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PREFACE

This tutorial provides an introduction to the determination of mechanical properties
of biological membranes and methods of analysis useful in their interpretation. These
methods are based on fundamentals-of continuum mechanics, thermodynamics, and
mechanics of thin shells. The displacements and material deformations invoived are
often quite large; therefore, finite deformation theory is required. The molecular struc-
ture of biological membranes is distinctly anisotropic. Consequently, the approach
taken here considers a membrane to be a continuous, two-dimensional material made
up of a strata of molecular layers. Treatment of the membrane as a two-dimensional,
or surface, continuum implicitly integrates over the molecular discontinuity in the
membrane thickness dimension. The result is that properties are defined for the mem-
brane as a surface composite material.

We give a brief personal perspective of the field of biomembrane mechanics. Most
of the applications that are discussed have been developed only in the last few years.
We establish first the more classical aspects of the analysis of surface deformation,
rate of deformation, and mechanical equilibrium of a thin membrane material. Then,
we derive elastic constitutive equations from thermodynamics of the membrane; these
equations include surface elasticity (area compressibility and surface shear) and cur-
vature, or bending, elasticity for multilayered membranes plus chemically induced cur-
vature changes. Next, we demonstrate that thermoelasticity provides the decomposi-
tion of reversible mechanical work into internal energies and heats of deformation.
We follow the aspects of reversible membrane deformation with a phenomenological
treatment of irreversible processes that occur for different regimes of material behav-
ior. These are abstractly represented by viscoelastic solid, semisolid relaxation and
creep, and viscoplastic flow relations. Finally, we outline several contemporary exper-
iments on biomembranes and demonstrate the previously developed methodology
through the analysis of these experiments.

This article is intended primarily for engineering and physical scientists who are
interested in the physical behavior and structure of biological membranes. It is hoped
that the presentation will also be of interest to biologists, physiologists, and medical
scientists for whom the mathematics and mechanics involved may be less familiar, but
who are interested in the physical properties of biological membranes. For this reason,
the treatment has been given in a detailed manner, without presupposing a knowledge
of tensor theory.

This manuscript grew out of mutual research interests related particularly to the
mechanical behavior of red blood cells and amphiphilic layer systems. We feel that a
documented account of the modest degree of understanding which has been achieved
will be userul to a wide variety of research workers. We hope that it may help to
develop further the complementation of biological membrane sciences, as developed
through the perspectives of anatomy, biochemistry, physiology, engineering, physics,
and mathematics. The ultimate goal is to relate material behavior to biological function
and moiecular organization of membranes.

The account would not have been possible without the collaboration and encourage-
ment of many teachers, colleagues and collaborators. Professor Y. C. Fung and Dr.
Shu Chien have been especially important and helpful in lending guidance and support
in many ways. Two particularly close and essential collaborators, Professor R. M.
Hochmuth and Dr. P. LaCelle, have contributed significantly to progress in the field
of red cell membrane mechanics and to the development of this manuscript. Many
students have been instrumental in the research developments, particularly Dr. R.
Waugh, Dr. R. P. Zarda, and Dr. A. Tozerin. The editorial assistance of Karen Bux-
baum and helpful comments of Dr. S. Horan have been greatly appreciated, along



with the participation of students at Duke University who have experienced most of
this manuscript in classroom lectures. We thank Ellen Ray for her steady support
throughout the typing of the manuscript. We also gratefully acknowledge the research
support received over these past years from the National Institutes of Health, the Na-
tional Science Foundation, and the American Heart Association.

The subject of biological membranes is a frontier of exploration of life processes
and this account is necessarily fragmentary at this time. However, we hope that the
assembly of the elements of the theoretical foundations and experimental studies pre-
sented here on biclogical membranes will serve to accelerate future developments.

E. A. Evans
R. Skalak
September 8, 1978
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SECTION 1

1.1 Introduction

Experiments aimed at the determination of mechanical properties of biological mem-
branes were begun in the 1930s using sea urchin eggs (Cole, 1932)® and subsequently,
nucleated red blood cells (Norris, 1939).° These early experimentalists concluded that
the typical cell membrane is a composite material made up of two molecular layers of
lipids plus additional materials presumed to be proteins (Seifriz, 1926; Norris,
1939).%+7 This general picture of the cell membrane ultrastructure has been confirmed
and refined in recent years by advances in electron microscopy, biochemistry, and
other sciences. Singer and Nicolson (1972)% examined the available evidence and pre-
sented the conceptual view that the cell membrane is a fluid mosaic in which the mo-
bility of the molecules comprising the membrane is restricted to the plane of the mem-
brane. Such a fluid mosaic would-behave as a two-dimensional fluid layer. However,
experiments also showed that cell membranes exhibit solid properties to some extent,
e.g., elasticity. Since the lipids are in a fluid state, solid characteristics of the membrane
must be attributed to connections of proteins and other molecules associated with the
membrane (Evans and Hochmuth, 1977).?! A schematic view of this type of material
structure is illustrated for a red blood cell membrane composite in Figure 1.1. This
figure idealizes the work of Marchesi et al. (1969, 1970),%"-® which indicated that a
protein called spectrin lies on the cytoplasmic face of the red blood cell membrane.
The fluid mosaic model, therefore, was expanded to include the spectrin network
(Steck, 1974; Singer, 1974).%2%¢ In Figure 1.1, the spectrin network is shown as provid-
ing structural rigidity and support for the fluid component of the membrane and is
often referred to as a ““cytoskeleton.’” Biochemists are currently studying the associa-
tion of the spectrin network with the outer lipid and protein mixture (Bennett and
Branton, 1977).2 In cells which are more complex than the red blood cell, a variety of
additional structures may exist in association with the cell membrane, e.g., connective
tissue, cytoplasmic elements, microtubules, etc. These can also provide structural rig-
idity and even active deformation. An example of a complicated membrane structure
is that of the sea urchin egg. The sea urchin egg has a cortical layer on the order of 3
um thick adjacent to the plasma membrane (Hiramoto, 1970),** and the surface of the
membrane is formed into small studded projections (microvilli), which create a carpet-
like appearance.

The anisotropic or lamellar configuration of thin membrane structures is peculiar
to the preferential assembly of amphiphilic molecules (e.g., lipids, proteins, etc.) into
multicomponent mixtures. Strongly anisotropic chemical behavior of an encapsulating
membrane surface is evidenced by the very slow rate of exchange of membrane mole-
cules with the adjacent aqueous phases. Consequently, the encapsulating membrane
of a biological cell or artificial lipid vesicle behaves as a closed system with fixed mass
for short periods of time (less than the order of hours). Thus, mechanical experiments
can be used to probe the intact structure of the membrane; these experiments do work
on the membrane material for limited time periods. Essentially all membrane mechan-
ical studies related to cells have been done on red blood cells, amphiphilic monolayer
and bilayers systems, and sea urchin eggs. Because of the relatively distinct separation
of the membrane complex from cytoplasm and other neighboring media, red blood
cell membranes and amphiphilic layer systems have been the most popular choices for
use in physical experiments where the desire is to relate material structure of the mem-
brane to its composition of lipids and proteins. Most of our examples will involve
mechanical experiments on red cell membranes and amphiphilic layer systems, empha-
sizing the relationship between material properties and molecular structure; however,
the general development and methods can be applied to more complicated membranes.
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FIGURE 1.1. An idealized view of the red blood cell membrane composite. (The underneath
spectrin network provides structural rigidity and support for the fluid lipid-protein layer of the
membrane.)

Mechanical properties characterize the structure of the membrane as a continuum.
In other words, the scale in time and space over which these properties are measured
must include a sufficient number of molecules such that the fluctuations due to the
behavior of individual molecules are small. For a biological membrane, the material
can only be considered as a continuum in the two dimensions, which describe the mem-
brane surface. In the third dimension, thickness, the membrane exhibits molecular
structure and discontinuity that preclude treatment as a continuous material in this
direction. Consequently, membranes are appropriately represented as two-dimensional
continua, with possible isotropy in the surface plane.* The fluctuation in a surface
property is inversely proportional to the square root of the number of molecules con-
sidered within the scale of the continuum. Therefore, if a macromolecule occupies 100
A? of the membrane surface, then the surface scale would have to be on the order of
0.1 um or greater to limit the fluctuation to less than 1%. Consequently, surface prop-
erties represent the effects integrated over the composite molecular structure in the
thickness dimension and over a scale of fractions of a micrometer in the surface.

Although knowledge of the ultrastructure of cell membranes may suggest theoretical
models, definitive evidence of membrane mechanical structure is provided only by di-
rect experimental measurement. Concepiually, deformation is produced by applied
force; then the deformation is related to the force as a function of time. These results
arc interpreted in tcrms ol intrinsic propertics such as clastic moduli and cocfflicients
of viscosity. In practice, the small scale of the cell membrane makes the measurement
of forces and membrane geometry extremely difficult and imprecise. Consequently,
progress in membrane mechanics has not come easily. Developments in the field of
red cell membrane mechanics provide insight into the difficulties that are encountered.
This history shows that the determination of intrinsic mechanical properties is not a
simple application of a mathematical formulism to the analysis of an experiment. On
the contrary, considerable biophysical insight and creative thought are essential. The

* Surface isotropy means that the material properties do not depend on the orientation of surface coordi-
nates chosen at a specific location; however, properties may be nonuniform, i.e., depend on surface
location.



following discussion gives some highlights and nucleating steps in the evolution of red
cell membrane mechanics and thermodynamics. In Section V, we will describe and
analyze many of the experiments referred to in this discussion.

The first estimates of an elastic modulus for the red blood cell membrane (Katchal-
sky et al., 1960)*” were based on osmotic swelling experiments in which the transmem-

brane pressure had to be derived from the equations of chemical equilibrium. Based
on these experiments and later on micropipet suction experiments (Rand and Burton,
1964; Rand, 1964),”"* the estimates of the so-called Young’s elastic modulus of human
red blood cells were on the order of 10* dyn/cm?. These results also involved an esti-
mate of the membrane thickness, which was assumed to be on the order of 10°¢ cm,
but could not be accurately determined. This particular difficulty arose because the
investigators (Katchalsky et al; Rand and Burton)*’”! treated the membrane material
as continuous in the thickness dimension. Such approaches give elastic constants in
stress units of force per unit cross-sectional area (dyn/cm?). However, as we have em-
phasized from the outset, biological membranes are essentially continuous materials
only in the two dimensions of the surface. Hence, for a membrane, the surface elastic
constants have units of force per unit length (dyn/cm). In these terms, the elastic mod-
ulus obtained in the early experiments would be directly equal to the product of the
Young’s modulus times the thickness. Therefore, the surface elastic modulus based on
the experiments of Katchalsky et al. (1960)*” and Rand and Burton (1964)”* would be
on the order of 10 dyn/cm. On the other hand, Rand and Burton (1964)”* also esti-
mated the red blood cell membrane stiffness to be only on the order of 102 dyn/cm
when the membrane was not forced to assume a spherical shape. The same low order
of magnitude was obtained by Hochmuth and Mohandas (1972)** from experiments
on red blood cells attached to glass and extended by the fluid shear stress of a con-
trolled flow over the cells. The apparent variation of the elastic modulus of the red
blood cell membrane by several orders of magnitude in different tests was a result of
oversimplification of the analyses. The situation was remedied by recognizing that dif-
ferent material properties were being measured in each experiment, as will be explained
below. ’

Fung (1966)** discussed the mechanical equilibrium and deformation of red blood
cell membranes as a problem in the theory of thin shells. He pointed out that the
effects of bending are likely to be small and that the red blood cell could change shape
only to a limited extent without some stretch of the membrane surface. His discussion
was based on the extensive developments of the classical theories of thin shells (see,
for example, Flugge, 1973)*® and differential geometry (see Struik, 1961).%” In shell
theory, small deformations and three dimensionally isotropic material properties are
usually assumed. Removing the first restriction, Fung and Tong (1968)*! introduced
large deformation theory into an analysis of the osmotic sphering of red blood cells.
However, even with the proper equations of large deformation and equilibrium, the
results did not correlate with experimental results. The assumption of a three-dimen-
sionally isotropic material was not an appropriate description of red cell membrane
material structure.

The resolution of the widely different estimates of the red blood cell membrane
elastic moduli was accomplished when the restrictions imposed on membrane behavior
by its ultrastructure were recognized. A membrane such as shown in Figure 1.1 is
highly anisotropic. It can be isotropic with respect to directions in the plane of the
membrane but has a discontinuous, molecular structure in the membrane thickness
direction. Further, experiments showed that it is difficult to increase the surface area
and that area increases of a few percent resulted in rupture (Rand, 1964; Evans and
Fung, 1972; and Chien et al., 1973).%*%7! On the other hand, large extensions were
readily achieved at constant area (Hochmuth and Mohandas, 1972).** These observa-
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tions and the apparently conflicting moduli were resolvied by the introduction of elastic
constitutive equations which separated the effects of changes in area from extensional
deformations at constant area (Skalak et al., 1973; Evans, 1973).'** These models
suggested that the large moduli deduced from sphering experiments were associated
with the large resistance to changes in membrane area. The small forces needed to
streich flaccid, unswollen cells were attributable to a smal clastic modulus for mem-
brane extension or shear deformation at constant area. Recent experiments and anal-
yses have confirmed this view (Evans, 1973; Hochmuth et al., 1973; Evans and La-

Celle, 1975; Lvans ct al., 1976; Evans and Waugh, 1977; Waugh, 1977; Waugh and

Evans, 1978),.1¢:224.25.27.44.91.%3 The representation is something like a two-dimensional
analog of rubber. Rubber greatly resists volume changes as indicated by its large vol-
umetric compressibility modulus, but is capable of very large extensions at nearly con-
stant volume due to its comparatively low shear modulus. However, rubber in the form
of a thin sheet is very different from biological membranes because the surface area
of rubber sheet can be easily increased with commensurate decrease in thickness (see
Green and Adkins, 1970).3*

Another important aspect of the behavior of biological membranes, which is differ-
ent from that of macroscopic isotropic materials, is the strong effects of the chemical
environment on the shape and properties of cell membranes. In the case of the red
blood cell, a range of shapes is observed, including the normal biconcave shape (dis-
cocyte), cup shape (stomatocyte), tightly crenated spherical shape (echinocyte), and
many other variations which depend on the chemical environment surrounding the
cell. Reversible changes of red biood cell shape were first described by Hamburger in
1895.7 In the 1930s, Ponder (1971)* accumulated a vast amount of information on
the multiplicity of agents and conditions which induce these transformations. Exten-
sive observations of the specific chemical agents and the shapes that they produce have
been assembled by Bessis (1973).°

The biconcave disk shape of red-blood cells is considered the normal or natural state
because it is commonly observed under normal conditions in blood samples from
healthy individuals. In addition, micropipet experiments and theoretical considerations
indicate that the membrane is unstressed or at very low stress levels in the biconcave
state. The pressures inside and outside of the cell cannot be appreciably different in
the biconcave state (Fung, 1966).*° The extraordinary symmetry and smoothness of
the normal red cell discocyte have stimulated a great deal of interest, study, and spec-
ulation. The normal red cell has a surface area which is about 40% in excess of that
required to enclose a sphere of the same volume as the cell. If one imagines the red
blood cell being formed by collapsing a larger sphere or by inflating a flat double sheet
of membrane material, it is evident that considerable bending or curvature alterations
of the membrane must take place. Such ideas led Canham (1970)° and Lew (1972)** to
postulate that the discocyte was a configuration of minimum bending energy. Com-
putations based on this concept have also been carried out by Zarda (1974),%” using
realistic moduli for the membrane properties. The computations show that the bicon-
cave discocyte could in fact be produced by partial deflation of an unstressed sphere
and that only a smail negative pressure would be required to maintain the shape. How-
ever, the process of formation of mature red blood cells in vivo is not a simple deflation
of a sphere (Bessis, 1973).% The red cell experiences a complicated history of dynamic
shear siresses in the circulation. Consequently, the biconcave shape must be regarded
only as a reference geometry, not to be confused with the intrinsic material structure.

As Fung (1966)*” pointed out, bending effects are often negligible compared to the
effects of membrane force resultants (tensions) in large deformations of red blood
cells. This is indéed the case in micropipet experiments and large deformations pro-
duced by fluid shear. However, as Fung also noted, many situations arise in which

v



tensions are small, and bending moments are essential to maintain the stability of the
observed shapes. An example is the seriés of shape changes of the red blood cell during
intermediate states of osmotic swelling before the spherical state is reached (Zarda,
1974; Zarda et al., 1977).°-*°° The bending energy and intrinsic rigidity of bilayer mem-
branes have been related to the physical properties of the component monolayers by
Evans (1974)'” and discussed by Evans and Hochmuth (1978)?* for multilayer mem-
branes. In addition, it was shown that alterations in chemical equilibrium of one or
more of the layers could induce bexjding moments and changes in curvature of the
membrane as a whole. Similar ideas led Helfrich (1973, 1974)°"3* and Dueling et al.
(1974)*3= to postulate the existence of a “‘curvature elastic energy’’ which is similar to
bending energy in shell theory. Chemically induced changes in curvature correspond
to changes in the ““spontaneous curvature’’ introduced by Helfrich (1973).%” This spon-
taneous curvature may be regarded jas the curvature which specifies the minimum en-
ergy configuration of any portion of a membrane.

Quantitative correlation of material behavior with membrane chemistry is provided
through thermodynamics. Ideally, this would be carried out in a calorimeter that would
measure the heat exchange from the membrane when deformed by external forces.
Since it is impossible to construct a calorimeter to measure the heat exchange that
occurs during micromechanical experiments on cell membranes, the thermoelastic be-
havior of red cells is being used to deduce the relative changes in internal energy and
heat content that are produced by membrane deformation (Evans and Waugh, 1978).%¢
This is possible because the elastic properties of a closed membrane system are associ-
ated with reversible thermodynamic changes in the membrane that are produced by
deformation. The elastic coefficients are derivatives of the free energy density at con-
stant temperature (work per unit area of the membrane) taken with respect to intensive
deformation, i.e., change in surface density and in-plane extension at constant surface
density (Evans and Waugh, 1977; Evans and Hochmuth, 1978).2*2* Temperature-de-
pendent mechanical experiments provide data for decomposition.of membrane ther-
modynamic potential changes into internal energy and configurational entropy contri-
butions (Evansiand Waugh, 1977; Evans and Waugh, 1978).2%- Comparison of well-
defined chemical systems (i.e., vesicles made of specific combinations of lipids, pro-
teins, etc.) with’ﬁf‘omposite, cell membrane systems gives quantitative data on the chem-
ical state of the composite or natural membrane ‘‘mixture’’. For example, we can
determine whether the configurational state of molecular complexes is more or less
ordered by the deformation and whether the energy of these complexes is appreciably
changed by the deformation. For a biological membrane or amphiphilic layer system,
thermoelasticity can provide a direct assessment of thermal repulsive forces and natural
cohesive forces in the membrane or layer.

The time-dependent deformation of biological membranes under applied forces has
also been explored to some extent. This dissipative behavior is represented by visco-
elastic and visdoplastic models for membrane rheology. Viscoelastic models for red
cell lysis were proposed by Katchalsky et al. (1960)*” and Rand (1964).° However, the
unusually large viscosities derived from their osmotic lysis and micropipet experiments
(surface viscosities in the range of 10 to 1000 dyn-sec/cm) do not represent a viscous
flow process. On the contrary, the results are derived from the temporal dependence
of the lytic phenomenon itself, without any perceptable rate of deformation of the
surface. Viscoelastic recovery of red blood cells was observed by Hoeber and Hoch-
muth (1970)* in red cells expelled suddenly from micropipets. The time constants in-
volved were on the order of 0.1 sec. This measurement has been combined with known
elastic properties and a proposed viscoelastic model to estimate that the surface shear
viscosity for the.red blood cell membrane is on the order of 10 dyn-sec/cm (Evans
and Hochmuth, 1976; Waugh and Evans, 1976).""** Recently, viscoelastic recovery of

‘f.
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red cell extensional deformation has corroborated the earlier estimate (Hochmuth et
al., 1978).%5 Irrecoverable deformations of red:blood cell membranes have been stud-
ied, e.g., plastic behavior produced by membratte shear forces that exceed yield (Evans
and Hochmuth, 1976)?° and the time-dependent relaxation from solid to plastic behav-
ior (Evans and LaCelle, 1975).2* However, these phenomena are complex, and the
data only represent an initial stage of investigation.

