Rayleigh (1896) to be the key ref-
erence. To repeat my reading experience, start with Brillouin (1953, 1960), followed by Som-
merfeld (1952) and Pipes (1958). Second-tier reading contains many items: Morse (1948);
Sommerfeld (1949); Morse and Feshbach (1953); Ramo et al. (1965); Feynman (1970a); Boas
(1987). A third tier might include Helmholtz (1863a); Fry (1928); Lamb (1932); Bode (1945);
Montgomery et al. (1948); Beranek (1954); Fagen (1975); Lighthill (1978); Hunt (1952); Ol-
son (1947). Other physics writings include the impressive series of mathematical-physics text
books by authors J.C. Slater, and Landau and Lifshitz.20

Successful reading of these books critically depends on what you already know. It assumes
a rudimentary (high school) level math has been mastered. You must enter the reading list at
a level that assumes you to understand the previous material. Read in the order that helps you
best understand the material. Pick topics you are intersted in, you will make progress faster.
An example that almost everyone likes is acoustics, such as loudspeakers and microphones.
Electronics is a good match for these acoustic electromechanical gagets.

20https://www.amazon.com/Mechanics-Third-Course-Theoretical-Physics/dp/
0750628960
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Table5.4:Thistabledefinesthefourelectro-magneticvariablesthatdefineMaxwell’sequations,e,h,d,b.
Theyareeasilyunderstoodbynotingtheirunits.Afifthiscalledtheconductioncurrent(CC),definebyjc=σE,
whichisthesamecurrentthatisdefinebyOhm’sLaw.ThevariablesofMaxwell’sequationshavenamesnames
showninthetablebelo(e.g.,EF,ED,MF,MI)andunits(insquarebrackets[SIunits]).Theunitsarenecessary
toobtainafullunderstandingofeachofthefourvariablesandtheircorrespondingequations.Forexample,
Eq.EFhasunits[V/m].Byintegratingefromx=a,b,oneobtainsthevoltagedifferencebetweenthetwo
points.Thespeedoflightin-vacuoisc=3×10

8
=1/√µoϵo[m/s],andthecharacteristicresistanceoflightis

ro=377=
p

µo/ϵo[Ω](i.e.,ohms).

SymbolNameUnitsMaxwell’sEq.
eEF:Electricfieldstrength[V/m]∇×e=−∂tb
d=ϵoeED:Electricdisplacement(fluxdensity)[C/m

2
]∇·d=ρ

hMF:Magneticfieldstrength[A/m]∇×h=jm+∂td
b=µohMI:Magneticinduction(fluxdensity)[Wb/m

2
]∇·b=0

jcCC:conductioncurrent[A/m
2
]σe

boththenamesandunitsofthefourfieldse,h,b,d,asdescribedinTable5.4.Notethatjcis
not

√
−1.

IfyouwishtobecomeanElectricalEngineer(thereisanunlimiteddemandforwelltrained
EEs),thenthenumberonetopictomasterisME.

Fieldstrengthe,h:AssummarizedbyEqs.5.7.1,therearetwofieldstrengths:theelectric
ewithunitsof[V/m]andthemagnetichwithunitsof[A/m].Theratiojc=e/h=

p
µo/ϵo=

377[ohms]forin-vacuoplane-waves(µo,ϵo).It’savectorbecauseofthedirectionofflow,as
determinedbyavoltagedrop.OnceyougrasptheconceptofOhm’sLaw,yourthere.

Iftwoconductingplatesareplaced1[m]apart,with1[V]acrossthem,theelectricfieldis
e=1[V/m].Ifacharge(i.e.,anelectron)isplacedinanelectricfield,itfeelsaforcef=qe
[N],whereqisthemagnitudeofthecharge[C].

Tohelpusunderstandthemeaningofh,considerthesolenoidmadeofwire,asshownin
Fig.5.7,thatcarriesacurrentofIθ[A].Theaxial(alongthelongaxis)magneticfieldHzinside
suchasolenoidisuniform,withadirectionthatdependsonthepolarityofIθ,is

Hz=
N

L
Iθ[Wb],

whereListhelengthofthecoil,Nisthenumberofturns.

