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In the table data are given only for the components for which 
k1 > k2 because theory and experiment are in agreement con­
cerning the complete symmetry of the pattern around the 
undisplaced line. 

The table shows that either theory gives the main features of 
the pattern quite well although the fit in either case is not all 
that might be expected. 

In favor of the quantum mechanics, as against the corre­
spondence principle, estimates is that the former is a definite 
rule while the latter is not, and also that the former gives 
equality of the total intensities of the parallel and perpendicu­
larly polarized components of each line. It has also to be borne 
in mind that the calculations here are based on the use of the 
unperturbed wave functions. It is possible that the use of the 
perturbed forms (that is, to the first order of approximation) 
would improve the agreement. But such calculations would be 
extremely laborious. On the other hand, the experimental 
difficulties in the measurement of the intensities are numerous, 
so that the data may not be very accurate in some cases. 

Since the above was written, Foster and Chalk have published (Proc. 
Roy. Soc. A123, 108 (1929)) an account of their accurate measurements of 
relative intensities of the different Stark effect components. The results 
bhow excellent agreement with the theoretical predictions of quantum 
mechanics. Pauling and Goudsmit in their Sec. 20a, show graphically this 
agreement. 

The point is sometimes made in favor of quantum mechanics 
that on the old theory it was necessary to exclude, arbitrarily, 
the orbits corresponding to zero for the quantum number in the 
q; coordinate, whereas in the wave theory this is not necessary. 
But such an exclusion was really no different nor more arbitrary 
than the one which made the lowest allowed value of the total 
angular momentum be one instead of zero, to avoid collision 
between the electron and the nucleus. 

44. Simple Zeeman Effect: Larmor Theorem.-By the 
Zeeman effect is understood the action of a magnetic field in 
splitting spectral lines into several components. This pheno­
menon has been much investigated since its discovery by P. 
Zeeman in the closing years of the nineteenth century. A 
theoretical explanation of some special instances of the effect by 
Lorentz, in terms of the then new electron theory, was so success-
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From this expression compute the group velocity, using the ideas of Sec. 5, 
and show that this group velocity is exactly equal to the classical velocity of 
orbital precession according to the Larmor theorem, i.e., to eH /2µc. 

2. Obtain the results for the simple Zeeman effect by ignoring the fact 
that cp remains separable even in the pre.9ence of the magnetic field, and 
applying the perturbation theory to the problem. 

It is instructive to apply the formulas of Sec. 10 to the cal­
culation of the current density associated with the motion of the 
particle in a magnetic field. In making the calculation it will 
be supposed that the factor F(r, z) is wholly real. 

The current expression, 

e[h- - 1 J i = 2µ 21r/V1 grad VI - VI grad VI) - cAp , 

gives 

i = !!:. F2(r, z)[mh ! - eHr],. 
µ 21r r 2c 

The first part of this expression can be interpreted as the current 
arising from the orbital motion of the particle. Classically, the 
integral of angular momentum tells that the velocity at any 
point from the axis is inversely proportional to the distance from 
the axis, and it is here found that that is the way in which this 
term varies with r, except for the factor F 2(r, z) which tells the 
distribution in space of the motion. The second term, on the 
other hand, corresponds to the current arising from the classical 
Larmor precession of the classical motion. It is clear that this 
term of the current distribution is exactly that which would arise 
from the rotation of the charge density distribution F 2(r, z), 

like a rigid body, with the angular velocity 
2
eH. 
µc 

The permanent current (i.e., the first part, that independent of 
H) is accompanied by a magnetic moment in the direction of 
the magnetic field, the magnitude of which is 

eh 
m·--· 

41rµc 

This expression as was seen in Sec. 32 agrees exactly with that of 
the old quantum theory in giving integral multiples of the Bohr 
magneton. 

Computing similarly the magnetic moment arising from the 
induced currents represented by the Larmor precession, one 
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finds this to be dependent on the characteristic function F(r, z) 
according to the formula, 

4
e

2

~ f "'F2(r, z)r2rdrdz. 
µc Jo 

Problem 

3. Observe that the integral in this formula can be interpreted as the 
quantum mechanical analogue of the mean square distance of the moving 
charge from the axis of coordinates, and thus that the formula is the com­
plete analogue of the classical one for the induced magnetic moment which 
lies at the basis of the Langevin electronic theory of diamagnetism. 

These results for the amount of the permanent magnetic 
moment and the induced magnetic moment find their application 
in the theory of the para- and diamagnetic properties of gases. 

