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Abstract

We invesgae a classical noon denoed as ‘Moonal impedance (Z
mot
)’ rs developed by

Kennelly in 1912, hen explored bymany oher researchers early in he 20th cenury. Due o long
hisory o esablish impedance properes, Z

mot
has no been clearly undersood wih respec o

classical impedance properes which makes reroacve sudy o he Z
mot

worhy. In his sudy,
we projec Z

mot
’s unique characeriscs ono an-reciprociy where every elecro-mechanical

sysem asmodeled by a gyraor. This work also claries ha Z
mot

is a ype o ranser impedance,
hus is no necessarily o be aminimum-phase nor a Posive-Real uncon. Based on simulaon,
his sudy shows a shun eddy curren loss on he elecrical side o he sysem is one possible
source o he negave real par o Z

mot
which leads negave real par in Z

mot
plos. By aking a

Balance Armaure Receiver (BAR) as a specic example o he elecro-mechanical sysems, we
also explore he (non)linear approximaon principal o he BAR based on he magnec orce
and hyseresis characeriscs. We believe ha his sudy pus an-reciprocal physics on boh
he empirical and heorecal basis.
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Inroducton and Background

The concep o moonal impedance (Z
mot
) was

rs suggesed by Arhur E. Kennelly in 1912a. It is
a unique characerisc o every elecro-mechanical

sysem such as earphones, loudspeakers, hybrid
cars, etc. The Z

mot
is dened as he componen o

he elecrical impedance proporonal o he ou-
pu velociy. From measuremens o he elecrical
impedance a he elecrical inpu, one may accu-
raely esmae he mechanical or acousc load
impedance. This propery alone makes i worh o
sudy [1].

In 1827, Georg Ohm generalized measuremen
relaonship beween applied volage and curren

aKennelly was born in 1861 in India and worked wih
Edison sarng in 1887 a he age o 26 years. He hen
became a proessor o elecrical engineering a boh
Harvard Universiy and he Massachuses Insue o
Technology (MIT).
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varying resisance (as known as Ohm’s law sug-
gesed only or DC circuis inially). Kennelly was
he rs person o coin he erm as impedance or
alernang curren (AC) circuis [2]b and he rs
o ulize complex numbers in he circui heory.
Campbell’s work ollows he work o Heaviside [3]
who rs suggesed loaded lines which leads o he
generalized wave ler invenon based on quasi-
sac (QS) heory [4].

In 1931, Brune rs characerized a driving-poin
impedance as a posive-real (PR) quany (pos-
ive denie operaor in marix orm), requiring
ha every physically realizable impedance canno
have a negave resisance [5]. Brune’s impedance
is consisenly sudied wih classic circui heories
such as Kirchho’s circui laws (KCL and KVL) under
he quasisac (QS) condion. The QS assumpon
requires no sysem delay (only bandlimied delay).
Every QS impedance nework is represened using
lumped circui elemens such as resisors, induc-
ors, and capaciors [6]. All Brune PR impedances
are minimum phase (MP), because every PR unc-
on mus be MP. Thus, every Brune impedance is
PR, MP, and QS [7].

Kennelly dened Z
mot

as he dierence beween
he wo driving-poin impedances,

Z
mot

= Z
in
|
free

-Z
in
|
blocked

. (1)

Kennelly and Ael in 1915 published a second
paper where Z

mot
is characerized as a circle passing

hrough he origin, wih is diameer depressed by
a cerain angle (depressed compared o he circle
in undamped impedance) in he impedance plane
(Z(ω) = R(ω)+jI(ω)). Kennelly and Ael described
he circle in erms o he elecrical and mechanical
properes o he sysem. However, no juscaon
or why he Z

mot
(ω) subscribed a circle was given.

In 1954 Hun urher discusses he circle eaure,
again wih no raonale or his unconal orm.

Kennelly’s hird paper abou Z
mot

[8] was ocused
on power concep o Z

mot
, and inroduced moon-

al power diagram, o provide a beer physical un-

dersanding o he Z
mot

circle (in heir view, power
seemed a beer concep o undersand he sysem,
compared o impedance). The moonal power di-
agram is drawn based on magneomove orce
generaed by he vibraon o he diaphragm in he
permanen magnec eld. They explained he mo-
onal power circle by means o ‘acve mechanical
power’, which is dened as a dierence beween
elecrical power and hyseresis power.