Fluxd,b:Fluxisaflow,suchasthemassfluxofwaterflowinginapipe[kg/s]drivenbya
force(pressuredrop)acrosstheendsofthepipe,ortheheatfluxinathermalconductor,that
hasatemperaturedropacrossit(i.e.,awindoworawall).Thefluxisthesameastheflow,beit
charge,mass,orheat(Table3.2,p.149).InMaxwell’sequationstherearealsotwofluxes:the
electricfluxdandthemagneticfluxb.Thefluxdensityunitsfordis[C/m

2
],andthemagnetic

fluxdensitybismeasuredineitherweber[Wb/m
2
])oritsSIequivalent[tesla][T].

5.7.1Maxwell’sequations
Maxwell’sequations(ME)consistoftwocurlequations(Eqs.5.7.1)operatingonthefield
strengthsEFe[V/m

2
]andMFh[A/m

2
],andtwodivergenceequations(Eq.5.7.2)operating

15Thisoperationdefinesadyadictensor,whichIviewasaobtusegeneralizationofavector.
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Problem#8:Considerthenextequationinthreedimensions.Takethediver-
genceofbothsidesandintegrateoveravolumeV(closedsurfaceS):

ZZZ

V

∇·[∇×H]dV=

ZZZ

V

∇·CdV.

–8.1:Whathappenstotheleft-handsideofthisequation?Hint:Canyou
applyavectoridentity?Applythedivergencetheorem(sometimesknownas
Gauss’stheorem)totheright-handsideoftheequation,andinterpretyour
result.Hint:CanyourelateyourresulttooneofKirchhoff’slaws?

5.9.7Second-orderdifferentials
Problem#9:Thisproblemisaboutsecond-ordervectordifferentials.

–9.1:Ifv(x,y,z)=∇ϕ(x,y,z),thenwhatis∇·v(x,y,z)?

–9.2:Evaluate∇
2
ϕand∇×∇ϕforϕ(x,y)=xe

y
.

–9.3:Evaluate∇·(∇×v)and∇×(∇×v)forv=xx̂+yŷ+zẑ.

–9.4:WhenV(x,y,z)=∇(1/x+1/y+1/z),whatis∇×V(x,y,z)?

–9.5:WhenwasMaxwellbornandwhendidhedie?Howlongdidhelive
(within±10years)?

5.9.8Capacitoranalysis

Problem#10:FindthesolutiontotheLaplaceequationbetweentwoinfinite19

parallelplatesseparatedbyadistanced.Assumethattheleftplateatx=0is
atvoltageV(0)=0andtherightplateatx=disatvoltageVd≡V(d).

–10.1:WriteLaplace’sequationinonedimensionforV(x).

–10.2:WritethegeneralsolutiontoyourdifferentialequationforV(x).

–10.3:ApplytheboundaryconditionsV(0)=0andV(d)=Vdtodeter-
minetheconstantsinyourequationfromquestion10.2.

19Westudyplatesthatareinfinitebecausethismeanstheelectricfieldlinesareperpendiculartotheplates,
runningdirectlyfromoneplatetotheother.However,wesolveforper-unit-areacharacteristicsofthecapacitor.
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on the field fluxes ED d and MI b. In matrix format, the ME are

∇×
�
e(x, t)
h(x, t)

�
= ∂t

�
−b(x, t)

d(x, t)

�

=

�
0 −µo

ϵo 0

�
∂t

�
e(x, t)
h(x, t)

�

↔
�

0 −sµo

σo + sϵo 0

� �
E(x, ω)
H(x, ω)

�
.

(5.7.1)

When the medium is conducting, ∂td must be replaced by c = σoE +∂td ↔ (σo +sϵo)e(x, ω)
where σo + sϵo is an admittance density [℧/m2].

There are also two auxiliary equations:

∇·
�
d
b

�
= −∂t

�
ρ(x)

0

�
. (5.7.2)

The top equation states conservation of charge, while the lower states that there is no magnetic
charge. When expressed in integral format, Stokes’s law follows from the curl equations and
Gauss’s law from the divergence equations.

