Chapter 7 —Radiation and Reception of Acoustic Waves

(7.2) Will show that asmall (compared to | ) source of arbitrary shape and velocity distribution, a
simple source, produces the same field as a small spherical source.

Let’s consider a radially oscillating sphere of radius a, and surface velocity u (t) = er’wt

@/p(r )

Surface displacement = a+x (t) where a>>x (t)| or a>>Je
W

Remember for spherical sources

p(r.t) = Agiio for diverging wave
r
& krgr .C
where G(r ,t)=a?L- lgiej(“'“)
& kar,c

Let’s determine an expression for Aar=a
i(a,t) = - L0 A g oy gin
& ka gar C
where

ar cu e _ jka’r cue* _ jwa’r U e*

Solving for A yields A=

& |0 - (jka+1)  (jka+2)
ka g
Therefore, the acoustic pressure at r when u, (t) =U.e™ is
ﬁzéej(w_k,) _ walr U € k) _ jwr oazuoej(w K (r-4))
r r(jka+1) r(jka+1)

The actual acoustic pressure measured is represented by the real part of p(r,t), Re{ p(r.t)}.
So, we want to get r)(r ,t) in aform that allows us to separate out the real part:

_ Jwr AU, jwk(-a). 1- jka
p(r ,t) r (l+ Jka) e —1_ Jka
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(j +ka)wr 22U,

p(r,t)= gcos(wt k(r- ))+jsin(wt-k(r-a))g

rel (ka)* H
so thered partis
Re{ p(r t} wr al, gkacos(wt- k(r- a))- sin(vvt- k(r - a))H.
r 8- (ka)’l

For ka< 1 then

Re{ p(r 1)} = o8V g (e - k(r- a))
or for the far field when r >>a

Re{ p(r.t)} = _Wr aUOsm(wt kr).

Likewise we can define at the surfacer = a, the surface acoustic impedance is
_jwra

27 1+jka
Forka<<1, z, = jwr a{l- jka}

The text defines aterm Q which is called “ Strength of a Spherical Source” as
Q = Surface Area x Velocity Amplitude, that is,
Q=(4pa’)(V,) (Eq.7.210)

3
2a8N6_ M-

esd g
Let'slook at Q in abit more detail that describes the source in terms of the amount of fluid the

Note unit: m

source displaces. Take a sphere with radius a and volume g pa’:

da

If the sphere’ sradiusisincreased by a distance da, then the volume of fluid displaced is

dV =4pa’da. Tota flow rate (fluid volume/time) |sF—dd—\t/—4p 3?

Note that ga for a spherical sourceis G=3- lq—pr ar=a,thais,
dt & krgr .C

2 A %_ J Oe j (wt- ka) - 4paA%_ _JO j(vi - ka)
kag r.c & kap
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Work done by the source on the surrounding fluid is the product of pressure and volume change.
Thus, the rate at which total power is supplied by the sourceis { pF) , and

1 1_ teeh o
(pF)——Re{p F} :_Re}g— ilw-ta) gmpaAa?L - kafpy
2 T ge r C 8 kaﬂ %
N -2 . ~12
oA e o (A
=—-Rej -y =
2 i r.c & kagi r,cC
o | . | A | |
Note that the intensity at a distance r from the point sourceis | :22— and radiated power is
rer
~12
4pr?| :_2p|A| :
r.C
From volume flow rate F = 4pan a?L —Jée’(“‘ ) , and astheradius a® 0 for fixed amplitude,
rocg ka g
_ parce | O _ PA - o g
=F(a=0,t)=—— —eM=—--¢e"=Q¢
Q=F( )= rocg kaz jkr c 2
where Q, = PA o A=IK L
jkrc 4p

Onereason Q(t) isagood way to characterize a source is that even a source lacking spherical
symmetry may still have awell defined value of Q(t). Any such source will produce radiation
exactly the same as would an ideal monopol e source with the same value of Q(t) provided that ka
<< 1.