In 1921, hewen on o describe some echniques
o measure various acousc consans inroduced
in his previous hree papers [9]. Hisorically, his
work can be viewed as he rsmechanical/acousc
impedance calibraon purely rom he elecrical
measuremens. This idea was exended o compue
acousc impedance based on purely elecrical
daa [10]. Given he praccal imporance o his
echnique, i needed o be ully characerized. This
mehod is discussed in Ramo, e al. [1].

Besides Kennelly, Wegel [11] also considered
Z
mot
. This paper is credied by Hun as he inspira-

on o Hun’s 1954 wo-por marix represena-
on. Wegel akes accoun o he general heory o
receiver srucures using a simple schemac having
our coils. As applicaons, he akes our dieren
specic cases o a receiver: A simple receiver, a
receiver wih eddy currens in he core, a simple
inducon-ype receiver, and an elecrodynamic
receiver. He describes he receiver eddy curren,
which decreases proporonal o square roo o
he requency due o he diusion and magnec
ux ino he conducng iron core. However, he
auhor did no derive any specic ormula or his
phenomenon, as i was simply an experimenal
observaion. Vanderkooy [12] has dened he ed-
dy-curren ormula rom Maxwell’s equaon. He
demonsraed ha he eddy-curren is a secondary
curren ow generaed rom he primary magnec
eld.

Frederick Vinon Hun, an acousc engineer,
was inuenced by Kennelly’s discoveries. Hun
published Elecroacoustcs in 1954, in which, he
analyzed and synhesized he elecroacousc (or
elecromechanical) sysem, modeling i as a 2 × 2
marix using scalar orms o Ampere’s law and Far-bThe properes o he impedance have been esablished

over a long-me span, Ohm (1827, DC impedance)
→ Kennelly (1893, AC impedance) → Brune (1931,
esablishmen o impedance properes). Noe ha
Heaviside [3] dened he erm ‘impedance’ in 1982, a
ew monhs laer in April 1893, Kennelly exended he
denion o impedance o AC circuis [2].

cI was done by disnguishing wo consans k = 1− or
a 90˚ me phase shif and k = 1− or a 90˚ spaal phase
shif [17]. F = BlkI and ɸ = Blku, where F, I, ɸ, u, B, l are
orce, curren, volage, velociy, magnec inensiy, and
lengh o wire, respecvely.
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=eZ I

Φ
when U = 0, (3)

=emT U

Φ
when I = 0, (4)

=me

F
T

I
when U = 0, (5)

=m

F
Z

U
when I = 0, (6)

Where Φ, I, F, and U are signals, he volage,
curren, orce, and velociy in requency domain
respecvely, and ‘s =σ + jω’ is he Laplace requency
[16].

Along wih Eq. 2, he wo-por ‘elecro-mechan-
ic’ ransducer equaon can alernavely be repre-
sened in ABCD marix orm, as given by

( )
( )

( ) ( )
( ) ( )

( )
( )

= .
A s B s F

I C s D s U

ω ω
ω ω

     Φ
     −     

(7)

Conversion beween Eq. 7 and Eq. 2 has ollow-
ing relaonship

( ) ( )
( ) ( ) ( )

( )
( )

1
=

1
e z

mme

A s B s Z s

C s D s Z sT s

   ∆
   
   

(8)

Where ∆
Z
= Z

e
Z
m
-T

em
T
me
. Noe ha ∆

Z
= ±1

or a reciprocal and an an-reciprocal sysems
respecvely. For he impedance marix o exis

1
= 0,

me

C
T

≠ which means ha T
me
canno be∞.

When he orce ‘F’ is zero in Eq. 2,

= ,em
e

T U
Z

I I

Φ
+ (9a)

and

= - .me

m

TU

I Z
(9b)

Thus he ‘unconsrained’ elecrical inpu imped-
ance is

= 0 = 0= = = .em me
in F F e e mot

m

T T
Z Z Z Z

I Z

Φ
− + (10)

The Z
mot

is dened as he dierence beween wo
mechanical boundary condions on he elecrical
impedance (Z

in
)d: 1) Z

in
wih reely oscillang

aday’s lawc. Hun’s wo-pormarix parameers can
bemodeled using ransmission and impedancema-
rix mehods [7].

Undersanding hadenionoan “impedance”
is a rao beween poenal and ow o a eld (i.e.,
elecrical, acousc, or mechanical elds), one can
expand he denion o impedance in mul-por
nework sysems such as elecromagnec, elecro-
acousc and ec. Thereore, oher han he classi-
cal driving poin impedance, ranser impedance
(i.e., volage over velociy, curren over velociy,
or orce over curren and ec) was naurally devel-
oped, dened, and used by researchers o crically
analyze and undersand muldisciplinary sysems.

