















































































































































































































































72 III. LIGHT PROPAGATION IN DISPERSIVE MEDIA

neglected except when the point is near the origin. It was also men-
tioned that on the line of descent through this saddie point, i.e.,
on the path of integration, Y vanishes.

Thus, only the two remaining saddle points through which the
path ot integration passes at 45° must be considered. Near these
points,

n=—2p 4 & + (1 F 1)

N
- Vs Fio
dn = (1 F 1)de = V/2e tde
and one can expand v as

2 2 2
a . a a
vt Dot —pps 1 — et

For these saddle points, the limits 4 « in the integral

-

1 3(2/4:)0

P RC‘ j d%

2n W~
+a

must be chosen in such a way, that ¢~ /9P¢ vanishes at these limiis.
The approximations are valid if one can choose a so that it is small
compared with £,. In order to be abie to give a numerical example of
this, the following values are chosen:

£p = 10 X n, a=ng=4 x 101
D = ol X 10718 o 133 == 1 K 1019
T &Y 4 4
2 p=10-30
¢

The exponential is practically zero if — (#/c)De® & — 10. Thus
118 required that

1078058 =10, a== 3 x 108

Thus ¢1s of the order £,/190. which is quite admissible. The approxima-
tion is valid if the abscissa &, of the saddle point is greater than #,
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but not too great, as would be the case for times d very near zero
[see Eq. (17)].

If the factor 1/(» — ») is considered as constant and taken in
front of the integral sign, then the integral

-

@ X .
[« & e L)/
a

x
+ w

Depending on which saddle point is under consideration, it must be
multiplied by

_ sz a‘.x Ti at x n\
V2e™ T V—* EE, (5erd)
Ty — P — — 2p + Ep—»

Then the two parts are added and the real part of the sum is taken,
finally giving

1/2
90 SR I RO C .
\ ) f a( N ) ces(&p C r 4/:

or replacing &, everywhere by t, according to formuia (17):
3/4 \
(20) f=— ~L<2—£) /g2t cos‘( l —-t + ﬁ}

The first forerunners thus arrive with the velocity of light in vacuum,
since they Regin at t'= ¢ — (x/c) = 0. Their period is at first very
small, and increases steadily. If an instantaneous frequency is defined
as was done for the second forerunners, then one can easily see that
here too the frequency is ~qual to the abscissa £, of the saddle point
at any moment. The amplitude is at first zero, then increases, and
(neglecting the damping) then decreases as

tl/-i e 2t
For the numerical example chosen, the amplitude of the first

forerunners is found to be of the order of 2 x 10-3, i.e., the intensity
1s of the order of 4 x 10-¢,
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The approximations given here lose their validity for very small t,
1.e., for very distant saddle points. This is because the first forerunners
are actually given by the expression

j= v /2t 7 (2a /;f \
=75 )%
as Sommerfeld showed [Chapter 11, Eq. (33)]. If one replaces the
Bessel function: by its asymptotic expansion, one gets formula (207},
and thus one sees that its validity is limited to not too small values
of t. The factor ¢~ *! is missing because Sommerfeld’s formula was
derived under the condition p = 0. Returning to the magnitudes
given at the end of Section 3, it is easy to see that in that example,
p cannot be neglected compared with .

6. Signal Yelocity

In the preceeding paragraphs, the forerunners were calculated
and it was shown by numerical examples that their intensity was
very small compared with that of the actual signal. Now, the signal
velocity will be discussed.

Near the end of Section 4, it was shown that at the moment when
the path of integration meets the pole, the amplitude of the oscillation
becomes appreciable — of the order of half the final amplitude.
Thus, the arvival of the signal can be arbitrarily defined as the moment
when the path of integration reaches the pole v.

All of these considerations referred to the case in which » was far
different from »,, that is, to the case of normal dispersion. It seems
appropriate to retain the previous definition tn all cases, even if the
signal has = period in the region of anomalous dispersion.

Since v is an actual frequency and thus is a positive real number,
the pole » is always on the & axis between 0 and + oo.

Considering a signal as it is seen at a depth x at time ¢, and drawing
the complex plane (Figs. 8-—14), then the figure depends only on the
magnitude

ve=—n(@ —u)=X +1Y
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compare Eq. (4)]; it is independent cf the frequency » of the signal;
it is the same for a different depth x’ ut a time ¢’ satisfying the relation
icompare Eq. (4a)]

c te
) — @ e 2T
(21) & = @, p o

The positive real axis intersects the path of integration at the points
B,, B,,... with the abscissa »,, v,. .. {compare, for example, Figs. 13
and 14). According to the definition just introduced, a signal of
frequency »; will acquire an appreciable intensity at the time ¢ cor-
responding to the figure. Relation (21} shows that the time ¢ is
proportional to the depth x; the signal thus propagates with constant
signal velocity §. One has

X ' ct c
‘S‘; @*——""

xS

=

The reduced time @ gives the ratio of the velocity in vacuum to the
signal velocity for a frequency »,. Figures 10—14 show the displace-
ment of the points B,, B,,... with increasing @. A plot of ¢/S = &
as ordinate versus v, ¥,... as abscissas, yields the curve shown in
Fig. 19. The points B correspond to the points b having the same
abscissas.

In Section 4 it was shown that for a point D (Fig. 18) in the
complex plane, through which a line of descent for x is tungent to
the real axis,

t=x/U, @ =c/U

where U is the group velocity for a frequency & = OD. In Fig. 19
the curve ¢/U is drawn, the points D corresponding to the points 4.

In Figs. 10—14 it is easy to draw the complete set of lines of
descent and to compare the positions of the points B and D. One then
finds (see Section 4, Fig. 18), that a saddle point not too near the
branch line is very near the two points B and D, which are themselves
very close to each other (for instance, B and D of Fig. 18, B,D, and
B,D, of Fig. 13, B,D, of Fig. 14). This means, however, that far
from the region of anomalous dispersion, the curves ¢/S and ¢/U
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coincide: in other words, that the signal velocity is equal to the
group velocity (cf. the end of Section 4). This no longer applies
if the saddle point moves into the neighborhood of the branch line.
Nevertheless, even then the corresponding positions of the points
B and D give information about the unknown curve for the signal
velocity from the known curve for the group velocity.

7 i

-
LR
%0

Fic. 19. Key: —-—:—, ¢/phase velocity = ¢/W; -+-+, c/group velocity = ¢/U;
~————, ¢[signal velocity = ¢/S.

At first, the path of integration intersects the real axis at two
points B, B, between which lies one point Dy (see Fig. 13). At one
certain time, the path is tangent to the real axis and the points
By, B,, and Dj; coincide, as is also the case for points &,, §,, and d,
in Fig. 19. From this time on, this part of the path of integration
no longer touches the real axis (Fig. 14). This means the maxima
of the curve ¢/S are the points of intersection of the curves ¢/S
and ¢/U.

The path of integration, which is chosen as a line of descent
through the saddle points, is made up of several parts, each of which
goes through only one saddle point (Figs. 10—14):
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Part 1: 4 oo0>E&> ¢, from -+ oo to the point U,
Part 2: E,>&>—¢& , from U, to U,
Part 3: —¢&,>&>—o, from U, to —os.

f?or Case A 2 (Section 3), where
4
D' > Ap?

part 2 of the path is itself split into two parts (Figs. 13 and 14).

The imaginary part Y of the exponent v remains constant along
the path of integration which is a line of steepest descent for X;
thus, for each part,

yv-:'- Y¢

In Section 5 where the integrals near the saddle points were calculated,
the corresponding values of Y were given:

Part 1: Saddle point far from the origin (Section 5, Case B):

2 R
Vp= —2 = -—al2
&

Part 2: Saddle peint near the origin:

+
Case A 1, D' <5dp® Yp=0

(22)
4 §
Cdclp AA& 2: i)’ > Y ‘4P2 3 p = Epé el \ N A 5{72 - ‘i Pz
! 1 [/iés/- - "ﬂ‘,“
£ o e e e G
{\2;7’ 3 A £ }

The next step is to determine the pomnis: 8, and B, where the
seth of integration cuts the real axis near the branch ine UN (Fig. 13).
On the real ams (w2 real), Eq. (4) shows that

'( i”)‘ iy ‘Qy‘" N %l 27 —— E? 3o b ’:: }
(2% immwmlwmywwﬁpnow}
A\ L
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where u, = index of refraction, W = phase velocity at the frequency »n.
The curve py, = ¢/®W is known; it is also shown in Fig. 18. The
ponts B,, B, are those points on the real axis where Eq. (22) and
Eq. {23) agree. In Case A i, ie., when

g 4
n0+3

N

O ifip% L Ap?

hie second part of the path of integration requires that ¥V == 0; thus
it cuts the real axis near the branch line at a point for which

i c g ¢
& e == () e == ) = e
44 ’ S W

For these values of @, the curve ¢/S thus coincides with the curve ¢/W
(cee Fig. i8, the path from C, to C,).

o particula:, it can be seen that near #y there exists one frequency
{point ;) for which the signal propagates with the wvelocity of light
in vacuum, and the corresponding index of refraction s unuty:

/W =¢/S ==
Iw all cther cases (A 2 and B, and the path rom ¢, to 2, in Fig. 19,
Y@

on the path of integration. Thus, for the points of intersection with
_the real axis,

: ¢\ 'S
—p | — e f < 0, G x> b
( W) i
30 that
S =W

5~

and the curve for ¢/5 lies above the curve for ¢/, With this informa-
rion the curve for ¢/S, which was to be investigated, can be drawn,

The signal velocity does niot differ from the group velocity, except
' the region of ancmaleus dispersion.  There the group velocity
becomes greater than the velocity in vacuum if the reciprocal ¢/U < 1
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it even becomes negative.? The signal velocity is always less than or
at most equal to the velocity of light in vacvum. The curves for the
group velocity and the signal velocity intersect at two points which,
as was shown graphically, are maxima of the sigual velocity

Remembering that the definition of the signai velocity s somewhat
arbitrary, it seems appropriaie to draw a strip rather than a cuwve
in Fig. 19 to represent the signal velocity, whose thickness mdicates
this arbitrariness. The signal does not arrive suddenly; there is a
quick but still continuous transition from the very weak intensity
of the forerunners to that corresponding to the signsl. A detector
set to detect an intensity equal to 1/4 the {inal intensiiy will detect
the arrival of the signal in agreement with the above arbitrary defini-
tion; if the detector is more or less sensitive, then it will detect the
arrival of the signal a little earlier or later.

7. Summary of Resuits

The resuits can be summarized in the following wuy: The propaga-
tion of a special kind of signal in a dispersive medinm was investigated.
[t was found that after penetrating to a certain deprh i the medium,
the signal changes. The first forerunners arrive with a velacity «,
their originaily very small period increases continueusiv, their ampli-
tude increases and, taking the damping into account, then decreases,
uritil the period is equal to the characteristic period o: ras oscillating
clectrons. The second forerunners arrive with the velocity eimg/ngh <( ¢
determined by the dielectric constants; their period is ot first very
large and then decreases, while their ampiitude behaves m a maoner
similar to that of the first forerunners. These two forertnners can
partly overlap. In general, their amplitude is very small, bat in-
creases rapidly as their period approaches that of the signal. The
signal arrives with the signal velocity; it is still deformed for some
time thereafter by the cverlapping forerunners. The Hime variution
of the signal is schematically shown in Fig. 20 for the rase in which

3 See A. Schuster, “Einfiihrung in die theoretische Upnk.” Leipug, 1867 Nate

nrally, the group velocity has a meaning only so loug g5 it agreen with the signal
velocity. The negative parts of the group velocity navéd no phyvmca! meanmng,
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the period of the signal is greater than the characteristic period of the
electrons in the dispersive medium.

Amplitude

I
T T
First Second
Forerunners  Forerunnars Arrival of the signal
Frc. 20.