The historical notes above have focused on eéxperiments and theoretical develop-
ments connected with red cell membranes. This #s because many of the advances and
the motivation for the membrane experiments originated in studies of blood rheology.
However, the basic mathematical descriptions and the physical concepts employed are
applicable (0 other cell membranes and macrosc‘bpic biological membranes as well.
With regard to the relation of membrane properiies to the gross rheology of blood,
there are several recent reviews which summarize the information and theories (Chien
et al., 1973 and 1975; Goldsmith and Skalak, 1975).%%% On the other hand, an entirely
separate development has taken place in the study of the membrane-cortex complex
of sea urchin eggs. Even though membrane mechanics has its roots in the early exper-
iments of Cole (1932)” on sea urchin eggs, the recent work on red cell membranes and
amphiphilic layer systems has proceeded independently of the investigations on the sea
urchin egg. Nevertheless, extensive mechanical studies have been underway on the sea
urchin egg. Several notable early references include the works of Mitchison and Swann
(1954),%* who developed a micropipet aspiration technique, followed by Hiramoto
(1963)*' and Yoneda (1964),°¢ both of whom used the compression of the egg between
two plates as an experimental method (originally developed by Cole). Even osmotic
swelling was used to investigate the mechanical properties (Mela, 1967).%° Excellent
articles have appeared in recent years by Hiramoto (1970)*2 and Yoneda (1972),*” which
give insight into the interests and approaches of investigators in this fieid. Hiramoto
(1970)** describes an innovative experiment utilizing a small magnetic particle to test
the mechanical properties of different cellular components, including the membrane
cortex. The most significant aspect of the membrane cortex of the sea urchin egg (other
than its obvious complexity) is the dynamic changes which occur in its properties as a
result of the life processes of the cell, i.e., from fertilization through subsequent divi-
sion. As outsiders to this field, we cannot presume to contribute significantly to the
efforts currently in progress on the biomechanics of sea urchin egg membranes; how-
ever, we hope to suggest an approach to the development of membrane constitutive
relations which can be of use to scientists interested in complicated membranes like
that of the sea urchin egg. We will make this suggestion in the form of examples in
Section V, where we will analyze a sea urchin egg compression experiment and present
a simple model for the magnetic particle experiment of Hiramoto (1970).4*

SECTION 11

2.1 Intensive Membrane Deformation and Rate of Deformation

Experimentally, the determination of material properties of biological membranes
(e.g., elastic moduli and viscosity coefficients) involves applying prescribed forces and
observing (he resulting change in shape of the membrane and the time ratc of change
of membrane conformation. As we discussed in the introduction, cell membrane ma-
terials can only be treated as continuous media in the two dimensions that characterize
the surface. Usually, the radii of curvature which describe the cellular envelope are
much larger than the thickness of the membrane structure. Consequently, the mem-
brane can be considered to be a thin surface material {as its name implies). Both defor-
mation and rate of deformation are quantitatively analyzed in terms of alterations in
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FIGURE 2.1. A conceptual view of the membrane surface as a mosaic of small
elements. Although the entire surface may undulate in space, each element of mem-
brane is sufficiently small that we may consider it approximately flat.

the surface geometry of the encapsulating membrane. For this purpose, we concep-
tualize the surface as a mosaic of differential elements that are sufficiently smali to be
approximately ‘‘flat’’ when compared to the overall terrain of the surface (see Figure
2.1). The coordinates are considered locally flat, but may traverse ridges and valleys
of the surface like roads in the countryside, becoming curvilinear coordinates in gen-
eral. The relative displacement in time of the material points in each small element
specifies the intrinsic deformation of the surface, and the time rate of change specifies
the rate of deformation. We will show that the intrinsic deformation of surface mate-
rial elements can be represented by a sequence of geometric alterations: a dilation or
condensation of surface area followed by extension of the surface element at constant
area. Similarly, the rate of deformation of the surface can be decomposed into the
fractional rate of area change and the fractional rate of extension at constant area.
Most membrane materials are essentially laminatéd structures. Since the distance
between layers are of the order of molecular dimensions (much smaller than the scale
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of the membrane continuum and radii of curvature), each layer experiences nearly the
same surface deformation and rate of deformation. However, deviations from the
mean membrane surface deformation are produced within the layers of the surface
composite by changes of curvature. The small variations are determined by the inter-
layer distances and changes in curvatures. We will consider these effects in Section IV
when we investigate curvature elastic phenomena.

2.2 Deformation

The instantaneous position, P,, of a single element of the surface mosaic is specified -

by its cartesian coordinates (&,, &., &;) in space. There are two orthogonal axes, x, and
X:, that form a plane tangent to the surface at the point, P,. Positions in the tangent
plane are given by independent coordinates that are functions of the coordinates in
space,

X = Xjl&,, &, £5) Q.2.1)

Here, the index subscript, i, is used to catalog the two tangent plane coordinates (x,,
X2). Equation 2.2.1 represents two independent functions, one for each plane coordi-
nate. For the simple case of an infinite plane, the tangent plane coordinates may be
identified with the spatial coordinates (§,, £&;). However, at a specific point, P,, on a
curved surface, only a small region local to the point can be treated as coincident with
the tangent plane. In this differential region around P,, the axes, x, and x,, provide
orthogonal bases for determining the locations of neighboring points such as P, in
Figure 2.1. Therefore, in the elemental region surrounding P,, any other point, say
P,, is specified by the infinitesimal cartesian coordinates (dx,, dx:). The scalar distance
between P, and P, is given by ds,

ds = Vdx,? +dx,? : (2.2.2)

Since ds is the measure of distance between local points on the surface, changes in ds
will specify the intrinsic deformation of the surface continuum local to P, and subse-
quently over the whole surface. This measure or surface ‘‘ruler’’, Equation 2.2.2, can
be written in a gquadratic form called a metric,

ds® = dx,? +dx,*= dx, dx; (2.2.3)
Here, the repeated subscript is an implicit rule for product summation,

2

dxy dx, = X dxp dx, = dx, dx, + dx, dx,
k=1

(This shorthand summation convention will be employed throughout the manuscript.
It is important to recognize that the scalar quantity, ds?, is independent of the sub-
script, k, and that such ‘‘dummy’’ indices should not be confused with independent
subscripts that label individual quantities as in Equation 2.2.1.)

Because deformation is determined by changes in the distance between points, we
will introduce a reference state called the initial state. In the initial state, locations in
a plane tangent to the surface at P, are defined by coordinates, a;. These are functions
of the spatial coordinates as well,

4G = (kL E,, E) (2.2.4)

—



The initial distance between local points, P, and P,, in the differential surface element
is obtained in an analogous manner to Equation 2.2.2 by assuming agam that the da;
are infinitesimal cartesian coordinates,

ds, = da'! ? +da,”
The initial metric is given by the sum,
ds,? = day day (2.2.5)

The difference between the two metrics, Equations 2.2.3 and 2.2.5, gives the change
in length of the line segment (P, P,) as the surface deforms from the initial to the
instantaneous state. Specifying such changes for all points in the neighborhood of P,
determines the total deformation in the tangent plane at P,. This is the local deforma-
tion in the domain of a point on thésurface. In such a manner, deformation is defined
intensively, and the degree of deformation will be quantified by a set of functions that
are continuous over the entire surface envelope, i.c., from point to point.

The instantaneous and initial surface coordinates are assumed to be analytically re-
lated in the vicinity of the point, P,, because the surface is considered to be a two-
dimensional continuum. This means that a functional relationship exists between the
two sets of tangen: plane positions:

X; = x;(2,, a,)
and,
3 = ai(xlixz)

Consequently, in the elemental region close to P,, locations (differential coordinates)
of neighboring surface points are simply related by the chain rule of differentiation:
first, the instantaneous location in the deformed state is related to the initial location

by

Bxi
dx; = — daj
23; (2.2.6)
or in full,
ox, ox,
dx, =
ga, da,
oX 9x
dx, = —ida + —2 da,
oa, da,

and second, the initial location in the undeformed state is related to the instantaneous
location by
CER

da p J— dxj
“ax; 2.2.7

The initial and instantaneous metrics may be expressed using Equations 2.2.6 and
2.2.7 as linear transformations for the differential coordinates,
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axy, 4dx

dsz = k —i dai dﬂj
b, oaj (2.2.8)
aak day

97 By 99 2.2.9)

Each differential in the original products must be expanded by the chain rule, where
the summation of repeated subscripts is over (1,2). (Note: the commutation of alge-
braic functions has been employed in Equations 2.2.8 and 2.2.9 , e.g.,

ax ax Ixy 3x
ds? = k dy; k da.)= X —--'id-,\. da,
da; da; Y aay eay

The difference between the two metrics may be expressed in terms of the initial and
the instantaneous surface coordinates,

.axk axk
ds* — ds,? = -_ aij da; daj
aai aa] (2-2.10)
da da
ds? —ds,?= [ 6. — — —K ) gx.dx,
0 13 X: aX: L (22.11)

where the identity matrix or Kronecker delta, d,,, has been introduced. (It is defined
byd; = O0Ofori#jandd,; = 1 fori = j.) Equations 2.2.10 and 2.2.11 suggest the
definition of strain components, £; and e,;,

ds® —ds,® = 2¢; da; da;

ds® - dsy? = 2e;; dx; dx;

where
0x, 9x
g, =) L3 —k — .
G = (aai £y 51) 2.2.12)
Bak aak
. = ) 2y — v—— e
% = % (5u . axj) 2.2.13)

£;; is called the Green’s strain tensor or material strain. e,; is called the Almansi strain
tensor or spatial strain tensor (Prager, 1961).° The strain components quantitatively
determine the deformation local to P,. They are four in number for the surface and
may be written as a matrix. The strain matrix is always symmetric. The strain compo-
nents are a way of cataloging the partial derivatives that represent the deformation.
The relative changes in clement dimensions may be related to the strain components
most conveniently from a particular perspective called the ““principal axes system’’.
This perspective can always be selected by rotation of the axes about P,,. As will be shown
from the development of the principal axes system, any surface deformation can be
simply decomposed into a change in the arca of the element and an extension of the
element at constant area.
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FIGURE 2.2. Extension of a plane, square element along the a, axis with.no change in the a.
direction.

It is apparent from Equations 2.2.10 and 2.2.11 that the changes in point-to-point
distances (determined by the metric) may be defined relative to eithier the initial or the
instantaneous state. This distinction disappears when infinitesimal:deformations are
involved. In much of classical physics, it is common to use the initial state as a refer-
ence for the deformation and variables are called material or Lagrangian. On the other
hand, in fluid dynamics where the initial state is difficult (if not impessible) to define,
the instantaneous state becomes the reference and the corresponding:variables are re-
ferred to as spatial or Eulerian. Therefore, the strain representations;.¢; and e;,, are
called the Lagrangian and Eulerian strain, respectively. If the strain matrices are iden-
tically zero, then no deformation has occurred because all local points remain the same
distance from P,.

The following examples demonstrate the analysis of deformation. The first two ex-
amples utilize plane geometry to illustrate characteristics of the strain components.
The last two examples are analogs of the first two for an axisymmetric,, curvilinear
surface element (i.e., conical annulus). The latter examples show the application of
the deformation analysis to axisymmetric curved surfaces. General surfaces: without
symmetry may be similarly treated, but the geometry may create algebraié.complexity
without a commensurate increase in the insight into the analysis ofi déférmation.
Therefore, we have chosen to treat the axisymmetric case and direct readers:to refer-
ences related to differential geometry for more general equations (e:g:, Struik, 1961,

Naghdi, 1972).528”

Example 1
Consider the extension of a plane, square element along the a, axis:with nmo change

in the a, direction as shown in Figure 2.2. The components of the strain matrices are
calculated from the relations between (x,, x:) and (a,, a;) given by

N
Y

"

>
~
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Constant A, specifies the extension. The Lagrangian

strain componenis are obtained
from Equation 2.2.12,

-y ax, dx, . ax, ox, l BonI- 1)
e, =% —F — — = A -
H da, da, 0da, 8a, '

ax, ax 91, 09X
e =B |l——+ —=2_ =0
da, da, 9, du,

ax, ax, 9x, 3x,
(.-l2=czl'.'|/1_—..+-—-._-=0
da, a4, du, da,

9a, da da, oa
el'1=e‘ll=% __—_l..._‘_.-_.z_—---2 =
ax, Ox, Ox; 9x,

If a simultaneous extension in the a, direction is included, then the relation between
x, and a, would remain the same; but for the a, direction, we have

X, = A,u,
x2
a. = m—
2
A

and the strain components are
e, =% (1)

€ = B(E— 1)

We associate these components with the principal axes system because e, = £,, = 0.
Elements parallel to either axis remain parallel and are extended or compressed inde-
pendently of the other coordinate.

If the extension ratio, say 1,, is close to unity (i.c., small deformation), the nonzero
strain components are approximately given by
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(1 + 2 +€*) -1
€ = T
11 2

= €

1 — (1 —2e+¢e*—...)
€, T =€

2

where the deviation of A from unity is £. A Taylor series expansion was used in the
Eulerian strain component e,,. It is apparent for small deformations that the distinc-
tion between Lagrangian and Eulerian variables disappears and that the principal
strain is simply the fractional change in iength. When ¢ is greater than 10%, the smalt
deformation approximation (the equivalence of Lagrangian and Eulerian strain com-
penents) progressively deieriorates.

Example 2 =
Consider the shear deformation of a square element, as shown in Figure 2.3, with
no displacements in the a, direction. For this deformation,

X, =a, +a, tang

a, =X, — X, tang
Xy = 2y
4 =X,

The Lagrangian and Eulerian strain components are again calculated from Equations
2.2.12and 2.2.13,

&g, =0
tan® ¢
€92 = 2
tan ¢
€2 €21 2
g, =0
tan? ¢
€2 = — 2
e = =tmo

For small shear deformation angles, tan ¢ = ¢ and ¢ < I; thus, the above relations
reduce to the classical infinitesimal shear components,

&, =8, =0

€2 = &, =0
- - _ @
€12 T €21 T &, T &, = 5

In general, ¢,, and e, are called the shear strain components.
Returning to finite deformations, if we allow for simultaneous extension and
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t
02,X5|

g ——— ——— A — ———— A ———-—

— — — > — ——— ——————— o

R(0) ¥e) a, X,

FIGURE 2.3. Simple shear deformation of a plane, square element. The shear deformation
angle, ¢, describes this deformation.

compression along the coordinate axes in Figure 2.3, the coordinate relationships
would be given by

Xy = A4 + Aya, tang
2 _ % X tan ¢
L ]

Ax A
X, T Ay a,
Xa
a = —
LR

where (4,, 1,) are the scaling parameters of line elements parallel to the independent
axes. The parallelogram in the deformed state is scaled geometrically by the parameters
(1., 1,) for a fixed angle, $. The strain components for extension plus the shear are
calculated from Equations 2.2.12 and 2.2.13,

6, =B, -1

e, =% (1 -2
€0 = % [N, (1 + tan®¢) - 1]
€a = % {1 = A7 = A tan®g]

A Ay

tan ¢

8, = €, = %A’ tang

(2.2.14)



FIGURE 2.4. Radial expansion of an axially symmetric surface. The curvilinear distance along
the meridian is unchanged for corresponding points on the initial and instantaneous surfaces.
Elements defined by da, and dx; are sufficiently small that we may consider them flat and rectan-

gular.

These expressions reduce the previous set for A, = A, = 1. The Equations 2.2.14 specify
any uniform deformation (i.e., deformations where initially parallel lines remain par-
allel). For example, consider a deformation which occurs at constant element area. In
this case, the area of the parallelogram remains constant and A, A, = 1; Equations

2.2.14 reduce to

€, =KBA; -1
ey = %A - A%

-2
Ax

= Y| e—— 1

€
23 cos?¢

€5 = % (1 — AL = A7 tan® ¢)

- _ tan¢
€12 T &y T 2

_ tan ¢
€12 = &, = nZ

Example 3
Consider the radial expansion of an axially symmetric surface as shown in Figure

2.4. We specify that curvilinear distance along the meridian (the surface generator) is
unchanged for corresponding points on the initial and instantaneous surfaces. We now
define differential coordinate systems for corresponding surface elements local to a
point, P, in each state. These are illustrated in Figure 2.4. We assume that the incre-
ments, da; and dx,, are sufficiently small that the elements can be considered flat and
rectangular (the infinitesimal difference between the inner and outer radii of the coni-
cal annulus may be neglected). Because of axial symmetry, locations possess the same
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azimuthal angle, ¢, in both the initial and final states. Hence, the latitudinal element
length is proportional to the radial distance from the symmetry axis. Here, we take
da, and dx, for the differential lengths along a tangent to the latitude circle,

da, =r, é¢

dx, = rd¢

The differential distances along the meridian are defined as

da, = dx,

Now, the strain components can be calculated for the Lagrangian representation by

_, dx, dx, _ T 1
6, =% e E—l -/5!(?;) - 1]
3

&z =8 =0

We see by analogy to Example ! that the circumferential extension ratio, A, is equal
to the ratio of the radial distances (r, r,) of the instantaneous and initial states, respec-
tively,

v
Ay T

Fo

If the incremental length, da., along the meridian also changes (dx,), then the second
strain component becomes cither

dx, dx, . .
AEE— =A(A°-.-l)

€ag T
or,
, da, da, . -
E,,-/zlhm—d;"2=/ﬁ(l—kg)
where,
dx, ds
A?. T et T e—
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Not to be confused with the metrics, the curvilinear distances along the meridian, s
and s,, depend on spatial coordinates (r,z) and (r,,2,) for the instantaneous and initial
states, respectively. The independent variables may be selected as either the axial co-
ordinates (z,z,) or the radial coordinates (r,r,). Parametric representations (s,s,) may
also be used. The deformation embodied in the principal extension ratios (i,,4,) is
obtained from relations of the coordinatesr, z, r,, z,, according to

T ds(r, z)
Al = -_— Ai T c———————
To dsg (ro42,)

The incremental distances along the meridian are given by these spatial representations,

Therefore, the second principal extensicn ratio, 1., is determined by the functions of
the spatial derivatives,

These nonlinear functions can be significant obstacles to finding analytical solutions;
however, using a digital computer, these relations are easily evaluated.

Example 4

Consider the shear deformation analogous to Example 2 that is produced by twist
of the axisymmetric surface. Local te a point on the surface, this appears as rotation
of one circle of the conical annulus, with the other circle fixed, and the incremental
distance between the two circles along a meridian is constant as shown in Figure 2.5.
The strain components are obtained using the relations between the differential coor-
dinates of the instantaneous state (dx,, dx;) and the initial state (da,, da,),

do

dx, = da, + {1, — ] da,
ds,
de

da, = dx, —{r, Io dx,

Note that the differential lengths along latitude circles and the differential distance
along the meridian are unchanged. Consequently, the strain components are calculated
to be
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/ 20,2} \

FIGURE 2.5, Shear deformation caused by twist of an axisymmetric surface. Note
that one circle of the conical annulus has been rotated relative to the other.

de¢ o de ro d¢

— —————————— v——

Iy E;o = 1 +(dﬁ 2 dl’o (& 2+ 1 dzo
~ dr, dz,
2.3 Principal Axes

Examination of Equations 2.2.10 and 2.2.11, which determine the deformation in
the region local to point P,, shows that for the four components of the strain matrices,
Equations 2.2.12 and 2.2.13, depend on the choice of the directions of the unit base
vectors that define the components da; or dx,. If the coordinate axes at point P, are
rotated in the plane tangent to the surface (see Figures 2.6A and B), these components
change value. However, we know that merely changing our perspective by choosing
different coordinate axes does not change the magnitude of the deformation given by
the difference in the quadratic distances between any two points, Equations 2.2.10 and
2.2.11. Therefore, we anticipate that the strain components for any choice of axes will
be related to those of any other axes system. We will show that the relation involves a

————
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FIGURE 2.6. (A). An illustration of how the differential coordinates may change due to rota-
tion of the axes in the plane tangent to the surface at the point, P,. ¢ is the rotation angle. (B) A

rotation of axes similar to that in (A). In general, a different value for the rotation angle is usually
required to obtain the principal axes in the deformed state.

rotation angle, ¢, and two separate parameters, which are not functions of rotation.
These two parameters are called ‘“‘invariants’’ of the matrix. They completely charac-
terize the amount of deformation but not orientation.

Mathematically, we begin with the fact that the scalar quantities in Equations 2.2.10
and 2.2.11 are independent of coordinate system. Therefore, using the strain definition

19
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in Equation 2.2.10, we write,
exgdag dag = e da; da (23.1)

where the primes refer to a coordinate system rotated by ¢ as in Figures 2.6A and B.
Equation 2.3.1 expresses the scalar invariance. We use the Lagrangian strain in the
development as an example, but the matrix transformation that will be produced may
be applied generally to any symmetric tensor. (Note that the subscripts are “dummy”’
and are completely summed over in Equation 2.3.1, each side being a scalar quantity.)

From Figure 2.6A, we see that the primed coordinates, da,, can be expressed in
terms of the rotation angle, 4, and the unprimed coordinates, da;,

da} = (cos @) da, + (sin ¢) da,

da;, = (—sin¢)da, + (cos¢)da, (2.3.2)

Equations 2.3.2 can be written in indicial notation,

da;z = RQ

j daj (2.3-3)

where the rotation matrix R,; is identified from Equation 2.3.2,
9

RQI' = cos ¢ sin ¢
. — sin ¢ cos ¢ (2.34)

Using Equation 2.3.3 twice in Equation 2.3.1 with caution that summed indices are
properly employed, we arrive at the form representing the strain matrix in the un-
primed system in terms of the primed system matrix,

€ i(Q Rki RQ] dai dﬂj = Eij dai daj

ke Ry Roj = € (2.3.5)

To find the primed matrix representation in terms of the unprimed matrix, the re-
verse operation is performed by a similar geometric analysis of the projection of un-
primed coordinates onto the primed or rotated system. This is commonly written as
an inverse operation or rotation, Ry,

daj < Rjg "duy (2.3.6)
From geometry, the simple observation is made that the inverse rotation is the trans-
pose of the rotation (transposition is the interchange of rows and columns of the ma-
trix),

Rt = cos¢p —sing
i sing  cos¢é 2.3.7)

or,

Rig" = Ry (2.3.8)
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The rotation matrix has the property that Rkj R,-Q" = 8,9. Therefore the strain matrix
in the rotated system is given by

ke = Ry R o1 g (2.3.9)
or,
exe = RyjRpjeg

Writing out all of the components of ¢, in terms of the trigonometric functions of
the rotation angle gives
€, = €,¢08% ¢ +¢,5in20 + ¢,, sin® ¢

€,, = €,sn* ¢ — e,;5in2¢ + e,, cos? ¢

(61 — €2,)

' €5, < - — sin 2¢ + €,, (cos* ¢ — sin® ¢)

(2.3.10)

where the trigonometric identity 2 sin¢ cos$¢ = sin 24 has been used. Introducing two
other trigonometric identities for sin’$ and cos*$, we can transform Equations 2.3.10
into functions of twice the rotation angle, ¢,

(611 + €,,) (€11 — €22)

€, = > + cos 2¢ + €,, sin 2¢

, (&5 + &;,) (€:1 — €34) .

