Chapter 2 — The Vibrating String

(2.1) For ssimple harmonic oscillator (one mass), the goal was to find the single function x(t) that
would describe the entire history of the motion.

For afinite number of N masses connected by various springs, x(t), %(t),..., X (t) functions would
be needed.

The vibrating string is a system that has an infinite number of masses (infinitely many parts), each
of which may move in a different way.

(2.2 — 2.3) Each section of the string is an infinitesmally small mass taking up an infinitesmally
small segment, dx.

dx

string

Consider along, uniform string:
total mass: ms (kQ)
length: L (m)

mass per unit length: r =% (kg/m) -linear mass density

This means that each dx element will have atotal massof r dx.

Let’s assume that the string is stretched tight with atension, T, and then is plucked or displaced in
the middle. A vibration or small disturbance will travel down the string in both directions.

t=0

Y — "\ /SN

‘ t=0
X

Thetension, T, acts as the restoring force (N) for the displacement, y( x,t) , Which is afunction of
both the position along the string and time (see above figure).
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So, let’ s work out the Equation of motion for the displacement of the string:
1% some assumptions:

(1) T islarge enough so that we can neglect gravity

(2) No loss (due to friction or acoustic radiation)

(3) Neglect stiffness (transverse motion allowed - like floppy string not wire)
(4) Displacement is small enough that T is still approx. constant along length

Now, let us examine the forces exerted on a particular dx segment. When the string is at rest (no
displacement) the tensions at x and x + dx are equal in magnitude and opposite in direction. The net
force is zero.

When the string has curvature, the tension acts in dightly different directions at x and x + dx, thus
pulling the dx segment in such a direction to try to straighten it out.

A

y + (ly/fix)dx

\4

Looking at the vertical component of the incremental force on the dx segment:
Df, =T sing,.q - T sing,

If we apply a Taylor series expansion of f, (x +dx)=Tsing,,, we have

2 ..
f(cra)= 1, () + 20 2 e 220 o
X g 2& 1% Q(
f,(x +dx):Tsian+Tﬂ?Dr:q dx+...
o that
pf, =7 1909 gy
x
For small g, cosq » 1so that
tang —ﬂ_ »smq
fix cosq
and
2
of, =T 3 W gy 1Y gy

ix Tx 'S
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Now, using Newton’'s second law for constant mass (f=ma) then

2
m=r dx and =% .
Equating the two forces gives:

2 2
T % dx=r deTzl

X

2 2

‘H_2 = izﬂ—z where ¢? = —
X c r.

Thisis called the one-dimensional wave eguation

(2.4) General Solution of the Wave Equation:

A general solution to the 1D wave equation is:
y(xt)=y,(ct- x)+y,(ct+x).

(2.5) What does this mean physically?
WEéll, let’s assume that the phase portions of our functions are constant (ct £ x = const ).
If we differentiate our phase then
cdt £ dx
or

In other words, the ‘+' phase represents a wave traveling in the positive direction and the *-* phase
represents a wave traveling in the negative direction both with a speed c.

(2.6) Initial Vaues and Boundary Conditions
The particular functions y1(ct-x) and y2(ct+x) are determined by the type of excitation
For example, with stringed instruments you can have the following excitations
(8 striking - piano
(b) plucking - harp or guitar

(¢) bowing - vialin or cello

In the real world the strings are held at both ends so we must deal with boundary conditions that
affect the waves that will exist on the string.

Also, note that in the case of a driven system the steady-state response is at the driving frequency.
(2.7) Reflection at a Boundary

If we have a string that is rigidly supported at the boundary (x = 0) then the total displacement in the
y-direction must be zero. Looking at the general solution then reveals:
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y(0,t) =y, (ct- 0)+y,(ct+0)=0.
This means that a wave is reflected from the boundary and that wave must sum with the incident
wave to zero. In other words, if the incident wave has positive displacement, then the reflected wave
must have displacement equal and opposite in magnitude to the incident wave.

Let’'slook at another case: A finite-length string supported freely at x = 0.
In this case the force at the end of the string will be zero so f (x=0)=Tsing =0.