45. Normal State of Helium.-The problem of the helium 
atom requires the solution of the wave equation for two electrons 
under the influence of a nucleus and subject to their mutual 
repulsion. In the usual notation this becomes 

t.11{; + t.21{; + 811":µ(w + Ze
2 + Ze

2 

- ~)YI = 0. (45.1) 
h · T1 T2 T12 

For helium Z = 2 but it is well to leave the problem general in 
order that the equation may be used for the stripped atoms, 
Li II, Be III, B IV etc. This equation has not been solved by 
finite methods. No transformation of coordinates is known 
which separates the variables and it is, therefore, necessary 
to discuss the equation in substantially the form given. 

The difficulty has its origin in the potential energy term e2 / r 12 

which represents the interaction of the two electrons. If it were 
absent neither electron would be affected by the presence of the 
other and so each would behave in a hydrogen-like way in its 
relation to the nucleus. It is, therefore, natural to attempt to 
get some information from the equation by regarding this term 
in the potential energy function as a perturbation, since the 
problem is rigorously solved in case this term is absent. The 
physical problem thus presented is, of course, a purely fictitious 
one. We suppose that the perturbation term e2 /r12 is multiplied 
by & parameter a. The equation with a = 0 is that for a 
fictitious helium atom in which the electrons do not repel each 
other. The true helium atom is given by the value a = 1. 
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One then attempts to apply the perturbation theory to get from 
a = 0 to a = 1. What can be done in this way by a direct 
application of the Schrodinger method is severely limited by the 
fact that e2 

/ r12 is not small in its effects. The first order term 
of the theory, therefore, cannot be expected to be accurate and 
it has not hitherto been feasible to carry this method to the higher 
approximations. 

If a = 0, as already mentioned, each electron will have a 
hydrogen-like relation to the nucleus. This suggests that it 
will be advantageous to use the same change of units for Wand 
for lengths as was used in equation (19.2a) for hydrogen, 

21r2µ.e4z2 h2 , 
w = h2 E; x = 81r2µe2zX' etc. 

The wave equation then becomes, 

(45.2a) 

where the primes on coordinates will be dropped, as, from now 
on, the lengths are all measured in the new units. This trans­
formation briµgs out clearly the fact that the nuclear repulsion 
becomes relatively less important in the total value of the energy 
as one goes to larger values of Z. The appearance of a new letter 
in the equations can be avoided by regarding 1/Z as the perturba­
tion parameter. 

In proceeding now to the discussion of the normal state, the 
usual interpretation of this as being a state in which both elec­
trons move in an orbit which has the hydrogen-like quantum 
numbers, n = 1, l = 0, m = 0, is retained. For I/Z = 0 the 
unperturbed y; function of the problem is, therefore, 

(45.2b) 

where V110o(r) is the normalized function for the normal state of 
hydrogen. The first order perturbation E1 is, therefore, given by 

E 1 = J_!_l/;210o(r1) · i/;210o(r2)dx1dy1dz1dx2dy2dz2 
r12 

the integration extending from - oo to + oo for each of the six 
variables. The value of the integral turns out to be 

E1 = {, 
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where the integration is over the volume element of the configura­
tion space and which renders the integral 

(43.4) 

a mm1mum. Born has shown that the value of this integral is 
that of the energy of the normal state so that the expression is 
the analogue of the representation of the energy of the electro­
magnetic field as a volume integral of the energy density through­
out the field. 

This affords another means of finding the energy levels in that 
one seeks directly to find a function which will minimize the 
integral. A method of doing this was developed by Ritz, in 
1908, and used by him to develop the theory of the natural 
oscillations of a square plate, a problem in elasticity theory 
whose differential equation has not been solved. The method 
has been applied to the helium problem by Kellner and by 
Hylleraas, whose results will now be presented. 1 The details 
of the method must be omitted. 

The general idea is simple enough. A guess is made con­
cerning the general type of i/; function which will minimize 
the integral and which is a form containing several adjustable 
parameters. Substituting such a trial form in the integral to be 
minimized, one finds an expression for the integral which depends 
on the parameters occurring in the trial form for l/;. It is then 
an ordinary calculus problem to choose the values of the para­
meters such that they make the integral a minimum. This 
gives the minimum of the integral from among all the family of 
functions represented in the trial form. If the trial form hap­
pened to contain among itself that one of all normalized functions 
which was the true minimizing function then the problem is 
solved at this step. But as this will not be apt to be the case, the 
next step is to add another function with another parameter 
to the trial function and seek the value of this parameter which 
makes the integral a minimum. The calculations involved 
become quite laborious in a complicated case like that of the 
normal state of helium. 