A few remarks about the dependence of the intensity of the
“forerunners on the depth should still be made. Let the part of the
wave metion determined by a certain instantaneous frequency (see
after £q. 19') arrive at a depth «x, at time 4, and at x,at time#,. Then

timtﬂ, @imﬁfzfzfzga
X1 *a X1 %Xy

The value of the reduced time @ which has the dimensions of a
pure number determines the frequency of the wave motion in-
dependently of the depth. Also, the abscissa £, of the saddle point
1s dependent on £ and x only through the relationship in . In order
to comipare the intensity of the forerunners of the same frequency at
different depiks, formulas (19), or (19'), and (20), which relate the
quantities &, 9, i, or ', must be used. It is then seen that for a given
period, the amplitude varies as

{for the second forerunners

for the first forerunners

The two torerunners thus experience 2 decrease in intensity, which
15 andependent of the period and is inversely proportional to x, and
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besides this has an absorption which increases exponentially with
depth. The latter is selective; the coefficient depends on the period,
vanishing for a period of 0 or oc.

The performance of the following experiment seems to be feasible.
Send a signal into an absorbing medium. At a sufficient depth, ‘the
signal itself as well as these forerunners which are exponentially
damped will be undetectable. One can detett only those forerunners
with frequency 0 or oo,

Although in this paper only the case of a material having one
characteristic frequency and only one absorption band was treated,
it is hoped that soon it will be possible to generalize this to the case
of several absorption bands. Presently, it seems probable that in
this case there will not be only two kinds of forerunners, but rather
that between adjacent absorption bands there will be forerunners
with periods lying between the bands. While it is pretty difficult to
detect signals of periods 0 and oo, the forerunners in the visible
spectrum or its neighborhood could easily be detected.

8. The Method of the Stationary Phase Compared ta the
Saddie Point Method

Suppose one wishes to examine an integral of the formn

K $(n)cos Ydn  or gqﬁ(n etY dn

which is to be evaluated along the real # axis. Suppose ¢ is slowly
varying everywhere. In those places where Y wvaries rapidly, cos Y
or ¢ oscillates very rapidly and the integral is practically zero.
It is therefore necessary to examine only those points on the real
n-axis where Y is either a maximum or a minimum, i.e., those points
on the real axis for which

X

an
Y is the stationary phase at these points. This method was used
by Lamb for an investigation of waves caused by ships; it actually
dates back to Lord Kelvin.
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An attempt could be made to extend this method to the case
where the exponent has the form X + ¢Y instead of the pure imag-
inary Y. It seems that ¢e* could be taken as one part, provided X
is slowly varying, and the above procedures could be applied. However,
X is no longer slowly varying if X and Y are the real and imaginary

parts of the same function f. They are connected by the well known
relations

ox oy aXx _ _ v
FH on ' oy dé
where

n=§& 4 1y, f=X+4+1Y

Thus, even if X is, in general, slowly varying along the real axis,
still, just where the imaginary part is stationary, X varies rapidly.
Ior a point on the real axis where d¥Y /0% = 0, an equipotential of Y
must be tangent to the real axis. But, since equipotentials of Y (see
Section 1; are lines of steepest descent of X, then at this point on the
real axis, 0X/9¢ is large.

At the start of this investigation it was shown that by deforming
the path of integration in the complex » plane, only the neighborhood
ot the saddle points had to be considered.

For the case X = 0 on the real axis, the points of stationary
phase are saddle points. Then, one actually has

x=0 X _o e, X
on

9 — 0

and, as the condition for stationary phase, 8Y/dé = 0. For this
case, then, the methods of saddle points and of stationary phase agree.

If X is not zero, then, in general, a point of stationary phase is
not a saddle point, and only one line of descent 1s tangent to the real
axis. This is of no special interest; the saddle points will lie somewhere
eise but not upon the real axis.

As an example, it will be shown that in the case which was
discussed here, the stationary phase method leads to results which
are partly incorrect.
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The integral

[

1 f p— it ~ Ax)
s—Re | T —dn
It oV

g

has to be evaluated, and the reai axis is now used as the path of
integration. For real x, it is known that (see Eqs. 2 and 7'):

% .
R=-—u, o= 2, -

%

(9

The phase is stationary for

gk A(nu
P4 i e (Y @ — ,,(__L_'.)_ 0O
1 an

or

where {7 is the group velocity, which is shown in Fig. 19 as a function
of n. In the region of anomalous dispersicu, this curve extends below 1
and even below zero. The points of stationary phase are given by
the intersections of this curve with a line paralle] to the axis at a
value @. Thus peints of statiorary phase could exist for values of @
less than 1 and even less than zern. The integration near these points
would give a result different than zero, Le., forerunners wonld exist
which propagate with a veiocity greater than that of hght: which is
impossible. é



CHAPTER 1V

PROPAGATION OF ELECTROMAGNETIC WAVES IN
MATERIAL MEDIA*

1. Definitions: Role of a Dielectric Coefficient Depending on Density
and Temperature

The discussion of Chapter 1II indicates a variety of circumstances
in which the group velocity plays an important role. These results
were obtained on a special example, but their significance appears
to be very general. It is therefore appropriate to state the problem in
general terms, without using a special model, and to see how much
can be proved in this way. We shall see that all the most important
results can be obtained, provided the absorption coefficient is small
enough to be neglected.

Let us first recall the fundamental equations of electromagnetism in
vacuum: calling D and E the displacement and electric field, B and H
the induction field and magnetic intensity, p and J the charge density
and electric current density, Maxwell's equations are written as

(1) curl H = 4z J -+ %? divB = ¢
: B .

(2) curl E = -%—tf . div D = 4mp

(3) D = 80E§ B = ;i"’(}‘;i

go 1s the dielectric coefficient (or permittivity) and ug; the magnetic
permeability of free space. These two coefficients have magnitudes

* Chapters IV and V were first published by .. Brillouin: “Congrés International
d’Electricité, Paris, 1932, Vol. 2, pp. 139-788. Gauthier-Villars, Paris, 1933.

B&
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which depend on the chosen system of units, and are connected by
the relation

{4) Eoltgt® =1

¢ being the veiority of light in vacuum.

Since the coeificients g, and p, are constants, it is possible to
define an energy density € given by
€

0 Fe oy o e

(5) &= 3n Hat

In general, these equations are written in the
same form for a material medium, with the
coefiicients ¢ and u being characteristic of the
medium. This leads to the prediction that the
velocity of propagation W for electromagnetic
waves is given by

i S v, (6) euW? = 1

h Experience shows that (even setting aside
s; the phenomenon of hysteresis) the problem
rapidly becomes more complicated. In Egs. (3),
the coefficients ¢ and u# in a material medium

e depend on temperature, on elastic deformations,
F1c. 1. and on frequency. In a fluid, ¢ and p will still
be functions of T, v (specific volume), and fre-

quency.

It 1s appropriate now to recall briefly the role played, in thermo-
dynamics and electrostatics, by a dielectric coefficient &(v, 7). Assume
a parallel capacitor of volume z, in which there exists.a constant
electric field £. The liquid fills this condenser and occupies a total
volume v > v, The pressurc p is measured outside the condenser.
Simple thermodynamic considerations then lead to the following
relations for the internal energy U(v,T,E), the pressure p(v,T,E),
‘and the entropy S considered as a function of the same variables:

' 2
(7a) A U(v.T,E)=b’(v,r,0)+3§‘€”(“” a"e")
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. voE? Oc

o, T ,E) = ) T

(7b) P, T.E) = p0.T,0) + 25
VK2 g

(7c) S(,T,E) = S(v,T,9) -+ Cok i

Y 8x di

Comparing Eq. (7a) with Eq. (5) which is valid if ¢ is constant,
it can be seen that upon charging a condenser (at constant volume)
an amount of work vy(eE?/8x) must be done and an amount of heat
vo{ E2/87)T(8e/0T) 'must be supplied. The increase in internal energy
is the sum of these two.? Expression (8) represents the free energy (or
Helmholtz thermodynamic potential):

H D
(8) W(o,T,E) = U — 'S = ¥(,T,0) + v, *%

¥
! The eleciric charge ou the plates is ¢ == s;cE/4m i & is the area of the plates.
For an infinitesimal change dy, d7, and 4E, the work {mechauical and electrical)

furnisbhed by the system 3

v E? B¢ weeE vy . OF
AF = pdy — cEdg= 1t — —— —| dgt —~ —— dE — - E$__ 4T
pow—ende {;b 4 av} ‘ 4n an 8T

if ¢ is the distance between plates (es, = vy). The internal energy Ul{y,7,E) 1s in-
creased by
ou oU oU

QU =Zgy + 2+ ar
5 T IEYE Yy

The heat dQ into the system is equal to dU + 4F and the change in entropy dS.is
written as

dS = — = ——— =
T T

— e — e 2

dQ aU + 4T {aU o gER as} dv

oE 'mj:r‘ {éT  4x 2T

{EU vell |dE  [3U  vE? ae]dy'
T T

Then, one uses the fact that ¢S is an exact differential. Considering £ as a function
of v,T, and E, one finally gets the relations

oU voE(e+T2€)’ op vE B¢

"a‘E“Z; _3‘5"4::50

which give the relations in Eq. (7).
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Hence, the electrical free energy density n can be represented by
a formula identical with Eq. (6), while the electrical energy density &, -
is different, and contains a term in 7'(0¢/0T) corresponding to heat
exchange.

- °E?
M= Sn
© E? o
[
é’,, —-—-;i’-m—(e + Té”j;)

Formulas {7} also show that the electric field contributes to the
pressure. p. This contribution yields electrostriction. A field E
applied to a liquid under constant pressure produces a contraction.
Let dv be the change in the total volume:

, . dv\v,E2 e voE? 0¢ v 2T 0
10) v = “(‘a‘}) Swav - 8w T 8a \3p)e-o

T = constant
where « is the compressibility. This last formula is known as the law
of Helmholtz-Lippman. These effects are usually very small except
in some special chemicals, and we shall ignore them.

2. Dependence of the Dielectric Coefficient on Frequency; Evaluation
of the Electrical Energy

For rapid electrical oscillations, no exchange of heat can practically
occur, and the phenomena occur adiabatically. Keeping the volume
constant and negligible electrostriction results in a simplification of
the formulas, and the energy density takes the effective value of

, , eE?
{ 11 ) (éoe)adiabatic = g

87z
The complications envisaged in the preceeding paragraphs therefore
disappear for electrical oscillations of high frequency, and in particular
for electromagnetic waves.
It is still necessary to cope with the difficulties arising from the
fact that the dielectric coefficient ¢ depends greatly on the frequency.



2. DIELECTRIC -COEFFICIENT AND FREQUENCY 89

The permeability ¢ causes no difficulty, since it differs only very
slightly from u, for all the usual transparent media.

Since ¢ depends on frequency, it becomes very difficult to define
an electrical energy. Even if the value of the electric field £ is known
at an instant ¢, still, the energy stored is completely unknown. It is
necessary to know how the field was established. If the field was
established by a slow and continuous variation, Eq. (11) can be used,
in which ¢ is the dielectric coefficient appropriate for very low
frequencies. If the field E reaches its value after a succession of
oscillations, all their frequencies must be known. If these frequencies
cannot be defined even approximately, it becomes impossible to
evaluate the energy!

These ideas will now be illustrated by an example. Consider a
plane capacitor of unit volume containing a field E. Then the surface
charge density on the plates will be D/4n. 1f E and D are changed,
the work done by the electrical forces is

D,

gEdD::dfl -—&, h

D,

1
T = -
47

(12)

assuming an  adiabatic

situation and calling &, ’\
and &, the initial and 5
final energies, respectively.
Consider now an oscillating

field £ and a correspond-
ingly varying D.