Since sing » Ey then if welet w=ct- x and v =ct +x, using the chain gives
X
ﬂy efy, Tw Ty, fiva _é Ty, . Ty, u
8w X v wH., & w Wi,
0]
éfy. u ﬂu
iwh,_, &1,
butax=0,w=vso
v, =, which implies Y, =Y,

(2.8) Forced Vibration of an Infinite String

!

o
goes to 00

f=F gjot

Next, let’s consider a string of infinite length driven at one end by an oscillator. This means thereis
no boundary at the other end so we have a solution for a positive going wave only (no reflected
wave). In other words:

y(x,t) =y, (ct- x)

sothat at x =0,
y(0,1) = Al

Since our solution is of the form y; (ct- x) this means that
y, (ct- 0) = A = Agi

where k = —
C

proportional to the wavelength, | . Therefore,
y(xt) =y, (ct- x) = AeHe = Agit-)

and is called the wavenumber or propagation constant and is inversely

_
I

TIME OUT:
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Some important definitions about wave motion:

y A Y F 3 1 T
™ T
+A +A |- -~
LY
F
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) L ]
) 1
# )
+
—A A K *.

The wave propagates in the x direction as viewed in the panel on the l€ft.

Thewavelength, | , is defined as the distance over which the sinusoid varies by 2p or one cycle.
Temporally, the period, Ty, is related to the wavelength as is defined as the time required for the
sinusoid to vary by 2p or one cycle.

Since distance = speed x time, then, | =cT

Recall speed: c= rl .
L
The frequency (Hz) is defined as the number of cycles per second:
1 c
f=—® —.
T, f
The radian frequency, w, (radians/sec):
w=2pf® ﬂ.
w
The wavenumber, k, (radians/meter):
c |

TIME IN: (Back to the driven string)

The applied driving force on the string must be equal to the transverse component of the tension
force so that:

- . éflyu
f=-(Tsinq| _ =-T a&=
[ ]x—O gﬂXszo
S)
f=Fe =.TE) feilt-Y
Sﬂx szo
f = Fe™ = jKTAe™
or
A=
JKT
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Our solutions are then:

Fe/t* )
X,t)=
y(xt) KT
and
U(X, ):ﬂ—ﬁ j(we - fod)
dt KT
Recall that,
c=2 and T=rc?
k
so
u(x,t):iej(w“kx).
r.c

Let’ s discuss the concept of cause-effect.

Cause: Voltage E Field Force
Effect: Current H Fed Velocity
Impedance ® Cause

Effect

Input mechanical impedance:

—n)

Z —

" a(ot)
- jwt
Z.o= = F? =r.c
_ej(w'ko)
r.c

Note: the mechanical impedance of the infinite string is areal quantity, which meansit is purely a
resistive load.

Power, Energy, etc. ® Cause x Effect

| nstantaneous | nput Power:

P, =Re{ f} Re{ti(o 1)}

F j(vxt-ko)l.:.l

: i
P, =Re{ Fe"'| Rej —e = ——cos’wt
e{ } Tr.ec i; LC
& , 0
. N m J -
Unlts:g =NX—=—=W-=
N x> S S
g m 2
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Average Input Power:

= Ti (F dt (Takethe average over one cycle).

1T 2 ) F2
:—O—‘ cos wtdt == —.
TO LC LC
Now
u(0t)=——elt )
r.c
0 that
U, :p(o,t)|:i
r.c
which gives
1
P==r_cU?
2 L 0

(2.9) Forced Vibration of aFinite String

Casel.
Let’s consider a finite-length string fixed at one end (x = L) and driven at x = 0 under steady-state
conditionsby Fe™.
What kind of wave is going to reflect off of the fixed end?
In this case we are going to have reflections at both ends so we need a solution with both positive
and negative going waves.

y(xt)= Al + Beltt )
We want to use our boundary conditions to solve for the 2 unknowns, A and B. At theend x = 0,
the driving force must = the vertical tension force so,

aéTyo
SﬂX@ 0
Substituting our solution gives
FeM=-T ( jkAe™ ) + jkBe™ +"X))

x=0
F = jkT(A- B)