The Z
mot

is a kind o ranser impedance.
Reroacvely applying Brune’s work, hereore Z

mot

does no obey he PR propery. However, o our
knowledge, characeriscs o he Z

mot
, such as its

negave real pars and circular shape, have ye o
be claried wih regard o is physical properes
[13-15]. Thereore, we aim o access he Z

mot
given

is hisorical, concepual, and physical analysis, and
simulaon. To engage in his goal, we will reduce
he complexiy o he proposed BAR model [16]
o is essenal elemens or simpliying simulaon
purpose.

The remainder o his sudy is srucured as ol-
lows: Secon 2 inroduces heorecal conceps
wih denions o Z

mot
as dened by Kennelly and

Hun. Secon 3 provides a simple elecro-magnec
model. To make use o he model, he resul o he
simulaon ollows in Secon 4. Finally, we explain a
possible physical reasons o make he negave real
pars and he circle shape o he Z

mot
.

Mehods

In his secon, we review imporan heories
needed o undersand Z

mot
and an-reciprocal ne-

works. These include he denion and essenal
properes o Hun’s wo-por equaons which are
required o dene Z

mot
.

Definiton of motonal impedance (Z
mot
)

Following Wegel [11], Hun [17] modeled an
elecro-mechanic sysem ino a simple 2 × 2 imped-
ance marix relaonship. There are our wo-por
nework parameers, Z

e
(s), Z

m
(s), T

em
(s), and T

me
(s):

( )
( )

( ) ( )
( ) ( )

( )
( )

= ,e em

me m

Z s T s I

F T s Z s U

ω ω
ω ω

     Φ
     
     

(2)
dThe elecrical condions, ‘open’ and ‘shor’, are syn-
onymous wih he wo mechanical erms, ‘blocked’ and
‘ree (unconsrained)’, respecvely.
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(vibrang) mechanical side (F = 0: Unconsrained
condion),

2) Z
in
wih he mechanical sysem is no allowed

o move (Ze, U = 0: Blocked condion, Eq. 3),

= 0 = 0 = 0= = = = .em me
mot em me m in F e in F in U

m

T T
Z T T Y Z Z Z Z

Z
− − − − (11)

Manipulang Eq. 8, Eq. 11 becomes

= = ,z
mot e m e

m

Z Z Y Z
Z

∆
− − − (12)

Since ∆
Z
= -1 or he an-reciprocal sysem.

Equaon 11 and 12 reinorce ha Z
mot

does no
have o be a Minimum-Phase (MP) nor PR uncon
as he o-diagonal elemens o Hun’s marix, T

em

and T
me
, can augmen delay lines. Also a dierence

beween wo PR uncons does no have o be a PR
uncon. More abou hese posulaes ollow nex
secon.

Core losses in EM ransducer: Eddy curren
loss and Hysteresis loss

Sarng rom Maxwell’s equaons we derive
he core losses o moors by he use o Poynng’s
heorem (neglecng he source charge densiy and
displacemen curren erms). By manipulang one
o vecor idenes one may calculae he energy
ow (W) ino he volume (V) beween wo me
points (t1, t2),

( ) ( ) ( ) ( ) ( ) ( )
2 2

1 1

t
= - t t = t E t .

t t

t V t v
W

∇×

 
   × ⋅ ⋅ + ⋅    

∫ ∫ ∫ ∫
H

dB
E H dSdt H J t dVdt

dt
(13)

Here he displacemen curren erm may be ig-
nored or a conducng medium (i.e., conducance
o a maerial, σ ≠ 0), leaving only J()e. For example,
one can calculae a propagaon cuo requency o
wo waves (diusion and normal) in a medium, se
he wo erms in equal o each oher. I

2

2

diffusion normal

= ,
t t

µσ µ∈∂ ∂
∂ ∂
H H

 
(14)

( ) ( )2= ,j jµσ ω µ∈ ωH H (15)

( ) ,jσ ∈ ω= (16)

he cuo requency (f
c
) is

= .
2cf
σ
π ∈

(17)

The f
c
o copper, or example, is abou 4300

[GHz] (σ = 5.96 × 107, ϵ
r
= 250,000, ϵ

0
= 8.854 × 10-

12), meaning ha he wave below his requency is
diusive. The corresponding wave lengh (λ

c
) can

be calculaed as

[ ]
8

12

3 10
= = 0.14 m ,

4.3 10 250,000
copper

c
c

c

f
λ µ×

≈
×

(18)