/

E = asin wt, Fic. 2.
D = ¢(w)a sin wi

It is simple to evaluate the difference between the energy at
time £ = 0 when the field is zero and at time ¢ = n/2w when the
field has its maximum value a4, and

(13) 8 — 8, ="
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Does this represent the total energy when E = a? Certainly not.
The energy &, at the time when E passes through zero is quite different
from the zero energy that the dielectric has after being isolated
from an electric field for a long time. In order to explain the fact
that the permittivity ¢ of the dielectric is different frem that of the
vacuum, &, one must admit that the medium contains mobile charges,
electrons or ions in motion or electric dipoles capable of orientation;
then, one takes as the zero energy of the system the condition that
all of the charged particles are at rest in their equilibrium positions.
In the previous example, all the charged particles may pass by their
equilibrium positions at the time / = 0 when 'the field vanishes, but
they pass them with nonzero velocity. In formula (13), the energy &,
represents the kinelic energy of all ihe charged particles contained in
the dielectric. The average energy during the oscillations is

- e a?
(14) o= 0 + gj‘; )

In order to obtain the total value of the energy in an oscillating
electric field, it is necessary to consider a process which, starting at
rest (E = 0 for a certain time), slowly builds up to an oscillating
field of amplitude a. The total energy can be obtained by considering
the phenomenon of slow beats between two oscillating fields having
frequencies o’ and o’ only slightly different, o' = o + » and

w' = w —u

a : .
E = 5 (cos w't — cos w''t) = — a sin ¥ sin wt

D = % (&' cos w't — &' cos w''t)

(15)
%l-; == — %(e'w' sin w't — &’ w'’ sin w’'t)

d(ew)

= —g (ew sin vf cos wi - » 3o cos »¢ sin wt)
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This last formula is obtained by expanding sin ' and sin w'’t,
and writing

o O(ew)
Ew = ew - v-~am;u oo
(16)
d(ew)

aw . e

e'w = gw —v

This calculation rests on the assumption that the approximations (18)
are sufficient, which requires that the dielectric coefficient & must
not vary too quickly as a function of frequency, and musi always
remain real (no losses. no hysteresis).

Fic. 3.

The field E (Fig. 3) starts from zero at iy == 0, and consists of
osciliztinns of increasing amplitude, reaching the value g at §) == =/%.
if the difference 2 between the two frequencies o' and @’ is very
small, the field E will remain very small for a long time near ¢y = 0,
and the establishiment of the oscillations will require a long time.
Evaluating the energy gained during the time {; - {, we gef,
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t t

1 eal . o )
ﬁ—EEEdD --_—E;ws‘sm vt COS wi sin wt dt
0 0

4

2 9
2y (ew) sin? wt cos vt sin v dt
4n = Odw

0

+

The terms in cos ¥ or sin » are slowly varying. Those with cos w¢
or sin wf vary very rapidly. The first integral

11. .
5 jsmz vt sin 2wt dt

averages to zero. It contributes a termm which oscillates between
+ 1/8w, since at ¢, the instantaneous value of the field is 4 @ or — a.
Therefore, this first term can be neglected in calculating the average
energy. In the second integral sin? w¢ can be replaced by its average
vaiue 1/2 and the term rewritten as

n/2v

]. . 1 LV
-§cos vi sin v dt = ~ % [cos 2vt]o/2 =

1
2 4p
é

The final result is therefore

:  a’ Oew)  a? , Oe
(17) ¢ = 16n 0o lﬁn(Enga;)

A more exact calculation of the integrals gives the same result. A
comparison of formulas (14) and (17) shows that at the moment
when the field passes through zero {during a series of regular oscilla-
tions), the energy of the dielectric is not zero, but rather it is equal to

a? Os
7) ¢ 16n waw

This term represents the kinetic energy of the charge carriers in the
dielectric.
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The preceding results are independent of the particular manner
in which the amplitude varies. The same result ensues for any manner
of variation as long as the variation is sufficiently slow. For example,
the variation shown in the second part of Fig. 3 given by

E = %(cos w't -+ cos w''t) — a cos wt = a cos wt (cos vt — 1)
is easily analyzed in the same manner. The minimum in the field at
t = 0 is more prolonged than that for the variation of E given in

Eq. (15), and the maximum occurs at ¢, = /.

3. Waves; Phase Velocity; Energy Density of a Plane Wave

It is easy to see that Maxwell’s equations (1), (2), (3), written with
the coefficients ¢ and u, predict a velocity W, defined by Eq. (6), for
a plane monochromatic wave.

Consider a polarized wave propagating in the x direction and
given by

x x
(18) H,= A4 cos w(t -——--W~), E,=acos w(f—“—ﬁ/:‘)
It is easy to obtain from these relationships, inserted into Maxwell’s
equations, the relations

(19) eaW? =1, saz-—f'-pi;luyAz

What is the average energy density in the region traversed by
this plane wave? It is not difficult to find the magnetic energy, and
the electrical energy is given by Eq. (17). Thus,

= 16m <a28 + a2w5—~ + ,qu)

a? 1 0e &4
=8 (”‘““’aw)““g;;
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making use of the relations {18). Thus, the energy is proportional to
the intensity a? of the wave, times a new coefficient ¢, which 1s different
from the dielectric coefficient:

(20") 8y ==& + é @ ;3

This value for £, is evidently only the beginning of an expansion,
and this abbreviated expression cannot be used unless ¢ varies slowly
with w, a condition which is necessary for the validity of the calcula-
tion in the preceeding sections. It is just as necessary that & must be
real; in wther words there can be no absorption of the wave (neither
losses, nor hvsteresis).

The velocity W which was just discussed is the phase velocity.
Formulas (18) give its precise meening. This velocity W enables
one to calculate the phase difference between two points x; and x,.
it enters in all phenomena involving interference and stationary

waves. [t serves to define the wave-
tength of the wave

£
! 2aW
3 A= Wr= ———n
4 w
5 &’
! and also is used in the definition
] » . B
§ of the index of vefraction n,
tncldant mrw» g —_—
e tasmenied o emarmmesfmemoninsasiosnn
Rof::;;ad wuE "',w Asfracted wave 215 — _f_ — _Etli
/ ( » - W -
/ €olto
/ and enters into the laws of refrac-
g tion at the interface between two
TG, & bodiss.

The luws of refraction {oliow

frosn the boundary conditions for

electric and wagnetic telds at tle intertace of the media. The

tengential components of £ and # and the normal components of

D and B mist be continuous.

Consider the following example: A wave is incident normally

ou a plane surface separating twe media of dielectric powers ¢ and ¢';
assume that i = u'. The various waves are then:
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Incident E,=a cosw (t — %7) H,=4 cosw (t _—s )

, { x ) x
Refracted E,=4a' cosw \t — W H,=A'" cos w{t— WT)
' x %)
Reflected E.=a"cosw (f -+ 1% Hy = — A" cos wli + + }

747}

\ bi',f

The normal components are zero. The counditions of continuity
for the tangential components (for ¥ = 0) give

(22) a+a' ' =a, A—A"=A

Using the relations (18), the second condition can be written

>y N
- [Ewmen=]a
but

R "
]/g == 8W and l/f,? ———_

Multiplying the two conditions (22} and (22a) together gives
(22b) eWia?—a''?) = ¢Na'?

This relation will be very useful later on. It is valid even if the
permittivities of the dielectrics ¢ and &' are functions of the frequency.
In case ¢ and ¢’ are independent of frequency, this relation has o
clear physical medning: the velocities W and W’ are independent of
frequency and represent the velocity with which energy is transported
in the wave. (The following Section wiil show that this is no longer
true if W depends on frequency.)

The energy transported across a unit surface perpendicular to the
direction of propagation during one second is thus

ea?

since in Eq. (20) there is no difference between ¢ and ¢,. Formulz {2ib)
thus simply expresses the fact that the incident energy is equal to
the sum of the reflected and refracted energy.
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4. The Group Velocity U

In a medium in which all waves have the same velocity of propaga-
tion (such as vacuum for electromagnetic waves) a signal of any form
at all will propagate without deformation. The form of the wave
plays no part in the propagation. The velocity of propagation can be
defined as the phase velocity, since it also represents the velocity with
which the energy or any other quantity is transported.

In a dispersive medium, the situation is otherwise. All propaga-
tion is accompanied by a change in the form of the signal, except for
an infinitely long sinusoidal wave. In one word — if there is dispersion,
there is also distortion. The example of propagation of electrical
perturbations along cables is well known.

In attempting to define a velocity of energy transport, scveral
different possibilities exist. It is the intention of this paper to examine
several of these, and to show that they are, in general, consistent with
each other.

First, consider the group velocity. When an infinite sinusoidal wave

E = acos(wt —ax — by — cz)
(23) .
a2+b2+c”==i;t~2~zwg,—;
travels through a medium, there is a uniform average energy density
throughout the space, given by Eq. (17). Does this energy remain
where it is, or does it propagate through the medium? It is impossible
to know this. In order to observe a propagation of energy, it is
necessary to suppose that an excess of energy [in comparison with
the uniform energy of the wave described by Eq. (23)] exists at a
certain time at some point in space, and then to ascertain whether
this energy moves with time.

The simplest definition is obtained by assuming that initially
there exists a small excess of energy regularly distributed throughout
the. space, as if it resulted from the superposition of two plane waves
with only slightly different frequencies and/or directions of propaga-
tion. These two waves produce beats and the propagation of these
beats will be observed.
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Assume two closely similar waves

" E' =acos(w't —a'x —b'y —c'z)

E" =acos(w't—a"x —b'"y —c'"z)
with
o = w4+, a =a-+4 a, b =b+ B, ¢ =c4vy
(24)
wu_____w__’,, a”-—-ﬂ*d, b“mb-—wﬂ, C”:C-—y

The result of superposing these two waves is
E' 4+ E'" = 2acos (3 — ax — By — pz) cos (ot — ax — by — cz)

which can be described as a plane wave of frequency w and wavelength
A, where

(25) %’f == Ja? + b2 4 ¢?

The wave’s amplitude varies with beats of frequency » and a law
of propagation given by

cos (v — ax — fy — y2)

This defines a wavelength 4 of the beats and a velocity of propaga-
tion U

2n Av v
(26) S=l?+ A+, U=7 =i

A 2 JaF pE 4 2

This velocity U can be zero, if the two interfering waves have

the same frequency, i.e., if » is zero (stationary waves). The velocity U
has its maximum value when the beats are produced by two waves
having the same direction of propagation and only slightly different
frequencies. This requires setting

«="Ca, f = Cb, y = {c (» and { very small)

The values ¢ -+ «, b + B, ¢ + y, and w + », used with the conven-
tions of Eq. {24), require that the wave E’ have a wavelength 2
such that
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Ve T B = Y@ TR A = (4 2

3 R _

using Eq. (28). Therefore,

S R NV

T e N R

AT dw

when the two wavelengths 2’ and 4 differ only slightly. The velocity
of propagation of these beats is therefore

- A A /) )
C Vatp gEyt 26l 2mo(1/3)

which can also be written as

1 /W) ok
27 T 90~ e
where k= (2n/4) = (w/W).

This maxtmum velocity of propagation of beats is called the grousp
velocity U.

These calculations, as well as the preceding ones, neglect the
effects of absorption.

5. Velocity of Energy Transport U,

Consider a homogeneous medium through which an infinite
sinusoidal wave [Eq. (318)] is propagating. The value of the average
energy deusity has been defined in Eg. (20) as

_ &t [ w 0O
=0) =% |a=e¢ty s;;;)

If this energy propagates with a velocity U,, then in this medium
there will be an energy flux density

, a*®
(28) I = 01‘3) = EIU}_"S-;
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This is, by definition, the energy passing per second through a surface
of unit area perpendicular to the direction of propagation. Can this
energy flux actually be caiculated? Yes, by proCeeding as in Section 3
(Fig. 4, Eq. (22)}. Consider a piane x == 0 bounding the medium
under study, and inquire as to what incident wave « falling on this
surface x = 0 produces a refracted wave ', which is just the one
being considered, inside the medium. There will also be a reflected
wave a'’, and it has been shown that the condition of refraction gives
the relationship

(22b) 8W [a2 — (afl)z] — E!W,d"z

Using the condition that the energy flux in the refracted wave is
equal to the difference in the energy ilux of the incident and reflected
wave, one finds that

(29) & U, (a2 — (@")8] = &,'U,'a’?

using the definitions for terms in Eq. (28). These two conditions,
(28) and (29), are valid if the first medium is a vacuum and

£=¢g =1, W=U,=c¢
which leads to the curious relation
(30) W' = ¢&'U,

The primes in these formulas can be removed from now on. It is
easy to see that this velocity of energy transport is equal to the group
velocity when the approximations made in Sections 2, 3, and 4 are
fulfilled, i.e., when & is a slowly varying function of the frequency w.