For a spherical source,

t __%_ 49 j(wt - ka)
(a ) ar CS ka;a'e
A jwt jwt
u(a® 0t)=———e" =U g
jka’r c
aelkr €Q, 6

__A & % 5 G
Uo_- 2 - 2
jka’r ¢ jkaT,c  4pa

Therefore, p(r,t) = MeJ ") becomes, for a simple source
5(r 1) = jwr a’u, 0 gilvt) — jwr & @ Q 6, _ jwr,Q, Q, gifwt-to)
r r 84pa dpr
kc)r ‘
—( AR N jroc@e‘(w‘"“) (7.2.13)
dor dor
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The intensity at adistance r from a simple source where ka << 1is
2
avr a’U o o, o
‘b(r,t)z‘ g r 5 ? 4prz aé? &
I(r)= = = 0 (7.2.15)

2r c 2roc 2r c 8 r g

Since Q, = 4pa’U, then the intensity is proportional to the radius of the source to the fourth power.

So, small sources relative to the wavelength are not very efficient and are poor radiators of acoustic
energy.

The total average power is

8 B
P =4pr?l =4pr? g 8”

B O
2 8T 5

(7.2.16)

QIIO

0
]
kkhkkhkhkkhkkhkkhkhkhrkkhkkhxhxk Exarnp|e Tl *%kkkkkkhkhhhhhhhhhhhhhhhhkhk

For asmall sourcein air at 20°C for which Q, =0.001m® /s (rms) at 500 Hz, determine 1 (5 m)
andP.

2
Notethat | = 0.686 m. I(r):%rocg!%g
r g

. 2
1(5 m)=1(415Pa-s/m)ae 0.01/2 ms 2 =0.88 MW / m?
8 §(5m)(0.686m) 5
.2
p=Pr O _Pispa. s/m )g 0.0/ m? /S. = 0.28W
2 ° &l g 2 0686 m @

Note that at a frequency of 100 Hz, Q, would have to be 5 times larger in order to produce the
same power.

kkhkhkkkhkhkkhkhhkkkhhkkhkhhkhkkhhkhkkhhhkhkhhkhkkhhhkhkhhkhkkhhkhkkhkhhkhkhhkkhhhkhkhhkkkhkkk,kkkkkkk,k*x*%

kkhkkhkhkkrkkhkkhrkhkhrkkkhkhxk E)(a]’np|e7_2 kkhkkhkkhkkhkhrkhkhkkrkkhkxhxk*

f u = Ugi et

sphere O Q=4pa’U, (red) forradiusa

—

cube

Q.. =6a°U, (real) for sidelength a and for al facesin phase
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If 3 sidesare 180° out of phase with other 3, then Q = 0. All smple sources of the same source
strength radiate the same, independent of shape, i.e., the same as a spherical source with ka<< 1.

So, the cube will radiate as a sphere with source strength Q. -
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Acoustic Doublet Radiation Pattern for d <<r

y |
d/2
2
d/2 ‘! r ," ,X
;Zaiiilllli;;;;;gv,/
z g P(rant)
u| pevary = T eJWt and u|z a2 =" U eJWt
For asimple source with u, =U e™" and Q, =4pa’u,:
f)(r,t) — jwroQo ei(Wt kr) — J Q k IWt kr) jroCkéUo eJ(W'kr)
4pr 4pr r
. 2y : .
p(l’,q ’t) = p(r,t)| arz p(r ’t) a2 ircatl, et r ckal, gt~ k)
=t o r I
‘I e jkry e jkr, U

= jr cka’U e™ - Y
T h Iy g

Let'sobtain r, and r, intermsof r and q (Ssymmetry around azimuth)

d/ '
I
2
r2 :g%% +r2-2 ( )gi_iocosq gﬁ_io +r?- rd cosq
d/2 &
q I
%j .2 aed aj 2 sl dz
r2 :853 +r2-2 ( )8_9COS(180 q) :852 +r?+rdcosq r, _\/85B +r1%- rd cosq
,edo’ aed('jcosq
%2rg &rg
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a@_lo cosq
&