Exercise #18
When a static current is flowing in a wire in the ẑ direction, the magnetic flux is determined by
Stokes’s theorem (Fig. 5.6). Thus, just outside the wire we have

Ienc =

ZZ

S
(∇×h) ·n̂ d|S| =

I

B
h·dl [A].

For this simple geometry, the current in a wire is related to h(x, t) by

Ienc =

I

B
h ·dl = Hϕ2πr.

Here Hϕ is perpendicular to both the radius r and the direction of the current ẑ. Thus

hϕ =
Ienc

2πr
,

where hϕ is attenuated by 1/r (Ramo et al., 1965, Eq. 9, page 244).

Exercise #19
Explain how Stokes’s theorem may be applied to ∇×e = −ḃ, and explain what it means. Hint:
This is the same argument given above for the current in a wire, but for the electric case.

Solution: Integrating the left side of equation Eq. 5.7.3 over an open surface results in a
voltage (emf) induced in the loop closing the boundary B of the surface

ϕinduced =

ZZ

S
(∇×e) ·n̂ d|S| =

I

B
e·dl [V]. (5.7.3)

The emf (electromagnetic force) is the same as the Thévenin source voltage induced by the rate
of change of the flux. Integrating Eq. 5.7.3 over the same open surface S results in the source
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5.9.5 Speed of light

Problem # 5: The speed of light in vacuo is co = 1/
√

µoϵo ≈ 3 × 108 [m/s].
The characteristic resistance in vacuo is ro =

p
µo/ϵo ≈ 377 [Ω].

– 5.1: Find a formula for the in-vacuo permittivity ϵo and permeability in
terms of co and ro. Based on your formula, what are the numeric values of ϵo
and µo?

– 5.2: In a few words, identify the law given by this equation, define what it
means, and explain the formula:

Z

S
n̂ · v dA =

Z

V
∇ · v dV.

5.9.6 Application of Maxwell’s equations

Problem # 6: The electric Maxwell equation is ∇ × E = −Ḃ, where E
is the electric field strength and Ḃ is the time rate of change of the magnetic
induction field, or simply the magnetic flux density. Consider this equation
integrated over a two-dimensional surface S, where n̂ is a unit vector normal
to the surface (you may also find it useful to define the closed path C around
the surface):

ZZ

S

[∇ × E] · n̂dS = − ∂

∂t

ZZ

S

B · n̂dS.

– 6.1: Apply Stokes’s theorem to the left-hand side of the equation.
Hint: view this relation in therms of the “integral forms” of the curl.

– 6.2: Consider the right-hand side of the equation. How is it related to the
magnetic flux Ψ through the surface S?

– 6.3: Assume the right-hand side of the equation is zero. Can you relate
your answer in question 6.1 to one of Kirchhoff’s laws?

Problem # 7: The magnetic Maxwell equation is ∇ × H = C ≡ J + Ḋ,
where H is the magnetic field strength, J = σE is the conductive (resistive)
current density, and the displacement current Ḋ is the time rate of change of the
electric flux density D. Here we defined a new variable C as the total current
density.

– 7.1: First consider the equation over a two-dimensional surface S:
ZZ

S

[∇ × H ] · n̂dS =

ZZ

S

[J + Ḋ] · n̂dS =

ZZ

S

C · n̂dS.

Then apply Stokes’s theorem to the left-hand side of this equation. In a sentence or two, explain
the meaning of the resulting equation. Hint: What is the right-hand side of the equation?
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oftheinducedvoltageϕinduced,whichisproportionaltotherateofchangeoftheflux[weber]:

ϕinduced=−
∂

∂t

ZZ

S
b·n̂dA=Lψ̇[Wb/s]or[V],

whereL[H]istheinductanceofthewire,withimpedanceZL(s)=sL.Theareaintegralon
therightisthetotalfluxcrossingnormaltothesurfaceψ[Wb].Therateofchangeofthetotal
flux[Wb/s]istheinduced(Thévenin)voltage[V].■

IfweapplyGauss’stheoremtothedivergenceequations,wefindthetotalfluxthatcrosses
theclosedsurface.

Exercise#20
ApplyGauss’stheoremtoequationEDandexplainwhatitmeansinphysicalterms.