The boundary condition at the fixed end issimply y(L,t) =0 at all times so that (wlg)
Ae M +Be =0

So now we have 2 equations and 2 unknowns, let’s solve:

Fel
2 JKT coskL
Fe k-
2 KT coskL

p>2
1

(wskl
1

This gives us a solution:
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Fe™ ey, mFE

Jxt) = —— |
2 jKT coskL 2 jKT coskL
= ﬁ(ej(w (L) _ gl(wt k(L x)))
jKT cos
KT coskL

The solution above is called a standing wave. What we have is the string as a non-propagating sine-

wave that oscillates its amplitude according to ™. We have two distinct features of the standing
wave called the node and antinode.
The node is defined where the amplitude is aways zero:

sinfk L —x)]=0
KL
or k(L—x)=0gp where q=0,1,2,...£ —
p
so that the nodes are defined at positions
1.9
=L-
% k
but recall that k:2|—p SO X, =L- %
The antinode is defined where the amplitude is at a maximum:
sin[k(L—Xx)] =1.
Below isaplot of the standing wave:
nodes antinodes  }

AN
= )

The nodes are separated by % as are the antinodes. The antinodes are located at x = L - 7 nE .

If we change the frequency of the driver the positions of the nodes and antinodes will change (when
we change the frequency,w, we change the wavelength, | . Thisis illustrated in the figures below:

/2 - x=L
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- f =800Hz

f =600 Hz

The amplitude of the antinodes can is also a function of the frequency of the driver and has some
very interesting effects at the resonant frequency. Recall that:
Fsinfk(L=]

y(x,1) =
KT coskL
the amplitude of the standing wave is mediated by the coskL term. When
kL =(2n- 1)B2 forn=1,2,3,... (odd multiples of %)
then
coskL = 0.

The resonant frequency, f,, isdefined as:

2L _(on-1)R
c 2
f oL (2n- 1c
r c 4L
At the resonance the amplitude theoretically approaches infinity (of course in redlity, losses would
prevent any system from having infinite amplitude).
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We can aso define an antiresonant frequency where the amplitude of the standing waveis at a
minimum. In that case,

coskL==1
so that
KL =np forn=1,2_3,...
giving the antiresonance frequency:
_he
oo
The input mechanical impedance:
. f
/Z =
™ a(0t)
where
0(01) =29 = jw = MK e
&dt =0 KT coskL
a(o t)= W tankL e
KT
giving

Fe _ KT cotkL
jw

Z

=-jr ccotkL.

'm0 = F ]

jw— tankL e™
KT

Recall that the mechanical impedance is the resistance plus the reactance: Z_ =R+ jX

Resonance frequencies of any mechanical system are defined in general as those frequencies for
which the input mechanical reactance, X, goes to zero:

Xmo=-Jr.ccotkL=0

when
=201 N=1,23,..
2
or
‘- (2n- 1)c.
' 4L

At resonance frequencies the input mechanical impedance goes to zero.
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resonances

=

\, | » kL
p/2 p 3p/2 /p

antiresonances

At very low frequencies SnkL ® kL andcoskL ® 1
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Standing waves on a forced, fixed string

A forced, fixed string with a length of 1 m, atension of 2 N, and a linear density of 0.02 kg/m
(yielding a speed of 10 m/s) isdriven at frequencies of 15 and 7.5 Hz. The wavelengths are 2/3 and
4/3 m and the propagation constants are k = 3p and 3p/2 for the two frequencies, respectively.

If the string isfixed at x =L =1 mand isdriven in the y direction by aforce of amplitude F at x=0,
then the displacement in the y direction as afunction of x and t is given by

_ F sin[k(L=x)]

yoat) KT cogk]

cos[wt]

where k is the propagation constant, T isthe tension, w is the angular frequency and t is time.
Choosing values of F of 6p and 3p for the two frequencies, respectively, yields

_sinfk(L=X)]

yoxy cog k]

cos[w t]
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Examining the function at each frequency for values of t =t/8, 3t/8,t/2 and t, wheret isthe period
(denoted by T in the plots) gives the following results.