From this sketch one sees that a good deal depends on how 
wisely one chooses the trial function. If bad guesses are made 

1 RITZ, Jour. fiir Math., 135, 1 (1908), KELLNER, Zeits. fur Phys., 44, 91 
(1927), HYLLERAAs, Zeits. fiir Phys., 48, 469 (1928). 
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the trial form will differ greatly from the true VI and will give a 
bad value of the energy. It is in regard to the choice of the trial 
functions and also the number of adjustable parameters employed 
that the work of Kellner and of Hylleraas differs. Kellner 
carries the calculations through four successive approximations 
and finds the following values: 

Degree of approximation . . . . . . . . . . . . . . I II III IV 
Ionization potential (volts) ..... ; ...... 22. 904 23. 226 23. 255 23. 750 
Errorpercenton24.5volts ........... 6.5 5.3 4.9 2.9 

Hylleraas uses somewhat different trial functions and carries 
out eleven successive approximations. The values he obtains 
are 

Degree of approximation. I II III IV V VI 
Ionization potential (R = 

1) .................... 1.500 1.6888 1.7444 1.7552 1.7558 1.7560 
Error per cent (on 1.8070) 17 6 .5 3 .46 2 .87 2 .84 2 .82 

Degree of approximation. . . . . . . . . . VII VIII IX X XI 
Ionization potential (R = 1) ...... 1. 7568 1. 7920 1. 7944 1. 7960 1. 7984 
Error per cent ................... 2.78 0.83 0.70 0.61 0.48 

One observes that the final value agrees within ! per cent with 
the observed value for which Hylleraas uses Lyman's 198,298 
cm-1 together with the value 109,737 cm-1 for the Rydberg 
constant. The workings of the method are indicated by the 
fact that the convergence toward the true value is very slow 
through IV, V, VI, and VII. With VIII, a different class of 
trial function was introduced allowing for a dependence of the 
VI function on the cosine of the angle between the radius vectors 
of the two electrons. This speeded up the convergence 
considerably. 

Still another method of approximate calculation of the normal 
state has been developed by Slater with a resulting theoretical 
value for the ionization potential which is not quite so close to 
the experimental as are the higher approximations of Hylleraas. 1 

It therefore. appears probable that this lowest characteristic 
value of Schrodinger's equation really represents the experi­
mental value accurately. 

1 SLATER, Proc. Nat. Acad. Sci., 13, 423 (1927); Phys. Rev., 32, 349 (1928.) 
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DEGENERATE SYSTEMS 

. A mechanical system is said to be degenerate if there are 
several distinct wave functions corresponding to the same 
energy level. It is better to speak of a particular level as 
degenerate or non-degenerate, for there are mechanical systems 
in which some states are degenerate and others are not. One of 
the most important examples of a degenerate system is furnished 
by the whole class of central-force problems. It will be recalled 
that in these the energy level is independent of the quantum 
number m. If l = 0 there is only one possible value of m, namely, 
m = 0, and so such a state is not degenerate. But, in general, 
the number of values of m associated with a particular value of l 
is 2l + 1 so the states for which l is not zero are degenerate. 

All central-force field problems are therefore degenerate in 
this way, corresponding to the obvious physical fact that the 
energy of a state must be independent of its orientation in space. 
The Coulomb law of central force gives rise to still another kind 
of degeneracy, however, in that the energy levels are also inde­
pendent of the quantum number l, whereas for other laws than 
the Coulomb law the energy depends on las well as n. 

In quantum mechanics an important case of degeneracy is that 
known as equivalence degeneracy and which arises whenever a 
mechanical system has two or more dynamically equivalent 
parts. For example, one may consider two hydrogen atoms 
situated at a great distance apart in space so that their interaction 
can pe neglected. If the two atoms are regarded, in thought, as 
making up one mechanical system, then it is evident that energy 
levels of the combined system are simply the sums of any pair of 
levels for the two atoms. A level which corresponds to the first 
atom being in state a, and the second in state b, has the same 
energy, however, as that in which the first atom is in state b and 
the second in state a. This comes about because the two sepa­
rate parts of which the complete system s composed are exactly 
alike and so have the same set of energy levels. Such states 
are therefore doubly degenerate since there are two different 
wave functions corresponding to the same energy level. This 
type of degeneracy is evidently of great importance for atomic 
physics since our standpoint is that all atoms are built of two 
kinds of dynamically equivalent units, protons and electrons. 