QIO

& o aad (
r, - +r?+rdcosq =r —
Jsg A J 82

Forr >>d, that is, Q <<1],
r

rR»r 1- ?é\g_cosq » rgf gezigcosqg_r- ggcosq
a

7]
r,»r /1+a@I -Cosq » ra?[+aeigcosq9_ r+ —gcosq
Sr g 2rg a 8
kry e Jkr

ie
Therefore, for p(r,q,t)= jr ,cka’uU eJth r r
I 1 2

U
i; let’ s evaluate the bracketed term

AN - e SO
- jkr j1+¢=—=co:
T

aod, @ o U
B ]kr%l- 855(:03]% o

e' jkrl e' jkrz e

g E r .1- 8i_cosqg r |1+§eCI 9003q

| . akd & u
= i — - y
r ad 0o
I'1- .—zcosq 1+;=—=cosq!
T 5 rg 3

1 dcosq _ akdcosq 6, i o 00 o\l
. 2si 2
A 05 &€ 2 + 8 2 fali,/

2

|
! 1- 19 cos’q !
i 2r g b
For kdcosq <<1, becaused << :
0s 29959 0 1
8 2 g
sinagkd cosq 9 ® kd cosq
& 2 3 2
aeig cos’q ® 1
2rg
so that
ik o ke X
e e _ }dcosq+jkdcosql’J
5oL T b
and

kry e Jkry u
h I [\;
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: 2 j(wt-kr) ~ ..
_ jrocka’u € :'dcosq+jkdcosqu
r Tor %
i 2 j(we-kr) S ..
_ irgcka’U,e :'9+ jkdy cosq .
r ir %
2
Note that p(pr,q)‘z‘ 8@'9 kd)2 cosq
ref

where p,, isthe pressure from a single source.

Graphically, whenr >>dand| >> d, the polar representation is:

_ ‘p(r .9)
Pref
>X
( q
i
(7.3) The Continuous Line Source
y y
L2 — pi(ra.t)
;
U(Y)|| S9 L = X

L2 —

u(y,t)=UeM = u(y)|IS e™ wherey £ H

We have a couple of ways to determine pressure field pattern:1. Integrate directly the simple source
solution ony from -L/2 to L/2.2. Fourier transforml think the simplest way is to integrate directly
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the simple source solution on y from -L/2 to L/2.To do that we start out with our pressure for the
simple source from its relation to the particle velocity

. 2 )
Ps (1, t) :%em ") gt some point r, from the line source (also defined by the
r.1
angleg).
Weseek r, intermsof r, y and q for
y y
Ly — pr.at)
I
u(y)||s‘ L & > X
L2 ———

Looking at this more closely

So that we can find r, through

P =y +1° - 2(y)(r)cos(90° +q) = y*+ r*+ 2yrsing

.2 ..
I’l:\/y2+r2+2yrsinq :r\/:|_+g’y?gg +2§§gnq

For r >> L (the length of the source) then r >>y and
O 1. 1 a6, U
r»r 1+2§b8nq » r}1+ Zzgerlenqrv)

wherer >> L or L <<1 isthe far field assumption.
r

Therefore, r, =r +ysinq

. 2 )
From pg(r,t) = LA, r°czp4$a Y g -a)
1

where r, =r + ysing then 4pa’*® 2pady (defining acylinder of length dy instead of a spherical
source). Let’s sum up al of the dy cylinders from -L/2to L/2
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jr ck2pau e -2 g 1Hrrysna)

p(r.a.t)= —dy
(ray) 4p O yang
i i -k) L2 ; ikysing
_ ir,ck2pau,e 3- € : gy
4pr —L/2:f1.|_w_gsinql;’I
1 &r g %
. . L
Far field assumption: T <<1
jr ck2pau e/ *) 2 o s
p (r.a.t)= dy
| 4pr
Evaluating the integral:
L/cz)eJkyan dy =—— }e'jme_ejmeu:_ 1 }ejkLs_znq_e'j@u
e - jksing ; {) jksing g I\;
1 | J2$lnaekLsmq(_)u 2 :Sinaé<Lsmq(':ju
Jksmq| & 2 % ksing { & %
Sinaele(Lsinq('j
_ g 2 E . aklLsing o
—LW —LS|nC8 5 B
2
jwe- k) L/2
Therefore, from p, (r,q,t) = ir ck2pau,e’ o€ May,
4pr -L/2
j(wt - kr) : . . j(wt - kr) : ..
0 (r q, t) jr.ck2pau, ell SincaekLang _ irgckalU e SincaekLsqu
dpr & 2 5 2r & 2 5
:11 C —_kLU e( sncaéd'smqo
2 re &€ 2 5

Note that for aline source Q, = 2paL U,

Acoustic pressure amplitude in the far field is: R(r,q) =P, (r,g =0)H (q) where

P, (r.q=0)=P,(r)= anejgkLU

H(q)=

. akLsing 3
sincg :
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sin(v)

Let's evaluate the sinc function sinc(v) =
v

-0.5 \Y;
P 2p 3p 4p 5p
SEE WEB PAGE FOR SINC FUNCTIONS

, . sin(v) . _ .
Let's examine sinc(v) = in terms of a series representation
v
Vol +v5
L 2 4
For v =0, sinc(v) = (v) 3 5 1.V V.
\Y; \Y; 3! 5l

Therefore, sinc(0) =1.

sin(v)

For sinc(v) = =0, sin(v)=0 whenv=p, 2p, 3p, ..