Where 0= .copper

r

c
c

∈
As he maerial is homogeneous, Eq. 13 reduces

to

( )
2 2 2

1 1

Hysteresis loss Eddy current loss

1
= ,

B t

V B t
W HdB J t dt dV

σ

 
 

+ 
 
 

∫ ∫ ∫ 
(19)

Where B1 and B2 are he ux densies
associaed wih t1 and t2, respecvely. When he
curren (i.e., curren densiy J) is generaed rom
he sysem source, i induces he magnec eld
(H) which resuls in wo losses (Eq. 13). The air and
he armaure share he same induced H; however,
due o he permeabiliy dierences beween wo
mediums (µ

0
= 4π × 10-7 and µ

i
≈ 2.5 × 10-1 or

he vacuum and iron, respecvely), he eecve
magnec densies (B = µH) o each medium are
dieren by a acor o 2 × 105.

To increase he coupling magnec orce in Eq.
20, one can choose a sofer maerial (ha means
choose hemaerial having a smaller µ) to minimize
he hyseresis loss in he sysem.

2

= ,
2mag

i

f
Aµ

Ψ
(20)

WhereΨ is he magnec ux dened as B mes
he eecve area (A) [17]. Equaon 20 comes rom
he Maxwell sress ensor. Noce ha Eq. 20 goes
as Ψ2 which leads a non-linear behavior in elecro-
magnec sysems [17,18]. In case o a BAR,Ψ in Eq.
20 can be expressed as a sum o Ψ

DC
and Ψ

AC.

 
2 2

) ))

1
= 2 ,
2mag DC DC AC AC

i i iiiii

f
Aµ

 
 Ψ + Ψ Ψ +Ψ
 
 


(21)

WhereΨ
DC
andΨ

AC
are uxes due o permanen

magnes and a coil respecvely. The i) Term in Eq.
21 is he seady pull on he armaure which resuls
in balancing he armaure a he pivo. Assuming
heΨ

AC
o be sinusoidal, he iii) Term gives rise o a

second harmonic orce on he sysem wih a negli-
gible eec. Thereore, he remaining ii) Term akes

e

( ) ( ) ( )D
=

t
t t

t
σ

∂
∇× +

∂
H E ( )

0

= J t
.
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Simplificaton and Simulaton of he Bal-

anced Armaure Receiver model

For he urher applicaon, we inroduce a sim-
ple elecro-mechanic nework model including
a semi-inducor. The goal here is o demonsrae
some condion ha RZ

mot
< 0 based on he sim-

plied elecro-mechanic model. To sugges a sim-
ples possible elecro-magnec model wih he
physical explanaon, we ake an example o he
BAR ransducer.

Figure 1 explains DC saus o he BAR consider-
ing only he armaure and wo magnes. Assuming
ha he armaure consiss o many magnec di-
poles, he inial ne polariy o he armaure wih-
ou magnes is neural. However, he dipoles line
up rom norh o souh once i is inuenced by per-
manen magnes, and he armaure behaves like a
magne wih DC magnec densiy B

0
.

More deails abou BAR operaon principle are
illusraed in Figure 2; he BAR’s behavior when I =
0 and I ≠ 0. No shown in his gure, however, when
here is a curren (I ≠ 0) in he coil which surrounds
he armaure, here is an eddy curren which does
no couple o he armaure’s movemen. When
here is no curren in he coil (lef o Figure 2), the
armaure is balanced, so all uxes and orces are

he principal role o f
mag

, so ha he orce can be
linearly approximaed. To invesgae he hysere-
sis characerisc (a.k.a. B and H curve) o he BAR,
is operaonal pah may be drawn as a small lens
shape on he ull hyseresis loop o he erromag-
nec maerial (i.e., armaure) [17]. By approxima-
ing his ellipc shape as a linear line, one assumes
a consan permeabiliy which may bring compua-
onal benes. The area o he lens corresponds o
a hyseresis loss erm, due o he movemen o he
magnecally polarized domains, in response o he
magnec eld (i.e., Force ∝ fux2).

To reduce he eddy curren loss, one can con-
sider he skin deph (δ) o he maerial which is
inversely exponenally proporonal o he eddy
curren (meaning ha he srengh o he eddy cur-
ren is sronger on he surace and exponenally
weaker in he core o he maerial),

2
= ,δ

ωσµ
(22)

Where ω and σ are he angular requency and
conducviy o he maerial [12]. The srengh o
eddy curren becomes smaller wih disance rom
he coil and is densiy aenuaes exponenally
wih he skin deph. Thereore, choosing a hard
material (large in its µ) reduces he eddy curren
loss. This is he opposie o he case o he hyser-
esis loss. Based on Eq. 20, i we choose a hard ma-
erial, we expec weaker coupling magnec orce
across he sysem.