Solution:Theareaofthenormalcomponentofdisequaltothevolumeintegraloverthe
chargedensity.ThusGauss’stheoremsaysthatthetotalchargewithinthevolumeQenc,found
byintegratingthechargedensityρ(x)overthevolumeV,isequaltothenormalcomponentof
thefluxdthatcrossesthesurfaceS:

Qenc=

ZZZ

V
∇·DdV=

ZZ

S
d·n̂dA.

Whenequalamountsofpositiveandnegativechargeexistwithinthevolume,regardlessofits
distribution,theintegraliszero.■

Summary:Maxwell’sfourequationsrelatethefieldstrengthstothefluxdensities.Thereare
twotypesofvariables:fieldstrengths(e,h)andfluxdensities(d,b).Therearetwoclasses:
electric(e,d)andmagnetic(h,b).Thisisa2×2matrix,withcolumnbeingfieldstrengthand
fluxdensitiesandrowsbeingelectricandmagneticvariables.

StrengthFluxdensity
Electrice[V/m]d[C/m

2
]

Magnetich[A/m]b[Wb/m
2
]

ApplyingStokes’scurltheoremtotheforcesinducesaThéveninvoltage(emf)orNor-
toncurrentsource.ApplyingGauss’sdivergencetheoremtotheflowsgivesthetotalcharge
enclosed.Themagneticchargeiszero(∇·b=0)becausemagneticmonopolesdonotex-
ist.However,magneticdipolesdoexist,asintheexampleoftheelectron,whichcontainsa
magneticdipole.

5.7.2Derivationofthevectorwaveequation
NextweprovidethederivationofthevectorwaveequationstartingfromMaxwell’sequations
(Eq.5.7.1),whichisreminiscentofthederivationoftheWebsterhornequation(Eq.5.2.2,
p.239).

Hereweusethesame2x2matixmethodweusedinEq5.7.1,tobothswapb=µohand
d=ϵoeandtransform∂t↔s,duetotheLaplacetransformrelation∂t↔s=σ+ȷω.
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Thedefinitionsandgeneratingpotentialfunctionsofirrotational(conservative)andincom-
pressible(solenoidal)fieldsnaturallyfollowfromtwokeyvectoridentities:(1)∇·(∇×w)=0
and(2)∇×(∇ϕ)=0.

Problem#3:Definethefollowing:

–3.1:Aconservativevectorfield

–3.2:Anirrotationalvectorfield

–3.3:Anincompressiblevectorfield

–3.4:Asolenoidalvectorfield

–3.5:Whenisaconservativefieldirrotational?

–3.6:Whenisanincompressiblefieldirrotational?

Problem#4:Foreachofthefollowing,(i)compute∇·v,(ii)compute∇×v,
and(iii)classifythevectorfield(e.g.,conservative,irrotational,incompress-
ible,etc.).

–4.1:v(x,y,z)=−∇(3yx
3
+ylog(xy))

–4.2:v(x,y,z)=xyx̂−zŷ+f(z)ẑ

–4.3:v(x,y,z)=∇×(xx̂−zŷ)

5.9.4Maxwell’sEquations
Thevariableshavethefollowingnamesanddefiningequations(seeTable5.4,p.265):

SymbolEquationNameUnits
E∇×E=−ḂElectricfieldstrength[volts/m]

D=ϵoE∇·D=ρElectricdisplacement(fluxdensity)[coul/m
2
]

H∇×H=J+ḊMagneticfieldstrength[amps/m]
B=µoH∇·B=0Magneticinduction(fluxdensity)[webers/m

2
]

NotethatJ=σEisthecurrentdensity(whichhasunitsof[amps/m
2
]).Furthermore,the

speedoflightinvacuoisco=3×10
8

=1/√µoϵo[m/s],andthecharacteristicresistanceof
lightro=377=

p
µo/ϵo[Ω(i.e.,ohms)].
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Working in the frequency domain and taking the curl of both sides gives

∇×∇×
�
e
h

�
(x, t) =

�
0 −sµo

sϵo 0

�
∇×

�
e
h

�
(x, t)

=

�
0 −sµo

sϵo 0

� �
0 −sµo

sϵo 0

� �
e
h

�

= −s2

c2
o

�
e
h

�
.