€, = - cos 2¢ — €, sin2¢

2 2
(€11 = €4)
€12 = €y = — ~——————— sin2'¢ + ¢,, cos 20
2

(2.3.11)

From the equation for £',;, the shear strain component in Equations 2.3.11, it is
apparent that it is always possible to choose a rotation such that £';; and ¢';, are zero
and the matrix is diagonal, i.e.,

.when

2¢,
tan 29 =

(6,1 — €34}

[As illustrated in Figure 2.6B, a different value for the rotation angle is usually re-
quired to obtain the principal axes which diagonalize the Eulerian strain matrix (or
any other matrix based on the deformed geometry). An example at the end of this
section will illustrate the approach and show the difference between rotation angles
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required to obtain principal axes of the deformation in the initial as compared to the
instantaneous state.]

If we initially choose the principal axes system, we see that all other strain represen-
lations (for coordinate systems rotated relative to the principal axes system) can be
calculated from the diagonal matrix,

€, o
€ <
! o €,

and Equations (2.3.11) as follows:

s (e, *+ &,) (e, — &)
€, = 3 + 3 cos 2¢
, (e, + €,) (€; — €,)
€, = P - > cos 2¢
U — r (EI —E?’).
€53 T €,y T — ————sinlyp
2
(2.3.12)

The components, ¢, and ¢,, are referred to as the principal values of the matrix.

From Equations 2.3.12 we see that the rotation angle and the principal values of
the matrix are sufficient to characterize the components of the strains. The magnitudes
of the strains depend on two parameters: (¢, + &) and |¢, — £}, The results given by
Equations (2.3.12) may be graphically illustrated by plotting minus ¢',, as ordinate and
€'y, Or £'2; as abscissa. The values are mapped on a circle with radius |e, — £.|/2, center
at (¢, + £)/2, and are located by twice the rotation angle, ¢, as shown in Figure 2.7.
It is assumed that the principal axes are chosen so that £, 2 £. In order to obtain the
principal axes system from an arbitrary system, the coordinate system is rotated coun-
terclockwise (in the positive sense of the angle, ¢) by ¢ radians. On the other hand, a
rotation of minus ¢ is needed to gencrate the primed coordinate system from the prin-
cipal axes system. )

In Figure 2.7, we see that the diagonal components, ¢',, and ¢';., range between ¢,
and ¢;. The maximum shear strain occurs at ¢ = +45° and is equal to

€, — €

2

€ = leralyax =

From Equations 2.3.12 and Figure 2.7, we see that it is possible to separate the
matrix into an isotropic part (independent of rotation, and diagonal for any choice of
axes) plus a rotationally dependent part, called the deviator. The isotropic contribu-
tion, £';;, is represented by £';; = € d;;, where

€/, = ey = 6 ande/, = 0 (2.3.13)
Therefore, we define e byt = Y2 (¢, + ) = V2 €4, with the summation rule. The

isotropic matrix is proportional to the mean of the principal components.
The deviator, £';;, is obtained from Equations 2.3.12 as

———
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FIGURE 2.7. A graphic illustration of the diagonal and shear strain components of a
matrix as functions of the axes rotation angle. Note, the values are mapped on a circle
with radius, |¢, — £:}/2, and center located at (¢, + £.)/2.

~ (e, —€2)

E;l =-2_-C082¢
- (e, —¢€,)
e;.;=—-—12—-3-—- cos 2¢

(&, — &)

=
€y T €, T ~

sin 2¢
The deviator is a function only of the maximum shear component and the angle. The
deviator matrix is written explicitly as

~y

€ = €5 — % €k Ojj (2.3.14)

The deviator contains all of the rotationally dependent elements of the matrix and
none of the isotropic or directionally independent contribution. This is verified by
noting that the trace, £ ., is identically zero. The isotropic and deviatoric parts repre-
sent the mean and deviation from the mean of a matrix with respect to rotation of the
local coordinates.

Example 1 _

Consider the uniform deformation of a square element into a parallelogram with
equal sides. What are the angles of rotation for the initial and instantaneous coordinate
systems that will give the ‘‘principal axes systems’’? Equations 2.2.13 give the strain
components. Note that A, = A, cos ¢ for a parallelogram with equal sides (see Figure
2.3 for the definition of the shear angle, ¢).

€1y 1/2(;\; - 1)

&, = % -1?)
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€, = V22 — 1)

) - 1 + sin® ¢
sz—/zl—;\x —C-;sz—&--—‘

A'l
X .
€4 =-—i-'- sin ¢

-2 -
Ay sin ¢

1z 2 cos ¢

The rotation angles of the initial and instantaneous coordinate axes that define each
principal axes system are ¢,, and ¢, respectively. Using the strain components, these
angles are given by

2¢,, 22,%sin ¢
tan 2¢p, = = ~ oo
° €1 — €2 0
or
¢R = 4S°
and
2e,, cos ¢
tan 2¢p = =
€, —€s, sin ¢

o = % (90° - )

Therefore, the deformation of a square into a parallelogram with equal sides simply
involves extension and compression of the element diagonals as shown in Figure 2.8
for a specific situation where 4, = 1.33 and the shear angle ¢ = 30°. The coordinates
must be rotated by angles of ¢,, = 45° and ¢, = 30°, respectively, to give the prin-
cipal axes systems.

2.4 Invariants of Strain and Independent Deformation Variables

For a matrix based on a two-dimensional cartesian space, two parameters specify
the matrix components for any given orientation of the coordinates. The parameters
are the mean and difference of the principal components of the diagonalized form of
the matrix. As we showed in the previous section, these are expressed by the trace of
the matrix,

] - = /!
26 =€, t €, =€ * & T ey

and the deviator magnitude,

€, — &Y €1 — €aY N
le " Max = 2 B 2 T

Such parameters are referred to as matrix invariants, i.¢., they are invariant to rotation
of coordinate axes. We will demonstrate that in addition to rotational invariance, these
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FIGURE 2.8. Deformation of a square into a paralielogram. The deformation simply involves
extension and compression of element diagonals.

variables depend only on the fractional change in area of a material element plus the
extension of the element at constant final or instantaneous area.

The principal axes system is the most convenient for evaluation of the two invariants
that characterize the deformation because the shear strain component is zero in this
system, i.e., &; = 0, 1 # j. The partial derivatives, dx./da, or da./dXx,, k # i, are zero.
Here, the geometry is simple; the material increments along each axis are either ex-
tended or compressed independent of the other coordinate. Principal axes deformation
is demonstrated by the rectangular inserts drawn inside the initial and instantaneous
surface elements shown in Figure 2.8. The components of the Lagrangian and Eulerian
strain matrices in the principal axes system are related to the principal extension ratios

by
dx, dx, :
€ =% - =ha2-1
da, da,
dx, dx,
=% [— - = 14 2
€ (da1 da, 1) (A, 1}
(2.4.1}
and

dx, dx, !

_ da, da, N "
& =%l - — — =1 ( -A,)
dx, dx,

(24.2)

The invariants, therefore, are related to the principal extension ratios by

& *te =T+ A2 -2
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(e, — €)% = Ya(n,* —2x. 20,2 +0,%)

for the Lagrangian strain matrix. Note that these two invariants are not unique. If we
use I, to label the first invariant,

I =6 +e =HBA2E+ A2)- 1 (2.4.3)
then the equation for (e, — £,)* can be written as
(e, — €0 =1, = dee,

Therefore, €6, (When expressed in terms of ¢';) is also an invariant. As shown in Ex-
ample | below, the second invariant of the strain, I,, is derived indirectly from matrix
algebra and transformation properties,

L =6 e, =W A2 +27 - AN - 1) (2.4.4)

From the perspective of geometry, a significant feature is observed in Equations
2.4.3 and 2.4.4. The invariants which characterize the deformation are related to the
sum of the squares of the extension ratios, (1,2 + A;%), and the product of the extension
ratios, A;A;. (The extension ratios are always positive numbers, so we can use 1,4, in-
stead of 1,2A;2.) This indicates that it is possible to represent general deformations by
independent geometric functions. However, these parameters are not completely inde-
pendent. They are equal when the extension ratios are same, A, = A,. It is possible to
make the functions independent by normalizing the sum of squares by the product.
The result is a set of functions that are both linearly independent and invariant to
rotation of coordinates. Choosing

@ = NA — 1

1

e — 2 4 A 2 -1
B A (2.4.5)

we have such a representation. The invariants, I, and 1., are given by
I, =¢ +e, =a+ptep
I, = ~e,e; = Y% (28 + 20 - &%)

The two functions, « and 3, completely characterize the geometric features of the de-
formation: {1) change of area of the element, (2} change of aspect ratio (length to
width) or eccentricity of the element. The parameter, a, is the fractional change in the
area of the surface element,

dA dx, dx
Q@ T e — ] = -_—‘- --—2- -1 (2.4.6)
dA, da, da,

The change in the aspect ratio or eccentricity of the material element is given by
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For an initially square element, the change is (1,7 — 1). In order to derive a function
independent of choice of axes, we take half of the symmetric sum, which is the param-

eter, j3,
A, Ay 1
ﬁ=1/2-h-2_1 + % -xl——l =m(?\,1+7\22)—1

Thus, the deformation parameters, « and £, are determined by linearly independent
functions: the product of extension ratios, ,4., ar}_d the quotient, A,/4,.

The quotient defines a single extension ratio, A, which represents the element elon-
gation at the final area. This is demonstrated by scaling each extension ratio by the
square root of the area ratio,

A

X=
W 2.4.7

and

From these scaled extension ratios, the deformation parameter, 3, is determined to be
B=%A +37) - 1 (2.4.8)

which is invariant to coordinate rotation. Therefore, we see that deformation of any
element can be considered simply as a change in area at constant element shape fol-
lowed by the scaled extension of the element at constant element area (Figure 2.9).
The linear independence of « and A is demonstrated by evaluating the Jacobian, J. In
a domain where o« and A are linearly independent, we require that

an
A, A,
I = ! Pl=0
da L]
A, 3,

or,

a'i'\ (aa da an
] =

W AW AR TW i v

From Equations 2.4.7 and 2.4.8, the Jacobian is equal to \/X,7%;. Because the exten-
sion ratios are positive-definite quantities, the deformation parameters, « and A, are
always linearly independent.

The independence of « and §8 is immediately evident if only changes in area occur
or extension takes place at constant area. If only area changes of the element occur («
# 0 and A; = 1), it is apparent from Equation 2.4.5 that the parameter, $, remains
zero. On the other hand, if the element area remains constant (¢ = 0) and extensional
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FIGURE 2.9. An illustration that deformation of any element can be considered simply as a
change in area at constant element shape followed by the scaled extension of the element at con-
stant clement area.

deformation of the square to a rectangle takes place, (A, = 1/};), the parameter 3 is
always greater than zero. When we consider molecular surfaces that contain a fixed
number of molecules, a is the change in specific area per molecule in the surface; f8
quantifies the extension of the molecular complex at constant area per molecule.
Therefore, the derivation of mechanochemical equations of state from the material
thermodynamic potentials will depend on these two parameters if we assume that the
surface is locally isotropic in the initial state.*

In an analogous manner, the Eulerian invariants can be expressed in terms of param-
eters, o’ and f8',

I —a
o = -1-=
A A, 1 +a
A A 1 1
ﬁ’ = _x_i — b e— - =B
2 AZ Az

These functions reflect the intrinsic reference to the instantaneous state. The invariants
of the Eulerian strain matrix can be expressed in terms of " and ',

L= +e = - (& +( +dB)
L= —ee, =% Q28" + 26" - &%)

The functional forms are the same for both sets of invariants in terms of (e,) and
(«',B).

The existence of principal axes and two invariants, discussed above for the strain
matrices, is a general property of symmetric matrices in two dimensions. The general
method of finding principal values and invariants valid for any symmetric matrix is
given in the following example.

* Local isotropy means that the molecular structure in the plane of the surface is independent of the
rotation angle around peint P,.
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Example 1
For a symmetric matrix like the Lagrangian strain matrix, choosing a unit vector,
n;, that lies along a principal axis and contracting it with the matrix will produce a

vector projection along the principal axis,

Gy = €Ny (24.9

The projected vector is scaled by £ which is called a principal value. This may be easily
verified by considering the case where we are already in principal axes.

The components, n;, describe a unit vector in one principle axis direction. Since there
are two principal axes, there will be two such unit vectors and two scalar values for ¢,
called principal values or eigenvalues of the matrix. These are diagonal components,
€, and g,, in the principal axes system. Equation 2.4.9 can be written as

(Ei- - E&ij) nj =0 e (2-4-10)

The eigenvalue equations, Equations 2.4.10, are a set of two linear, homogenous equa-
tions that determine the components, n;; therefore, Equations 2.4.10 can only be valid
if the determinant of the coefficients is identically zero.

Ieij - esﬁl =0
This determinant yields the result known as a characteristic equation,
(&1, — € (e, —€) — €2, =0
or
€ — (e, * e,)e—(e?, ~ €,,€,,) =0 (2.4.11)

which is quadratic in the principal values of £. The two roots of this equation are the

principal values, ¢; and g,.
The determinant is a scalar quantity that is invariant to rotation. Consequentty, the
coefficients of powers in ¢ in the characteristic Equation 2.4.3 are invariant to rotation,

2 _Le-1,=0
I, =€, ¥ 6, = €
I, = €2, — &,6, = Yelgie — S5e) (2.4.12)

The forms of the two invariants, I, and I,, and the other forms previously discussed
are valid for any symmetric matrix. Other such matrices will be introduced in later
sections.
For the deviator of the strain matrix, £,;, the invariants are determined using Equa-
tions 2.4.12 and 2.3.15,
1

&5 = j

I, =% =0,06;=2

= ~ -
Iz =% Eijeji) = %(Eiieii - EuEi’)

2
i (Ell ‘“522) + e 2 = c 2
2 2 'z $ (2.4.13)
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Here, I, is the magnitude of the maximum shear component squared.

2.5 Rate of Deformation

In the previous sections, we have developed an intensive description of the defor-
mation of small elements of the membrane surface that is indepedent of the extrinsic
shape of the membrane envelope. We considered initial and instantaneous states of
surface element geometry without regard to the time during which the deformation
took place. The implication is that the surface geometry may be evolving and changing
with time. Any material deformation always takes time because it is impossible to
produce immediate relative displacement of molecules. There will always be inertial
and frictional resistance that limit the rate of relative displacement or deformation.
Therefore, it is important to analyze the rate of deformation of material.

The rate of deformation in the vicinity of P, is determined by the time rate of change
of distances between P, and its neighboring material points, given by the metric, Equa-
tion 2.2.3. By definition, we regard the initial state and the differential coordinates
(da,) as fixed in time. Therefore, we can conveniently measure the rate of material
deformation using the initial state as the reference. The instantaneous state of defor-
mation is given by Equations 2.2.10 and 2.2.12,

ds? - ds = 2¢; da; dyy
The time rate of change of this equation specifies the rate of deformation,
(d8%) = 2¢;; dy; da; (2.5.1)

where the operator () signifies the time rate of change as viewed from the material
reference frame (i.c., with the observer fixed at the point, P,, in the material surface).
We call (ds?) the rate of material deformation relative to the moving point, P,. The
derivatives, (), of quantities that depend on the initial coordinates and time simply
become partial derivatives with respect to time; for example,

aEij

T

N a(dsuz)
ds3) = =
at
i 3(day) .
) = —— =

It is important to emphasize that the differential operator, d( )., represents local (in-
finitesimal) spatial variation of a property with respect to the value at P,. For instance,
the differential coordinates are given by da; and dx; relative to P,. Changes with respect
to small time variations, dt, will be indicated by the differential operator, d( ).
Equation 2.5.1 gives the rate of change of the metric using the initial coordinates as
the reference geometry. This is a Lagrangian representation with the rate of deforma-
tion being given by the time derivative of the Lagrangian strain matrix as viewed from
the material point, P,. In general, it is often difficult to keep track of the evolution of
material points. Therefore, it is also necessary to define rate of deformation based on
spatial or instantaneous coordinates. This is represented by the rate of deformation
malrix, V,,, which is an Eulerian variable, with the instantancous coordinates as the

reference geomelry,
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(@s?) = 2V, dx, dx,

Thus, the rate of deformation for the instantaneous (Eulerian) reference state is ob-
tained from the transformation of initial to instantaneous differential coordinates and

Equation 2.5.1,

Vyp dX dxp = /aeu &. % ) dxy dxg
\at axp  oxg (2.5.2)

The matrix, da,/dx., obviously represents the deformation of the initial element ge-

ometry to the instantaneous state.

Rate of deformation (as viewed from a fixed location in space not traveling with
the material) is evidenced by velocity variations from point to point of material. The
differential velocities of material pgints near a specified point, say P, (that is, relative
to the motion of P,), are determined by partial derivatives with respect to time of the

instantaneous local coordinates. Since

dx; = f(day, 1)
dv, = 2 @xy - (dx;)
T o @ T @ (2.5.3)

Relative velocities, at any instant in time, of material points near P, are also expressed
by the spatial gradients of the instantaneous velocity field times the differential coor-
dinates, dx,, because of surface continuity,

aVi

de
3x; (2.5.4)

dvi =

This linear approximation is valid close to P, and is illustrated in Figure 2.10. In Equa-
tion 2.5.4, the partial derivative, 3( )/ 8x, implies that time is held constant, i.e., we
are considering only the spatial variation of velocities of material points at a specific

time.
The time rate of change of the metric, Equation 2.5.1, may also be obtained by the

partial time derivative of dx. dx,,

8(dxy)

(ds?) = 2dx, —

From Equation 2.5.3, the time rate of change is given in terms of instantaneous differ-
ential coordinates and velocities relative to P, by

@s?) = 2dx dvy
the spatial derivatives of the instantaneous velocity field reduce the equation to

@? = 2 2V 4x ax (2.5.5)
oy 2 Pk

As shown in Figure 2.11, the relative velocity, dv;, produces an infinitesimal relative
displacement, d (dx.), of P, for the infinitesimal time increment, dt. Figure 2.10 also
shows that the infinitesimal displacement, d(dx.), is composed of two parts: (1) a small
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FIGURE 2.10. An illustration of the spatial distribution ol velocities close to P,
Relative velocities of points near P, are approximuted by the spatial gradients of
the instantaneous velocity field times the differential coordinates.

rotation of P, about the origin at P,, and (2) an exiension or reduction in the scalar
distance between P, and P,. Obviously, a rigid body rotation does not contribute to
deformation and may be extracted from the infinitesimal displacement field. The two
components of the displacement are simply given by the antisymmetric and symmetric
parts of the matrix, av,/3xg, respectively.

A symmetric matrix is defined as one in which A, = A, for all i,j. For an antisym-
metric matrix, A, = —A; for i # j, and equals zero for i = j. Any matrix can be
expressed as the sum of symmetric and antisymmetric components. For example,

ov ov dv, ov v,
Dyp = k- Y (—E— + = ) + % ( S
9xp 9xg dxy dxg Ox)

- A
Dy = Df; + Dy

or

which is an identity relation. The superscripts, S and A, indicate symmetric and anti-
symmetric parts.
If we use the decomposition of the matrix, D,, , Equation 2.5.5 is reduced to

@s?) = 2DJ, + Dip) dxgdx, = 2DF; dxgdx, (2.5.6)

The reduction is possible because the product, D#,, dx, dx, , is zero: D#,, is antisym-
metric and dx, dx, is symmetric. We illustrate the geometric significance of the terms
in Equation 2.5.6in the following discussion.

The infinitesimal displacement, d (dx;), can be expressed as
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duced by the relative velocity, dv,,
ment, dt. Note that d(dx,) is composed of a small rotation of P, about

]

Po and a change in the scalar distance between P, and P..