Condition (30) states, in effect, that

4

1y 1 ) aﬁ\h 1 . dlogle
60 g=ag=wlit e - W(" T

while the group velocity is, after Eq. (27},

(31') 1 w/W) 1(1 waw)m%( 9log W)

W im —a—st—

ow /
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which is the same, as that given in Eq. (31), since

1
W = ==
Ve
This agreement loses its validity only in regions where ¢ varies rapidly
with w, or if there is absorption.

6. Signal Velocity, S

The problem of energy transport can be attacked differently, by
.ascertaining how a well-defined signal propagates in a material
medium. Suppose that at the point x = 0 a light wave is emitted -
with a period 7, but only for a limited time T'; the problem is to
investigate the character of the wave at a distance x from the point
of emission. The resultant wave will be greatly deformed. Immediately
after the signal front some very weak oscillations or ‘‘forerunners”
will arrive. Then, at a certain moment, the amplitude of the signal
will take on large values, which will signify clearly the arrival of the
signal. In many cases, it is possible to determine the exact moment
when the main signal arrives, which defines the signal velocity.

In general, the signal velocity measured depends on the sensitivity
of the detecting apparatus used. With a very sensitive detector, even
the forerunners, or certain parts of them, might be detected, and the
resulting measurement would imply a very large velocity of propaga-
tion. But if the sensitivity of the detector is restricted to a quarter
or half the final signal intensity, then an unambiguous definition of
the signal velocity can, in general, be given.

Instead of considering the advent of the signal, it is possible to
consider the end of the signal. Evidently, the same result will ensue
since a signal terminated at both ends can be considered as composed
of two signals, one terminated in front (starting at ¢ = 0 and contin-
uing indefinitely) and another similar signal of opposite sign beginning
at ¢t = T and continuing indefinitely. The end of the signal is therefore
characterized by the same features as the wave front, with signs of
forerunners, and an equally well-defined end corresponding to a
velocity S.

The mathematical methods used here are a bit complicated. The
signal is represented by a Fourier integral, i.e., by a sum of infinitely
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long oscillations. For each term of this sum, there is a knovn law of
propagation with a phase velocity corresponding to its frequency.
The form of the wave after travelling a distance x is then given by
another Fourier integral which must then be evaluated. The main
difficulty lies in this resumming of the component oscillations after
each of them has travelled through this distance x and undergone
different change of phase.

The Fourier analysis of the signal represented by Fig. 5, i.e., the
function

0 (t< 0)
(32) f(t) = { sin wyt (0<t<T)
0 (T <)
» ’ ]
— N\ N\N\NNNNS——
-+ 7 |-
—

Signal emitted at rao

Signal received at x Front of signal

FiG. 5.

with
T =Nrt= 2N~
@o
proceeds as follows. The well known relations

@«

/() = S (Cwcos wt + S, sin wt) de

0

(33) Co= —}i f(«) cos wa da
1, .
S, = p f(2) sin wa da

»
- a0
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are used. For the function f, the two integrals C, and S, reduce to

integrals between 0 and T and are easily evaluated. After several
sitnple transformations, they yield:

T 1 1 1 :
(d4) f) = ~-»~§(~~-~~—7-— — «T) [cos w(t — T') — cos wt] dw
i Wy

D7 }\iv — wy w -
0
oG
2w, {sm wl 3in (t T} de
T e —— SiN W el
2 2
¢
-+ &y
1 dew
== o | [cos @t — ) — cos wt] ——
Zﬂi [£3 B Cl)o
-0
ko
1 f .
s .:.i, };{e i (g"w(‘ R J— g’“‘) " d:ﬁwm
27 } W = (g
XY

Depending on the situarion, one or the other of these equivalent
e:ex;u'gs::as;itms 1s the most convenient one to use. The signal is thus
nalyzed into a sum of infinitely long waves. The wave of frequency w

has an sfi’ﬁ’fi%ﬁ{? o1

T \?
in —
I Y ¥ Qu}{‘ 2 ] 2N v
(35) J=\"2 |, T1==Z
T w - g Wq

[See Eq. (34), second form.]

This expression has a very high maximum for w = w,, which is
not infinite because the sine in the numerator becomes zero at the
same tirne as the denominator. This maximum is

e = (g;;)

Figure 6 is a graph of expression (35) and is similar to Figs. 3
and 4 of Chapter 1I. The curves 1, 2, and 3 of the second figure show
how the envelope of the curve reacts to an increase in the time T = N«
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of the signal. The spectrum actually extends through all frequencies,
from zero to infinity, but it has a well defined maximum at w = w,.
If only a band of frequencies around w, is retained while the other
frequencies are suppressed, the form of the signal is not greatly
changed, but the front and the end of the signal lose their definiteness
and become slightly blurred.

The first, third, and fourth forms of Eq. (34) separate into terms
in coswt and in cos w(t — T). The cos wf terms, if they are
separated, give a sinusoidal signal beginning at ¢ = 0 and lasting
indefinitely thereafter, while the cos w(¢ — T') terms correspond to a
similar signal (but with opposite sign) beginning at £ = T and can-
celling the first signal at all later times.

It is tempting to separate these groups of terms. The unfortunate
thing, however, is that a pole then appears for w = w, and the integral
cannot retain its real form. It is necessary to use a path of integration
in the complex w plane which goes around this pole. This method
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was used in Chapters II and IIT but its mathematical complications
will not be introduced here.

What happens to the signal after it traverses a distance x? Each
wave w propagates with its phase velocity W{(w) and the integral (34)
becomes

+

(36) f(x,t) = -2-% Re s {eiw(‘u = i":’") — g""'(‘";")} _do

w""‘wO

This integral must be evaluated. A complete discussion of the process
was given in Chapter III; it requires recourse to integrations in the
complex plane. The discussion will now be limited to the case of
propagation without absorption, ie., to the case of W remaining
always real.?

The waves with frequencies near w, always have a much greater-
amplitude than all the others. For these waves the second exponent
in Eq. (36) may be expanded:

X X
ofi—7)= "*’0(‘ )+l vo) (=)
%—j:—— d(w/W)/dw

The first exponent may be expanded similarly. This contributes

L @etn L
(37) %Reei - j [““"“’"’(‘"’“‘“)-—_e““’ ‘”""“‘tf‘;]&_é‘i’a‘_
wln ‘

2 If there is absorption, with a coefficient x, then a wave e becomes, aftel
traversing a distance z,

, KX
o Kxguu(t-—-*) tw(t—-w H—-—‘
which results in the definition of a complex velocity of propagation

] 1

K
-.—._-z.a-.
W,' w w
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which can be compared to the integral (34) written in an analogous
form

wy +1

(37) f(¢) = §1—7; Re et -‘. [gitw — @t —=T) _ gilw— ] .(L.é{f’.a;‘;
Wy — 17
The integral (37') is just Eq. (34) with the suppression of the fre-
quencies very different from w, in (34). It presents a signal beginning
progressively at ¢ = 0 and ending at ¢ = T, while Eq. (34) yields a
signal with a sudden start and a sudden end. The analogous integral
(37) represents the same signal beginning gradually at ¢ = (x/U,) and
ending gradually at ¢ = T + (x/U,). The principal part of the signal
thus arrives at a depth x with a noticeable amplitude at about the
time ¢ = (x/U,) and ends at T + (x/U,). The front and end of the
signal propagate with the group velocity U, But, at the same time,
the signal has been distorted; the front and end of the signal are
continuous rather than discontinuous as it was previously (cf. Fig. 5).
With these approximations, the velocity S of the wave-front is
equal to the group velocity.

(38) S = U(w,)

It is to be noted that there is an exponential factor in (37) with
argument iw([t — (x/W,)], which shows that in the midst of the
signal, the phase of the oscillations are determined by the phase
velocity W.

7. The Forerunners

The forerunners mentioned earlier will now be investigated. After
eliminating the frequencies near w,, we still have two integrals of
the form

1 .

— i%

5 ReXA(w)e dw
in Eq. (36), where the amplitude

1
w""'wo

A(w) =
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varies slowly and where the phase is ¢. If the phase varies rapidly
with o, the integral is negligibly small. The amplitude 4, multiplied
by a periodic function of short pericd, makes a very small contribution
to the integral. However, an appreciable contribution comes from
those frequencies near which ¢ passes through a maximum? or a
minimum,

(hid
If w, is one root of Eq. (39), then — w, is another root, since it has
been shown that + w have the same phase velocity W.

First, the integral around @, will be calculated, and then the
integral around — w, will be added to this. ¢ can be expanded about
w, in a Taylor series, and the linear term will disappear by virtue
of Eq. (39):

_ o (e— oo
¢""¢1+ 2 L (aw2>m==w,+“.
X

¢1’"‘“’1[‘“‘m5}'
b\ _ X
(éz;)r"“m‘ar"

-~

(40)

-— X
dw?, dw /1

Only values of w near w; play a noticeable part. Since 4 varies
slowly, it can be taken in front of the integral sign, and the integral
can then be written as

1 .
5 Re A(w,) S et dw

_ 1 . %) : 2
T Pp—— Reexp {zwl( — W;);[ exp {_- 2w ~— wy) 5 "“5;,“} dw

’

3 This method of integration is called the ‘“method oif stationary phase’; its
limits of application were discussed in Chapter III, Section 8.
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Since only an approximate answer is necessary, the integral can be
extended over the range —oc to 4+ o and becomes a Fresnel type

+ @
Seff‘dg = V.gi (1 + §) = ]/;;ganm

Thus, the integration near w,; results in

V= Re l/_—-i‘_'_ eim;(t——;-;;)i-i%

27w, —— y) [ —x o(1/U)
dw

Assuming that ¢(1/U)/dw is negative, the above is rewritten as
cos {wy [t — (x/W1)] + (w/4)}
o(1/U
(e — wy) V——- 2nx %-—2

In case 8(1/U)/dw is positive, the expression is changed only by a
reversal of the sign and by a change of 4 (#/4) to — (n/4). In effect,
by changing the negative sign of the radical, a factor ¢ = — ¢~
i1s added, which modifies the real part of the expression.

To this result must be added the integral for — w,. The second
integral has the same cosine factor, but a factor of — 1/(w, 4+ )
instead of 1/(w; + w,). The sum of these two is

2% cosml(t——wjf-l—&-%)
“““"wo 1—-—2 8(1/U

{41)

0w

At time ¢ preceding the arrival of the principal part of the signal,
the forerunmers arrive at a point x with a velocity given by their
group velocity [Eq. (40)]. These forerunners have a very small
amplitude [Eq. (41)], except when the group velocity is a maximum
or @ mingmum.

In the latter case, formula (41) gives an infinite amplitude! This
merely shows that the approximations used up to this point are no
longer valid. Since the second derivative of ¢ is zero, the expansion
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must be carried to the third term. Let w, be the frequency and ¢,
the time at which this anomaly occurs. This time is called the “quasi-
latent time'’ by some authors.

wr is defined by [ 9%[{7)] —0
8 wy

w
(42)
¢ is defined by L — E”(z‘)},‘) 0
The forerunners at times
=t + T (T' smali,

will now be sought.
¢ can be expanded near ¢, and o, by writing

$(t,0) = $(t,on) + (0 — o) (g;j,) +
twyp

(0 — wp)? az¢) (u~—wL)3 2%
o P4 (awz t,wL+ 6 aa)a iwL {h o

3
_ (1
= wL(t i/-V~-)+ (0 — w )T —x (e 60)[’ (a 80{2U) )“’L e

The integration near o, then gives, after the amplitude 4 is removed
to the left of the integral sign,

. :
5o Re A(w) exp {W’L (’ T ?{T)} %
. 1 21
Jerp fi7(0 — ) % (0 — anp P a0

This is an integral of the Airy type:

A (v) = 5 e - g
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in which

2 7‘ t
v~+T’[;aéla{£] : E-*m—z-‘——(w———m,‘)

For small values of » it is easy to calculate an approximate value for
this integral, 4

(43) A (v) = VE’;{ ( )+ vf( ) —gil"(—;)w}
( 2.68: I‘(§)~1.354

LM

n

155

-
- - o —— —— —— &

,_
-
-

-2 ‘ -1 ' 0 7 max.2

Fic. 7

The curve in Fig. 7 gives the approximate variation of .of as a
function of » for small values of ». & is very small for negative values
of » and has a maximum of about 2.45 for » about 1.74. Under these
conditions, the forerunners have a sizable amplitude given by

(44) — ! [% az(l/U)}“Lad(v) cos wL( — 3—6--)

2n(cwyr, — wy) dw? Wi

If w, is not zero, the integration about — w, must also be added to
this formula.