Note that sµosϵo = s2/c2
o. If µ and ϵ were either functions of space or time, this transformation

would not apply.
We must deal with the left hand side, which is ∇×∇×() = ∇2 () −∇2(), which results in

∇2

�
E
H

�
− ∇2

�
E
H

�
=

s2

c2
o

�
E
H

�

Rearranging terms results in driven vector wave equations, for both e(x, t) and h(x, t)

∇2

�
E
H

�
− s2

c2
o

�
E
H

�
= ∇

"
1
ϵo
∇·D

1
µo
����: 0∇·B

#

=
1

ϵo

�
∇ρ(x, s)

0

�
,

(5.7.4)

with the charge term ∇ρ(x, s) being the sole source of excitation. Note that if µ and ϵ depended
on x, the terms on the right would not be zero.

In remote outer space, where black holes and hot plasmas frequently exist (e.g., inside the
sun), this seems likely.

Recall the d’Alembert solutions of the scalar wave equation (Eq. 4.4.1, p. 188)

e(x, t) = f(x − ct) + g(x + ct),

where f and g are arbitrary vector fields and c is the wave speed. As expected, the solutions
are delayed by the speed of light.

Poynting vector: The EM power flux density P [W/m2] is perpendicular to e and h, denoted
as

P = e × h [W/m2].

The corresponding EM momentum flux density M (hence ME are related to mass, thus grav-
ity) is

M = d × b = ϵoµoe × h.

Since the speed of light is co = 1/
√

µoϵo, we see that

P = c2
oM [W/m2],

which is related to Einstein’s energy–mass equivalence formula E = mc2
o, as derived in a more

general complex-analytic form on p. 122.
For example, the power emitted by the sun is about 1360 [W/m2], with a radiation pressure

of 4 [µN/m2] (i.e., 4 [µPa]) (Fitzpatrick, 2008). By way of comparison, the threshold audible
acoustic pressure at the human eardrum at 1 [kHz] is 20 [µPa], which is 14 [dB] (a factor of 5)
the solar radiation pressure. Also:
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– 2.3: Use the results from Eq. VC-2.1 to show that the solution to the spher-
ical wave equation is

∇2
r ϱ(r, t) =

1

c2

∂2

∂t2
ϱ(r, t) (VC-2.2)

ϱ(r, t) =
f(t − r/c)

r
+

g(t + r/c)

r
. (VC-2.3)

– 2.4: Using f(ξ) = sin(ξ)u(ξ) and g(ξ) = eξu(ξ), write the solutions to
the spherical wave equation, where u(ξ) is the Heaviside step function.

– 2.5: Sketch this f(ξ) and g(ξ) for several times (e.g., 0, 1, and 2 seconds),
and describe the behavior of the pressure ϱ(r, t) as a function of time t and
radius r.

– 2.6: What happens when the inbound wave reaches the center at r = 0?

5.9.3 Helmholtz’s formula
Every differentiable vector field may be written as the sum of a scalar potential ϕ and a vector
potential w. This relationship is best known as the fundamental theorem of vector calculus
(also called Helmholtz’s formula):

v = −∇ϕ + ∇×w. (VC-2.4)

This formula seems to be a natural extension of the algebraic products a·b ⊥ a×b, since a·b
∝ ∥a∥∥b∥ cos(θ) and a×b ∝ ∥a∥∥b∥ sin(θ), as developed in Appendix A.3.1, page 286. Thus
these orthogonal components have magnitude 1 when we take the norm, due to Euler’s identity
(cos2(θ) + sin2(θ) = 1).

As shown in Table 5.1 (p. 225), Helmholtz’s formula separates a vector field (i.e., v(x))
into compressible and rotational parts:

1. The rotational (e.g., angular) part is defined by the vector potential w, which requires
that ∇×∇×w ̸= 0. A field is irrotational (conservative) when ∇×v = 0, meaning that
the field v can be generated using only a scalar potential, v = ∇ϕ (note that this is how a
conservative field is usually defined, by saying there exists some ϕ such that v = ∇ϕ).18

2. The compressible (e.g., radial) part of a field is defined by the scalar potential ϕ, which
requires that ∇ ·∇ϕ = ∇2ϕ ̸= 0. A field is incompressible (solenoidal) when ∇ · v = 0,
meaning that the field v can be generated using only a vector potential, v = ∇ × w.