We now consider the necessary extensions of the perturbation 
theory to cover the case of degenerate systems together with 
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their application to the influence of equivalence degeneracy on 
the spectra of atoms having more than one electron. 

46. Perturbation Theory.-In the perturbation theory as 
developed in Sec. 40 it was necessary to exclude the case in which 
there were several different characteristic functions associated 
w~th the same energy level, i.e., the case of degenerate systems. 
In determining 1/;i(n, x) in Sec. 40 it was assumed that 1/;i(n, x) 
could be expanded in a series of the functions i/;o(m, x) and 
equation (40.51) was found for the coefficients, 

A 1nm[Wo(n, ao) - Wo(m, ao)] = JV1i/;o(n, x, ao)i/;o(m, x, ao)dx. 

If now Wo(m, ao) and Wo(n, ao) are equal, i.e., if m and n are the 
quantum designations of two states belonging to the same 
degenerate energy level, then the equation gives infinity for A \m 
if the right-hand side is not equal to zero, or an indeterminate 
ratio if it is equal to zero. The present problem is that of 
considering this situation more closely in order to find the correct 
way of applying the perturbation theory to degenerate systems. 
An infinite value of an A 1nm violates the basic assumption that as 
(a - ao) tends to zero the function i/;(n, a, x) tends continuously 
to i/;(n, ao, x). 

A clue to the solution of this problem is furnished by consider­
ing the special case of the central-force field problems. Any 
central-force problem has complete spherical symmetry in its 
Hamiltonian function. The spherical polar coordinates with 
which we usually handle such a problem artificially introduce a 
preferred direction in space into the problem. The different 
wave functions corresponding to the degeneracy in m differ in 
their relation to this artificially introduced spacial direction. 
But this particular direction in space can have no special sig­
nificance for the problem; one might have used coordinates 
havi:r:ig a different polar axis, with equal correctness. This 
shows that there is no absolute significance to the wave functions 
in regard to a particular polar coordinate system, so long as the 
problem has complete spherical symmetry. From the properties 
of spherical harmonics it is known that any harmonic in regard 
to one coordinate system, 82, cp2, can be expressed as a linear 
combination of the harmonics of the same order referred to 
another coordi,nate system 81,cp1, that is, 

+z 
. Pzm(82) · eim'(J2 = ~A ieii'P1Pli(81). 

i= _l 
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Here the Ai are constants whose values depend on the angle 
between the polar axes of the two coordinate systems. Inas­
much as one polar axis is as good as another, this suggests that 
the wave functions for a degenerate state are somewhat inde­
terminate. It appears that any set of orthogonal functions 
associated with the degenerate level may be used, rather than 
just the particular one that appears when the problem is solved 
in a particular coordinate system. 

If now a perturbation acts which does not itself possess central 
symmetry, it seems natural to suppose that the indeterminateness 
associated with the central symmetry will be in part removed. 
For now there is a preferred direction in space, determined by 
the perturbation, and the perturbed wave functions will have a 
definite situation in space relative to this preferred direction. 
As the strength of the perturbation tends to zero, the wave 
functions will approach some definite form of the degenerate 
wave functions. Clearly, this definite limiting form might not be 
one of the forms which is being used as a basic solution, t/;o(n, ao, x), 
of the unperturbed problem. Instead, it may be some linear com­
bination of the l/;o(n, ao, x) involving all the different values of n 
associated with the same degenerate energy level. 

The necessary generalization of the theory is obtained by 
supposing that the limiting torm of y;(n, a, x) as a~ ao, is not 
one of the particular forms i/;0 (n, a 0 , x) but is some linear com­
bination of all of the forms associated with the degenerate energy 
level. It is convenient to choose the parameter a in such a 
way that a = 0 corresponds to the unperturbed problem and, 
further, to express the degeneracy of the problem by writing the 
unperturbed wave functions and characteristic values as 

i/lo(n, m, x) and Wo(n). 

That is, the quantum numbers fall into two groups, one symbol­
ized by n, on which the unperturbed energy levels depend, and 
the other symbolized by m, of which the values of the unperturbed 
energies are independent. The wave equation to be solved is 

81r2µ 
ill/;+ h2(W - V - aV1)i/; = 0. 