8(dx;) = s(x)R + 5(dxyP

An infinitesimal displacement, d{dx,), of P, pro-
for the infinitesimal time incre-
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illustrated in Figure 2.11. The first term on the right-hand side is a rigid rotation about

P,, and the second term is the remaining displacement of P, relative to P,

8(dx,)R

S(dxi)D

A

Df dx; st (2.5.7)

The scalar product of the rotation component, & (dx,)*, with the material vector, dx,
(i.e., the projection onto the (P,, P,) line element), is zero,

0 = s(dxR ax, = (D dxy) dxy 6t

Therefore in the rate of deformation, given by Equation 2.5.6, the term, D%, , com-
pletely specifies the time rate of change of relative distances between neighboring ma-
terial points in terms of the instantaneous coordinates (Eulerian variables). By analogy
to the definition of strain matrices, the rate of deformation matrix, V.;, is defined as

vij

=1

™ i\ _ DS

—_—+

ax; ax; Y (2.5.8)
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Consequently, the time rate of change of the metric becomes
(ds?) = 2V, 0 dxy dxg (2.5.9)

As we discussed previously Equations 2.5.1 and 2.5.9 yield a relationship between
the rate of deformation expressed in Lagrangian variables and that in Eulerian varia-
bles, as given in Equation 2.5.2. Since the differential coordinates are linearly inde-
pendent functions, the rate of deformation matrix is related to the time rate of change
of the Lagrangian strain at a material point by '

v - (acu) aﬂi an
ke at axy  3xg (2.5.10)

The equivalence of Equations 2.5.8 and 2.5.10 may be directly verified by first tak-
ing the partial derivative of the Lagrangian strain matrix with respect to time,

Beij _— (avm Xy N Xy avm)

aai aaj aai aaj

and then multiplying by the coordinate deformation matrices, 8a./dx, and 93,/ 2%, ,

to obtain
da; 33 (aeij ) - vy, axg, . BXem vy
0xy, axg at axy xg Xy Ixg

Since the coordinates, (x.), are linearly independent (i.e., based on orthogonal axes),

ax
== 5me
aXQ
axm -
= "mk
axk

and hence,

i)ui auj (ailj - % aVQ + aVk - ka
Xy 9xy at Xy, Ixg

This is the result derived previously using spatial derivatives of the velocity field.

By analogy to the development of the strain matrices, we can characterize the rate
of deformation matrix by its invariants and also by the isotropic and deviatoric parts
of the matrix. The invariants are

L= Vi

1, o (Vi Vy - Vii Vi) (2.5.11)

In the principal axes system, the invariants reduce to



[, =V, +V,
I, = -V,V, (2.5.12)

As we have demonstrated, the isotropic part is proportional to the trace of the matrix

' or its mean,

Vij = %V by = %L by (2.5.13)

The mean part describes a uniform rate of area expansion or condensation. The devia-
tor, which characterizes the rate of shear deformation, is

Vig = Vg - V= Vg - %R L gy (2.5.14)

The second invariant of the deviator is equal to the square of the maximum rate of
shear deformation, V,,

-~ v, - .\’
Vil = |—5— (2.5.15)

The components of the rate of deformation matrix are given by

Vi, = B + V cos2¢

Vo, = %I, — Vicos2e

V,

Vy, = —Vgsin2¢ (2.5.16)

21

for any choice of coordinates rotated by an angle, —¢, relative to the principal axes

system.
Assuming that the directions of the principal axes are not time dependent, we may

simply view the surface element as being either extended or compressed at a finite rate

parallel to each coordinate axis (Figure 2.12). The principal components of the rate of

deformation are

dv,
Vl = —
dx,
dv,
vV, =
X .
dx, (2.5.17)

Since the principal axes are time independent, the principal axes for V,,, ¢,;, and ¢,, are
all the same and

oe, [ da, ¥
V, =
Yoat \ dx,

o, [da, ¥
V., =
ot \ ox, (2.5.18)

From the principal extension ratios, A, and A,. for each coordinate and Equations 2.4.1.
the principal components of the rate of deformation are given by
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FIGURE 2.12. Deformalion of a plane, square surface clement at a finite rate parallcl to cach
coordinate axis. In this case, there is extension in the x, direction at a rate dv, and extension in
the x, direction at a rate dv,.

1 A, A
v’ 2 e r—— D ——
A, Bt A,
f
1 A, A,
\[2 T o ev—— S e——
A, A, (2.5.19)

which are the dimensionless growth rates parallel to each instantaneous principal co-
ordinate. The first invariant is

i v v Ay A, o
= + e N T e}
' ! : A A 1 +a (2.5.20)

where, again, o is the fractional change in area, Equation 2.4.5. Therefore, the iso-
tropic part of the rate of deformation matrix represents the rate of area expansion or
condensation of the material in the surface.

The maximum rate of shear deformation is given by

A, A, dv, dv,
VS = e — o = Y | - _
A A, dx,  dx,

(2.5.21)

as shown in Figure 2.13, and occurs at = 45° to the_principal axes of extension in the
instantaneous state. With the scaled extension ratio, A, Equation 2.4.7, it can be shown
that the maximum rate of shear deformation is the growth rate of A referred to the
instantaneous element area,

1

V. = =
A ot

S

(2.5.22)

The condition of incompressibility of surface material is that the time rate of change
of element area is zero, @ = 0, or V.. = 0. From Equations 2.5.17 and 2.5.20 this is
given by the following two equivalent expressions,

A, ;\2 dv, dv,
A, dx, dx, (2.5.23)
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FIGURE 2.13. Maximum rate of shear deformation occurring at +45° to the principal axes of
extension in the instantaneous state. The maximum rate of shear deformation is the growth rate
of A referred to the instantaneous element area.

The second equation is known in fluid mechanics as the two-dimensional continuity
equation; and because it is an invariant, it has the same form for any choice of instan-

taneous coordinates (x,),

avk

=0 (2.5.24)

axk

This states that the divergence of the surface velocity, v., is zero.

For the incompressible flow of surface material, we see that the maximum rate of
shear deformation is the magnitude of the growth rate of either principal extension

ratio,

NN S
VS = ‘/2 —— o e—— = e
A, A A (2.5.25)

or the one-dimensional divergence of either velocity component,

dv, |
dx, | (2.5.26)

V. =3 + =

dx, dx,

dv, dv, l

The second invariant of the rate of deformation matrix in the incompressible case,
(& = 0), gives a simple form for the maximum rate of shear deformation squared,

_(l:)’ dv,
“\ %, ( ) (2.5.27)

The following set of examples is based on the deformations in Section 2.2 for an
incompressible surface in which the area per molecule or surface density is constant.
These examples will provide illustrations of the rate of deformation and the relation-
ship between Lagrangian and Eulerian variables.

Example 1
Consider the shear deformation of a square element at constant area presented in

Example 2 of Section 2.2. If the tangent of the angle, ¢, is a function of time, then
the rate of deformation components are given by
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Oe,, da, da, 5 o€\, da, da, 06, oa, 0a,
+

Vy, = | — — —_——— —_—
ot ax, ox, ot 0x, dx, at ax,; 0x,
v,, = de,, da, 0a, . o€, E_ai da, s de,, Da, da,
ot dx, Bdx, ot 3¥x, 3x, ot ax, dx,
!
de,, da, 0du, 0¢,, da, 0a, d€,, oa, 0a, il
Vai # Vi =l o —— 4+

—_— et }

at dx, dx, at 0x, 0x, ot 9x, 3¥x,

0€,, 0Ou, B,

e dx, @x, (2.5.28)

If we use ¢ = tan ¢ in the coordinate transformations of Example 2, Section 2.2, the
rate of deformation components are given by

V,, =0 +06+0+0)=20
¢ d¢

V,, = 0+2(’A—)(—c)+c—:| =0
ot at

dc ac
V,, = V,, =(0+‘/§—+0+0)=’/2—
at at

ac

Vi = B|—

at

For the Eulerian variables, the rate of deformation components are

av, ov, v,
Vy=¥|—t+t — ] = —
ox, 9%, ax,
ov av. av
Vzg = % .__3. + ? = ._2
3%, 9%, 9%,
v, v,
Voo =V, 5 B = b
ax, ox, (2.5.29)

In the instantaneous coordinate system, the relative velocities are given by

dv, = —dx,
at

dv, =D

therefore,
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Vi, =V,, =0

av, ac
Vo =Vyy = — =% —
9%, ot

in which 8¢/t is the relative velocitv due to the shear between lines parallel to the x,
coordinate axis and a unit distance apart. '

Example 2

Consider the deformation of a conical annulus illustrated in Example 3 of Section
2.2, with the assumption that the area remains constant. We need only specify the
radius as a function of time and initial position because the product of principal exten-
sion ratios, A, A;, is always equal to unity,

NA, =1
hence, for example,
r
h! B —
T
ds . T
D e = AT =
% ds, ! r

where the differential element lengths are defined in Example 3 of Section 2.2.

This deformation preserves the principal axes directions along the surface. We may
use Equations 2.5.19 and 2.5.25 to obtain the principal rate of deformation compo-
nents,

Ay 1 ar
v‘ S oanmmm 5 eees m—
A r ot
" 1 or
v2 | . —
A, r ot
v 1 or
s r o at (2.5.30)

The time derivative of the radius is the radial velocity, v,, of the point P,,

Vg =

r
T

To determine the components of the rate of deformation in terms of Eulerian vari-
ables, we use Equations 2.5.17. The relative velocities of neighboring points are ob-
tained from the time rate of change of the differential element length along the merid-
ian,

a(ds)
dv, = = dv,
at



40 Mechanics and Thermodynamics of Biomembranes

dv, is the relative velocity between points along the meridian of the conical surface,
taken as the x, direction. The differential coordinate for points on a latitude circle
relative to P, is given by

dx, = r d¢
therefore,
Br-
dv, = == d ¢
ot

which is the velocity (relative to P,) of local material points on the latitudinal circle of
the conical surface. Note that the absolute velocity tangent to a latitude circle is zero
because each material point moves only radially or axially and, hence, either diverges
away from or converges toward P, as the latitudinal circle moves outward or inward,
respectively. With the relative velocity components, we obtain

1 ar v
\]l T e v S e—
r ot r
_ dvg
? ds
dv, v
s T
= 1 — ——
Ve Yo " "

The equation of continuity is equal to zero because the surface density remains con-
stant {no area change),

therefore,

Vg =

dvs - v
ds r
Next, consider constant surface density flow over a fixed axisymmetric surface shape.
Flow is along the meridian. In Figure 2.4, we see that the velocity in the radial direction
is Lhe negalive projection of the velocity along the meridian onto the plane normal to
the axis of symmetry,

v, = =Yg sin 6

The continuity equation (conservation of surface area) can be expressed in the curvilin-
ear coordinate, s, as

dv v
_s+_r.=0

ds r

or,



dv, \A i
— = ——  §ing
ds T

The sine of the angle between the surface normal and the axis of symmetry, sin 8, is
given by

dr
sinf = — —
ds

Consequently, the continuity equation for surface flow is

ds T ds (2.5.31)

and

dr
vl‘ = vS ds

The maximum rate of shear deformation is either

dy
VS ] __S_ -
ds (2.5.32)

or

V. = _‘:S_ dLl = ‘1‘;—‘

$ T ds T
which is the same result as obtained with Lagrangian variables. The maximum rate of
shear deformation is the magnitude of the gradient of the flow velocity along the me-
ridian of the surface if the shape of the surface is fixed.

2.6 Nonuniform Deformation and Rate of Deformation

In developing the analyses of deformation and rate of deformation of a surface, we
investigated the change in distances between points local to a position on the surface.
We chose the local domain to be small enough that we could treat the surface element
as flat, described by cartesian differential coordinates. We derived differential rela-
tions, which specify strain matrices and rate of deformation matrices, by using the
infinitesimal approximation that the deformation is uniform over this small domain.
Consequently, deformation and rate of deformation variables are continuous func-
tions of position and are intensive representations of geometry changes, i.e., these
variables are point definitions that do not depend on the extrinsic size of the surface
envelope. Clearly, no system of units or scale is required to measure these properties.
This powerful method, based on differential geometry, may be used to determine non-
uniform deformation and rate of deformation of a surface, such as variations of sur-
face extension and density from one location to another. In order to illustrate nonun-
iform extension and rate of extension in a surface, we will give some simple examples
for the condition of constant surface density (i.e., the areas of differential elements in
the surface are unchanged by the deformation).

Example 1
Consider an infinite flat surface with a hole of radius, Ro, in the center. Now, with
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deformation of the surface at constant area, the size of the hole is changed to a new
value, given by radius, R. The initial dimensions of a surface element are r, d¢ and
dr,, where 1, is the radial position in the initial state and d¢ is a differential portion of
azimuthal angie. The instantaneous or deformed dimensions of the same surface ele-
ment are rdé and dr, respectively, where r is the new radial position of the surface
element (d¢ is the same because of circular symmetry). The material extension ratios
arc given by

r

A, FI
1 T
and
dr
A, = =——
dr,

The assumption of constant surface density or element area is defined by 4,4, = |, or
dr = 1, dr,

This simple reiation shows that the area of a thin annular ring is equal before and
after deformation. By integrating this equation from the common location at the hole
radius, we establish the eguivalence of surface areas in both states (initial and instan-
taneous),

1 — R? =12 - R

this relation gives the nonuniform distribution of extension ratios throughout the sur-
face, For instance, in a spatial reference frame (instantaneous state), the extension of
material along the radius (meridian) line is given by

dr (R ~ R?) \ Iy
2 m—— = + a—— % A T e
A dr, 1 2 M r

The degree of extension is maximum at the edge of the hole and decreases inversely
with increasing distances from the hole, approaching the undeformed level (A = 1) at
large radii. If the new radius is smalier than the initial hole size, we see that the surface
elements are elongated along the meridian or radius line and compressed circumferen-
tially. For a larger hole size, the opposite deformation occurs.

Example 2 )
Next, consider the rate of deformation that occurs in Example 1 when the radius of
the hole changes at a finite rate.

R = R(1)

For the Lagrangian approach, the extension ratios must be defined relative to a coor-
dinate system fixed with the material, i.e., ry,

(R’ —R,?*)
A’l = l+ —2
To

———
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The rate of deformation is given by the fractional rate of change of the extension ratio,

1A,

A, ot

1A,

A, ot

v, = |v,l = ’v,|=

Only the rate of shear deformation is nonzero because the surface is assumed to be
incompressible. Taking the time derivative of the extension ratio in the material refer-

ence frame, we obtain,

v v 1 B, R 3R
S 1 ;\1 at [foz +(Rz _Roz)] Bt-

This can be written in terms of the instantaneous spatial coordinate, r,

R 3R

V. =
Bt

S

The rate of shear deformation falls off inversely with the square of the radial coordi-

nate.
Now, for the Eulerian approach, the radial velocity field, v., needs to be established.

For the incompressible flow of surface, the continuity equation gives,

dv. v
—r+L =0
dr r

which can be integrated to yield a conservation relation,

v, * I = constant

The velocity at the edge of the hole is v,° = 3R/ at; therefore, the conservation rela-
tion specifies the radial velocity field,

0 R
v. o r=v% R =R —
T T at
and
R @R
V. S e—— —
T or o oat

The rate of shear deformation is given by the following equivalent relations:

V=

dvr
dr

r

therefore, we obtain the same result as before the Lagrangian approach,

R ?R
Vs = — —
2 ot

Example 3
As another example, consider the deformation of an initially flat surface into an
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infinite paraboloid envelope at constan( surface density. Again, we will only need to
use one principal extension ratio, say, along the meridional generator of the paraboloid
surface. This extension ratio, A, will be given by the ratio of initial to instantaneous
radial coordinates as demonstrated in Example 3 of Section 2.2,

rD
AT ——

T

The paraboloid envelope is described by the quadratic function of spatial coordinates-
(7, 1)

z=¢r?
The constant element area assumption is stated explicity as

rds = r,dr,

where ds is the differential length of the element along the meridian. It is given by

dz \
ds = (-—) +1 dr
dr
or in particular by

ds =\/4c1 r*+ 1 dr

Therefore, surface incompressibility is represented by the integral relation,

To
I, r,?
o Fc‘ P2+t odar = frdr= ’Y
(] 0

and corresponding points are given by

!
- a 312
1': = -—6:; [(4!.2]'2 + 1) - l]

The square of the extension ratio for differential elements along the meridian is deter-
mined to be

1
N o= — [@eF 1Y - 1]
éc’r

For small distances from the symmetry axis, r < c, the extension ratio is approximated
by

A=l 4+ =1+cz

For large distances from the symmetry axis, r > ¢, the extension ratio approaches,

4 4
A~ — 1 = ———‘\}CZ
3 3



45.

Therefore, the surface extension increases quadratically near the origin with radius
but eventually increases linearly with radius at large distances from the origin.

Example 4 -
Consider incompressible flow of the surface over a paraboloid shape as defined in

Example 3. The flow of magnitude, A, will be assumed to emanate from a “source’
at the origin. This flow is the surface area produced per unit time (flux of surface at
the source). The continuity equation for surface flow excluding the origin is given by

where v, is the velocity of the surface along the meridian of the paraboloid. This equa-
tion gives the conservation relation in terms of the source area flux,

rov =
s 27

and the distribution of flow velocity along the meridian is

The rate of shear deformation is given by

Vg ar

r os

If we take the curvilinear distance, s, along the meridian as positive from the origin
of the paraboloid outward, the derivative of this distance with respect to radius is

obtained from Example 3,

ds
— =4qfdc*r? + |
dr

Therefore, the rate of shear deformation is given as a function of radial or axial posi-
tion on the paraboloid by

A
s
2w riafac?r? + 1

or

cA
s
2724, /4cz + 1
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SECTION III

3.1 Membrane Mechanical Equilibrium

In Section 2, the deformation and rate of deformation of a membrane surface was
quantitatively described in terms of intensive variables (e.g., the principal extension
ratios and their time derivatives) defined at each point of the membrane. In this sec-
tion, we will determine the intensive distribution of forces and moments in the mem-
brane, which result from external forces applied to the membrane. The membrane will
be assumed to support the external forces without acceleration, i.e., we assume equilib-
rium between the forces applied to the membrane surface and the forces and moments
within the malerial itseif.

We consider the membrane as a laminated composite of molecular layers. A single
layer of the composite can only oppose forces that locally act in the plane of the layer.
Such forces are distributed per unit length in the surface, e.g., dyn/cm or erg/cm? in
CGS units. This is illustrated in Figure 3.1 where we cut the surface layer and expose
the force distributed .along the edge. The force per unit length along the edge may be
decomposed into two parts, normal and tangent to the edge. The surface force result-
ants are called the tension, T,, and shear resultant, T,, respectively. These variables
are Eulerian because they are measured in the instantaneous state relative to the de-
formed surface element coordinates (dx,, dx:). Since the force resultants are expressed
per unit length of the material, they are intensive membrane functions that can vary
from one location to another on the surface.

Thin strata of molecular layers under external loads also respond with in-plane
forces. However, if the layers are strongly associated, then couples of force resuitants
between layers can be produced that create a moment resuitant, M, which acts on the
exposed edge shown in Figure 3.2. Because these couples are formed by small interlayer
distances (e.g., the order of molecular dimensions), the moment resultant usually con-
tributes negligibly to the membrane equilibrium in response to external forces. There
are important situations, however, where the moment resultant is the dominant re-
sponse to the external forces. Moment resuitants have units of dyn-cm/cm, dynes, or
erg/cm in the CGS system. In addition to the moment resuitant, a transverse shear
resultant, Q-, may be produced. The transverse shear resultant acts to cut the mem-
brane normal to its plane and has CGS units of dyn/cm or erg/cm?*. Figure 3.2 illus-
trates the resultants on an exposed edge of a laminated membrane structure. Uncou-
pled molecular layers only exhibit in-plane force resuitants like individual layers, since
they can slide relative to each other. The energy produced by moments in a single
molecular layer is proportional to the angular rotation about a molecule. Therefore,
it will be negligibly small until the surface radii of curvature approach molecular di-
mensions. Curvatures of such a large magnitude are essentially incompatible with the
concept of a continuous medium and are best treated as discontinuities or defect struc-
tures in the material. Continuous curvature effects in coupled and uncoupled mem-
brane strata are developed in Section IV.

3.2 Membrane Force Resultants

As described in Section 3.1, the surface force resultants are made up of tension and
shear components along any exposed edge (Figure 3.1). If we excise a small material
element (as we did in Section 11 to study deformation), the element will have a set of
tension resultants, T,, and T,., and a set of shear resultants, T,, and T,,, as shown in
Figure 3.3. The first index specifies the direction of the force resultant relative to the
instantaneous axes (X,, X:), e.g., the components T,; act in the x, direction. The second
index specifies the particular material edge along which the resultant acts, e.g., given
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FIGURE 3.1. Free-body diagram for a surface layer. The total force that is applied to the sur-
face layer is shown by the heavy arrows. The force resuitants are distributed per unit length along
with imaginary cut made in the layer and are shown by the light arrows. Here, T, is the shear
resultant and T, is the tension. The CGS units of T, and T, are dyn/cm. (From Evans, E. A. and
Hochmuth, R. M., Current Topics in Membranes and Transport, Vol. 10, Kleinzeller, A. and
Bronner, F., Eds., Academic Press, New York, 1978, 1. With permission.)

by either differential length dx, or dx,. The element edges are defined directionally by
the normal to the edge. For instance, the edges with length dx, have normal directions
parallel to the x, axis (taken as positive out of the material element). Thus, the force
resultants, T, act on the element edges having the length, dx,. Figure 3.3 implies that
all forces are distributed uniformly in the region of the material element because the
force resultants are balanced identically on opposite sides of the element. For small
elements, this is correct to first order. The second order departure from uniformity
will lead to the differential equations of equilibrium for the surface. On an infinitesi-
mal scale, the intrinsic force resultants will be uniform as shown in Figure 3.3. In
addition to the balance of intrinsic forces in any direction, the net moment about the
surface normal at the material element center of mass must be zero for equilibrium
unless an intrinsic surface couple exists that acts about the surface normal. Without
molecular surface couples, the moment of the intrinsic forces about the surface normal
is the sum of the two couples produced by the shear resultant pairs shown in Figure

3.3,

(T,,dx,) dx, — (T,,dx,)dx, =0 (3.2.1)

where the force components are in parentheses. For the particular sense of the shear
resultants chosen, it is apparent that the assumption of zero intrinsic moment (no sur-
face couple sources) about the surface normal implies that the components, T,, and

T,., are equal.