18A note about the relationship between the generating function and the test: You might imagine special cases
where ∇ × w ̸= 0 but ∇ × ∇ × w = 0 (or ∇ϕ ̸= 0 but ∇2ϕ = 0). In these cases, the vector (or scalar) potential
can be recast as a scalar (or vector) potential. For example, consider a field v = ∇ϕ0+b, where b = xx̂+yŷ+zẑ.
Note that b can actually be generated by either a scalar potential (ϕ1 = 1

2 [x2 + y2 + z2], such that ∇ϕ1 = b) or a
vector potential (w0 = 1

2 [z2x̂ + x2ŷ + y2ẑ], such that ∇ × w0 = b). We find that ∇ × v = 0; therefore v must
be irrotational. We say this irrotational field is generated by ∇ϕ = ∇(ϕ0 + ϕ1).
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ThelasersusedinInertialConfinementFusion(e.g.,theNOVAexperimentin
LawrenceLivermoreNationalLaboratory)typicallyhaveenergyfluxesof10

18

[W/m
2
].Thistranslatestoaradiationpressureofabout10

4
atmospheres!

–Fitzpatrick(2008,p.291)One[atm]is10
5

[Pa].

Electricalimpedanceseenbyanelectron:UptonowwehaveconsideredonlytheBrune
impedance,whichisaspecialcasewithnobranchpointsorbranchcuts.Wecandefineim-
pedancefordiffusion,asinthediffusionofheat.Thereisalsothediffusionofelectricaland
magneticfieldsatthesurfaceofaconductor,wheretheresistanceoftheconductordominates
thedielectricproperties.Thisiscalledtheelectricalskineffect,wheretheconductioncurrents
aredominatedbytheconductivityofthemetalratherthanthedisplacementcurrents.Insuch
cases,theimpedanceisproportionalto√s,whichrequiresthatithasabranchcut.Still,the
realpartoftheimpedancemustbepositiveintherightshalf-plane,therequiredcondition
ofallimpedances,suchthatPostulateP3(p.162)issatisfied.Thesameeffectisobservedin
acoustics(seeAppendixD).

WhenwedealwithMaxwell’sequations,theforceisdefinedbytheLorentzforce,

f=qe+qν×b=qe+c×b,

whichistheforceonacharge(e.g.,electron)duetotheelectriceandmagneticbfields.The
magneticfieldplaysarolewhenthechargehasavelocityν.Whenachargeismovingwith
velocityν,itmaybeviewedasacurrentc=qν(seethediscussiononp.161).

Thecomplexadmittancedensityis

Y(s)=σo+sϵo[℧/m
2
]

(Feynman,1970b,p13–1).Hereσoistheelectricalconductivityandϵoistheelectricalpermit-
tivity.Sinceωϵo≪σo,theconductivityreducestotheresistanceofthewireperunitlength.16

5.8PotentialsolutionsofMaxwell’sequations
OneprimaryreasonforusingpotentialsistogeneratesolutionstoMaxwell’sequations.For
example,ifweextendEq.5.1.1(p.224),wecanexpressMaxwell’sequationsintermsofscalar
andvectorpotentials.Theserelationshipsare(Sommerfeld(1952,p.146),Feynman(1970d,
p.18-10)):

e(x,t)=−∇ϕ(x,t)−
∂a(x,t)

∂t
[V/m](5.8.1)

and

h(x,t)=
1

µo

�
∇×a(x,t)+

∂d(x,t)

∂t

�
[A/m].(5.8.2)