Figure 1: This gure explains he polariy changes o he magnec dipoles o he armaure in DC saus (no
curren). The armaure is made by erromagnec maerial, wihou exposing omagnes i keeps neural saus,
he ne magnec densiy B is zero. Noe ha unlike a charge, magnec poles always come in pairs (N and
S). However, once i exposes o permanen magnes, he armaure behaves as a magne wih magnec ux
densiy B

0
wih a uni o Tesla =Wb/m2.

The name o he BAR, balanced armaure receiver, is
originaed rom his DC saus o he device.
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wo uxes so ha Ψ
up
is larger hanΨ

low
in this case.

Thereore, one can draw relavely greaer ux loop
on he upper par o he BAR han he lower par so
ha he magnec orce (Eq. 20) o he upper par is
larger o make he armaure go up.

Finally, Figure 3 shows he simpliying process
o modeling he BAR o help concepual under-
sanding, sarng rom he picure (he righ bo-

also balanced. When curren ows hrough he
coil, he armaure vibraes based on he direcon
o he AC curren. Le us ake he case when he
curren is greaer han zero as depiced in he righ
par o Figure 2. In his case, he ux on he up-
per par o he armaure, Ψ

up
, becomes a sum o

Ψ
DC
-upper andΨ

AC
and he ux on he lower par o

he armaure, Ψ
low
, becomes a dierence o hose

Figure 2: BAR’s operaonal principle via illusraon. The lef gure shows he case when curren (I) is zero, DC
saus. Due o he permanenmagne, he armaure acs as like a magne. One can draw wo ux loops or he
upper side o he armaure (Ψ

DC-upper
) and he lower side o he armaureΨ

DC-lower
. When there is no current, the

armaure is balanced, nomoving. The righ gure shows he case when he curren is no zero. Specically, we
ake a case when curren is greaer zero. Due o he AC magnec ux (Ψ

AC
) generaed via conducng curren

rom he coil, he size o upper ux loop (Ψ
up
) is now larger han ha o lower ux loop (Ψ

low
). AS a resul, he

magnec orce or he upper gap is greaer (F
UPgap

) han he lower gap (F
LOWgap

), he armaure goes up, is moving.

Figure 3: This gure shows he schemac modeling process o he BAR (Knowles ED7045) sarng rom he real
picure o he device afer deaching is ron case (righ boom) o show is inernal componens. Core physical
componens o a BAR include a diaphragm, a coil, an armaure, magnes, and case which give rise o curren
(I), magnec eld (H), eddy curren, hyseresis loss, orce (F), and ec. The lef is he schemac represenaon
o he BAR. The righ op gure is he 3D model o BAR which consiss o essenal elemens o he device; an
inducor, a semi-inducor, a gyraor and mass. Noe direcons o he variables (F, H, and I) ollow Fleming’s
righ-hand rule.
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vibrae he armaure based on he direcon o he
AC curren. During he polariy changing process,
his sysem experiences hyseresis loss, he energy
required o roae he domains omagnec dipoles
in he armaure. Noe ha he magnec densiy
o armaure is dened based on he permeabiliy
o armaure (B = µ

a
H) which is much greaer han

he permeabiliy o air (µ
0
). As he diaphragm is a-

ached o he p o he armaure, when he arma-
ure moves, he diaphragm also moves.

The simple elecro-mechanic model has been
reduced rom he Kim and Allen’s original work
(Figure 4: The elecro-acousc nework model, Kim
and Allen [16]. Relaed heories are discussed in
secon 2.1.

tom picture, Knowles ED7045). Illusrave repre-
senaon o he picure is shown on he lef par o
the Figure 3: A coil is surrounding he armaure in
he middle o he device. When here is a curren
ow (I), i generaes he magnec eld (H). There is
an eddy curren loss when he induced H couples
o he armaure. A par o H peneraes ino he
armaure based o is skin deph generang eddy
currens which direcon is opposie o he he con-
ducng curren. This phenomenon is independen
o he permanen magnes meaning ha he eddy
curren canno be seen rom he mechanical side
o he device. The armaure behaves like a magne
due o he permanenmagnes sandwiching he ar-
maure as shown in Figure 1. I alers is polariy o