As in Sec. 40, development in powers of a is assumed 

i/;(n, p, x) = i/;0(n, p, x) + ai/;1(n, p, x) + · 
W(n, p) = Wo(n) + aW1(n, p) + · · · 



APPROXIMATE METHODS 139 

This development is more general than the corresponding one 
for non-degenerate systems in it is supposed that the limiting 
form, l/;0(n, p, x) is a linear transformation of the initially given 
i/lo(n, m, x), 

i/;0 (n, P, x) = Icpm'ro(n, m, x) ( 46.1) 
m 

where the C pm are to be determined. Substituting these forms 
in the wave equation, 

D,:i/;0 + s~:µ[Wo(n) - V]i/; 0 = 0 

81r2µ 81r2µ 
~l/;1 + 7[Wo(n) - V]i/;1 = h2(V1 - W1)it,0• 

The first of these is satisfied, since it,0 is a linear combination of 
the solutions of the unperturbed equation. To solve the second, 
it is assumed that i/;i can be developed in terms of the unperturbed 
i/lo(n, m, x), 

l/;1(n, p, x) = IA npn'm'Vlo(n', m', x). 
n'm' 

Substituting this assumption in the equation to be satisfied by 
l/;1, the result is 

IAnpn'm'[Wo(n) - Wo(n')]i/;o(n'm'x) = (V1 - W1)f0• 

n'm' 

This equation can now be multiplied through by l/;o(n', m', x) 
and integrated over the whole range of all the coordinates. 
Because of the normal and orthogonal property of the i/lo(n'm'x), 
this gives for all n' and m', 

Anpn'm'[Wo(n) - Wo(n')] = 
J(V1 - W1)i/; 0 (n, p, x) ·i/;o(n'm'x)dx. (46.2a) 

A set of equations for the Cpm and W1 is now found by consider­
ing from all of these, the ones for which n' = n. These become 

f (Vi - W1)i/;0 (n, p, x)i/;o(n, m', x)dx = 0 (for all m') 

and can be written in the form 

Icwm'm - Omm 1 W1)Cpm = 0 m' = 1, 2 ... ' (46.2b) 
m 

where 
W m"m = fV1i/;o(n, m', x)i/;o(n, m, x)dx. 
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They are thus a set of linear homogeneous 'equations for the 
unknown quantities, Cp1Cp2Cp3 • • • The condition that such a 
set of equations have a solution which does not vanish identically 
is that the determinant of the coefficients vanish. Equating the 
determinant to zero, therefore, an equation for W 1 in terms of the 
known quantities W m'n' is found, 

Wu - W1 W12 
W21 lV22 - W1 
W31 · · · · 

= 0. (46.2c) 

The order of this determinant is the same as the order of 
degeneracy of the nth state and, therefore, the equation for W 1 

may have as many roots as the order of degeneracy of the state 
in question. An algebraic equation of this type is known as a 
secular equation, and appears in classical mechanics in the theory 
of normal coordinates of vibrating systems. It is known that the 
roots are necessarily real if W mm' = W m'm and, as this is the 
case here, one is assured that values of W cannot come out 
complex. There is, however, the possibility that several of the 
roots may be equal. Physically, this means that the degeneracy 
of the state is not completely removed by the perturbation. 

The allowed values of W 1, having been determined from this 
equation, may be numbered as W1(n, I), W2(n, 2) · · · To each 
of them corresponds a solution of the equations for the ratios of 
the G's. A set of G's is obtained corresponding to a limiting form 
for VI associated with each of the perturbed energy levels. An 
important property of the C's is that they give rise to an orthog­
onal transformation: from the original orthogonality of the 
functions Vlo(n, m, x) for different m, may concluded the 
orthogonality of the Vl 0 (n, p, x) for different p. Since the· equa­
tions determine only the ratios of the G's, a factor is left free by 
means of which the Vl 0 (n, p, x) may be normalized. 

With the several values of W1(n, p) and the Vl 0 (n, p, x) already 
determined, the question of determining the V11(n, p, x) may be next 
considered. The equations for the A:rm' serve to determine 
all of these quantities except for n' = n, which have already been 
used to find W 1 and the G's; and which leave the A:~ indeter­
minate. As in the simpler case of non-degenerate systems these 
are fixed by the requirement that the perturbed VI be normalized. 
It can be easily seen that this requires that all of the A:~ vanish. 
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of its states; it is simply that the wave functions, found on 
solving the problem in parabolic coordinates, are themselves the 
limiting forms of the perturbed wave functions as the electric 
field tends to zero. The verification of this statement consists 
in showing that the W mm' really do vanish form ¢ m' when the 
parabolic coordinate forms for l/;o(n, m, x) are used and the 
perturbation is due to a uniform electric field. This will be left 
as an exercise for the reader. 