Theresults at 15 Hz (an antiresonance frequency) are plotted below. Notethat at 15 Hz, cogk] = -1
and the amplitude will be at a minimum (this is an antiresonance frequency).

String Displacement at 15 Hz

15
1 - /
05——= T
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y "\ ‘,‘/ ’ "'; - t= T

N ANARSEAN/
-1 - i
-15

x (m)

Theresults at 7.5 Hz are plotted below. Note that 7.5 Hz is a resonance frequency, cosk] =0, and
the amplitude will be a maximum (theoretically it isinfinite, but roundoff error gives the finite
values plotted below).

String Displacement at 7.5 Hz
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(2.10) Normal Modes of the Fixed, Fixed String

In this case we are looking at a string rigidly supported on both sides (x = 0 and x = L) so that the
displacement at each end isy = 0. Thisis reminiscent of a guitar string.
First we assume a solution with both positive and negative going waves.
y(xt)= Al ) + Belt
Using our boundary conditions allows us to solve for the 2 unknowns.

Atx =0,
§(0,1) = AeM +Be" =0
or
B=-A.
Atx =1L,
S/(L,t) — Aej(wt—kL) +éej(w+kL) -0
or
Ae ™ +Be =0,
Subgtituting in for B gives
fel - fe M =0
2 jAsinkL =0

Thereis an obvious trivial solution of A=0 where there is no motion, but we seek the nontrivial
solution where
sinkL =0
or
kKL =np forn=123,...
(Note: n = Oisaso atrivia solution since that would mean no motion of the string, aso).
Thus, only discrete frequencies are solutions. Those frequencies are given by:

2pf”"=np
c
fn:ni or L= —nl—” multiples of | /2
2L 2f, 2

Back to our solution, for each n we have :
¥ (x,t) = Ael Wt-knx) | A giwit k)
¥, (xt)=-2jAsin(k,x)e"™" =A sin(k x) "
Soletsreplace A with A = A - jB, (where A, and B, are real values).
¥.(xt)=(A - jB,)sn(k,x) "
Thereal part of the solution is:
Re{ 7, (x t)} = Re{(A, - iB,)sin(k,x) "}
Re{y, (x t)} =Re{(A, - jB,)sin(k,x)[cosw,t + jsin jw,t]}
Re{ ¥, (x.t)} —(Acownt+8nsn jw,t)sin(k,x)
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These functions are called eigenfunctions or normal modes and their solutions, A, and B, are
determined from the initial conditions, that is, y(x,0) and u(x,0).

There are also unique frequencies, called eigenfreguencies:

f=M_n®  h=123..
2p 2L
For n =1, the solution is called the fundamental mode and its equivalent frequency is caled the
fundamental frequency.
For n = 2, the second harmonic frequency is called the first overtone.
Forn=2, 3,4, ..., the eigenfrequencies are called overtones.

The complete solution is the sum of al the individual modes of vibration:

Re{ §(x,t)} =é¥ (A, cosw,t+B,sin jw,t)sin(k x)

n=1

To determine the constants, we use the initial conditions:

Re{9(x.0)} =& A3n(k

¥

Re{u(x,0)} =4 w,B,sin(k.x) -
n=1

The two constants can then be determined by applying the Fourier theorem:
2y .
A = 0 y(x,0)sin(k,x)dx
B=247 u(x,0)sin (k,x) dx
n — Wnl_ Q ' n

As an example, let’slook at the plucked string. Suppose we have a string and the string is set into
vibration by displacing the string a height, h, at its center (x = L/2). The displacement function at
timet = 0 would look like:

y(x,0)
A

h -

0 I — X
0
L/2 L
The other initial condition is u(x, 0) = 0, which directly yields B = 0.
Insertion into the Fourier transform equation yields:
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= gh 5 gnwﬂg’
(np) &2 5
or more specifically
8h 1
Ai :_2 i =- =
p A 9
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