Kim and Allen's
original BAR model

Figure 4: The op gure shows he Balanced Armaure Receiver (BAR) circui model rom Kim and Allen [16].
The elecrical and he mechanical circuis are coupled by a gyraor (GYR, realizing an an-reciprocal nework),
while a ransormer (TRF) is used or he coupling o hemechanical and he acouscal circuis. The K1 is a semi-
inducor represenng ‘elecro-magnec diusion’ due o ‘skin eec’. And he TX Line sands or a ransmission
line o involve delay in he sysem, breaking a quasisac assumpon in his elecro-acousc sysem. This non
quasisac elemen is he proper way omodeling his sysem. In his ull model, he inpu and oupu poenals
or each secon are specied as volage (Φ), orce (F), and pressure (P). Curren (I), parcle velociy (U), and
volume velociy (V) represen he ow or each o he hree physical secons. The lower lef circui: A simple
an-reciprocal nework wih a semi-inducor presence. The lower righ circui: The dual represenaon o he
lef circui (equivalen) by applying mobiliy analogy beyond he gyraor. Z

mot
is reconsidered based on Eq. 11.

The requency dependen real pars (shun loss) o he semi-inducor in Z
in|F = 0

(shor) experience posive phase
shif when he open condion impedance (Z

in|U = 0
) is subraced rom i.
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By subsung ‘s’ wih ‘jω’ one can easily nd
ha all impedances o his sysem (Eq. 27, 28,
29, and 30) are complex quanes, meaning ha
all have boh real and imaginary pars in each
requency poin. The resuls shown in Eq. 27 - Eq.
30 are a couner example ha does no ollow he
radional approach o a lossless LC nework. In
he oher words, a lossy nework has been realized
wihou having a resisor in a sysem. We will show
in he nex secon ha his is due o exisence o
he semi-inducor in a sysem by comparing a case
where he semi-inducor does no exis.

Using Eq. 11, Z
mot

o his sysem can be calculaed
as

1 2 2 2 3

1
= = .

1 2
1

mot

s
Z

s s s s s s s s
s

s s s

  + + + + + + +  
  

(31)

For compuaonal benes, we can conver Eq.
31 o an admiance (Y

mot
) o invesgae he real

par o Z
mot
,

( ) ( ) ( )
1 1 22 2

1

2 2
= 1+ 2 = 1+ 2 = 1 .

2 2 2 2
motY s s s s s j j j j j j

ω ω ω ω ω ωω ω ω ω ω ω ω
ω ω

− −    
+ + + + + + − − + + − +      

    (32)

Since ω is always greaer han 0, he real par o
Eq. 32 can have negave real pars i he equaon
sases

2 2
1 0.

2 2

ω ω ωω
ω

 
− − + <  

 
(33)

For example, i we have an angular requency

ω = 1[rad/sec], Eq. 33 is sased
2 1

1 1 2 = - 0 .
2 2

 
− − − < 

 

We can generalize i Y
mot

is none posive hen Z
mot

is also no posive. In his specic example, any an-
gular requency (ω) which sases Eq. 33 can have

Lef sided gure in Figure 4 shows a oversim-
plied wo-por nework conaining only essenal
componens or beer and easier undersanding o
he physical elecro-mechanic sysem. In his sim-
ple model, any acousc or resisve componens
are eliminaed.

In his gure we have our componens: A semi-
inducor, an inducor in he elecrical por, a mass
in he mechanical por, and a gyraor ha links wo
ports.

The wo circuis in Figure 4 represen equiva-
len circuis via he mobiliy (dual) analogy. In boh,
very low and high requencies he capacior ‘m’ is
opened. The parallel relaon o semi-inducor and
inducor enables he semi-inducor’s high requen-
cy dominance Vanderkooy [12]. The mid requen-
cy is governed by he inducor L and he capacior
m. I we ignore he semi-inducor in Figure 4, the
sysem looks like a Helmhorlz resonaor wih neck
mass L and barrel compliance m. Thereore, hese
wo componens ac like a resonaor in he sysem.

To realize his sysem ino a marix orm, we can
use ABCD marix cascading mehod which resuls
in Eq. 23.

( )
( )

( )
( )

1 0 0
1 1

= ,1 11 0 1 0 10

G
FsL sm

I U
k s G

ω ω
ω ω

      Φ                 −          

(23)

Where L, K, G, and m are he inducance, he
semi-inducance, he gyraon coecien, and he
mass o he sysem respecvely.