The resultant quantities, T,,, T:2, T2, and T,,, have values that depend on the co-
ordinate axes system chosen at any point, and they form a matrix which transforms
according to the previous rule for any coordinate transformation, For example, if we
rotate the axes system (x,, X;) 90°, the normal components are interchanged, and the
shear components are also interchanged with opposite signs as in Equations 2.3.10 or
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FIGURE 3.2. Force and moment resultants which are produced in a thin, multi-
layer membrane as the result of coupling between adjacent layers. Here, in addition
to the shear resultant, T, and tensien, T,, shown previously in Figure 3.1, the mem-
brane may have a moment resultant per unit length, M, (CGS units of dyn-cm/cm)
and a transverse shear resultant, Q; {(CGS units of dyn/cm). (From Evans, E. A,
and Hochmuth, R. M., Current Topics in Membranes and Transport, Vol. 10,
Kleinzeller, A. and Bronner, F. Eds., Academic Press, New York, 1978, 1. With
permission.)

Figure 2.7. As for any symmetric matrix, the force resultants can be expressed in terms
of principal components, called principal tensions T, and T,

(T, +T;) (Tl -T;)
+

= cos 2¢
2
(T, +T,) (T, -T,)
1, - ) 20 ] . cos2e
2 2
(Ts - Tﬂ) .
TQ; = 'I"7 = — —"—'—2 sin 2¢ (3.2-2)

where minus ¢ is the angular rotation from the principal axes system required to arrive
at the desired coordinate axes by analogy to Equations 2.3.12. Again, it must be em-
phasized that the intensive force distribution represented by the resultant matrix is
based on the instantaneous coordinates, i.e., measured in the instantaneous material
state, and is thus an Eulerian or spatial variable. In the principal axes system, there
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FIGURE 3.3. A diagram of the surface force resultants supported by a small ma-
terial element. The element has a set of tension resultants, T,,; and T,,, and a set of
shear resultants, T, and T;. Note that the first index specifies the direction of the
force resultant relative to the instantaneous axes (X, x;) and that the second index
specifies the particular material edge along which the resultant acts. The figure im-
plies that all forces are distributed uniformly in the region of the element.

are no shear resultant components. The material element is simply subjected to tension
or compression normal to the material element edges.

Equations 3.2.2 show that the resultant matrix is charactenzed by two parts. (1) an
isotropic or mean, tension, T; (2) a deviatoric part, T,,, representing shear contribu-
tions,

Ty = Toy + Ty (3.2.3)
The isotropic tension is

_— Tl +T2
T = (3.2.4)

The deviatoric part is given simply by the maxlmum shear resultant, T,, and the coor-
dinate rotation angle, ¢,

(3.2.5)

For T, > T, the deviatoric components are

T” = T cos 2¢
Tn = —T cos 2¢
T, =T, = -Tsin26 = T,, = T,, (3.2.6)



50 Mechanics and Thermodynamics of Biomembranes

The shear components of the deviator are the same as in the original matrix. Through-
out the development of equations of mechanical equilibrium, we will implicitly use the
symmetry property of the force resultant matrix, i.e., Tz = T.,.

3.3 Membrane Equations of Mechanical Equilibrium

Equilibrium equations relate the external forces applied to a membrane to the force
and moment resultants within the membrane. The equilibrium equations follow from
the requirement that for any body in steady motion (constant velocity or at rest), the

sum of all forces and the sum of all moments that act on the body must be zero. This’

applies to any part or element of the body if account is taken of the forces exerted on
the element by the remainder of the body. If an element is in unsteady motion, the
sum of the forces equals the mass of the element times the acceleration of its centroid.
Equations which express this fact are called (Newton’s) equations of motion. Similarly,

the sum of moments that act on the element may be different from zero due to angular

accelerations. The equations of mechanical equilibrium describe forces and moment
balances for the body or membrane without any acceleration, i.e., they are equations
of motion with the acceleration terms set equal to zero. It is important to recognize
that mechanical equilibrium is not the same as thermodynamic equilibrium. In me-
chanical equilibrium, forces may be dissipative (nonconservative) as well as elastic
{conservative) in character. Thermodynamic equilibrium is associated with reversible
(conservative) processes and, consequently, only involves a balance of elastic forces.
This is sometimes referred to as “*static’’ equilibrium.

The equations of mechanical equilibrium may usually be applied to biological mem-
branes even if they do experience acceleration because the product of the membrane
mass times the acceleration is negligible compared to other forces. This is so because
the membrane is normally less than a few hundred angstroms thick and, thus, has an
extremely small surface mass density. In addition, the applied forces and accelerations
must be small enough that living tissues can survive without damage. However, some
cases, such as analysis of vibration distal to a stenosis in a massive arterial wall, may
require taking the inertial terms into account.

Equations of equilibrium may include body forces proportional to the surface den-
sity. For a membrane with uniform surface density, body forces are distributed in
proportion to the area of the membrane element. Examples are gravitational forces
and forces produced by external electromagnetic fields. Intrinsic surface or body cou-
ples are also created by external fields. Surface couplés can be important if the mem-
brane surface contains polarized molecular complexes, but they are not expected to be
important in most biological membranes and are not included here. (See Naghdi,
19725 for an exposition including such effects.)

We will first develop equations of mechanical equilibrium for the specific case of
surface layers with negligible moment resultants. We will then consider the more gen-
eral thin membrane case. Plane and axisymmetric membrane geometries will be used
to develop the equilibrium equations as functions of the spatial coordinates. (For more
general equations see Naghdi, 1972; Reissner, 1949.)%-7

3.4 Mechanical Equilibrium of a Plane Surface Layer

An element of a plane layer is shown in Figure 3.4. We first assume that the x,, x;
axes are the principal axes of the force resultant matrix and that moment resultants
are negligible. Forces from the adjacent environment produce tractions or stresses on
the surface layer that are distributed per unit area of the surface. Shear stress and
pressure are forces per unit area (dyn/cm?) exerted by fluids or solids in contact with
the surface. The net normal traction is the difference between the pressures, P and P’,
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FIGURE 3.4. An element of a plane layer with the x,, x; axes as the principal axes of the force
resultant matrix. Moment resuliants are negligible. The net normal traction is the difference be-
tween the pressures, P and P, and the net shear stresses in the x, and x, directions are the tangen-
tial tractions, o, and o.. Shear stress and pressure are forces per unit area (dyn/cm?).

acting on the lower and upper sides of the surface, respectively. The tangential trac-
tions, o, and o,, are the net shear stresses in the x, and x. directions as shown. The
tractions, o, and o., are the sum of shear forces per unit area that act on both faces of
the layer. Added to the forces shown in Figure 3.4 are the body forces per unit mass
of material, which act with components f,, f., {5 in the x,, X2, X5 directions.

The balances of forces in three orthogonal (independent) directions define the equa-
tions of mechanical equilibrium,

3F, = 0; 2F, = 0; 3F, = 0;

SF. =0 (3.4.1)

1

where ZF, stands for the sum of all forces that act on the element in each independent
direction. Since we are considering an infinitesimally small element of the surface, the
increments of the force resultant components from one side of the element to the other
can be approximated by the first order term in a Taylor series expansion. Therefore,
we write the incremental changes in force resultants from one side of the element to
the other as differential forms, dT, and dT,. The force resultant components and the
differential increments are illustrated in Figure 3.4. The balance of forces in the x,
direction for the small element is given by

(T, + dT,} dx, — T, dx, + o,dx,dx, + pfidx,dx, = 0 (3.4.2)

where density, g, is the mass per unit area of surface material. The differential incre-
ment in principal tension in the x, direction is given by its spatial gradient times the
differential coordinate dimension,

aT,

dT, = - dx,
%, (3.4.3)
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Equations 3.4.3 and 3.4.2, divided by the element area, dx, dx,, give the first equilib-
rium equation,

3T,
— + of =0
ax, TR (3.4.4)

Similarly, the balance of forces on the element in the x, direction gives the equation,

T,
+ g, +pf, =0
Xy (3.4.5)

Force equilibrium in the x; direction does not involve T, and T, because the resultants
lie in the x, x, surface which is flat. The force balance in the direction normal to the
element is

PP +opf, =0 (3.4.6)

Equations 3.4.4, 3.4.5, and 3.4.6 are the equations of equilibrium for a plane layer
in which the principal tensions are assumed to be parallel to x, and x,. Two interesting
observations are apparent from these equations:

1. Variations in the force resultants are produced by tangential, shear traction, o, or
body force components parallel to the plane.

2. The pressures, P and P’, are equal if f; is zero. We see that a membrane cannot
sustain a pressure difference without curvature or moment resultants.

If the axes (x,, x;) are not the principal axes of the force resultant matrix, the equa-
tions of equilibrium of a plane layer without moment resultants are obtained by re-
placing T\, T, by T\, T2; and adding shear resultants, T,,, to each edge of the element.
As before, the application of Equations 3.4.1 yields the equilibrium equations,

oT

axj

ij

+ g; + pfi =0
3.4.7)

Equations 3.4.7 are the general equations of mechanical equilibrium for plane mem-
branes without moments. Because the mass per unit area of biological membranes is
so small (the surface density is on the order of 1077 to 107* g/cm?), the body force
contributions can usually be neglected as were the acceleration forces. Throughout the
remainder of the discussion, this assumption will be employed.

3.5 Mechanical Equilibrium of an Axisymmetric Surface Layer

The coordinate systems that we use to describe an axisymmetric membrane are
shown in Figure 3.5A. The cylindrical coordinates (r, z, ¢) are defined with z as the
axis of symmetry. It is ailso convenient to define curvilinear coordinates (s, 8, ¢) for
any point on the surface. “‘s’’ is defined as the distance along the meridional curve
measured from an arbitrary base location; the coordinate, 8, is defined as the angle
that vector, n, normal to the surface makes with the z axis; the coordinate, ¢, in the s,
8, ¢ system is the same azimuthal angle as in cylindrical coordinates. The principal
radii of curvature for the surface are labeled R, and R,. For the axisymmetric surface,
R, is the radius of curvature that describes a local arc of the surface in the plane which
contains the surface normal and is orthogonal to the surface meridian. It is the distance
from the symmetry axis to the surface along the surface normal. The other principal
radius of the curvature, R,, describes a local arc of the surface meridian.

—
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FIGURE 3.5. (A) The coordinate systems used to describe an axisymmetric mem-
brane. (B) A small differential element, bounded by two meridional lines and two
latitudinal circles, excised from the axisymmetric surface shown in (A). The element
is only approximately flat and approximately rectangular. Principal radii of curva-
ture and force resultants are illustrated. (C) The normal and tangential surface trac-
tions applied by the adjacent media to the differential surface element.

If we excise a small differential surface element (bounded by two meridional lines
and two latitudinal circles), the force resultants and principal radii of curvature are as
illustrated in Figure 3.5B. It is obvious that the element is only approximately flat and
approximately rectangular. The small deviations from a flat plane and rectangular
shape produce important contributions to the equations of equilibrium. The local spa-
tial axes are chosen as x, tangent to a latitude circle (in a clockwise sense around the z
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FIGURE3.5C

axis) and x, langenl 1o a meridian. Both axes are orthogonal to the surface normal.
Consequently, the small surface element is described by differential coordinates (dx,,
dx.), as projected onto the tangent plane, and by small deviations from the plane to
the surface element along the normal to the surface. The projection of the differential
surface element onto the tangent plane is approximately a trapezoid, illustrated in Fig-
ure 3.6A. The projected lengths of the latitude circles along the x, direction are differ-
ent from one side of the element to the other as shown. The projected lengths of the
bounding meridians are the same on both sides because of symmetry, but they deviate
slightly from the x, direction. The differential coordinates (dx,, dx.) specify the mean
of the base lengths and the altitude of the trapezoid, respectively. Therefore, the area
of the element is dx, - dx.. The small angles at the base are given by half the rate of
change of the differential length, dx,, with respect to the x, direction, i.e.,
Y4 9(dx,)/ 9x, shown in Figure 3.6A. The deviations of the curved surface from the
tangent plane are illustrated in Figure 3.6B. Since there are two principal radii of cur-
vature that describe the surface (shown in Figure 3.5B), there will be two independent
decviation angles, (dx,/2R,) and (dx,/2R,), both represented by (dx/2R) in Figure 3.6B.

Figure 3.5C shows Lhe normal and tangential surface tractions (pressure and surface
shear stress) applicd by the adjacent environment. First, we will balance the forces in
the x,, x. directions, which define the plane tangent to the surface layer at the center
of the chosen element. Then we will balance the forces normal to the tangential plane,
along the vector n. Thus, Equations 3.4.1 will be satisfied for the surface element. In
the x, direction, the difference in forces from one side of the element to the other
includes contributions from the tension components, d(T,, dx,), the shear that acts on
the edges formed by the latitude circles, d(T,; dx,), and the tangential surface traction,
o, dx, dx.. In addition, there is a contribution of the shear on the edges formed by the
meridians (§ = constant) because of the slightly trapezoidal shape of the element (sche-
matically illustrated in Figure 3.6A. This is given by the sum,

(I‘ aT, , e d ” a(dx,)) T vd " ( a(dxl))
. — + . ——
12 * ox, x) Xot 72 ( ox, (T,,) dx, ax,

The trapezoidal shape is represented by the small angular deviations, Y2[a(dx.)/ 8 xal,
from right angles at the bases formed by the latitude circles. There is no variation of
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FIGURE 3.6. (A) Trapezoidal projection of the curved surface element onto a plane tangent to

the surface at its center. (B) Deviation of the curved surface from the tangent plane.

the edge length, dx,, with respect to the x, direction because of symmetry. If we keep
terms of first order, the force contributions are given by
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3(T, ,dx,) 8T,
' = e dx. = dx., dx
(T, dx,) ox, i ox, 2 8%,

. B(T,,d%,)
A(T, 4%, ) = —————— dx,
12 1 ax‘z

aT, , dx,  addx,) a(dx,)
(Tna + 2 dxl) + T, "T = T, dx,

X, ax,

(Note: As in the previous chapter, the differential operator, d( ), represents the local
variation of a function over the scale of the differential coordinates, dx, and dx,.)
Scuting the sum of all forces equal to zero, we have

aT,, 8(T, ,dx,) ) adx,)
dx,dx, + dx, + T, ———— dx,

O~ g, dx,dx, +
ax, ax, 9%, (3.5.1)

If we introduce curvilinear coordinates for the differential increments, dx, and dx,,
dx, = rd¢
dx, = ds

we can reduce Equation 3.5.1 to

oo, TomD ar

+ T e
20 as om

0=oa,r +
% 2 (3.5.2)

where we use the indices, m and ¢, for components tangent and normal to the merid-
ian, respectively. Equation 3.5.2 is the first equation of mechanical equilibrium,

For the x, direction, the force differences from one side of the element to the other
include the tension component, d(T. dx,), the shear on the edges formed by the merid-
ian generators, d(T,, dx,), and the tangential surface traction, o, dx, dx.. Subtracted
from this sum is a contribution from the other tension component that acts on the
meridian cdges because of the trapezoidal shape of the element (as shown in Figure
3.6A). Thelatter is

T, , a(dx, ) 9(dx,)
-z, + dx,)dx, « ¥ [——= ]} + T,,dx,+ %
ox, 9%, ax,

The first order expressions for these contributions are

(T, ,dx, )
d(T.‘quI) = '———--ax—— dX,
2
(T, ,dx,) aT
d(T, ,dx,) = ok, = 2 dxydx,
9x, x,

arT,, dx, a(dx,) 8(dx,)
— T, + dx, |+ T = -T,,dx, ———r
11 I 11 1 2
2 ax, x,
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We set the sum of forces equal to zero,

(T, ,dx,) oT,, a(dx, )
0=g0,dx,dx, + dx, + dx,dx, —T,,dx,
9x, ax, X,

Again we use the curvilinear expressions for the differential increments, dx, and dx.;
the force balance reduces to

HTm® 3T m ar
0=g.,.1 + + - T, =
Im s a¢ s (3.5.3)

which is the second equation of mechanical equilibrium with the subscript notation
introduced previously for components normal and tangent to the meridian.

The last equilibrium equation is obtained from the balance of forces normal to the
surface. The force differences are the net normal surface traction (pressure difference),
(P — P)dx, dx,, and the components of the tension resultants projected normal to the
tangent plane (as illustrated in Figure 3.6B). These components are —2(T,, dx.) dx,/
2R; and —2(T.:: dx,) dx./2R;, where the small deviation angles between the force re-
sultants and the tangent plane are given by the distance from the element center divided
by the principal radius of curvature that describes the surface arc, e.g., —dx,/2R, or
—dx,/2R.. Consequently, curvature of the surface element creates force components
to oppose the normal pressure difference,

dx, dx,
- Tz adxx

) R,

0 = (P-P)x,dx, ~ T,, dx,

(3.5.4)

It is important to note that the radii of curvature are defined as positive for surface
arcs which are concave toward the z axis.

Equations 3.5.2, 3.5.3, and 3.5.4 are the set of mechanical equilibrium equations
for an axisymmetric membrane surface, without moments. These equations relate the
intensive force resultants, T,;, to the external forces on the membrane,

aT (T 4mI) ar
4 ¢m + Tym — + 0gf = 0
o os os (3.5.5)
Mmm? Tom L im0
9s 36 a4 9s m (3.5.6)
Tmm . T¢¢> = AP
Rm Ry (3.5.7)

where AP is the pressure difference across the membrane (inside minus outside pres-
sure). The principal radii of curvature, R,, and R,, of the surface element are expressed
in terms of the curvilinear coordinates by

ds

sind (3.5.8)
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<+ L >

FIGURLE 3.7. Crylindrical surlace Tlixed at one end and subject Lo surface traction,
0.

For axisymmetric loading of the surface, the shear stress, o,, and the shear resultant,
T..., are zero. Thus, the equilibrium equations are reduced to two equations involving
the principal tensions, T,, and T,,

H(Tyo or
— - Ty — +g r=20
os ¢ as m

T T
~Bor 2 - ap
Ry Ry (3.5.9)

(For a more extensive treatment of shells of revolution, see W. Fliigge, 1973, Stresses
in Shells )*

Example 1

A sphere of radius, R,, is subject to a uniform internal pressure, P,, and an external
pressure, P,. The problem is to find the resultant tensions, T, and T¢.

Solving Equations 3.5.9 with R, = R, = R,, we find that the tension is isotropic,
T.. = T., and uniform, with 2T,/R, = AP. Hence T,, = T, = R,AP/2.

Example 2

A cylinder of radius, R., and length, L, is capped at each end by a rigid plate. The
internal pressure is P and there is a shear stress, o, applied axially to the cylinder
surface. The cylinder is held fixed at the end, z = 0. The tensions in the cylindrical
surface are to be found. The coordinates are shown in Figure 3.7 with the fixed end
at z = 0. At the free end, the pressure on the end plate must be balanced by the
membrane resultant, T, times the circumference,

2aR. Ty, = 1rRC2 P

This gives a boundary conditionon T, ats = L,
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The equations of equilibrium for the cylindrical surface are,

T
o _p
RC

d
RCE (Tm) + oRc =0

These equations, together with the boundary conditions on T,, give the distribution
of principal tension along the cylinder,

R
Ty = ; + o(L—s)

Example 3
A membrane in the form of a truncated cone is capped at each end with a rigid

plate. The conical membrane shell is subjected to an internal pressure, P. What are
the tensions in the membrane? Let the radii of the ends be R, and R, and the length
of the cone be L as shown in Figure 3.8. The angle 6 in this case is constant,
6 = n/2-0., where 6. is the half angle of the cone as shown. Equations 3.5.8 and

3.5.9 are given at any point by

d
. (T - T, =0

The combination of these two relations vields an equation for the tension resultant
along the meridian,

d Pr
— (T r] =
dr m sin@
which can be integrated to give
Pr?
Tt = - + constant
2 sin@

Atr = R,, the tension is given by the axial force balance,
27Ry sind T, = 7Ry * P

Ry P

2 sinf

Therefore, the tension along the meridian is given by

Pr
T =
m 2 sin@

which is half of the circumferential tension, T,,
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= L g
FIGURE 3.8. Conical surface capped at both ends and subject to pressure differ-
ence, P.
Pr
T,=
®  sine
Example 4

Consider a flat annular disk with inner radius, r,, and outer radius, r,, that is rigidly
supported at the outer radius. Assume that the inner circle, r = r,, is subjected to
radial tension, T,. What is the distribution of principal tensions in the annular disk?
The equilibrinm equations (3.5.9) reduce to a single equation because both curvatures

are zero,
d
— (Tp) ~ Ty =0

Therefore, the situation is indeterminate unless another equation can be found to relate
the principal tensions. In general, such additional equations are provided by the ma-
terial response to the forces (i.e., constitutive relations). For instance, a liquid film

has equal (isotropic) principal tensions, T. In this case, the equation is

and T is a constant, equal to the radial tension at r = r,. Another arbitrary example
would be to set T. = 0; the result with this prescription is

Ty = constant

or

because T, = Toatr =r,.