4 G. Airy, Trans. Cambridge Phil. Soc. 8, Part V, p. 593 (1848); L. Brillouin,
Ann. école norm. sup. 38, 37 (1916).
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This discussion can be summarized as follows. The pure harmonic
waves into which the signal has been decomposed are separated from
each other. Those waves with frequency w arrive with group velocity
U(w) and an amplitude [Eq. (41)] which is directly proportional to
1/(w? — wy?), which factor enters into formulas (34) and (35) and
whose effect is shown in Fig. 6.

At the times ¢, (quasi-latent times) defined by Eqs. (42), the
forerunners pile up and make a very considerable contribution, with
a maximum amplitude of the order of magnitude of

(44) 2.45 w, [x 92(1/U) ]‘”3

Mwy® — wi?) |6 dw?

This factor is obtained by superposition of the two expressions (44)
corresponding to &+ w,.

These results are valid only if the absorption is negligible and the
phase velocity W does not vary too rapidly with w. The more exact
integration done in the complex plane by the saddle point method
confirms these results.

The group velocity U, the velocity of energy transport U, and the
signal velocity S are practically equal under these conditions.

8. Summary of the Most Important Results; Generalization to
Other Types of Waves

This chapter was devoted to a very general discussion of elec-
tromagnetic waves in a dispersive medium, and we were very cautious
not to introduce any special model. The results obtained can be
easily translated for other types of waves, for instance, elastic waves.

In a problem involving transverse elastic waves, we would obtain
equations very similar to those of Section 1, but ¢ would represent
the elastic properties and u would correspond to density. The energy
density would be evaluated as in Sections 2 and 3, and formulas
similar to Eqgs. (20) and (20') would result. Continuity conditions at
a boundary could be worked out as in Section 3, and would be
summarized in a formula corresponding to Eq. {22b).

Group velocity U (Section 4) and velocity U, for energy transport
(Section 5) would be defined in a similar way, and we would arrive
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at the velation (30). All the resuits of Section 8 on signal velocity

could be repeated.

The reader will find some more examples in Chapter V ot
{(New
York: McGraw-Hill Book, 1946; Dover, 1953.) In the next chapter,
we will study in more detail the typical model of a dielectric,

L. Briliouin's book Wave Propagation in Periodic Structures.

and compare the resuits with those of Chapter II.
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CHAPTER V
WAVE PROPAGATION iN A DISPERSIVE DIELECTRIC*

In this chapter we want to specify the properties of a real dielectric
and apply to this problem the general formulas of Chapter 1V,

f. Formula of Lorentz-Lorenz

In the simplest hypothesis explaining the structure of dielectrics
it is assumed that dielectrics are composed of small particles which
can be polarized under the influence of an electric field. These
particles can be colloidal suspensions, or, for pure materials, they
can be molecules or even atoms. In the absence of a field, there is nc
polarization. Oné of the following assumptions must be made:

(1). The particles have no permanent electric dipole moment and
acquire such a moment only when subjected to a field. This will be
the case for atoms or for molecules with homopolar bonds.

(2). Alternatively, the molecules have a permanent dipole moment
(heteropolar bonds). In the absence of an external field, these moments
are subject to thermal motion which orients them in all directions
with equal probability. The average electric moment for a molecule
will then be zero, in the absence of a field. In the presence of a field,
the molecules tend to orient themselves, and the average dipole
moment will no longer be zero.

Let N be the number of particles per unit volume. Each of these
particles, when subjected to a field R, acquires an average electric
moment yR in the direction of R. The resultant dipole moment
per unit volume will then be

(1) P = NyR
What is the relation between the external field £ and the field R
to which each molecule is subjected? FEach molecule is separated

* See footnote on page 83.
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from the next one by aun averags distance p. To 2 first approxivia-
t1on, the field R (2t the point where ihe molecule is located) van be
considered as the field found at the center of a hollow spherical
cavity of radius p in the midst of a medium having a polarization P.
This will be

4
e (2) R == E + "'5"* P
oTTTe. ®
e hY - This result is independent of
h .- " \ - . . .
4 @{‘W 2 & ., theradius p, if the polarization
1 7 P is uniform. The electric dis-
‘\\ S piacement I? is ?}
7 1
G @ D=E-+4xP =cE  (3)
. where ¢ is the permittivity of the
2 dielectric. Elimination of Rand £
Fie. 1. between these three relations re-
sults in
3 £—1 . d
{4 e 2D e My A
4) dre g " L4 mwY

where 47 is Avogadro’s number, or the number of molecules per
gram mole, M the molecular weight, and & the density of the material
under consideration. Formula (4) is called the formula of Lorentz
and Lorenz. It shows that (¢ — 1)/(e + 2) must be proporticnal to
tire density 4 and to the average polarizability ¢ of a molecufe. This
coefficient y receives contributions of three distinct types (at least
to a first approximation):

(1). Electronic polarizability by displacement of the electrons of
the atoms.

(2) Ionic polarizability by the spreading apart of the ions of the
molecule.

1 From now on the units will be chosen so that the permittivity of free space wili
be umty.



1. FORMULA ORaLORENTZ-LORENZ i1

(3). Dipolar or rotatiena: polarizability, due to the average
orientation of the molecules which have a permanent electric dipoic
moment. This orientation is opposed by the .thermal motion of
rotation.

In cases (1) or {2), the displacement of the electrons (or ions) is
opposed by forces of attraction. Since the moving charges have
nonzero masses, there will be one (or several) frequencies of free
oscillation in the molecule. The frequencies for type (1) are very
high (ultraviolet and visible}. Those of type (2) are lower {red or
infrared). The roeations of the molecules following (3) are in the far
infrared and the radio region. These different orders of magnitude
make it possible tc distinguish between the above mentioned three
types of polarizability. )

The reasoning which led to formula (4) contains a number of
approximations. It can be predicted that the formula will cease fo
be applicable in the following cases:

(1). Large densities: In this case, the molecules, since they are
crowded together, can affect one another by their form and structure,
and thus the vibrations will not be described completely by the
simplified scheme suggested above. The field due to each individual
charge making up the molecule is very complicated at small distances
and does not reduce to the freid of a dipole unless it is viewed at' a
sufficiently .large distance.

(2). Molecules of anomalous form: For molecules in the form of
long sticks, it 1s evident that the above calculations would be inexact.
A theory of liquid crystals can be based on these assumptions (Oseen).

(3). Very high frequencies: The above calculation assumes that the
polarization P is practically constant over a distance of the order of
several molecular separations p. The reasoning certainly becomes
faulty for wavelengths of the order of p.

~ This last situation begins to arise for x-rays if the body counsidered
is in the solid state, or for ultraviolet rays if the body is in the gaseous
state. In order to extend the theory to these short wavelengths, the
exact structure of the body must be given. Ewald has given a very

i
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clear discussion of these problems, which are quite tricky, for different
types of crystal structure.

For very small wavelengths (x-rays) a definition of an average
dielectric coefficient is no longer possible. The Bragg-l.aue selective
reflections, which have contributed remarkably to the study of
crystal structures, will occur.

It is moreover evident that for very short wavelengths it is unrea-
sonable to apply to the discontinnous medium, the Maxwell equations
iChapter IV, Egs. (1), (2), and (3)] which are valid for a continuous
medium. It is only for wavelengths large compargd with the separa-
tion between two molecules that the reasoning of Lorentz is correct
and that the use of Maxwell’s equations is justified. The fine work
of Ewald and Born on these questions will not be described here,
and the ensuing discussion will be limited to wavelengths from the
radio to the visible region for which the Lorentz approximations are
valid.

2. Material Medium of Low Density, Consisting of Harmonic
Oscillators

For a gas, in which the concentration of molecules is small, the
dielectric constant differs only slightly from unity. Formula (4) can
then be simplified and rewritten as

(5) g==1- 4aNy

The atoms or molecules are structures containing electrical charges
(electrons or ions). These charges are attracted to their equilibrium
positions by forces of mutual attraction [hypotheses (1) and (2) of
Section (1)]. A simplified problem in which the molecule is pictured
as a harmonic oscillator can be considered as an example, i.e., the
problem of a charge ¢ of mass m, characteristic frequency w,, and
damping factor pm. If s is the displacement of the charge, then the
equation of motion will be

) dis  _ ds .. €
() A I



2. MATERIAL MEDIUM OF LOW DENSITY 117

when the charge is subjected to an external field E. (It is to be noted
that Eq. (6) is an approximation in that no distinction is made between
the fields R and E.) When the charge e is at its rest position (s = 0)
the molecule is not electrified. Thus the dipole moment will be

(7) yvE = es

One possibility for the field is a
(8] sinusoidal variation:

(8) E = acos wt = a Re ¢

A solution of Eq. (8) with a

complex amplitude B correspond-

« 1ng to a phase difference ¢ be-
tween S and E is:

¢ (9) s = Re (Be'*)

e
2 2pw — w?) = a —,
B(wy? — 2ipw — w?) = a o

B a(e/m)

o e
V(we? — w2 + 4p2w?

Figure 2 represents the variation of |B| and ¢ with w in resonance
curves that are well known to physicists and technicians.

Using Eqs. (8) — (9), one can find the average dielectric coefficient

4nN e:fm
10 =1 ;
(19) & + we? — 2tpw — w?

This is a complex number, which means a complex velocity of propaga-
tion W. Instead of W, consider the index of refraction #,

(11) =g =lr=ntn
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It has already been noted in the preceding paragraphs, that a complex

velocity (or refractive index) signifies that the propagation is accom-
panied by abscrption

ol s t*____x_)__ ioli X\ o
exp |— tw 7 |i = exp ® . -

(12) = exp {— xx} exp {— i ( — n—;{)}

with a coefficient of absorption

1 = - My
(13) K=

The real part of the index of refraction is useful for calculating the
differences of phase between two points which are a distance x apart.
Thus, ¢/n, actually plays the role of phase velocity.

nf"
n e T
)
Iy
A
1\ \t
[ -
7 ' i . e
' L3
H \
, M’*
TN
- . TR W
@y
FiG. 3. Fic. 4. Key: -, # == ¢{W where

W == phase -wveiocity; ———~, ¢/U
where U = group velocity.

Figure 3 shows how the index of refraction », and the coetficient
of absorption « vary near the.resonance w, The curve for the index #,
crosses the line # = 1 near w, and varies rapidly near there. The
steepness of this slope is closely related to the sudden variation of
the phase ¢, shown in Fig. 2. The absorption « is directly related to
the amplitude |B| of the oscillations of the elementary oscillators.
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At frequencies far from w, the imaginary terms can be neglected
and then

2 22
e~ 1+ 2a 5 (42 = 4aN i-—)
c —
(14) n=gy=le (x = 0)
c an
[/ P

The curves of Fig. 4 indicate the nature of the results obtained
with these asymptotic formulas.

3. Propagation of the Waves in the Medium

First of all, the exact nature of the waves in the above mentioned
medium will be studied, taking the absorption into account.
A wave propagating in the x direction can be written as

( 15) E, === agw'(‘ -~ xIW)’ Hy = A glelt— x{W)

If a is real, then 4 will be complex, indicating that there is a phase
difference between these twc vectors. Maxwell’s equations (with &
complex) require that '

(16) ’;7:7 = &4, “g’f = phod, W2 =1

Let A denote the complex conjugate of 4. The preceding equations
then give *

A

EueW? =1, lel | W2 = 1, = = &a

The intensities of the electric and magnetic fields are related by

. ‘". W 2 D a2
(17)  pold|? = pedd = ad = C—ngaz = -—-ci; S S lela?
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but,

1

, 4nN e2fm
we? — 2ipw —

V(wet — 0¥ + 4p%w?.

o2
]e]—-—l—i—@zN;—n—( )-ql-l»-
* What is the energy densify in the medium through which the wave
i1s propagating? This can be found by adding together the energies
of the electric and magnetic fields (in the vacuum between the atoms)
and the potential and kinetic energies of the N oscillators.