Le’s isolang he ABCD marix par in Eq. 23
and setng L, K, G, and m o be ‘1’ or a simple o
make he algebra simple calculaon, he equaon
is reduced o

1 0 1
1 0 1 1 0 1

= .1 1
1 10 1 1 0 0 1 1

s
s s

s
s

s s s

   
          
          +             

(24)

Finally, he ABCD marix o he sysem in Figure
4 is

( )
( ) [ ] ( )

( )
( ) ( )
( ) ( )

( )
( )

( )
( )

2

2
1

1

= = = ,1
1

s s
F A s B s F F

T s sI U C s D s U Us
s s s

ω ω ω ω
ω ω ω ω

 +
         Φ  
          − − −+ + +           

(25)

Where ∆
T1

= -1. Converng Eq. 25 ino an
impedance marix,

11 12
1

21 22

= ,
Z Z

Z
Z Z

 
 
 

(26)

Where
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magnezed, and he shor circui condion is he
sysem’s (i.e., a ransducer) ree oscillaon in vac-
uum.

Discussion

In his secon, we discuss ineresng eaures o
the Z

mot
, is circular shape (in he complex plane)

and invesgae he reason o make i a circle.
Based on he claim hawemade, he negave real
par o he Z

mot
is due o he diusion o he mae-

negave resisance in Z
mot
. This Z

mot
is not a posi-

ve denie quany, which means i does no con-
serve energy o he nework. This mahemacally
suppors ha i is legal o have negave real pars
in Z

mot
which is caused by he square roo compo-

nens in he sysem such as eddy-curren.

Figure 5 shows he moonal impedance and in-
pu impedances wih boh open and shor circui
condions. To help undersand beer, one can hink
he open circui impedance when a sysem is de-
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Figure 5: Compued moonal impedance (Eq. 31), and inpu impedances wih boh open (Eq. 27) and shor
circui condions (Eq. 31 + Eq. 27) based on a simple elecro-mechanic nework shown in Figure 4. The lef
gures show he real and imaginary pars o a simple elecro-mechanic nework. The marker’s size indicaes
incremen in requency. Beween 8th and 9th requency poins, he real pars o Z

mot
goes o negave.

Figure 6: Demonsraon o Z
mot
’s negave real par using a simple circui example.
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The negatve real pars of Z
mot

Figure 6 demonsraes a case where a dier-
ence o wo inpu impedances (Z

in
wih dieren

rial, we briey discuss he wo kinds ransormer’s
core losses via he basic elecro-magnec heories
including he eddy curren losses.

Figure 7: Due o he gyraor, he mechanical componens become dual when hey are seen on he elecrical
side o he nework. The paralleled resisor, capacior and inducor nework conribues o he circular shape
o he Z

mot
polar plot.
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Figure 8: This gure explains he circular shape o Z
mot

where he moon o he mechanical behavior (i.e.,
damping (loss), mass, and sness) projeced o he elecrical side denes Z

mot
. The blue line shows inpu

impedance based on he series relaonship ((1) in Figure 7 wihou considering he gyraor) while he red line
represens he dual. The upper-lef and lower-lef plos show magniude and phase o impedance and he
righ plo (polar plo) shows real and imaginary pars o he impedance. The red circle on he polar plo shows
circular shape o Z

mot
. F

c
sands or he ransion requency beween C (low-requency) and L (high-requency).

In polar plos, i IZ→ +∞, Z is dominaed by L, and in case o IZ→ -∞, Z depends on C. Noe ha his gure only
discusses he shape o ypical Z

mot
, no is negave real pars. For simplicaon, values or L, R, and C, are 1 in

his simulaon.
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line (2) Decoding he gyraor usingmobiliymehod
o see he mechanical behavior on he elecrical
inpu side. The upper and lower plos in he lef
plane represen he magniude and phase o he
inpu impedance, and he righ polar plo shows
he real and imaginary pars o he impedance.

In Figure 8, he red circle on he polar plo (Z
dual

)
shows Z

mot
, which is he dual o ZM namely,

, , = 1

1 1
= = 1+ = 1 1 ,M R L CZ R sL j

sC j

ω
ω ω

ω
ω

∞ →∞
+ + + →
−∞ → −∞

(34)

, , = 1

0 0
1 1 1

= = = 1 1 .
1

1 0
dual R L CZ sC

R sL j
j

ω
ω

ω ωω

→
 →
+ + →∞

(35)

The reason we have a circle shape o Z
mot

is
because we are observing mechanical behavior
across he gyraor. Noe ha F

c
sands or he ran-

sion requency beween C (low-requency) and L
(high-requency) or boh original and dual omag-
niude and phase plos. In polar plos, when IZ →
+∞, Z is dominaed by L and in case o IZ → -∞, Z
depends on C.