When the same problem is treated in spherical polar coordi­
nates, however, the wave functions so found are not the limiting 
forms and the methods of the preceding section are really 
operative. The detailed calculation of the problem is given 
by Schrodinger and will not be reproduced here as it is somewhat 
lengthy. The hydrogen energy level whose principal quantum 
number in n has n 2 different wave functions, so that the equation 
for W 1 is of n 2 degree when dealing with perturbation of a state 
of principal quantum number n. Although a great many of 
the W mm' vanish, the equation for W 1 is, nevertheless, quite 
complicated. Since the correct solution is known, from the 
discussion for parabolic coordinates, it is possible to verify that 
the known values of W 1 satisfy the equation for W 1 and thus 
avoid the discussion of the equation. 

It will be observed that the electric-field perturbation of the 
hydrogen atom does not fully remove the degeneracy. The 
energy levels of a non-degenerate problem of three degrees of 
freedom depend on all three of the quantum numbers which 
specify the wave functions. But the hydrogen energy levels 
when perturbed by an electric field remain independent of the 
quantum number associated with the angle cp. The degeneracy 
can be completely removed by supposing the atom to be acted 
on by parallel electric and magnetic fields. If this problem is 
handled with parabolic coordinates, it will be found that the 
magnetic action will work out as in Sec. 44, while leaving the 
other equations unaltered. In this case, therefore, the Stark 
and Zeeman effects are simply additive. The case in which 
combined electric and magnetic fields act on the hydrogen atom 
obliquely to one another has not been published, except for a 
determination of the energy levels by matrix methods. 

In case a charged particle moves in a field of central force 
which deviates appreciably from the Coulomb law, the energy 
levels will depend on l as well as n. The application of a per-
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turbing uniform electric field to such a system thus is not 
influenced by a degeneracy in l and so is somewhat different from 
the Stark effect of hydrogen. Such a problem is not separable 
in parabolic coordinates and so must be handled in spherical 
coordinates. The only degeneracy is that in m, the quantum 
number associated with cp, which is not removed by the electric 
field, since the value of the perturbing potential is independent 
of cp. The alteration of the energy levels will therefore be 

dependent on Jo" cos 8[P1m(IJ)]2 sin 8d8 which vanishes, as the 

integrand is odd in cos x. This gives at once the important 
result that the first-order Stark effect for non-Coulomb central­
force problems is zero. 

This result was also found on classical mechanics where it had a 
simple interpretation. For non-Coulomb forces the orbits precess 
rapidly, that is, the line of apsides turns rapidly. This has, as a 
consequence, the result that the moving particle is as much (to 
the first order) on one side of the center of force as another, so its 
average energy in the perturbing field vanishes. In the Coulomb 
field, the orbits do not precess and so it is possible for them to 
take up various positions relative to the electric field in which 
the average perturbing energy is not zero. 

48. Two-electron Atoms.-The simplest example of the phe­
nomenon of equivalence degeneracy in atomic spectra presents 
itself in the spectrum of helium-like atoms. For the normal state, 
considered in Sec. 46, this does not come into play. In this section 
the method of applying perturbation theory to the calculation of 
the excited states is considered. 1 

With the same choice of units as in Sec. 45 equation (45.2a) 
for two electrons in a Coulomb field of a nuclear charge - Ze and 
interacting with a Coulomb repulsion is 

This shows that for Z large the repulsion of the electrons is small 
compared to the interaction of each of them with the nucleus. 
We, therefore, choose 1/ Z as the parameter of the perturbation 
theory. 

1 HEISENBERG, Zeits fur Phys., 39, 499 (1926) first considered this prob­
lem. The account here follows more closely the work of Unsold. 
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For 1/Z = 0 the equation is separable 1nto two hydrogen-like 
equations and the solution for VI and W takes on the form, 

VI = V!H(nalama r181<P1) . VIH(nblbmb r282<P2) (48.1) 
E(na, nb) = E(na) + E(nb). 