(18) &= 0 E’-—i—-‘u"H”—{-—N( msz+1mwo’s)

. This relationsh’xp then leads, by virtue of the relations (9) and (17),
and after setting ¢, = 1 as in the previous two sections, to

E?
81 ‘4_;;

E? w? 4 we® —
(19) &= [1 + [e] + 4N — (woz — w?)? 4p”w’} B

A coefficient ¢, can be defined, as in Chapter IV, Eqgs. (20) and (20');
the expression for it, derived from Egs. (17) and (18), will be real
and equal to

ey =1+ 27N 2 [ 1 @t o ]

m | Y(we? — 0?)? + 4p%0? e (wo? — w?)? + 4p2w?
(20)

The expression obtained  in Chapter 1V, Section 3, is no longer
applicable here, since there is absorption. The role of the residual
energy &, at the time when the electric field is zero can be clearly seen.
This notion was introduced in Egs. (13), (14), and (17) of Chapter IV
in a somewhat arbitrary manner. From Eq. (18) it is seen that at,
the time when the electric field E is zeto, the magnetic field H is
not zero, because of the phase difference between the two. The
potential energy of the oscillators is small, but their kinetic energy
is very important. These several terms enter into &,.

In order to avoid any error, the laws of refraction must also be
rewritten. As at the end of Section 3, Chapter IV, the discussion will
be restricted to the case of normal incidence.
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Ittcident wave: E, = a et~/ H,=A4 ewt— =
(21) Refracted wave: E,=a’ eiolt~ W) H, == A’ grote—+W
Reflected wave: E, = a'’e'w(t+zx/) H, = A'eiwit +xl)

If @' is real, then A’ is complex as in Eq. (15). Similarly, a, 4, a”’
and A" are complex. The conditions of refraction, Eq. (22) of
Chapter 1V require that

(22) ata’ =a, A—A"=4
but,
4=_2 | g r ®
B T N | 4

The second relation in Eq. (22) can thus be written as

! 7

LX - c —
4 —a"' = rra = na

where # = complex index of refraction.
From these various relations, it is easy to derive that

s —a—if

a= a4 18, a
—a' + 20 4 2t = na' = (n, -+ in,)a’
and

(23) al? —lg"|2 = o?—(a' —-a)? =a'(—a + 2a) = n,a?

This last relation replaces formula (22) of Chapter IV.

4. The Velocities U, U;, and S in the Medium

The next point to consider is the effect of absorption on the group
velocity U7, the velocity of energy transport U, acd the signal
velocity S. Irar from the resonance region {« very different from wy)
the absorption is negiigible, and the imaginary parts of ¢ and the
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i‘)

index of refraction # can be neglected. Then the asymptotic formulas
(14) can be used. It is almost cbvicus that this case is the same as
the cases treated in Sections 2 and 7 of Chapter IV and that the
velocities U, U,, and § are identical. This point will be verified by
using the complete formulas.

The group velocity U was defined by formula (27) of Chapter IV
where the real part of 1/W must be used. This can be written in
the form

£ o) an,
) U~ do =" e

In Fig. 2, the curve for the variation of #, is drawn. It is then easy
te construct graphically the curve for ¢/U. This curve presents a
curious anomaly in the absorption band. ¢/U can become less than 1,
and even less than zero. This means that the group velocity U can
be greater than the velocity of light ¢, can be infinite and even negative!
These results are sufficient to show that, in this region, the group
velocity no longer represents the velocity of a signal or of energy

@ausport.
Tar fvom the absorption band formulas (14) give

!"'» =y

/
S 1 e T
77 n,( -+ w Je

The veal part of ¢/U is always less thun the vajue of Lq. (25). The
iafter 1s, as can be seen, always greater than n, and infinite at w,.

The velocity U, of energy transport can be gotten from Chapter IV,
formulas (22a) and (29) which gave relation {30). According to the
caleulations of the pxe' eding sections, Eq. (22a) of Chapter IV is
reploced by Eq. (23), and Eq. (29) of Chapter 1V retains the same
form if absolute values are used. Thus equation (30) of Chapter 1V
becomes

.

26\, Fl (jl et C7zfr e T 2
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¢, has been calculated in (20). Far from the absorption band these
formulas show that -

after making use of (14). Thus U and U, are the same, since formulas
(25) and (27) are equal.

In the absorption band, ¢ follows a regular variation and has a
pronounced maximum near wy. This can immediately be seen from
Eq. (20). Formula (28) thus shows that ¢/U, follows an analagous
variation with a distinct maximum in this dangerous region. The
velocity U, thus decreases greatly in this anomalous region and
passes through a minimum. It is quite different from the group
velocity U. ‘

The signal velocity S is defined as in Section 6 of Chapter 1V,
and requires a detailed discussion of the integral (36), in which W
1s a complex velocity. Since this was discussed in detail in Chapter I1I
it'is enough to give the results here. The velocity S is found to equal
the group velocity U, except in the region of absorption. In this
region, ¢ ts very difficult to define a signal velocity precisely, since the
signal arrives very gradually without a distinct front. The ¢/S curve
in Fig. § was calculated from a certain definition of the front, but,
depending on the sensitivity of the detector, any value between S
and U, could be found. The curve of U, approaches, moreover, the
curve U, having the form shown in Fig. 4, if the absorption is neglected.
One result, at least, is clear: the velocity of the front of the signal
cannot exceed the velocity ¢. The first forerunners travel through
the medium in which all the oscillators are still at rest, since no wave
has as yet hit them. These oscillators are only gradually sét into
motion as the various forerunners hit them. But nothing can prop-
agate faster than c.
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Fi16. 5. Key: — — — —, ¢/W where W = phase velocity;
—-——o, ¢/U where U = group velocity;
sove, ¢/S where S == gignal velocity;

+—<—, ¢/U, where U, = velocity of energy transport.

5. The Forerunners

Consider a signal of frequency w far different from w,. The main
part of the signal arrives with the signal velocity S which .is nearly
equal to the group velocity. What about the forerunners? For those
tforerunners which have frequencies far from w,, the discussion of
Section 7 of Chapter 1V applies. Thus, a series of forerunners are to
be expected, each starting with those frequencies at which the group
velocity is st tionary (maximum or minimum). .

Using Fig. 3, one can see that outside the absorption region, the
group velocity is a maximum for:

Infinite frequencies Usn=c¢

Zero f{requencies Uy=W,= B S
]/ | . Sl
/
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Thus, a first group of forerunners will arrive with velocity ¢ and
will be composed of very high frequencies. The exact nature of these
forerunners is given by formula (41) of Section 7, Chapter IV.

2wy " {“’(t"fW“) }_aszé?w*wS{ (__,3_{)‘*_ :m}

;02._.. w02 l/.__ a(l/U) w 4

(28)

Since for very high frequencies

a2 = e -2 -2
o ! EN T W 202
c a(c/U)
[ l+'2“£7=' rFra w2

On the other hand, for stationary phase, w and ¢ are related by
condition (39), see Chapter 1IV.

X ax ayc

x
T T T R T T e
with
T=t—2
c
whence
x x . ax 2xT
w(t I——) w(t —+2cwz) 2wT = a]/
since

w-——a ...i‘.
- 2cT

Introdueing these values into Eq. (28), and carrying out some simple
manipulations, we obtain the result:

3/4
(20) S (—zf—) T4 cos {a L ?-%z + z}

x
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which is valid when T is not too small. This result is confirmed by a
more exact analysis,® which takes the damping constant p into account.
The only modification in Eq. (29) for the first forerunners is a factor
¢~ %7 which is equal to 1 for very small T but thereafter decreases
the amplitude of the forerunners considerably.

Now, the second group of forerunners is characterized by very low
frequencies. The calculations for these will be done only very briefly.
The result, after making the suitable approximations, is

2 2,2
e o) 2)

Aw? 142 A @
C D i Y e

c

U

= #y + 34 w?

ac/U) . "
5 = 64w i1s positive,

2%(c/U)

ez 04

Since the derivative of 1/U is positive, it is necessary to observe the
changes of sign in formula (41) of Section 7, Chapter IV. The relation
between @ and ¢ is given by Eq. (39), of Chapter IV.

: 2 2
tw_{c‘zt__xng__?Aw X _ T’——i‘/—l»?——ﬁzo
U ¢ ¢ c
with
T == ¢ — ol
¢
whence

xi__ , Aofx) 2 , ,3/2|/ c
w(t——W)mw(\T—« - ) ol = (T) SA%

? See Chapter III, Eq. (20a).
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Formula (41) of Chapter 1V, with the suitable changes of sign, is
written as

cos (1 — ) — %
2w, (VW) T 1

wy? — o? [ a(1]U)
1/2“"?"5‘;7

(30) = w11 ¢ o cOoS JE 7732 |/ =z
, T [=l34xT |3 34x 4

34x

Wy

This fs the equation for the second forerunners which arrive a little
later than the first ones and start at 7’ == 0. This resuit agrees with
the more exact calculation which take the damping coefficient p,3
neglected in Eq. (30), into account. '

The forerunners [Eq. (30)] have an important characteristic,
namely, that they begin at 7' = 0 with a rather large amplitude which
decreases bit by bit afterwards. Formula (30) actually would give
an infinite amplitude at T’ = 0, but it loses its validity for this time.
The exact form of the start of the signal has been calculated in Eq. (44),
Chapter 1V, Section 7 and is given by an Airy function «/(v) (Fig. 7).
Formula (44) of Chapter IV reduces to

1/3
(31) ! (f-) () (wp = 0)

2rnwy \A x

13
I c )
v —T (71'56)

using Eqs. (42), (43), (44) of Chapter IV and Eq. (30) above.

Several orders-of magnitude will serve to illustrate these results.
Using a yellow incident signal, which travels one centimeter through
a medium whose characteristic frequency is in the ultraviolet, the
numbers are

with

x = 1cm., w=4 x 101 (4= 0.5u), we = 4 x 1018

3 See Chapter III, Eq. (19b).
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If the index of refraction » is 1.5, this gives

a? 1 _
”23—“-1-‘*-—(;;5'-::“&;‘5, a9==l.24woz, AN"B‘ X 10 33
The first forerunners arrive with the velocity ¢ of light in vacuum.
They require a time } x 10-1® sec. to travel 1 cm. Their original
amplitude is zero. After a time T = 10-12 after the start of these
forerunners, their amplitude has a magnitude around

e 2 (2c)34 T4 » 1085

V 7 a3

using Eq. (29), which means an intensity around 10-? compared with
that of the actual signal. ~

For the second forerunners, the start is given by Eq. (31). The
Airy function has a maximum value of about 2.45 and thus, using the
above orders of magnitude, the initial amplitude is about } x 102
or the relative intensity is } x 10—%. As the time T’ increases, these
forerunners decrease slowly, according to Eq. (30). After a time T’
of 10~!2 the amplitude has decreased-to 10—3 or a relative intensity
of 108, and is already very weak.

The front of these second forerunners may possibly be observable!

6. A Real Transparent Medium, Having Several Absorption Bands

Actual materials have more than one absorption band, and thus
have several characteristic frequencies g, ,y,..., so that the
dielectric constant is given by a sum of terms such as Eq. (10),

ak’
nt=c=1+4 >’
(32) ‘i" wg;,———2ipkw—-—w2 ;

The curves of the index of refraction » = ¢/W and of ¢/U (U = group
velocity) have the form shown in Fig. 6, where the case of a medium
with two characteristic frequencies w, and w," has been sketched.
The results for this case will be analagous to those of the preceding
sections. Far from the absorption bands, the velocities U, U,, and S



L4
6. REAL TRANSPARENT MEDIUM 129

will coincide. For each absorption band, the velocities will be equiv-
alent to those shown in Fig. b, the signal velocity being then ill-defined
and having any value between U, and S, depending on the sensitivity
of the detector.