———
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From a general viewpoint, the principal tensions can be expressed in terms of iso-
tropic and deviatoric (maximum shear) force resultants,

Tn=T+T;

=l

Tp=T-T,

The single differential equation can be written in an alternative form,

dT, 2T,

dr r

which can be integrated to give

Iy T,

T = 2 f T d@nr)
Iy

n

This integral equation relates the boundary conditions on the meridional tension 1o
the integral of the maximum shear force resultant in the surface. Consequently, the
constitutive behavior for shear of the membrane determines the distribution of radial
tension in a plane membrane surface.

Example 5

Consider an axially symmetric membrane envelope that supports a uniform axial
force, F. This force must be balanced by the meridional tension at any transverse
section of the surface according to

F=2nr - sin 6T,

(The angle, 8, is defined in Figure 3.5A.) This relation can also be given in terms of
the conical half-angle, 6., for a tangent to the meridian,

F=2mr.cosd, Tp,

The equations of mechanical equilibrium were determined for a set of orthogonal axes
(i.e., X,, X, and the normal, n), defined by the surface location. These equations are

a(T 1) - T¢dr =0

T T
_m + ¢ = AP

In this case, AP = 0, since there is no transmembrane pressure difference. At first
glance it appears that the situation is overdetermined, i.e., three equations for the two
unknowns, T,, and T,. However, we will demonstrate that if we choose either of the
differential equations of equilibrium for the surface plus the axial force balance, we
will identically satisfy the remaining equilibrium equation. For convenience, we define
a function, u = sin 6. The following identites can be expressed in terms of u, r, and 6
(for the sense of the curvilinear coordinates shown in Figure 3.5A):
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u = sing
r
R - J—
¢ u
dr
R = —
m du

dr
—_— = —-“,i - u?
ds (3.5.10)

Thus, the differential forms for equations of equilibrium are transformed to
d(Tpr) = Tydr=0
T du + uTqb-dr =r+APdr =0 3.5.11)
(Again, note that AP = 0in this case.) The axial force balance becomes
= 2ﬁrﬁ'rm (3.5.12)

Iirst, we combine Lguation 3.5.12 with the first of Lquations 3.5.11 to give the result,

Fooa f1 T
2n dc \u ) °

Substituting this relation in the second of Equations 3.5.11 with AP = 0, we have

du F d [
rTm._ + — Yt — | —F=0
dr m dr u

This reduces to

which is consistent with Equation 3.5.12.

3.6 Mechanical Equilibrium of a Flat Membrane with Moment Resultants

As discussed in Section 3.1, moment and transverse shear resultants are induced by
force resultant couples in membranes composed of associated molecular layers. Figure
3.9 illustrates the principal moment and transverse shear resultants experienced by a
flat membrane element (the force resultants and surface tractions in Figure 3.4 also
apply here, but are omitted for clarity). The sums of moments about the three orthog-
onal axes through the center of the membrane element must be zero, as are the sums
of forces given in Equations 3.4.1,

ZM), =0 ZM), =0 IM), = O (3.6.1)

Here, Z(M). represents the sum of moments about the i** axis through the centroid of
the element. (Moments are defined as positive in the ‘‘right hand’’ sense of clockwise
rotation about the axis, as viewed in the direction which the axis points.)

————

e pge——— + mmema
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2’ Q,*dQ,
2 1/ M,+dM,
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X - 4
l /// / Q|+ dQ]

M, +dM, L/

FIGURE 3.9. The principal moment and transverse shear resultants supported by a flat mem-
brane element. Note that only the force equilibrium equation in the direction normal to the surface
will be affected by the transverse shear resultants.

From Figure 3.9, it is apparent that only the force equilibrium equation in the x;
direction will be affected by the transverse shear resultants. The contribution comes
from the force differences, d(Q,dx:) and d(Q.dx,), on the edges of the membrane ele-
ment. With the first order expression for the transverse shear force differences, Equa-
tion 3.4.6 is modified by

1
dx,dx, +
X X3

0= APdx,dx, + dx, dx,

without the body forces (as previously discussed). The third equation of force equilib-
rium, along with Equations 3.4.4 and 3.4.5, is

2Q, . Q,
3%, 3%, (3.6.2)

AP +

Therefore, gradients in transverse shear resultants can oppose a normal surface trac-
tion (pressure difference) in a flat region of the membrane. As we will show, the trans-
verse shear resultant is related to gradients of the moment resultants. Consequently,
the pressure difference in the equation of force equilibrium (3.6.2) will be related to
the second derivatives of moment resultants.

Only two of the sums of the moments in Equations 3.6.1 need to be evaluated. The
third, about the axis normal 1o the membrane element, was previously evaluated and
resulted in the symmetry of the shear resultants, i.e., T,, = T,,. The sum of moments
about the axis through the centroid, parallel to the x, material axis, is given to first
order by the relation,

dx,
—dM, dx,) + 2(Q,dx,) ——2— =0
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or,

oM,

dx,dx, + Q,dx,dx, =0
X,

Therefore, the transverse shear is given by

aM,
X, (3.6.3)

Q =
Similarly, the sum of moments about the axis through the centroid, parellel to the X2

material axis, is given to first order by the relation,

dx,
dM, dx,) - 2(Q,dx,) ; =0

or,

M,

dx,dx, — Q,dx,dx, =0
ox,

therefore,

oM,
ax, < (3.6.4)

The equation of force equilibrium in the normal direction, (3.6.2), may be written in
terms of the moment resultants using Equations 3.6.3 and 3.6.4,

a* M, M,
AP+ + =0
ox, ? ax,? (3.6.5)

We have developed the sum of moment equations in a principal axes coordinate
system for the moment resultants, M, and M.. In general for nonprincipal axes sys-
tems, there will be two types of moment resultants: (1) moment resultants that act
around the material edge (in the same sense as the principal moment resultants, M,
and M,), M,, and M;, and (2) moment resultant components which twist the element
about the centroidal axes in the material plane (parallel to x, and x,), M;, and M,,.
The transverse shear resultants, Equations 3.6.3 and 3.6.4, must be modified to include
the twist contributions (defined as positive clockwise around the centroidal axis parallel
to x, and counterclockwise around the centroidal axis parallel to x,),

oM, , oM, ,
+

=Q
ox, 9%, ! (3.6.6)
aM, oM, ,
+ =0,
%, dx, (3.6.7)

These components can be written in matrix form with the summation rule,

X, (3.6.8)



FIGURE 3.10. A small element of an axisymmetric membrane with principal moment and trans-
verse shear resultants displayed on exposed edges.

The direction of the induced transverse shear resultant is normal to the membrane
plane. Equation 3.6.5 reflects this explicit feature and the general equation of force
equilibrium in the normal direction for a plane membrane region is

.

0
axiaxj (3-6.9)

3.7 Mechanical Equilibrium of an Axisymmetric Membrane with Moment Resultants

In the discussion of equilibrium for axisymmetric membranes that follows, axial
symmetry will be assumed for the environmental tractions on the membrane surface.
Thus, in curvilinear coordinates (s,8,9), only principal force resultants, tensions, and
principal moment resultants will be involved in the equilibrium equations for the mem-
brane. Normal and meridional surface tractions will act on the membrane element,
i.e., AP and o,.. The equations of equilibrium, without moment resultants, are Equa-
tions 3.5.9. Figure 3.10 illustrates the principal moment resultants and the induced
transverse shear resultants. Again, we must consider the slightly trapezoidal shape and
curvature of the element when we balance the forces and moments on the element.

Evaluating the sums of moments about axes through the centroid of the element
and tangent to the material surface, we specify transverse shear resultants. Because of
symmetry, the sum of moments about the centroidal axis, tangent to the meridian (x,
coordinate), yields the trivial result that the transverse shear acting on the edges formed
by the meridian segments is zero, i.e., Q, = 0, (since the moment resultant, M,, does
not vary across the element). The sum of moments about the centroidal axis, tangent
to a latitude circle (x, coordinate), includes the induced transverse shear contributions,
2(Q. dx.) dx,/2, the difference in principal moments that act on the edges formed by
latitude circles, — d(M. dx,), plus the contributions of the moments about the edges
formed by the meridian segments which are projected onto the centroidal axis. The
latter are created by the slightly trapezoidal element shape: 2(M, dx.) 2[3(dx,)/ 9 x,].
To first order, the sum of moments is given by
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(M, dx,) a(dx,)
D=0Q,dx dx, ———— dx, + M dx,
9x, 8x,

With the curvilinear coordinate expressions for the differential increments, dx, and
dx., the transverse shear resultant is obtained from the moment balance,

Q a(Mmr) M ar
T = oe—— —
m 3s ® 3 3.7.1)

Now, we must modify the force balances in the directions normal to the surface and
tangent to the surface meridian, Equations 3.5.4 and 3.5.3, respectively. We add the
contributions from the (ransverse shear on the edges formed by the latitude circles.
The contribution of the transverse shear to the force balance normal to the surface is

9(Q,dx,)
d(Q,dx,) = —-——5—— dx,
X3

thus, the sum of forces, Equation 3.5.4, becomes

dx, dx, 3(Q,dx,)
0= aPdx,dx, — T,dx, |— - T,dx, | —) + ———— dx,
Rl Rz ax,

In curvilinear coordinates, the balance of normal forces yiclds

Tm T¢ 1 ] (Qm l,')

m Ry r 3 (3.7.2)

R

The contribution to the force balance in the direction tangent to the meridian comes
from the projection of the transverse shear forces onto the tangent plane. The projec-
tions are created by the curvature of the surface element with deviation angles, — dx,/
2R.. The first order force addition is

dx,
2Q2 dx‘ —2-;
2

with the force balance, Equation 3.5.3, and curvilinear coordinates, the result is

] r) ar Q.. r
+ (T T m

0= —
om T s R, (3.1.3)

Equations 3.7.2 and 3.7.3 are the set of force equilibrium equations for the membrane.
These equations are coupled to the moments by Equation 3.7.1 and can be expressed
in terms of the principal moment resultants if we eliminate the transverse shear result-
ant.

B(Tmr) ar { a(rMm) or
0= t b ——— T, — b — — — M, ——
m 3s ®a R [ as ® as

T T 1 3 (M) i ? ar
Ap=-_12 ¢ __ M 4, My ~—
R Ro¢ r 2s? r as as

(3.7.4)
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As previously discussed, the moment resultant contributions are usually small com-
pared to the force resultants. However, Equations 3.7.4 demonstrate that there are
situations where the small moment resultant contributions are required for membrane
equilibrium (and stability). For instance, in a surface where the local curvatures are
zero, the moment resultants are required to maintain equilibrium under local normal
forces. '

SECTION IV

4.1 Membrane Thermodynamics and Constitutive Relations

Scientific study of biological membrane structure and function requires the comple-
mentary use of biophysical and biochemical methodologies. The commonality between
biophysical and biochemical approaches is provided by thermodynamics. Thermody-
namics is composed of phenomenological laws that determine the behavior of a mate-
rial in terms of a specific set of functions that characterize the state of the material.
Thermodynamics is based on the hypothesis that the state functions are continuous
from point to point in the material. In other words, the scale (in time and space) over
which we measure state variables includes so many molecules that the eccentric behav-
ior of individual molecules is averaged out. Thermodynamics, therefore, is made up
of laws that represent the aggregate behavior of molecules. Departures from the ex-
pected group or ensemble behavior are exhibited as fluctuations.

The laws of thermodynamics provide empirical recipes for relating the mechanical
work done on the material to the total energy and heat content in the material. The
first law of thermodynamics is the postulate that energy is conserved, i.e., change in
energy equals work plus heat addition. Work is defined quantitatively by the integra-
tion of the forces that are supported by the material times the displacements of the
material. For a continuous material, forces and displacements are defined by macro-
scopic functions. Thus, along with work, they are predictable or deterministic varia-
bles. On the other hand, heat is a quantitative measure of the collective chaotic energy
of the molecular constituents. Heat represents microscopic molecular processes that
are random and incoherent. The diffuse nature of heat leads to a subjective relation
called the second law, which describes the quality of the collective process that occurs
during heat change, i.e., reversible or irreversible. For reversible processes, work may
be attributed to conservative forces that are derivatives of potential functions. Heat is
represented by a state function (entropy) and a proportionality factor (temperature).
Irreversible processes, however, are less tangible. Some or all of the work can be due
to nonconservative, or dissipative, forces. Heat exchange is not specified by changes
in a state function. In contrast to the less satisfying second law of thermodynamics,
the first law offers a secure refuge for the empirical scientist: conservation of energy.
Heat and work are always accounted for in sum. Since we are neglecting inertia (kinetic
energy) and the potential energy due to body forces, the total energy of the membrane
is equal to the internal energy of the material. Internal energy is an abstract quantity
which cannot be given an absolute value. Only changes in energy are observable ef-
fects, evidenced as heat exchange and work. Consequently, a reference state must al-
ways be assumed for thermodynamic state functions.

In biological membranes, we are faced with an anisotropic material which can be
described as a continuum only in two dimensions (over large scale in the surface), but
molecular discontinuity exists in the third dimension (thickness). We will conceptually
treat the discontinuity in membrane composition from one side to the other by consid-
ering the membrane as a laminated structure made up of a strata of molecular layers.
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The layers may be either coupled or uncoupled. This conceptual view does not restrict
the application of the surface continuum approach only to membrane structures with
distinguishable layers. Membranes with more homogeneous compaosition are repre-
sented equally well by the material properties that will be derived in this chapter. The
thermodynamic variables for 2 membrane material are continuous functions of surface
location, but are discrete functions of position within the thickness of the membrane.
At a specific location on the membrane surface, the thermodynamic state represents a
surface domain that contains a large number of molecules. Thus, we will have to re-
spect the minimum scale on the surface above which this is a valid characterization
(i.e., for which the fluctuations in mean thermodynamic functions are small).

We will be specifically interested in the thermodynamic changes that result from
membrane deformation and rate of deformation as produced by external forces.
Throughout the development, we will be considering the membrane material system
as closed. In other words, there is no exchange of material or molecules between the
membrane and its environment. This is true only for a limited period of time because
the membrane may be remodeled by cellular processes or by exchange of lipids and
proteins with the extracellular world. In general, these exchange processes take place
over very long time periods compared with the mechanical experiments that are per-
formed on the membrane. Therefore, our assumption is reasonable. We will develop
membrane constitutive relations between the intensive distributions of membrane
forces, deformation, and rate of deformation. These relations will be characterized by
intrinsic material properties (e.g., coefficients for elasticity and viscosity) based on
changes in thermodynamic state of the membrane.

The elastic constitutive relations that result from the development prescribe the me-
chanochemical equations of state for the membrane surface at constant temperature.
These constitutive equations relate conservative membrane forces to the intensive de-
formation of the membrane. An example would be the change of surface pressure as
a function of the change in the area in the membrane surface. Surface deformation
can be decomposed into fractional changes in area of a surface element and extension
of the element at constant area. Deformation of an individual molecular layer of the
membrane depends only on these two parameters. Therefore, the elastic forces re-
quired to deform the molecular layer are functions of only these two parameters. (We
assume that each molecular layer is isotropic in the plane of the layer.) Single molecular
layers can only sustain forces that are locally tangent to the surface plane. The impli-
cation here is that single molecular layers exhibit a negligible energy change due to
surface curvature change (bending resistance) unless the curvature change explicitly
involves deformation of the surface element. The bending energy alone of single mo-
lecular layers is essentially negligible until the radii of curvature for the surface are on
the order of molecular dimensions, at which point our continuum approach is no
longer valid. We will concentrate first on the reversible thermodynamic behavior for
each of the membrane molecular layers in response to surface deformation. Then, we
will describe the composite behavior of the total membrane by summation over all
layers.

Composite membrane structure introduces the possibility of coupled interactions
between the layers. The surface deformation of the whole membrane will be experi-
enced nearly the same by each layer if the surface radii of curvature are very much
larger than the distance between the molecular layers of the composite. However,
bending moments (couples) are produced by changes in the membrane curvature.
These moments can be significant, especially if the mean surface deformation is small.
The moments or force couples are due to small relative deformations between adjacent
layers that create small energy variations (e.g., curvature can produce inner layer
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compression and outer layer expansion with no net change in the average membrane
area). We will investigate the energy variations produced by changes in curvature of
the membrane composite in order to determine bending resistance and moments. These
curvature elastic effects will be treated subsequent to the analysis of membrane surface
elasticity.

The elastic properties of a closed membrane system are associated with reversibie
thermodynamic changes in the membrane. These changes are produced by macroscopic
deformation of the membrane structure. The elastic coefficients are derivatives of the
free energy density (work per unit area of the membrane) taken with respect to inten-
sive deformation at constant temperature. The free energy change is the sum of contri-
butions from internal energy and heat content changes produced by deformation of
the material. If the temperature of the material is changed, then internal energy and
heat content also change. This process is accomplished by random exchanges of mo-
mentum between the material surface and the adjacent environment and by radiation
absorption and molecular excitation. Temperature change produces small defor-
mations in a free or unconstrained material. It can also produce forces in a material
with constrained dimensions. For reversible processes, the thermoelasiic alterations of
material dimensions and forces combine with the elastic constitutive relations to give
mechanochemical equations of state. These equations relate static material forces to
deformation and temperature change. Furthermore, coefficients in the material equa-
tions of state specify the reversible changes of internal energy and heat content of the
material that are produced by deformation at constant temperature. With this mechan-
ical form of calorimetry, the material thermodynamic state can be investigated with
temperature-dependent, mechanical experiments. Thus, thermoelasticity provides a di-
rect thermodynamic probe of membrane structure in situ, which can be correlated with
biochemical and ultrastructural studies. For example, it is possible to establish whether
the configurational state of molecular complexes in the membrane is more or less or-
dered by a deformation and whether the energy of these complexes is appreciably
changed by the deformation. For a biological membrane structure composed of am-
phiphilic components, thermoelasticity provides a direct way to assess the thermal re-
pulsive forces in the membrane. In the natural state, without externally applied forces,
thermal repulsive forces in the membrane are opposed by the hydrophobic interaction
between the membrane surfaces and adjacent agueous environment.

The elastic constitutive equations represent reversible thermodynamic changes pro-
duced by deformation. On the other hand, inelastic or nonconservative constitutive
equations describe the dissipation of energy in the membrane produced by time rates
of deformation. Nonconservative processes are thermodynamically irreversible and re-
sult in membrane forces that are proportional to rate of deformation, i.e., rate of area
dilation and rate of extension at constant area of membrane material. In generali, time-
dependent response of a material to an applied force is complicated and can only be
described by empirical equations. The relationship between the macroscopic behavior
and the microscopic processes that occur at the molecular level is difficult to establish.
However, it is possible to identify two characteristic types of irreversible phenomena
that originate at the molecular level: (1) internal heat generation (molecular friction)
superposed on the reversible thermodynamic behavior; (2) permanent deformation as-
sociated with structural changes produced by material forces. In the first case, time-
dependent deformation creates forces in the material that exceed the elastic levels re-
quired to maintain static deformation. The additional force is required because me-
chanical work is dissipated by viscous friction produced by the nonzero rate of defor-
mation. The dissipation occurs essentially in parallel with elastic energy changes. In
the second case, permanent or plastic material deformation is proportional to the du-



70 Mechanics and Thermodynamics of Biomentbranes

ration and strength of the forces supporied by the material. Such a response can be
considered to occur in series with the elastic mechanism. The two types of irreversible
phenomena distinguish general regimes of material behavior: solid, semisolid, and lig-
uid (plastic). Constitutive relations for viscoelastic deformation response and recovery
represent the solid material regime. Relaxation and ‘‘creep’’ equations describe the
semisolid transition from solid to plastic material regimes. The transition is especially
significant because it represents molecular relaxation processes in structural elements
of the membrane. Finally, viscoplasticity characterizes the liquid flow of membrane
material, We will develop first order constitutive relations for each regime of material .
behavior. When appropriate, the equations will be given in both Lagrangian and Eu-
lerian forms. In Section V, we will present applications of these relations to actual
membrane mechanical experiments and will demonstrate the advantages peculiar to
either the Lagrangian or Eulerian representation.

4.2 Thermodynamic Outline

Thermodynamics is based on two types of state variables: intensive and extensive.
Extensive variables depend on the amount of material in the system (e.g., mass and
energy); the intensive variables do not (e.g., pressure, density, temperature). Conser-
vation principles start with extensive variables because they are concerned with the
amount of something; intensive variables characterize the substance, not the amount.
Such general attributes have been significant concerns in philosophy since early Greek
considerations, almost three millenia in the past (Russell, 1972).7” These philosophical
interests have been coupled with Locke’s concept of empirical truth to form the basis
for natural science. Thermodynamics is a scientific formalism centered around these
philosophical concepts. The twao principal laws of thermodynamics deal with the con-
servation of energy (first law) and the character of the changes in the state of the
system, i.e., reversible or irreversible (second law). (Katchalsky and Curran, Nonequi-
librium Thermodynamics in Biophysics,*® provides a good introduction; Morse’s book,
Thermal Physics,** contains historical notes and displays profound appreciation of the
implications of developments in thermodynamics.)