Peaksin sinc (v) occur when:
v=45(-0.217,-13.3dB),
v =7.7(0.128, -17.8 dB),
v =10.9 (-0.091, -20.8 dB),
v =14.1(0.071, -23.0dB), ...

Observe the graphical representation of sinc (v) when plotted in dB
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i

sin(v)/v (dB)
N
o

I
1
-404 ;
i

\Y

¥ u 1 I ¥
0O 2 4 6 8 10 12 14 16
What do you expect to happen to the directional factor when the value of kL increases?

khkkkhkkhhkkhhkkkhhkhhrhhkkkhhkk Exarnp|e7_2 khkkkhkkhhkkhhkrkkhkrkrkhkhkrkhkrkhrx

Determine the pressure amplitude distribution for a continuous line source for kL =4 and kL = 24.
First, for KL =24

H(q)=

LS gz‘gncae%smq
& 2 &
The minimums occur when H (q) =0 or when sin(12sinq ) =0, that is, when
12sing =np, n=#1,+2,...

3 =|sinc(12sing)| = 1250

sin(lZsinq)‘

. aadPo

=sin e—a=, N=%1,+2 ...

17N e

Forn=+1, q =sin* &2 0= 115
& 125

Forn=12, q :sin'laeiégz +31.6°
&€ 125

Forn=13, q :sin'laeiigz +51.8°
12 g

Forn=14, q :én'l§%9:§n'l(il.m7) (no solution)

@

Null beyond 90° (Thus, no null then)

Note for kL = 4, H (q) = sinc(2sinq)|

H (0°) :|sinc(25in0°) =1

H (45°) = |sinc(25i n45°)|=0.70 (- 3.12 dB)

H (90°) =|sinc(2sin90°)| = 0.45 (- 6.85.dB)
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Cartesian representation of H (q) for kL =4 and kL = 24

10+
0.8t

0.0 . . . ]
-900 -450 0.0 45.0 900

What would you expect to happen to the directional factor if kL << 1?
Polar linear representation of H (q) and Polar log representation of H(q)

Polar Log (kL = 24)

133dB@ 22.0_
Zg,//_f—/\

-178dB @ 39.9_
02+ Polar Linear (kL = 24)
0.1+
0.0
0 : : . 0
-01 +
0 \\\ 15.2p
31.6pP
021 51.8p

Note that the peaks of sinc(v) occur when:

v =45(-0.217, -13.3 dB),

v =7.7(0.128, -17.8 dB),

v =10.9 (-0.091, -20.8 dB),
v =14.1(0.071, -23.0 dB), ...
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For kL = 24 for H (q)=|sinc(12sinq )|, maximum at v = 4.5 (-13.3 dB) or
12sing =4.5
a5 .
q=sin lg’i—zg= 22.0
For kL =24 for H(q)=|sinc(12sinq )|, maximumat v = 7.7 (-17.8 dB)
12sinq =7.7
2876

—_:=30.9°
&12 5

g =sin

At least two means are used to define the width of the main lobe. Two of them are;

1. Between zeros
2. Between -3 dB points

For kL = 24, zeros, for n=+1
. 188 P o o
=sin " cx—=:=%152
RSPy
Therefore, width of main lobe (main beam) between zeros = 30.4°

For -3 dB beam width, observe that the magnitude of H (q) is- 3 dB when H(q)=0.7071.
H (q)=|sinc(v)| =0.7071 when v = 1.3915

Therefore, for KL =24
v =12sing = 1.3915, g = 6.66° and the-3 dB is 13.3°

For kL = 4, the -3 dB beamwidth is 88.2°

10
0.8 -
061 i e IO
04 i 1 HE— .

0.2-

0.0 . .
-900 -450 0.0

Typicaly, the -3-dB beamwidth is the standard used.
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