It is observed that the energy levels are degenerate (in addition 
to the degeneracy of the Coulomb central-force problem) in that 
the energy of the state having the wave function, 

VIH(nalama r282<{)2) . VIH(nblbmb r181<P1)' 

is the same as the other form just written. Therefore, we have 
to follow the methods of Sec. 46 and suppose that the initial 
functions, Vlo are 

i/;0 (p) = Cp1V1n(nar1)V1n(nbr2) + Cp2V1H(nbr1)V1H(nar2) (48.2) 

as in equation (46.1) where p takes on the two values 1 and 2. 
In this equation Vl 0(p) ought, logically, to be written as 

t/; 0(nanbla lb ma mb p T181({)1T282({)2), 

but probably no confusion will arise from the omission of a few 
of the subscripts. One has then to determine the C's and W1 

by the methods of Sec. 46. This leads to the following equations 
for the e's, 

(E11 - E1)Cp1 + E12Cp2 = 0} l 2 p = or , 
E21Cp1 + (E22 - E1)Cp2 = 0 

in which 

E 11 = J-i-VIH2(na, r1)t/lH2(nbr2)dV; E22 = J-i-t/ln2(nbr1)V1H 2(nar2) 
r 12 r 12 

dV (48.3) 

E12 = E21 = J4-V1n(nar1)V1H(nbr1)i/;y(nar2)V1H(nbr2)dV. 
r 12 

Because of the symmetry of the problem with regard to the two 
electrons, E 11 = E 22. Therefore, the two values of E1, found by 
equating the determinant of the coefficients to zero, are 

En + E12. 

Associated with the upper sign, the values of the C's are 

Cu = C12, 
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This will be 

------- e h lfo(l)e h + t/;o(2)e h . 

l 2'11"i(Wo + Wn)t[ 2'11"iW12t _ 2riW12tJ 
y'2 

Putting t = 0 and using the values just found for the C's it is 
found that this reduces to 

VI H ( nar1)i/; H ( nar2), 

as it should. .A!s time goes on, because of the difference in the 
time factor associated with l/;0 (1) and t/; 0(2), the two get out of 
phase, which means that there will be a certain probability that 
electron 1 will have gone over into state b and electron 2 into 
state a, that is, that an exchange of place has occurred. At 
precisely the time t = h/ 4 W 12, the two forms will be in opposite 
phase so that their sum represents the certainty that electron 1 
is in b and electron 2 is in a. After the same period of time the 
reverse exchange will have taken place with certainty, and 
electron 1 will again be in a and electron 2 will be in b, as at t = 0. 
The rate at which this exchange takes place is governed by the 
extent of the interaction. It is to be emphasized that such an 
exchange of place is not a quantum jump associated with radia­
tion. On the contrary, it is a consequence of the fact that there 
is no stationary state which corresponds to one electron's remain­
ing in one state and the other in another. If the period of the 
exchange is of the order of magnitude of time intervals of our 
direct experience (a second or more), then the "exchange" 
point of view of this paragraph is quite a helpful one. But in 
atoms like helium, the exchange frequency is of the same order 
as the frequencies involved in the emission of visible light. 
When the exchange is this rapid, it is of little value to hold in 
mind the picture of the electrons trading places. 

Returning to the question of the energy levels of helium-like 
atoms, it is seen that numerical values depend on the evaluation 
of the integrals for W 11 and W 12. The general evaluation of 
these has not been affected. The important ones for the inter­
pretation of spectra are those in which one state is the normal 
state (na = 1, la = 0, ma = 0). 

49. Empirics of the Helium-like Spectra.-Before considering 
further the quantum mechanical interpretation of the spectrum 
of helium-like atoms (He, Li+, Be++, B+++, C++++ etc.) it is 
of importance to present a brief statement of the facts to be 
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explained. 1 The spectrum of neutral helium has long been 
fully analyzed into term values. The terms are found to group 
themselves into series which can be designated as S, P, D, on the 
basis of the way they combine to give the observed lines. 

The remarkable feature of the spectrum consists in the fact 
that there are two series of each kind, i.e., the term values may 
be said to constitute two whole systems of terms, where by 
system is understood a set of series of S, P, D terms which com­
bine with each other. The two systems are distinct from each 
other in that spectral lines, corresponding to jumps between 
terms of two systems, are so improbable that for a long time 
they were believed not to occur at all. While such transitions 
have been observed, they are so weak that the two systems may 
be said to be non-combining. 

The two systems are further distinguished by their multiplicity. 
All of the terms of one of the systems are single, as are the S 
terms of both systems. But the terms of the other system are 
quite obviously double, so that the earlier analyses report helium 
as having a system of doublet and a system of singlet terms. 
Later work with high resolving power has shown that the doublet 
terms are in reality triplets, one of the components of the appar­
ent doublet being itself a very close doublet. The singlet system 
of terms is known as "par-helium" and the triplet system as 
"ortho-helium." 