Wehaveextendedh(x,t)toincludetheelectricpotentialterm

d(x,t)=ϵ(x,t)e(x,t)=−ϵ(x,t)∇ϕ(x,t),

16Forcopperω≪ωc=σo/ϵo≈6×10
7
/9×10−12

≈6.66×10
18

[rad/s],orfc=10
18

[Hz].Thiscorresponds
toawavelengthofλo≈co/fc=0.30×10−9

[m].Forcomparison,theBohrradius(hydrogen)is≈0.053×10−9

[m](5.66timessmaller)andtheLorentzradius(oftheelectron)isestimatedtobeµo=2.8×10−15
[m](2.8

[femtometers]).
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5.9ProblemsVC-2

5.9.1Topicsofthishomework:
Partialdifferentialequations;fundamentaltheoremofvectorcalculus(Helmholtz’stheorem);
waveequation;Maxwell’sequations(ME)andvariables(E,D;B,H);Second-ordervector
differentials;Websterhornequation.

Notation:Thefollowingnotationisusedinthishomework:

1.s=σ+jωistheLaplacefrequency,asusedintheLaplacetransform.

2.ALaplacetransformpairisindicatedbythesymbol↔:forexample,f(t)↔F(s).

3.Hereπkisthekthprime:πk∈P,πk=[2,3,5,7,11,13,...].

5.9.2Partialdifferentialequations(PDEs):Waveequation
Problem#1:Solvethewaveequationinonedimensionbydefiningξ=t∓x/c.

–1.1:Showthatd’Alembert’ssolution,ϱ(x,t)=f(t−x/c)+g(t+x/c),
isasolutiontotheacousticpressurewaveequationinonedimension:

∂
2
ϱ(x,t)

∂x2=
1

c2

∂
2
ϱ(x,t)

∂t2,

wheref(ξ)andg(ξ)arearbitraryfunctions.

Problem#2:Solvingthewaveequationinsphericalcoordinates(i.e.,three
dimensions)

–2.1:Writethewaveequationinsphericalcoordinatesϱ(r,θ,ϕ,t).Con-
sideronlytheradialtermr(i.e.,dependenceonanglesθandϕisassumed
tobezero).Hint:TheformoftheLaplacianasafunctionofthenumberof
dimensionsisgiveninEq.5.1.9(page229).Alternatively,lookituponthe
internetorinacalculusbook.

–2.2:Showthatthisequationistrue:

∇
2
rϱ(r)≡

1

r2

∂

∂r
r
2∂

∂r
ϱ(r)=

1

r

∂
2

∂r2rϱ(r).(VC-2.1)

Hint:Expandbothsidesoftheequation.
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normally taken to be zero because taking the curl of h( t) naturally removes any electrical
potential term due to CoG.17 The extension makes the potential solutions symmetric so that e
and h each have electrical and magnetic excitation.

Exercise #21
Explain why some dependence on ϕ(x, t) do not appear in Eq. 5.8.2 but do in 5.8.1.

Solution: For h(x, t) to depend on ϕ(x, t) it must appear through the electric strength, as
e(x, t) = −∇Φ(x, t). But then ∇×h(x, t) would mean applying CoG (i.e., ∇×∇ϕ = 0) on the
right side of the equation. Since this term would be zero; it is assumed to be zero, thus h(x, t)
dependents on only a(x, t). To fill out the symmetry, we have added ∂td(x, t) to Eq. 5.8.2, to
see what might happen in a more general case. ■

Use of Helmholtz’s theorem on potential solutions: The generalized solutions to Maxwell’s
equations (Eqs. 5.8.1 and 5.8.2) have been expressed in terms of EM potentials ϕ(x) and a(x)
and Helmholtz’s theorem. These are solutions to Maxwell’s equations expressed in terms of
the potentials ϕ(x, s) and a(x, s), as determined at the boundaries (Sommerfeld, 1952, p 146).
These relationships are invariant to certain functions added to each potential, as shown below.
They are equivalent to Maxwell’s equations following the application of ∇· and ∇× .

Next we show that the potential equations (Eqs. 5.8.1 and 5.8.2) are consistent with Maxwell’s
equations (Eq. 5.7.1).