The first law is a statement of conservation of energy: the sum of the heat exchange,
AQ, from the exterior environment to the material (defined as positive into the mate-
rial) and the work, AW, done by displacement of forces that act on the material must
equal the change in internal energy of the material, AE,

Al = AQ + AW ' 4.2.1)

Here, the symbol, A, indicates a change or increment between beginning and end states.
This may be written in integral form as

ﬁE=j(‘hQ+6W)

For infinitesimal increments, the law also applies,
dii=6Q + 6 W 4.2.2)

Since encrgy is conserved by definition, the increment in energy is an exact differential,
i.c., independent of the character of the process in going between the two states, How-
ever, the heat exchange and work increments may or may not be exact differentials.
They depend on the character of the process which is used to go between the two states.
“Process’’ is used in this context to represent the particular set of intermediate states
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between the initial and instantaneous state. For example, an isothermal reversible proc-
ess is a particular procedure that produces conservative work on the material, inde-
pendent of the path between states. Thus, it is only a function of the initial and final
states. The incremental stages are given by an exact differential,

REV

W =AW ; 4.2.3)

where the subscript, T, implies constant temperature. From Equation 4.2.2, the incre-
mental heat exchange in an isothermal, reversible process is also expressed as a total

differential,

REV _
5@ =dQ (4.2.4)

Hence, by returning to the initial state through a reversible process, there will be no
net heat exchange between the material and its environment. Each cyclic integral is
zero,

$dE=0

§ sWREV = ¢

]

§ sQREV = ¢ 4.2.5)
(The second and third equations of (4.2.5) apply for a cyclic process that is only iso-
thermal or adiabatic. They do not represent a cycle such as a Carnot cycle, which is a
sequence of isothermal and adiabatic reversible processes between different tempera-
tures.)

A perfectly elastic material obeys Equation 4.2.3 at constant temperature. External
forces, which deform an elastic material, do work on the material that depends only
on the initial and final state of deformation. The heat exchange produced during the
deformation is completely recovered when the external forces are removed and the
material returns to its initial state. However, deformation of any real material will take
place over a finite period of time, and internal heat dissipation will occur due to the
frictional interaction of melecules. In an actual process, irrecoverable heat exchange
may result. Therefore, Equations 4.2.5 can only be approached in the limit, where
dissipation is negligible. Another essential requirement for a reversible process is that
there be no irreversible material alterations (e.g., molecular rearrangements). Perma-
nent structural changes will occur in proportion to the magnitude and duration of the
external forces. Consequently, the forces must be applied and removed such that the
structure does not have time to relax to a new material configuration. It may be im-
possible for a given process to satisfy both requirements simultaneously, i.e., a slow
enough deformation of the material to have negligible dissipation and fast enough to
avoid structural change.

The second law of thermodynamics states that for all real processes the actual heat
added, d Q, is less than the heat exchanged in a reversible process between the same
states, i.e.,

5§ Q< 6QREV (4.2.6)

At constant temperature, Equation 4.2.6 states that there is thermal energy transfer
to the environment in excess of the reversible amount. This is illustrated by the cyclic
integral,
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$5Q50

Empirically, it was recognized that an additional state variable is required to char-
acterize the redistribution of energy which occurs within the material during the proc-
ess. The total energy is a conserved quantity, but the partition of energy between the
various possible molecular states is not specified. The ideal or reversible increments in
the heat added to the system are determined by a second extensive state variable called
entropy, S,

BQREV =TdS 4.2.7)

where temperature is an integrating factor. The entropy increment, dS, is determined
by the change in state of the system in any process. Equation 4.2.6 shows that the
change in entropy of the system is greater than or equal to the heat added from external
sources divided by the temperature,

40
ds > — 4.2.8)

T

where the equality condition is an explicit statement of reversibility. In the 19th cen-
tury, Boltzmann demonstrated that the entropy for a gas is determined by the distri-
bution of molecules among possible states of the system. Subsequently, statistical me-
chanics has been built around this discrete concept as represented by

S=kon Q 4.2.9)

where k is Boltzmann’s constant, and Q is the number of configurations in which the
system can exist. Thus, entropy is a measure of the number of opportunities on a
microscopic scale for distributing energy changes and work. It is an assessment of the
molecular disorder or lack of coherence in the system. Equation 4.2.8 shows that dis-
sipative processes tend to increase internal disorder. Deformation of a material may
require work not only to change the internal energy of the material, but also to rear-
range the internal structure (work in opposition to the natural, thermal randomization
process).

4.3 Equilibrium Thermodynamics and Membrane Deformation

Equilibrium thermodynamics characterizes processes that take place in an essentially
reversible manner. For deformations of a membrane surface that occur reversibly, we
can express the total energy change of the membrane with the combined first and
second laws of thermodynamics,

dE = TdS + dW

or
dW = dE - TdS 4.3.1)

1f we assume that the temperature is constant and that there is no irreversible alteration
of the material and no viscous dissipation, then the work done on the membrane during
deformation is reversible, i.e., dW in Equation 4.3.1 is an exact differential. Therefore,
we will be able to identify an elastic, potential energy function which represents the
work term.

——
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As we said earlier, the first and second laws of thermodynamics involve state varia-
bles that are extensive properties of the system, i.e., they depend on the total amount
of material in the system. We consider the membrane to be a continuous material with
fixed mass. Thus, the value of an extensive variable for the whole system equals the
sum of its incremental values for all small elements of the system. Each increment is
the amount of the extensive variable contributed by the element, which does not de-
pend on the overall size of the material. Consequently, it is possible to define a partial
value of the extensive variable with respect to the size of a small element. The partial
value becomes a density function for the extensive variable per unit area when the limit
is taken where the element areas are arbitrarily small. For example, we can define area
specific or density functions for internal energy and entropy per unit area of material
surface,

T AA~0  \AA,

~ AS
S=1lim _—
AA,~0  \aa, (4.3.2)

The increments in the thermodynamic variables are represented by the amounts,
A( ), appropriate to the element area, AA,. The thermodynamic distributions, £ and
§, are defined relative to a fixed reference geometry, i.e., the initial or undeformed
state that is represented by element area, AA,. Consequently, these functions charac-
terize the state of matter at point locations over the entire surface regardless of .the
subsequent material deformation. The specific properties, E and S are in units of
energy and energy per degree, respectively, both per unit initial area of membrane
surface. (The definition per unit of initial area can also be interpreted as a per molecule
basis if the membrane is a single component system.) Using the intensive representa-
tions for membrane forces and deformation that were developed in Sections II and
11, we will be able to quantitatively describe the differential work done on a membrane
element per unit area. The differential form for work in Equation 4.3.1 is related to
the changes in energy and entropy density of the material.

dW = dE — TdS 4.3.3)

A specific condition for which dW in Equation 4.3.3 is a total differential is that
the temperature of the material is heid constant. This is the usual condition in a me-
chanical experiment. However, temperature change is required to determine how much
of the isothermal work goes into energy change and how much into entropy change in
the material. These thermoelastic effects will be considered in a later section. For con-
stant temperature, the elastic potengal energy function is the same as the Helmholtz
free energy density of the material, F. The Helmholtz free energy is a thermodynamic
potential defined by

F=E-TS

and which is differentially expressed by

df = dE - TdS - SdT
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This potential function cquals the conservative work on the system for the isothermal
case,

(@F)p = dE — TdS = aW

{Note: Another condition under which dw in Equation 4.3.3 is a total differential is
“the adiabatic case (TdS = 0), where

aw = dE

The internal energy itself is an elastic potential and obviously a conservative function.)
The clastic potential, ﬁ, al conslant temperaturce is also referred (0 as a strain-cnergy
function (see for example, Green and Adkins, Large Elastic Deformations).*s

Since we treat the membrane as isotropic in the plane of the surface, the elastic
potential energy density at constant temperature depends only on two independent
variables which characterize the deformaltion. in Section 2.3 (see Figure 2.9) we dem-
onstraled that these tlwo variables are: (1) a, the fractional change in area of the surface
element (isotropic dilation or condensaiion) and (2) 3, the measure of extenstonal de-
formation of the surface element at constant surface area. (The parameter f3 represents
the distortion of a circular region of the membrane surface to an ellipse.) Because the
clastic potential, F, al constant temperature is a function of only the linecarty independ-
ent deformation variables, o and f3, a differential form may be written in terms of
contributions from each deformation parameter,

- aF aF
dF = (——-—) da + (——) dg
% for %/ et (4.3.4)

(Subscripts indicate the independent variables that are held constant.) The assumption
that the deformation is thermodynamically reversible implies that the elastic potential,
(F)r, is independent of the path taken between the initial and instantaneous states.
Equation 4.3.4 is an explicit statement of the path independent deformation process
with respect to « and 8. The first term is the change in elastic potential energy density
due to isotropic dilation or condensation of the surface keeping the shape of material
elements unchanged. The sccond term is the change in elastic potential energy density
contributed by the extensional deformation of the molecular structure at constant sur-
face area. The deformation parameters must be linearly independent and rotationally
invariant in order that Equation 4.3.4 be valid. Later examples will illustrate this prin-
ciple, using two specific models for membrane materials.

4.4 Isothermal Constitutive Equations for Principal Axes

As previously discussed, mechanochemical equations of state at constant tempera-
ture describe the elastic constitutive behavior of a membrane. These equations are valid
for reversible thermodynamic states where the viscous dissipation is negligible. Elastic
constitutive equations are also called stress-strain relations in the literature of solid
mechanics. For single molecular layers and thin membrane structures, the surface re-
lations take the form of force resultants (e.g., tensions) as functions of strain or defor-
mation. In order to establish the relationship of membrane force resultants to static
membrane deformation (thermodynamic equilibrium), we equate the incremental
change in Heimholtz frec energy density (elastic potential) at constant temperature to
the work done on an clement ol the material by the small displacements of forces
supported by the matcrial. We choose the convenient perspective provided by the prin-
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FIGURE 4.1. Incremental deformation of a differential element of membrane viewed in the
principal axes system. The work done on the element is the product of the force times the displace-
ment, summed for the x, and x, directions. T, and T, are the principal membrane tensions (inten-
sive forces) described earlier. T,A.da, and T.A,da, are the forces acting along the element edge in
the x, and x.-directions, respectively, and d(dx,) and d(dx.) are the displacements which result
from the deformation.

cipal axes system and then consider the principal axes deformation of a differential
element of the membrane (Figure 4.1). The work done on the element is the product
of the force times displacement, summed for the x, and x. directions. The principal
forces on the element are approximately T, - dx: and T: - dx,. These are displaced by
small amounts, J (dx,) and & (dx.), respectively. The incremental work produced by
these forces and small displacements is

SW=(T, - dx,) 8 (dx,) + (T, - dx,) 5 (dx,) 4.4.1)

T, and T, are the principal membrane tensions (intensive forces) described in Section
3. The displacements, & (dx,), correspond to increments in the principal extension ra-
tios,

5(dx,) = da, 5],
5(dx,) =da, 81, ' (4.4.2)

by noting that the initial element dimensions are constant. Equations 4.4.1 and 4.4.2
combine to give the incremental work per unit area of the undeformed membrane

element (dA, =da, - da,),
sW= [T, - A8, +(T, -2,)50] - dA,

The increments in extension ratios can be expressed as differential changes, which give
a differential relation for the work per unit area. Using the definition for Helmholtz
free energy density and the combined first and second laws of thermodynamics, Equa-
tion 4.3.3, we obtain the relation for change in elastic potential that is produced by
intensive deformation,

@F) = (T,A,)dA, + (T,A,) da, (4.4.3)
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The differential change in elastic potential, (dF),, is only dependent on the differential
changes in the independent deformation variables, a and f3, i.e., it is equal to the sum
of two contributions: one produced by fractional change in area and the other pro-
duced by extension at constant area. These geometric changes are explicitly given by

the differential relations,
g do
do= [=—] dA, + da,
A, oA, . Il
. i

B ap
dg= (__) da, + (——-—) da,
A, ah,

since they are functions of the principal extension ratios. We now take the chain rule
expression for the elastic potential change, Equation 4.3.4, plus the differential rela-
tions above and equate the coefficients of dA, and dA. in the differential relations,
Equation 4.4.3. This is valid because the extension ratios are linearly independent func-
tions. The result is two independent equations,

aF 2 { oF ag
o + =T\x,;
20/ 15 A, \os/ 14 o,

aF B aF a8
— — + (=) —| =T,
[No/1.g s ¥/ T @.4.4)

We recall the definitions of @ andfi(a = L,k —land B = (4,2 + 4,%)/24,4, — 1) to give

and,

dx
— = A_
an,
-39
oA,
an 1
— ()\17 — ?‘22)
A, 2N, %,
B -1
= (;\;2 - }\12)
N, 27, 2,2

We use these partial derivatives in Equations 4.4.4 to obtain the relationship between
membrane tensions (intrinsic force resultants) and the changes in elastic potential en-

ergy density,
. (3?1) 1 (a'i;) O, 2 A 1)
, = —_— + — T A
3/ 5 207N \3B/ 1o (4.4.5)
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T2 = + [— 22 =X,

2 A, \og

\%¢/ 1p 2472 T 4.4.5)

We see that both principal membrane tensions are associated with free energy changes
which are produced by changes in surface area and surface extension at constant area.

In Section 3, we decomposed the principal tensions into an isotropic tension (that
acts equally in all directions in the membrane surface) and a deviatoric resultant (which
is the maximum shear force per unit length that acts in the membrane at +45° to the
directions of the principal axes). The isotropic tension is the mean of the principal
components, and the maximum shear resultant is half the magnitude of the difference
between principal tensions. Equations 4.4.5 give

_ aFY
T =%(T, +T,) = (_)
Ba T,ﬁ

1 faF .,
Tan a7 \ag) Mo (4.4.6)
l Ta 4.

These relations demonstrate that isotropic tension in the membrane is due to surface
area change and that membrane shear is associated with surface extension at constant
density. The membrane force resultants are proportional to the changes in free energy
density that are produced by these geometric changes.

The maximum shear resultant can be written in the alternative form,

. 1 oF
8 201+a) \ag Ta

where the scaled extension ratio, A from Equation 2.4.7, for stretch at constant area is
given by

T,=%

T: “Tz

A 2 _A_-z

4.4.7)

X=n /A,

Therefore, the differential change in free energy density at constant temperature,
Equation 4.4.3, can be expressed in terms of isotropic and deviatoric force resultants
times fractional changes in surface area and surface extension,

_ da
(dF)—r=T dd+2Ts(1 +&) T (44.8)

This demonstrates the superposition of work produced by area change and work pro-
duced by extensional deformation at constant area.

The work done on the material is distributed per unit area of the surface in the
initial, undeformed state. Thus, along with the elastic potential and the other thermo-
dynamic state functions, it is a Lagrangian variable. The force resultants are deter-
mined in the instantaneous state, and yet Equations 4.4.6 relate the material forces to
Lagrangian deformation variables. Subtle differences become apparent on closer in-
spection. For instance, the expression for the maximum Lagrangian shear strain is
recalled as
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The maximum shear resultant is given by

2 f3F
Ts‘:'-‘z—- —— g
Nht B/,

The shear resultant is not simply proportional to the Lagrangian shear strain (as in-

the classical theory of infinitesimal elasticity); it is inversely scaled by the arca ratio
(final to initial element area) squared. On the othker hand, the maximum Eulerian shear
strain is recalled as

eg =t 1N, P = A7

which gives a relation for the maximum shear resultant as a simple proportionality:

or -
T.=2| — e,
[ aﬁ T’a 5

Even though the shear resultant is linear in the Eulerian shear strain, the finite defor-
mation implicitly creates a nonlinear relationship to geometric extensions. The distinc-
tion between the magnitudes of the maximum Lagrangian and Eulerian shear strains
disappears where the surface deformation occurs at constant area, i.e., 4,4; = |

The partial derivative of the elastic energy with respect to the material stretch or
element distortion at constant area completely specifies the shear rigidity of the mem-
brane, u,

H
23, 1,2

s

Ao,

4.4.9)

The coefficient, u, is a shear modulus, intrinsic to the membrane structure. The shear
modulus represents the energy storage and static resistance to extensional deformations
of the membrane surface. This is a property peculiar to solid materials; liquids have
zero shear (elastic) moduli.

The Eulerian form for the shear resultant vs. shear strain is similar to the classical
relation obtained from linear elasticity. However, it is important to recognize that
Equation 4.4.9 is a nonlinear relation between extension and force resultant. In addi-
tion, an important difference can be recognized between the classical derivation of the
shear modulus and the finite deformation approach that we have used. The shear mod-
ulus in the linear elastic theory for small deformations is obtained from the derivative
of theclastic free energy density with respect to the square of the shear strain,

al
H= 2
aes T

(see Landau and Lifshitz, Theory of Elasticity).' For finite deformations, the square
of the shear strain is on the order of the fourth power of the extension ratio,




€ ~ PUErS

as seen from Equation 2.4.1. This relation is essentially the square of the deformation
variable, (§ + 1)?, i.e.,

B+1)2~ 2% +34

which implies that the free energy density would depend on terms of order §2 if the
infinitesimal theory were to be used. This is not consistent with the results in Equation
4.4.7. Consequently, the infinitesimal theory cannot be simply extended to finite de-
formations with a free energy density that is proportional to the square of the shear
strain. On the other hand, the nonlinear theory developed in this section can be shown
to reduce to the linear elastic theory in-the limit of small deformations. Note that for
small deformations, the extension ratio, ;\', is given by

~

A=1+5X

where 81 << 1. Therefore, the square of the shear strain is proportional to (12, if we
neglect terms of higher power,

& ~ (BN)?

and, similarly, the deformation variable 8 is proportional to (d1)>. Therefore, for the
case of small deformations, the shear modulus can be expressed by either

oF
[ Bes" T
(a’i)
u~l—
af T

which is consistent with infinitesimal and finite deformation theories.

The functional dependence of the free energy density on the deformation parameter,
B, can have physical significance. Elastic relations that are linear in 8 for large defor-
mations are termed as ‘‘hypereiastic,”’ a form of behavior exhibited by natural rubber
in three dimensions. Later, we will illustrate the first order, hyperelastic behavior with
a material model of a two-dimensional, loose network of long-chain fiexible molecules.
In this case, the Helmholtz free energy density is first order in the deformation param-
eter, 3, and we can deduce a surface shear modulus for such ““elastomeric’’ molecular
layers in terms of parameters that describe the network configuration. In general, how-
ever, i can be a function of the invariants, o, 8, and temperature, T.

In contrast to membrane shear rigidity, the ability to support isotropic tension is
characteristic of both solid and liquid membrane materials. Isotropic tension is pro-
duced by dilation or condensation of membrane surface area relative to the equilibrium
state of the membrane. With a Taylor series expansion in the fractional change in area
per molecule, a, relative to the equilibrium state, the elastic potential energy density is
approximated by

or

2

—~ —~ _ a
F-For=Terk—+... {4.4.10)
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where (ﬁ..},. is the Helmholtz free energy density at the initial area. The coefficients,
T, and K, are defined by derivatives of the free energy density as

_ (a?)
To={—
da T.8
()
K \—
oo 'l',ﬁ

The isotropic tension is obtained from Equation 4.4.6,

a=0

o=0

T=T,+Ka+~--

The coefficient, K, is the isothermal area compressibility modulus that relates changes
inisotropic tension to small fractional changes in area relative to the initial state,

K= [—
/1 | a=0 @.4.11)

The constant, T,, is the initial isotropic tension in the membrane for the reference
state. For instance, liquid films or interfaces (e.g., soap bubbles) maintain a constant
tension, independent of the surface area. Commonly called ‘‘surface tension,” this
constant isotropic tension, T,, is characteristic of free interfaces where the surface is
open to exchange of material with the environment or boundary regions of the film.
However, closed interfaces or membranes (fixed mass) exhibit isotropic tension that
depends on surface area changes as described by the elastic compressibility modulus,
Equation 4.4.11. This behavior is called ‘‘Gibb’s elasticity’’ for surfaces because of
its original development by J. Willard Gibbs (1961)°® in the nineteenth century.

For a closed membrane system such as a biclogical membrane, it is possible to define
the initial, undeformed equilibrium state of the membrane as the state where the force
resultants are zero. In addition, we will identify the natural state of the membrane as
this force-free state. Therefore, relative to the natural state, the membrane isotropic
tension and shear resultants are given by the following elastic constitutive equations,

T=Ka +0(a®) +- - -

2UE M H ~ ~
$ = - zl;\l‘! ?L;[*_- l?k’—-?\"l
(1+a)? 24, %2, 2(1+a)

”l"s = 2yes =

(4.4.12)

where the fractional change in area, a, is taken to be small (remember that the shear
resultant can be expressed in several alternative ways). The force resultants for any set
of coordinate axes in the instantaneous state (x;) can be obtained with the isotropic
tension and maximum shear resultants and the rotation angle relative to the principal
axes system as outlined in Sections 2 and 3. In the next section, the matrix form for
the general equation which relates force resultants to elastic deformation will be de-
rived for any instantaneous coordinate system. Figure 4.2 illustrates force resultants
for the axes system in which maximum shear occurs. This is an axes system at =45°
with respect to the principal axes system. The elastic constitulive equations (4.4.12)
are the mechanochemical equations of state for the membrane at constant temperature.



FIGURE 4.2. Force resultants for the axes system in which maxi-
mum shear occurs. This system is oriented at angles of £45° with
respect to the principal axes system.

There are two equations because the membrane may be a solid structure. We see that
two intrinsic elastic moduli for thin membrane materials are required to relate the
intensive force resultants in the material to the equilibrium surface deformation: (1)
surface area compressibility modulus, K; (2) surface shear modulus, u, for extension

at constant area.

4.5 General Derivation of the Isothermal Constitutive Equations

In the previous section, we developed the isothermal mechanochemical equations of
state from the work performed on a material element in the principal axes system. In
this section, we derive these equations for arbitrary orientation of initial and instanta-
neous material coordinates. Both sets of coordinates are assumed to be Cartesian and
referred to the same set of orthogonal axes.