One may sugges a rened model o Z
mot

based
on Figure 7. The only dierence beween he real
experimenal daa o Z

mot
and he simulaon in Fig-

ure 8 is he angular roaon (clockwise direcon) o
he circle pivoed a he origin o he circle, which
will inroduce he negave real par in Z

mot
. One

way o realize his model is o add a phase delay in
he sysem (e-jφ(ω)) along wih mechanical circuis.

Roang he circle oward he negave real par
is relaed o any shun loss in he elecrical par o
he sysem.

Conclusions

I is ineresng o review hisory o impedance
concep in reroacve manner. Sudy on imped-
ance was buil over a long-me span rom Ohm o
Brune. Since he AC impedance concep was devel-
oped by Kennelly [2], i ook 28 years o rigorously
dene he properes o he impedance by Brune
[22].

In his sudy, an-reciprociy, a unique wo por
nework’s posulae, has been invesgaed via a
specic real-world example, he BAR model. Z

mot

has been simulaed and is resul has demonsraed
ha i is no a physically realizable PR impedance
wih respec o Brune’s impedance posulaes [22].
In this sense, Z

mot
is a ranser impedance no a driv-

boundary condions) goes negave. For example,
aking Z

1
= Z

2
= 100Ω. Based on he denion o

Z
mot

(Eq. 11), sub-racng he open circui imped-
ance rom he shor circui impedance resuls in
-50Ω (Z

in
|
Φ2 = 0

- Z
in
|
I2
= 0 = Z

1
||Z

2
-Z

1
= 50Ω-100Ω).

This simples example ells us a lo abou he na-
ure o Z

mot
, as well as modeling he elecro-me-

chanic sysem.

Nex consider an elecro-mechanic sysem. I
there is no shunt resistance (i.e., Z

1
) in the electrical

side o he sysem, Z
mot

canno have negave real
par as we see in Figure 6. Curren is spli a he
parallel juncion. Once he divided parial cur-
ren ows hrough he shuned componen(s) o
ground, he oher componens (across he parallel
juncon), canno see he spli curren. The oher
componens are no aeced by his spli curren
which does no ow inside hem. Thereore, he
curren is loss as he oher componens poin o
view.

To apply his heory o our sysem explaining
he negave real pars o Z

mot
, he one possible

physical place or he shun componen loss is he
eddy curren, he diusing curren ino magnec
core such as armaure in our specic case. I has
been shown experimenally since Kennelly and
Pierce [19], that Z

mot
has negave real pars. This

ac suppors he view ha a shun loss in elecri-
cal side o he sysem mus conribue o his loss
(semi-inducor) when modeling he sysem [16].

The circular shape of Z
mot

In he polar impedance plane (R vs. I), Z
mot

is a
circle passing hrough he origin [20]. The unusual
shape may be explained by he physical naure o
he an-reciprocal elecromechanic sysems. The
lef side circui (1) in Figure 7 describes a (ypical)
mechanical elecromechanic nework. The series o
a damper, a mass, and a sness o he sysem are
represened as circui componens R, L, and C, re-
specvely. The Z

mot
is dened as a mechanical char-

acerisc observed on he elecrical side; here-
ore, simulaon o hese hree main mechanical
elemens on he elecrical side is our main concern.

Two circuis shown in Figure 7 are unconally
equivalen. Par (1) is physically inuive due o
using a gyraor, and (2) is a dual version o (1) via he
mobiliy analogy [21]. Figure 8 simulaes he wo
circuit cases in Figure 7; he blue line (1) Wihou
he gyraor (purely mechanical case) and he red
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ue o Technology, USA.

ing poin impedance. Moreover, we have sudied
he physics behind o Z

mot
’s non-PR characerisc

which lies in one o he core losses embedded in an
EM sysem; he Eddy curren loss (a heorecally
appreciaed shun loss in elecrical side o he sys-
em) which is independen o he coupling beween
he curren and he orce in he sysem. The Z

mot

reecs a purely mechanical behavior, a resonance,
when i is looked a elecrical side, hus i has a cir-
cular shape. And we have shown ha he naure
o an-reciprociy makes a loop in he impedance
o he elecro-mechanic sysem by applying he
mobiliy analogy wih a gyraor which represens
an an-reciprocal characerisc. In summary, one
o he mos unique an-reciprocal sysem charac-
erisc, Z

mot
has been ully and uniquely analyzed

based on boh he empirical and heorecal oun-
daons or he rs me since is invenon by A.E.
Kennelly in 1912.
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