ME for e(x, t): Taking the curl of Eq. 5.8.1, applying CoG = 0, and using Eq. 5.8.2, we find
that

∇×e = −�����:0∇×∇Φ−∇× ∂a

∂t

= −∂b

∂t
(5.8.3)

recovers Maxwell’s equation for e(x) (Eq. 5.7.1).
Taking the divergence of Eq. 5.8.2 and applying DoC = 0 give Eq. 5.7.2 for b(x):

∇·b(x) =�������:0
∇·∇×a(x) = 0.

ME for h(x, t): To recover Maxwell’s equation for h(x) (Eq. 5.7.1, ∇×h = c) from the
potential equation (Eq. 5.8.2), we take the curl and use b = ϵoh (Table 5.4, p. 265):

∇×b(x) = µo∇×h(x)

= ∇×∇×a(x)

= ∇2 a(x, t) −∇2a(x, t)

= ∇∇·a(x, t) − 1

c2
o

∂2

∂2
t

a(x, t)

= − 1

c2

�
ä + ∇Φ̇

�
+ µoJ.

17In-vacuo ϵo = 8.85×10−12 [F/m2] is the capacitance, and sϵo is the electric compliance-density of light. The
related magnetic mass-density is the permeability µo = 4π × 10−7 [H/m2] having an inductive impedance of sµo

[Ω/m]. It is helpful to think of ϵo as a capacitance per unit area and µo as an inductance per unit area (consistent
with their units). The in-vacuo speed of light is co = 1/

√
ϵoµo = 3 × 108 [m/s], but is slower when traveling in

matter (Brillouin, 1960).
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This last equation may be split into two independent equations by the use of Helmholtz’s theo-
rem:

∇2a − 1

c2
o

ä = −µoJ and ∇·a +
1

c2
o

Φ̈ = 0.

Taking the divergence of Eq. 5.8.2 and applying DoC = 0 gives Eq. 5.7.2 (∇·d = −ρ̇). Alter-
natively,

∇2Φ− 1

c2
o

Φ = − ρ

ϵo
,

which is the scalar potential wave equation driven by the charge (Sommerfeld, 1952, p 146).

Summary: In conclusion, Eq. 5.8.1, along with DoC = 0 and CoG = 0, gives Maxwell’s
Eqs. 5.7.1 and 5.7.2 for e. Likewise, Eq. 5.8.2, along with DoC = 0 and CoG = 0, gives
Maxwell’s Eqs. 5.7.1 and 5.7.2 for h. The above derivation for H(x, t) from A and Φ derives
the magnetic component of the field, expressed in terms of its vector potential, in the same way
as Eq. 5.7.1 describes e(x, t) in terms of the potentials.

We may view the potential equations (Eqs 5.8.1 and 5.8.2) as equivalent to Maxwell’s equa-
tions; thus they are the solutions to ME in terms of potentials.

Exercise #22
Starting with the values of the speed of light co = 3×108 [m/s] and the characteristic resistance
of light waves ro = 377 [ohms], use the formulas c0 = 1/

√
µoϵo and ro =

p
µo/ϵo to find

values for ϵo and µo.
Solution: Squaring c2

o = 1/µoϵo and r2
o = µo/ϵo, we may solve for the two unknowns:

c2
or

2
o = 1

��µoϵo
��µo

ϵo
= 1/ϵ2o; thus ϵo = 1/coro = 10−8/2.998 · 377 ≈ 8.85 × 10−12 [F/m]. Likewise,

µo = ro/co = (377/2.998) × 10−8 ≈ 125.75 × 10−8 [H/m]. The value of µo is defined in
international SI units as 4π × 10−7 ≈ 12.566 × 10−7 [H/m].

In conclusion, it is more productive to memorize c0 and r0, from which ϵo and µo may be
easily derived. ■

Exercise #23
Starting from Eq. 5.7.1, with jm = σoe, Maxwell’s equation, including the magnetic intensity,
is

∇×h(x, t) = jm(x, t) +
∂

∂t
d(x, t).

Find the equation for the magnetically induced current jm(x, t).
Solution: The divergence of the curl is zero (DoC = 0),

�����:0∇·∇×h(x, t) = ∇·jm(x, t) +
∂

∂t
ρ(x, t) = 0, (5.8.4)

which is conservation of charge (i.e., Gauss’s theorem). ■