—— C -
Velocity

}
\
1
I
(]
{
1
i
\

]
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s

Fig. 8. Key: ———, ¢/W where W == phase velocity;

+—+—, ¢/UJ where U == group velocity (part of the usable curve outside the absorp-
tion bands);

- —— —, ¢/U {parts which are unusable, situated in the absorption bands).

The nature of the forerunners can also be read directly from these
curves. The forerunners with velocity ¢ will still exist, being the first
to arrive and having very high frequencies. They will be given by
a formula like Eq. (29). The forerunners of velocity c/n, and very
low frequencies will also occur, represented by a formula similar to
Eq. (30). But also, a third group of forerunners will be found, cor-
responding to those frequencies 2 between w, and w," with an incoming
velocity. U, which, for the case shown in the figure, is less than the
velocity c¢/n, of the zero frequeniy forerunners. But there is nothing
which shows a priori that this is a general condition. At the fre-
quency £, the group velocity has a maximum (quasi-latent time).
The form of the corresponding forerunners would be found by using
formulas (44) and (44') of Chapter IV, and summing the contribu-
tions for +2 and —Q. - |

At a time ¢, the system of forerunners is obtained by superposition
of the frequencies whose group velocity U is equal to x/f. A line
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parallel to the w axis can be drawn at the height c¢¢/x which cuts the
curve ¢/U at the points 4,B,C,D, and at the symmetric points
A',B',C'\D'.

This gives a superposition of four forerunners of different fre-
quencies, which interfere with each other. The frequencies situated
inside the absorption bands are suppressed so that, for predicting
the forerunners, only the parts (- —-—- —) of the curve ¢/U situated
outside the absorption bands need be used, and the parts (————)
in the absorption bands can be disregarded.

In the general case, one frequency £ will be found between each
absorption region, which means that there will be (n 4 1) eroups
of forerunners for »# absorption regions.

7. @uantized Atomic States, Kramers’ Dispersion Formuls

An actual material medium possesses a certain number of char-
acteristic frequencies for emission and for absorption. This is the
empirical fact which Section 2 tried to account for by considering
each atom as a harmonic oscillator with a characteristic frequency w,.
Actually, it is now well-known that such a model is just a gross
approximation. The atomic structure is a separate world obeying
special mechanical laws, those of quantum theory. The atom can exist
in a series of states, with energies

Eo,E&,..-E;‘,-a.Ek,.-n

each of which is stable to some extent. While the atom is in one of
these states, it does not emit any radiation. Emission or absorption
occurs only when the atom jumps from one state E; to another £,
and the frequency » of the emitted radiation is then given by Bohr’s
relation, which contains the quantufn contant #;

(33) hvik == E,‘ — Ek (w = 2.7!51’)

During the transition time, the atom may be regarded as a sort of
harmonic oscillator of frequency », and the amplitude ¢, of these
vibrations can be calculated. The square of this magnitude |g,|?
is a measure of the intensity of the radiation of frequency v, If
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g, Tepresents emission of light associated with a transition £ — &,
then g,;, represents absorption of light in a transition 2-+¢. These
two quantities are complex conjugates, so that |g,|%? = lg,,/% Thus,
a strong emission line for (# — %} corresponds tc a strong absorption for
(k- 1i}.

If, now, a ray of light of frequency » is incident on a medium
composed of quantized atoms, what will happen?

Each atom will be the source of secondary rays of the same fre-
quency as the incident radiation, but with different phases. This is
the coherent radiation, which corresponds to the effect studied in
Section 2 from the classical point of yiew. This coherent radiation
adds to the incident radiation to form the refracted wave. The index
of refraction # is given by a famous formula of Kramers,

4}7’:&?\;’ e 2 , ¥ "’k
(34) 3‘&2 —_— ] = .;;i-,,“ 2 ‘____;‘;_w!mv‘w
’ ; Whp-— v

This formula is quite analagous to that of classical theory Eq. (32)].
Here, there are no damping factors p included, but this is due to the
approximations made in the theory. A more exact application of
gquantum theory wnuld result in intreducing the quantum equivalent
of p.

The numbers f, are directly propertional to the amplitudes ¢
of the various characteristic frequencies. If g, ix the amplitude
for the direction of the electric field of the incident wave, amcl Vi
is the amplitude for the direction of propagation, then

Sn% 4dnm

{35) fﬂ ViRYirgik ==~ Ok in

Kramers' formula (34) calls for several remarks. It the atoms are all
originally in their normal state E, with minmimum energy, zll the
frequencies @, are absorption lines corresponding t¢ the possible
transitions to states of higher energy F; Then formula (34) cor-
responds exactly to the classical em:vvalmz (33,

It is however possible, that the atoms will be found in an excited
state £,, i.e., not in their state of lowest energy. Theu, in Eq. (34),
not only the frequencies for absorpiton from E, to states of higher
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energy than E,, will occur but also the frequencies of emission cor-
responding to transition from E, to states E; with less energy than E,.
By virtue of formulas (35) and (33), the coefficients f;, for emission
will be negative, while those for absorption are positive.

This peculiarity cannot occur in the classical formula (32), since
the frequencies of absorption and emission are identical there.
Classically, the frequencies were assumed to be independent of the
initidl energy E, of the atom.

Finally, the coefficients f, are directly proportional to g,
Thus, the only frequencies w;, which are effective in Kramers’ formula
are those which are actually found in the spectrum of the atom.
There are forbidden transitions 7 -» & (noncombining levels), for which
the corresponding amplitude is always zero. These transitions also
will contribnte no terms to the dispersion formula (34).

Thus, the Kramers' formula makes it possible to apply the classical
results with practically no changes. The frequencies which are
observed are those given by the energy differences (33). The fre-
quencies of the electrons in their orbits (as in the old model of Bohr)
are never observed.

Beside the coherent radiation which has the same frequency as
the mncident wave, the atoms can emit an incoherent radiation, or can
even be ionized and emit secondary electrons. The incoherent radia-
tion has a different frequency than the incident wave. If » is the
incident frequency and »;, one of the characteristic frequencies of the
atom, then the emitted radiation will have frequencies » + »,. This
change of frequeuncy is typical of the phenomena predicted by the
theory of Kramers, Heisenberg, and Smekal, and discovered exper-
imentally by the noted Indian physicist Raman. Furthermore, if
there is much absorption, i.e., if the frequency » is near one of the
characteristic frequencies », of the atom, then a certain number of \;
requencies v ,, of the atom can be emitted. These result from the
fact that if the atom is initially in the state E,. then by absorbing a
quantum of energy it andergoes a transition to a higher state £, andf
i returning to the normal state E,, it can emit different frequencies.
If the frequency v is very high, then it may even ionize the atom,.
ejecting one or more electrons (photoelectric effect). Finally, for very
small wavelengths (x- or y-rays), the Compton effect can also occur.i
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These several effects are mentioned here only for the purpose of
putting Kramers' dispersion formula into the correct context, and to
show how it can be distinguished from the other optical effects.

8. The Relation Between the Problem Treated and the Analogous
Technical Problems

It is believed that the previous discussion contains the essential
facts on the subject of the propagation of waves in material media.
The existence of dispersion and characteristic frequencies of the
medium introduces, as has been shown, some serious complications,
and leads to very delicate mathematical problems.

A large number of researchers have attacked these problems in
the last few years, because the problem treated here is closely
connected to very important technical problems. First of all, there
are the problems posed by the propagation of radio waves in the
Heaviside layer, and by the reflections of those radio waves which
can be observed. The Heaviside layer is assumed to be situated in
the upper atmosphere and to consist of ions and free electrons. These
free charges result in a medium with a characteristic frequency wy = 0,
and the propagation of radio waves in this medium is very similar
to the problem treated here.

If the damping constant p is neglected (it is very small for free
charges), then the curves of Fig. 4 will look like the ones in Fig. 7.
The coefficient

a = V4aN{em)

is directly related to the number N of free electrons per cubic cen-
timeter. Waves with frequencies w less than a cannot propagate; .
they are absorbed. Tor o = a, the phase velocity W is infinite and
the group velocity is zero, so that the oscillatory energy remains
stationary, i.e., is not propagated. As the frequency w increases, the
waves are propagated with a still small group velocity, which gradually
increases.

A complete theory must include the effect of damping; this can be
done by inserting a suitable damping factor p. Then, a velocity of
energytransp(ﬁ‘t U, will be obtained (shown as the dotted curve in the
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right part oi Fig. 7). This velocity has very small values {¢/U,
is very large). in the regian between 0 and 4. This qualitative resuit
can easily be obtained also by examining the curves of Fig. 5.
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The velocity U, and the signal velocity S coincide with the group
velocity U for those frequencies w far from a. In the region between 0
and a there will be a curve similar to that in Fig. 5. However, as has
already been stated, the definition of a signal velocity is very difficult
in the absorption region. It seems that the velocity S given in Fig. 6
is actually toc high, and that the curve for U, represents a more
reasonable estimate. Thus, for the very low frequencies (w < a),
the signal velocity will be very small, but not zero.

The evaluation of the signal velocity has been discussed thoroughly
by Baerwald, who uses a method of integration in the complex plane
which is more exact than the one used previously by the author.
The result is a curve for ¢/S which has a very sharp maximum in
each absorption region. This curve for ¢/S is very close to the curve
¢/U, shown in Fig. 5. One of the curves calculated by Baerwald is
given here. In Fig. 8, the curve for ¢/S evaluated by the method
used by the author is shown (lower curve, clearly, a lower limit) and
also the asymptotic curve of Baerwald® upper curve, upper limit).

4 For the units used and a detailed discussion, refer to the paper by H. Baerwald,
Ann. Physik 7, 731 (1930).
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Depending on the sensitivity of the detector nsed, any value between
these curves could be found.
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Fic. 8. Brillouin's curve {lower limit} and asymptotic curve (upper limit) for the
inverse of the signal wvelocity in a region of selective absorption,

Very similar problems are also encountersd in the propagation
of telephonic or telegraphic signals. Loaded transmission lines, [ilters,
and lines produce prcblems of the same type which are of vary great
practical interest. The existence of substantial forerunners is 2 scurce
of great annoyance for transmissions. They result in & repetitivn of
the signal (artificial echo} which is often intolerable in practice. All
these problems are treated by the general methods outlined here
Their connection with the subject matter covered in this chapter is
mentioned, even though no discussion of these problems will be given.
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CHAPTER VI

WAVES IMN WAVE GUIDES AND OTHER EXAMPLES

1. Guided Waves

Guided waves provide an excellent example for the distinctions
between phase, group, signal, or energy velocities which we shall discuss
in the present chapter. The electromagnetic theory of these waves
was discussed extensively by Sommerfeld,! who showed how the
phase velocity always exceeds the velocity of light in vacuum c;
actual wave propagation occurs, for each mode, on frequencies above
the cut-off frequency for which the phase velocity is infinite. The
point we want to emphasize is the fact that all other velocities
(especially the group velocity) are below the velocity of light. We shall
use a very simple discussion, which applies particularly well for
rectangular wave guides, and provides a clear physical explanation
of these properties.?

2. Acoustic Waves

The problem of sound vibrations in hollow pipes was studied
theoretically many years before the corresponding electromagnetic
problem, notably by Lord Rayleigh? in 1897. Probably because of
experimental difficulties, the importance of his results was not
appreciated at the time. They were not experimentally verified until
much later, after accurate methods and appropriate equipment for
wave generation and detection (loudspeakers and microphones) had
become available.

1 A. Sommerfeld, ‘“Electrodynamics,” Sections 22-25, especially pp. 193-197.
Academic Press, New York, 1952.

i 1. Brillouin, Rev. gén. elec. 40, 227 (1936), quoted in reference 1.

3 Lord Rayleigh, “Theory of Sound,” Vol. 2. 1897.

139
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As in other ways, Lord Rayleigh was much ahead of his time.
Interest in ultrahigh frequencies revived an interest in acoustic waves,
and the earlier experimental studies were repeated in refined form,
allowing for the observation of all the higher modes** of waves
predicted by Lord Rayleigh.