At constant temperature, the rate of doing work on a material element per unit area
is equal to the time rate of change of the elastic potential (Helmholtz free energy den-

sity),
oW oF
at at /¢ 4.5.1)

Both variables in Equation 4.5.1 are Lagrangian in nature, since they are defined rel-
ative to a fixed reference state for the material. In the dynamic or instantaneous state,
the rate of mechanical work is measured per unit area of the deformed material. This
is called the instantaneous mechanical power density and is given by the scalar product
of the Eulerian variables, rate of deformation times force resultant matrices, T; V,;.
The work per unit time on the material element is equal to the instantaneous power,
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ow _

where the initial and instantaneous element areas establish the extensive level of power
produced by the element. The instantaneous mechanical power density can now be
determined from the time rate of change of the Helmholtz free energy density,

1 (aT)
T.. V., & et | e
B, et /p 4.5.3)

where the ratio of element areas is given by the product of principal extension ratios
(rotationally invariant). The free energy density is-a conservative function that depends
only on the state of the deformation at any time. Therefore, we can write

at/ depy/ T Ot (4.5.4)

in terms of components of the Lagrangian strain matrix and their time derivatives. In
Section 11, we developed a relation between the rate of deformation matrix, V,;, and
the Lagrangian strain matrix, ¢,

Ax: “.5.5)

x ax
Zepq B Bak aak - qu
P q

Therefore, Equations 4.5.3 through 4.5.5 combine to give the following coefficient for
independent time derivatives of strain, d¢,,/ 91,

1 ok da, oa,
=T, — —
MA \ Be, Jr U\ e

where

or with the fact,

Bnp axk _
e s T ki
xi ap
T 1 aF % ax. :
i —L
MA: \depq Jro23,  aag (4.5.6)

The differential form of Equation 4.3.4 is the expansion of the elastic potential in
independent deformation parameters, ¢ and . Thus, the force resultant matrix or
tensor is determined by
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3
5.7

The partial derivatives, da/d¢,, and 2f/8¢,,, are conveniently evaluated with a de-
formation matrix called Finger’s strain tensor, B,;,

BE—afi_ﬁ.

i
382 aag

This matrix may be regarded as:a strain matrix oriented relative to the instantaneous
coordinate system, although it is a Lagrangian type of variable because its magnitudes
are measured relative to the initial state. It also is characterized by two invariants,

B, = By = A7+ A7
Bz =_1% (BU le - Bii Bjj) = A..lz 7\12

Hence, the required partial derivatives are given by

da N 1 B,
aepq - A, Beyg
oa _ 1
aepq = K [qu - Z(qu el apq ekk)]

and

ap 1 3B, B, 9B,
depq 20,7, depq 20,70, Bepq

a8 5 B 5 B 2

= P ! = P4 !

- + TN 2(epq — Spqckk) ~ Epg L — (_ - )
Pq 1A 1A 1A 20,74, €pq

The final form of Equation 4.5.7 involves the contraction of matrix quantities over
the indices, p and q. For this purpose, we develop the following identities,

axi an
— § q = Bij
P
aap aaq
and
axi an _ 2 2
aap aaq 2qu - (2€kk+])8pq] = Bki Bkj - BlBij = —A! K, ﬁi]

With these identities, Equation 4.5.7 is reduced to

(a?‘) 1 (a? ( B, )
T.. = —_— §:: d ——r— | — B.. -~ — §.:
ij pe/rg U oaAN0s Jp Y 2 (4.5.8)
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The matrix, B;, - 2 B, d,,, is the deviator E,.,- of Finger’s strain tensor. Thus, its trace
is zero. We can regard l§.-,- as a Lagrangian type of strain variable which is associated
with changes in shape measured relative to the initial state. Here, it is convenient to
introduce another strain variable §;; = B,,/2, i.e.,

ox; x; 9x ax i
%= — — -’/2< : Q) 835 .
day day day da)

(4.5.9)

which has a zero first invariant, £; = 0, and a second invariant which is the square of

the maximum Lagrangian shear strain,

-

2 A A = _ =2
€S = -—Eij Eji E; €,

The principal values of £, are

g = |{—=
4
. ( 2—?\?)
£, =
4 (4.5.10)

With £; in Equation (4.5.8) a general constitutive relation for large elastic (reversible)
deformations of the membrane surface is obtained,

oF 2 oF N
Tj=[\—) dy+—0, (_) &
B frp " MPAT N B8 1, (4.5.11)

The principal tensions are exactly those derived in Section 4.4, Equation 4.4.5, based
on displacements along the principal axes,

aF 1 ar
—— + ——— (;\1 2 _ Rzi)
dur T8 2N z Al g T,a

T, =
- K 1 oY
2 TSIV + - (2 -2
oo T"B 2?\12322 aa T,a 2 ! )

(4.5.12)

The isotropic tension and maximum shear resultant are identical to the previous, prin-
cipal axes development. Equations 4.5.11 make it possible, however, to determine im-
mediately the force resultants for any choice of coordinate axes in the instantaneous
system.

Because free energy is an extensive or additive property, we can cumulate the contri-
butions from the several layers that make up a membrane. If these layers experience
the same surface deformation, then the principal tensions (force resultants), elastic
free energy density changes, and material properties are the sum of the individual layer
properties since

N
F= 3 T,
vel
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respectively, where
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These material properties characterize the composite or total membrane structure and
wiil be the measurable material constants in direct mechanical experiments.

4.6 Surface Pressure and the Tension-Free State

Biological cell membranes and artificial membrane vesicles (e.g., amphiphilic bilayer
vesicles) behave as closed systems for time periods much longer than the time required
for mechanical experiments. A closed membrane surface contains a fixed number of
molecules, and as such, it can exist in a force-free equilibrium state (the force resultants
or tensions are zero). In the force-free state, a membrane surface pressure that is pro-
duced by collisions and forces between molecuies in the membrane surface can still
exist. This surface pressure is the time average exchange of momentum in the plane of
the membrane between molecuiar constituents of the membrane. In most solid and
liquid materials, thermal repulsive forces between molecules are counteracted by co-
hesive or attractive forces. The level of stress, in the absence of external forces, is
established only by the pressure of the environment. Membrane materials, on the other
hand, strongly interact with the adjacent environment (usually a water solution con-
taining ionic solutes and polar molecules). The interactions at the interfaces produce
chemical forces that must be supported by the membrane. In the case of simple lipid
bilayer systems, surface pressure can be opposed totally by cohesive effects due to the
membrane interfaces with the aqueous media. Interfacial forces are related to the en-
ergy required to freely exchange water and solute molecuies between the bulk aqueous
phases and the interfaces. This exchange is an open process, in contrast to the ciosed
system of membrane constituents. Expansion or condensation of the membrane wiil
cause the interfaces to increase or decrease, which proportionateily changes the inter-
action with water and solute material from the adjacent environment. Unlike the closed
membrane system, an open or free membrane system (e.g., a soap film) can exchange
membrane molecules with a bulik, fiuid phase reservoir. As a result, it will reduce its
exposed interfacial area by giving up material to the reservoir until restrained by exter-
nal forces, such as the hydrostatic pressure difference across a soap bubble or oil drop
interface. The reservoir may be provided by the system’s ability to change thickness
or by a build-up of material at a support boundary.
_If we consider closed systems, the isotropic part of the membrane force resultants,
T, is the difference between the effective interfacial tension, vy, and the surface pres-

sure, m,
T=vy-n (4.6.1)
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The interfacial tension is the surface resultant of chemical forces created by the inter-
actions at the membrane interfaces. Without membrane tension, T = 0 and y = m,,
where n, is the natural value of the surface pressure at force-free equilibrium. The
interfacial tension, y, is only a function of temperature for small changes in the area
of the membrane. It follows that the isotropic tension is equal to the negative of the
change in surface pressure,

T=—-an=mn—~-n (4.6.2)

Therefore, the work done by the isotropic membrane force resultant, T, during an
increase in area, dA, is

dW = T.dA = (n, — mdA
Hence, per unit initial element area, the free energy density change is
@) 1 = (n, - Mde

The relationship between surface pressure, membrane area, and temperature may
be termed an internal equation of state. A conceptual isotherm of an internal equation
of state is iliustrated in Figure 4.3 (See Davies and Rideal, Interfacial Phenomena,'*
for an extensive treatment of equations of state for monomolecular layers.) In the
unstressed or force-free state, T = 0, the surface pressure, n,, is balanced by the inter-
facial chemical force resultant or tension, y.

At an interface between two immiscible fluids, the surface free energy of an insoluble
monolayer is defined as the surface free energy in the presence of the monolayer minus
the surface free energy of the liquid-liquid substrate as the monolayer density ap-
proaches zero (see Defay and Prigogine, Surface Tension and Adsorption, 1966.)'*
Surface free energy density for other closed membranes that separate agueous phases
can be defined in a manner similar to the case of an insoluble monolayer. The Helm-
holiz free energy density is partitioned into two contributions: (1) l'?,,, for the interac-
tions between molecules of the membrane which are assumed to be excluded from
exchange with the aqueous media and (2) F., for the interactions between the agueous
media and the interfacial groups of the membrane. With this definition, the total
Helmholtz free energy density of the membrane may be written as

F=F,+F, (4.6.3)

By definition, then, the interaction between membrane molecules specifies surface
pressure according to the partial derivative,

_ a}"‘p)
= (aa A (46.4)

Therefore, surface pressure explicitly represents the time average momentum exchange
in the plane of the membrane between the membrane molecules. The partial derivative
of the total Helmholtz free energy density includes the contribution, y, for the inter-
action of the aqueous media at the membrane interfaces.

aF
.
Do {4.6.5)

T
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SURFACE PRESSURE ISOTHERM

-
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(surface pressure)
I

1 slope=-K/A,
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area per molecule
FIGURE 4.3. A conceptual isotherm of surface pressure vs. membrang area equa-
tion of state. In the force-free naturat state, the membrane isotropic tension is zero,

and the surface pressure, 1., exactly opposes the interfacial chemical force resultant,
y. For any depariure from the force-free state, T = —An.

where

(a?‘w)
L P (4.6.6)

Therefore, we choose to call y an ‘“interfacial’’ free energy density or “‘tension’’ for
interaction between the aqueous environment and membrane molecules.

An equivalent approach is to consider the chemical equilibrium between water at
the membrane interface and the bulk agueous phase with which it is free to exchange.
This approach leads to the concept of surface osmotic stress, as introduced by Defay
and Prigogine (1966).'* Since the polar regions of membrane molecules occupy space
in the aqueous interfaces, they exclude water from the interfaces. Thus, the activity
of water in the interfaces is lower than in the bulk phase, which creates a surface
osmotic stress. There is another metaphor that is equivalent to the concept of surface
osmotic stress, which is: the interface is a surface solution of water and polar regions
of membrane molecules. Consequently, the partial pressure of water is reduced in the
interfacial phases and is balanced by the surface pressure of the membrane molecules.
If we consider a short-time mechanical experiment, the membrane system is unable to
exchange molecules with the aqueous environment. However, water is free to exchange
between the bulk aqueous phases and the membrane interfaces. If we consider this
exchange to be an equilibrium process, then the chemical potential for water in the
interfacial phases, ¢.°, is equal 10 the chemical potential in the bulk phase, $,°,

by = by

The interfacial phases contribute to the total membrane tension; the component from



88 Mechanics and Thermodynamics of Blomembranes

each interface is T", where i = 1, 2. These components are determined by chemical
equilibrium. For a multilayer membrane, the total membrane equilibrium will implic-
itly represent the interfacial contact between layers and the distribution of tension be-
tween the various layers. As we will show in Section 4.10, small changes in the chemical
equilibrium of membrane lavers can induce large scale curvature alterations of the
surface envelope. For equilibrium of the interfacial phases, the chemical potential for
water in the interface is determined by the isotropic tension and the activity of water
in the interfacial phase, a.” (see Defay and Prigogine, 1966),'?

Gu = 0y T+ RTan ) -TH/n] 4.6.7)

»_thre 4,%is the standard chemical potential (reference state) for water at the interface,
R is the gas constant, and i’ is the number of moles of water per square centimeter
at the interface. The terms in Equation 4.6.7 are thermodynamic definitions: (1) the
standard chemical state for water in the interfacial phase, ¢.%, is defined by the con-
ditions where the tension contributed by the interface is zero and the activity of water
is unity; (2) relative to the reference state just chosen, the activity of water in the
interfacial phase, a*,, is reduced in proportion to the tension. Thus, at constant tem-
perature, the tension is directly related to the activity of water at the interface. The
partial molar density of water in the interfacial phase, 1., is assumed to be constant,
i.e., the area occupied by water molecules in the interfacial phase is unchanged by
addition or removal of water. The chemical equilibrium expressions combine to give
the relation between the tension contributed to the membrane by the interfaces, the
difference in standard chemical potentials for water in bulk and interfacial phases, and
the activity of water in the interfacial phase,

2

T=3 ['ﬁ:vl (¢:,'si — $2) + ;j RT on a;’]
i=1

or

T=vy-n

From this relation, the surface pressure in the membrane, n, and the interfacial free
energy density, y, are defined by the sum over both interfaces,

2
= oS R 5
7= 3 -—-n, RTtna,

i=1

2
~s- “|S-
=3 nw1 (d’wl_d’v:)
i=1

2
[

4.6.8)

With this approach, we determine that the interfacial free energy density is the ‘‘uni-
tary’’ free energy of transfer of water to the interface. This free energy will largely be
hydrophobic in character if the hydration of the polar head groups is constant. The
surface pressure is retated to the activity of water at the interface in a manner analo-
gous to osmotic pressure of water in a bulk solution. The surface activity represents
the work that is required to move membrane molecules closer together or farther apart
as the water interface decreases or increases in area. If the simplifying assumptions of
Defay and Prigogine are used, the activity of water may be related to the mole fraction
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of membrane polar head groups. From this approach, a surface pressure vs. area equa-
tion of state may be derived.

The interaction between membrane and the aqueous interfaces consists of polar head
group interaction plus the hydrophobic interaction with the aqueous media. If we as-
sume that the hydration of the polar head: groups changes negligibly for small varia-
tions in surface area per molecule, the change in interfacial interaction will be due to
changes in the interfacial contact between the hydrophobic groups and water. Accord-
ing to Tanford (1973, 1974)%*-®° and Reynolds et al. (1974),7 the interaction between
hydrocarbon and water, i.e., the hydrophobic effect, is proportional to the area of
contact. For small changes in area per molecule in the surface, it is reasonable to
assume that the contact area between hydrophobic groups and the aqueous phase in-
creases in proportion to the change in area per molecule. Therefore,

oot ()
o 4+ | —
Fw = Fw* 5o /" .6.9)
where F.° is the free energy reference of the aqueous interface for the force-free, nat-
ural state; (9 Fu/ @ a)r is the interfacial free energy density of hydrophobic interaction.
From Equation 4.6.6, we see that y is the interfacial free energy density of the hydro-
phobic interaction,

apH)
LA ™y (4.6.10)

y depends only on temperature and other properties of the aqueous environment. The
hydrophobic interaction is determined by the geometry of the cavities between mole-
cules. These cavities form the interstitial area of contact between aqueous phase and
the hydrophobic region of the molecule.* The definition of natural state prescribes a
surface pressure, n,, where T = 0. This is obtained from Equation 4.6.1,

T=y—mn

when the tension is zero,

T =Y (4.6.11)

In this state, the potential loss of repulsive energy from expansion of the membrane is
opposed by the potential increase in energy required to enlarge the interfacial contact
between hydrophobic groups and the aqueous environment. Unlike the free surface of
a soap bubble, the vesicle or cell membrane surface can exist at zero tension if the
hydrostatic pressure inside the vesicle or cell is equal to the outside pressure. In other
types of amphiphilic bilayer membranes, such as planar bilayer films which contain
hydrocarbon solvent, the exchange of material with the boundary ‘‘torus’’ creates a
tension at the boundary. The tension is uniform throughout the surface film and is
called the surface tension, y., of the planar bilayer,

T-y,

Hence, a planar bilayer membrane would have a surface pressure equal to

* Any changes in water interaction with the polar head groups which are produced by small changes in
area per molecule would be included to first order in the linear expansion, Equation 4.5.9.
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The previous discussion and development of surface pressure and interfacial free
energy density can be represented by an empirical hypothesis for general membrane
materials. The hypothesis is simply that the sotropic tension in the membrane is related
to two variables: one is a function of both temperature and surface density, labeled
n{a, T), and the other is only a function of temperature, labeled by y(T). The function,
n(a, T), is what we will call surface pressure and is an equation of state internal to the
membrane. Even though the surface pressure cannot be directly determined in a closed
membrane system, we can relate the internal equation of state, n = f(a,T), to the

mechanochemical cquation of state, T = [(a,T), through investigation of cflects ol

changes in area and temperature. We will develop these thermoelastic relations in Sec-
tion 4.11. In the following examples, we will illustrate the nature of the interfacial free
energy density, y, and a surface equation of state for a phospholipid bilayer membrane.

Example 1
Phospholipid molecules are amphiphilic species. They are characterized by a polar
head group which has a high affinity for aqueous solutions and two acyl chains, at-
tached to the glycerol ‘‘backbone’’ of the polar end, which are essentially insolubie in
aqueous media. Consequently, these molecules can form a stable bilayer configuration
with the hydrocarbon polymer chains (acyl chains) in the middle and the polar ends
fixed at the aqueous interfaces of the membrane (Tanford, 1973).%" For a closed bi-
layer, we cannot experimentally determine the interfacial free energy density of hydro-
phobic interaction, y, and the associated surface pressure, n,. However, we can con-
-sider a simple model for the interstitial hydrocarbon regions between polar head
groups. This model consists of surface regions of CH, groups in contact with water.
Reynolds et al. (1974)7% have shown that the ‘“‘unitary’’ free energy density of transfer
of hydrocarbon to an aqueous solution is about 25 cal/mol/A? at 25°C. In other
words, each A? of hydrocarbon-water interface for a single molecule requires 25 cal
for 1 mol of hydrocarbon molecules. To calcuilate the free energy density in erg/cm?,
we must determine the number of moles of CH. groups per cm? of surface plu§ the
interfacial contact area of a CH, group in A2, A CH. group is approximately 20 A? in
cross section, giving about 10™* mol/ecm?. If the interfacial contact surface of a single
CH: group with water is approximated by a hemisphere, the contact area per group
would be twice its cross sectional area, i.e., 40 A2 This gives a free energy difference
on a per mole basis of 1000 cal/mol. Per square centimeter of contact area, the inter-
facial free energy density, y, would be

¥y ~ 0.84 X 10°¢ calf/cm?

or
v ~ 35dyn/ecm

As is expected, this value is the approximale surface free energy density for a paraffin
oil-water interface. Consequently, the energy expense of changing the exposed hydro-
carbon regions in a bilayer would be twice this value or 70 dyn/cm, and the surface
pressure, n,, would be 70 dyn/cm in the unstressed bilayer membrane.

Example 2
To illustrate the dependence of surface pressure-on area or surface density in a phos-
pholipid bilayer membrane, we use the two-dimensional Van der Waal’s model of a
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condensed gas without attractive forces, i.e., a collection of hard cylinders in random
thermal motion. This is an approximate empirical model for a limited range of surface
pressure vs. area per molecule behavior of lipid monolayers in the fluid state (above
the order-disorder transition temperature for the hydrocarbon chains (Davies and Ri-
deal, 1961)."* Such an equation of state for a phospholipid bilayer would be repre-

sented by
#(A-A) =c-T 4.6.12)

where A is the area per molecule (in each monolayer); A. is the excluded area per
molecule. The constant, ¢, is theoretically equal to 4 - k, where k is Boltzmann’s con-
stant (the factor of “‘4’” is for a phospholipid bilayer with four acyl chains per area,
A). The area compressibility modulus is obtained using Equations 4.4.11 and 4.6.2,

()

aT
K= —_—
>0 [+ aed ]

o /oy

We define the fractional change in area as

Therefore, the area compressibility modulus is related to the surface pressure for the
natural state,

where A, is the area per molecule in the initial, undeformed state.

Data for lecithin monolayers spread at oil-water interfaces (Yue et al., 1975)° can
be approximated by values of 38 A? per molecule for the excluded area and 0.7 x 107*$
erg/K for the constant, ¢. At the surface pressure, n,, equal to 70 dyn/cm which we
estimated from the previous example, the equilibrium area per molecule, A., would
be 68 A? in the natural state.* Therefore, the elastic area compressibility modulus for
the lecithin bilayer is expected to be of the order,

68
K=170+—-= ~ 160dyn/cm
30

4.7 Shear Hyperelasticity: Example of a 2-D Elastomer

In this section, we will present a thermodynamic model for an ‘‘elastomeric’’ sur-
face. A material of this type is hyperelastic, i.e., capable of finite elastic deformations.
In addition, the material model exhibits first order dependence on the geometric defor-
mation variable, 8. The example will illustrate the statistical nature of entropy and
how the surface elastic shear modulus, a property of the continuum, is related to the
microstructure of this particular material. In the example, we will consider the work

* |t is interesting to note that the predicted value of 68 A? per molecule for lecithin molecules in an un-
stressed bilayer is equal to the area per molecule determined from X-ray diffraction measurements of
multilamellar phases of egg volk lecithin and water for the fully hydrated state (Reiss-Husson, 1967;

Luzzati, 1968).%¢72