For a sound wave in air, it can be shown that the velocity potential
/ satisfies the wave equation

2
(1) Af — -C-l-é ‘g‘fi ~0
where C is the natural velocity of sound in free air, 4 is the Laplacian
operator

9T 9z @2
A::szé"§?+3}_2+§}?

and the displacement velocity of the
air particles is given by

V =-grad f
that is, —2
. Fic. 1.
’(,x g —a—'{ s ‘v} == -é{ , vl =z -—a»l(- .
ox oy 0z

Consider now a wave travelling in the z direction down a cylindrical
tube or pipe (Fig. 1) and try for & solution of the form

(3) f(x;y,z,t) == ¢(x,y) ei(ml—-kz)

the exponential factor giving the propagation in the z direction, and ¢
giving the transverse variation of amplitude.

The velocity in the pipe is the phase velocity w/k = W, and the
wave length in the pipe is .1 — 2n/k.

Substitution of this form ¢f solution into the differential equation
gives us an equation for ¢:

0% 0% w? ) o

(4 Tt (s m)e =0 = de 1 Ky

4 1 K. Hartig and C. E. Swanson, Phys. Rev. 84, 618 (1938).
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with

2
K2 ch"ﬁ — ke

The solution of this equation will be given by certain functions of

x and y which involve K. If the walls of the tube are rigid, there can
be no velocity perpendicular to the wall, that is

(M Vy == ~—a~f~ ==

on

where # is a normal to the side wall of the tube, or

i
=0
on

This cannot be true for any solution of Eq. (4), but may be possible
for the proper values of K. We {ind (as will be clearer when we consider
a little later the paiticular case of a rectangular pipe) that these
values of K form a double infinity which we call the charecteristic .
or proper values K, and the corresponding selutions éix,v, K ) are
the proper funcrions ¢, .

For a drum or membrane, we have an equation of the same type,
where ¢ is then the displacement itself, and where K is a multiple
of w, the proper values thus giving directly those {requencies at which
the membrane can vibrate and still sa*isfy the boundary conditions.

In our case, w is not given directly, and does not form 2 discrete
set. It is only limited by the condition thut K be e of the K :

»9 w? \
(6) — ((.?.é, — kz}

= I

according to Lg. (4), or
(02 — Cz(;‘;?. _1;” }" ﬁ.“ﬂ}

so that for a given mode of vibration (n,m), there is a lowest possible
frequency, the critical frequency {(k == 0, v A = o0):

~
{7) Weriy == e Anm =5 Wi
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The (n,m) mode ¢, ‘¥~ * is damped out for all frequencies below
this value. Hence the tube acts as a high pass filter. Note that the
sound velocity in the pipe is greater than its velocity C in free air.

w K \?
(%) =5 = C(l + 7?2-)
or,
C\? Wrpm |2 _
@ () + (%) =

which resuolt is shown in Figs. 2, 3, and 4.
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{he group velocity U is given by

dw

L:E’E

and since
2
w? =k ? 4 Wym

w¢ have
wdw = kRC2dk

andd

»

RC?

w

£
\

U =

—
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or
(10) UW = C?
so that
W>C, U<C

It is easy to show that for frequencies below cut-off one obtains
attenuation instead of propagation along the pipe.

Ly

0 Wom

Fic. 4. Fic. &.

3. Rectangular Tube

In the case of the rectangular pipe (Fig. 5), the condition that
there be no velocity normal to the walls gives us the boundary
condition

o
=0 atxz=0 I,
o
5—3—"—-0 at y—~0, Lz

and the function ¢ must satisfy Eq. (4).
The possible functions ¢ are therefore

nw mm
(]_l) ¢nm—X”Ym~—-A”mCOS°EI—xCOST2‘y
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with

2 2 2
' ) rz) LAY
12 g (2) 4 (1) ] -

The resulting wave is

BT x cos 2% y giewt — ke

The elementary solution (mm) = 00) is

) ;oo _ ‘ﬁo() gifot — k)

Now let us see how the different modes vary in the cross section.
For the (0, 1) solution, the term cos (z/L,)y shows that there is a
node (f = 0) at ' '

T b 2

A ==

LY"%

or y = 4 L, And, similarly, the mode (10) has a node at x = } L.

) — .
/ £ ! o /
,y 153 ; -~ ﬁ -
s = il
z e 2t -
T (o0 (10} wy 2

FiG. 6.

More generally, the {#,m) mode exhibits » nodes in the x direction
and m nodes in the v direction as sketched in Fig. 6.

&

4. Physical Significance of Guided Waves

The waves 1n a pipe can propagate only a long certain modes of
vibration, and they exhibit a phase velocity W larger than the sound
velocity C in free space.
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The shape of the wave results from the reflecting boundaries of
the pipe. Let us consider a rectangular pipe open at one end (Fig. 7)
with a wave falling obliquely on its bottom surface.

FiGc. 7.

This structure will reflect the wave over and over again, so that
the velocity of sound along the new, zigzag path is still C, but the
velocity U at which the signal actually progresses down the pipe is
much slower, in fact we see that U = Csin#. And W is the phase
velocity of the interference patterns set up by the incident and
reflected waves. To see that this latter is the case, let us superpose
the two waves, as shown in Fig. 8.

interferences

A
2cosf

2ecstr

Fic. 8. An incident wave [ is falling upon a mirror A and reflected along R. Interfer-

ence fringes build up in the region where both waves | and R/ are superimpused.

A series of dark fringes, numbered 0,1,2,...10 are parallel to the mirror; between

these dark fringes the superposition results in new waves, with a wave length />4
/ and a velocity W > C.
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If the incident wave has its normal in the direction (0, -—£,, &),
the reflected wave must be in the direction (0, &,, &), so that the
sum of the two is

f= A —(—hy+ha] 4 Agilat— sy + k)
(13)
= 24 cos (kyy)eit — )

which is a system of fixed nodes parallel to the mirror, with amplitude
between nodes constituting a wave in the z direction. We see that f
automatically satisfies the condition that df/dy = 0 at the mirror
surface. We also have df/0y = 0 in the parallel planes R,y = mz, or

y =" (m =012.:.)
Ry

so that a second mirror could be placed at any one of these planes
without disturbing the motion.

A second mirror at y = (m + 1)n/k, yields our previous solution
(0, m). The physical picture shows that

U

. _Cc .
s/\ (14) E—»~W—»51n0

We now wish to show that
the group velocity U and the
velocity of transfer of energy
Fig. 9. U,, are equal. Let p be the

energy density and @ the flux
of energy per cm.? per sec. in the pipe, The velocity U,, is defined

by

616

e >

D = pU,,

If @, is the flux in the incident free wave, we have (Fig. 9) and
energy density p, = 4?2 in the incident wave

S, =2S5sin6
(15)
®,S, = &S
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Now, the energy density is measured by |f2|. Hence,
@, =[,2C = p,C = A*C

¢=FU,,,= 4A2(—;—U,,.)

since cos? R,y == §.

And so,
or
(1n Upw=Csin8=U
X
MO{:O‘)
T

M =0}

Fig. 10. An incident beam i {falls npon two mirrors M and M’ at right angles.
The lines 7; and 7, show the position of black fringes parallel to both mirrors

Now let us consider an incident wave not parallel to the yz plane,
so that there will also be reflection from a mirror in this plane. That
is, consider a wave with normals in any direction (%,%,,4;).

(18) fy == Aeiot—hx— by~ k)

This wiil be reflected from a mirror in the xz plane (Fig. 10) in the
direction (k,, —&,, £;), and we have, as wave of superposition,
remembering that df/dy == 0 at y = 0, as before:

(19) Jo = 24 cos kyy el —hx—Ra)

progressing now in the (k,, k,) direction instead of in the 2z direction.
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But this wave is in turn reflected on the yz plane x = 0, giving for
the wave of superposition, noting that df/dx = 0 at » = 0:

(20) f = 44 cos k x cos kyy et — k)
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Fig. 11. Distribution of positive and negative vibrations in the cross section of
a rectangular pipe (n == 5, m = 3).

or the (mm) solutions on proper choice of £, and %,: %, == nn/L, and
ks = m=n/L,. ¥ig 11 shows the distribution of vibrations in a cross-
section.

5. Electromagnetic Guided Waves

Results very similar to the preceding ones may be obtained for
electromagnetic waves propagating along a pipe. We shall consider
a metallic pipe and simplify the problem by assuming the metal’s
conductivity to be infinite. Within the pipe. electromagnetic waves
follow Maxwell’s equations. Let us call z a coordinate taken along
the pipe and x and y two cartesian coordinates in the cross-section.
We assume all fields to depend upon z and ¢ by an exponential

(21) gilot — kz)

which indicates propagation along the pipe.

We may discuss the solution to Maxwell’s equations for this
case in a way analogous to that in which we treated the acoustic case,
looking for propagation down the tube. We find that E, and H,

satisfy the equations
AE, + K, =0

ry

(22) A4H, + K®H, =0
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with the other components E,, E,, H,, H, expressed in terms of E,
and H,, respectively. The conditions at the boundary are E, = 0,
aH jon == 0.

Two important types of solution are the electric type (H, = 0,
E, # 0,1.e., transverse magnetic, or TM), and the magnetic type (E, = 0,
H, = 0, i.e., transverse electric, or TE).

As in the acoustic case, we find the relation synilar to Eqs. (6)
and Eq. (8):

(23) K* = aﬂ(-l— S )

and again '
UW = C?, W=, U<C

However, the (00) solution no longer exists.

For the H-waves, we have the same boundary condition, 0H /on = 0,
as’ in the acoustic case, and hence the same solution, which for a
rectangular pipe is:

wt -~ kz}

nx may
cos el
Ll L-’)

-

(24) H, = cos

For the E-wave, the boundary condition is E, = 0, and hence the
solution is, for a rectangular pipe,

. MAX ., mEY
(25) E, = sin ~j o sin T, giteot = ko

Figures 12 and 13 indicate the distribution of electric and magnetic
lines of forces in the cross-section for some typical waves: solid lines
correspond to electric lines of forces and dotted lines represent
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magnetic lines of forces. Figure 12 shows, on the left, a pipe of square
cross-section enclosing a wave E,;, while on the right there is a pipe
of circular cross-section in which the fields correspond to the so-
called E, solution. The similarity of the two waves is easily recognized.
Figure 13 shows two similar H,, solutions for a square or a circular pipe.

6. Some Other Typical Examples

There is hardly any problem of wave propagation where the
preceding definitions would not play an important role. Group,
signal, and energy velocities have always to be defined, in addition
to the usual phase velocity. A variety of such examples was given
in another book by the author.’ The one-dimensional problem is
first discussed for a variety of discrete structures, and the definition
of group, signal, and energy velocities is given in Chapter V, where
it is also proven that the energy velocity is directly related to the
“characteristic impedance’” of the system. Chapter VI discusses
problems in two dimensions, and Chapter VII deals with three-
dimensional structures and discusses the zone structure. The general
results obtained for mechanical vibrations and waves can easily be
extended to any kind of waves propagating in periodic structures.
Electronic $-waves in a crystal lattice have exactly similar properties,
and the zone structure is of great importance {or them. Group velocity
for the y-waves corresponds directly to electron-particle-velocity,
and this correspondence explains all the peculiar properties of electrons
in metals or in semiconductors. The whole theory of electrons in
semiconductors developed by Shockley is based entirely on the
author’s results, as can be easily seen in Shockley’s book.

:‘Not only in crystalline structures, but for all problems of wave-
mechanics, it was proven by Schrédinger that the group velocity
of the wave represented the particle velocity of the electrons. This
relation is one of the most important applications of the notion of
group velocity.

§ L. Brillouin, ‘“Wave Propagation in Periodic Structures.” First edition, McGraw-
Hill, New York, 1948; second edition, Dover, New York, 1953. French edition,
with M, Parodi as coauthor: ‘“‘Propagation des ondes dans les milieux périodiques.”
Masson, Paris, 1956.
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