Each series of terms can be represented by a formula of the 
Rydberg-Ritz type, 

R 
(49.1) 

v = ( 0 )2 ' 
n + o1 + n22 

where o1 and o2 are constants within a given series and n takes 
on integer values from some empirically assigned least value to 
infinity. In the modern spectroscopic notation a term is 
designated by a capital letter S, P, or D, preceded by a super­
script to indicate the multiplicity, and an integer indicating the 
value of n in the series formula to which that term corresponds, 
e.g., 53P is the term with n = 5 in the P series of the ortho-term 
system. The spectra of the ionized atoms Li+,Be++ ... have 
not been analyzed so completely as He, principally because they 
lie in the extreme ultra-violet, but all the experimental results fall 

1 See also PAULING and GounsMIT, Sec. 22. 
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in with the scheme for He if one writes (Z :.... 1) 2 as a factor in the 
numerator of the above series formula, Z being the atomic number 
of the atom in question. The empirical values of 01 and 02 for 
each series also show a dependence on Z. Between the empirical 
analysis of the terms into series and the final solution of the 
problem from the quantum mechanical standpoint, there stands 
a system of rules and approximate theoretical arguments by 
means of which the states are assigned quantum numbers. This 
semi-empirical theory has been of great value to working spectro­
scopists. On this theory of term systematics, each electron in 
the atom is assigned four quantum numbers. Three of them 
are the numbers n, l, and m, which correspond to the orbits in a 
central-force field of the nucleus. The fourth is denoted by 8. 

It characterizes the magnetic moment of the electron itself and 
is capable of assuming only two values. The extension of 
quantum mechanics to include the theory of the electron spin 
requires rather fundamental changes in the equations on which 
the present treatment is based and is omitted from consideration 
until Chap. VI. The term theory is largely based on arguments 
of the possible modes of coupling of the vectors of angular 
momentum of the several electrons. Each electron has an 

orbital angular momentum whose amount is 'Vl(l + 1)
2
: and 

a spin angular momentum of t ;1r · 
The different kinds of terms in an atomic spectrum can then be 

concisely described by means of arguments concerning the 
couplings. It is outside the scope of this book to go into the 
development of the term theory from its beginnings in empiricism 
and analogy with the Bohr orbits. In this section the discussion 
will be restricted to a statement of the coupled-vector description 
of the different terms of the 2-electron spectra. 

The two electrons have quantum numbers n1, Z1, m1, s1 and n 2, 12, 

m2, 82. Both systems of helium-like terms are built out of the 
manifold of terms obtained by setting 

The spin angular momentum of the second electron can then 
orient itself in two ways relative to the spin of the first. It can 
orient itself oppositely so the resultant spin momentum of the 
two electrons is (s1 - 8 2) = 0, or it can be parallel to the 
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first giving a resultant spin of unity, (s1 + s2) = 1. For result­
ant s one uses the designation S. 

While in more complicated spectra one next has to consider 
the coupling of Z1 and Z2, here there are no possibilities of coupling 
since !1 = 0. Resultant l is denoted by L. On this inter­
pretation the resultant I gives the nature of the term as S, P, D, 
or F according to the scheme, 

Series designation · · · S P D F · · · 
' ' ' L = resultant l value · · · 0 1 2 3 · · · ' ' ' 

Next is considered the terms that can arise from different 
quantized orientations of the resultant spin with the resultant 
orbital angular momentum. If the resultant s is zero, as it can 
be in 2-electron systems, then there is but one way of coupling 
resultant s and resultant !. Therefore, the whole system of 
terms for which the S is zero, but for different L and different 
n2, is a system of singlet terms. This system of terms is the one 
which is identified with the singlet or par system in helium-like 
spectra. When the S is one, however, and L is not zero, the 
possible values of the resultant of S and L, which is known as J, 
are J = L + 1, L, and L - 1. If the energy of the state, there­
fore, depends somewhat on the relative orientation of the vectors 
represented by S and L, this will make the system of terms for 
which S = 1 be a triplet system, except for the S terms of this 
system which are single because L = 0 for them. (One has to 
guard against confusion in the two uses of S, one to label the 
series for which L = 0, and the other as the numerical value of 
the resultant s.) 

The manifold of term values represented in the observed 
spectrum of helium is therefore given by this mode of assignment 
of quantum numbers to the electrons. As the quantum 
mechanics of electron spin is being postponed, it is important to 
consider the way in which the electron's own s vector enters 
the coupling argument. A little consideration shows that the 
spin has two somewhat distinct effects. One of these is to give 
rise to two distinct term systems, one for S = 0 and one for 
S = 1. The other is to make one of the term systems (that 
for S = 1) be a system of triplets instead of a system of singlets. 
Without the special theory of the electron spin the quantum 
mechanics is capable, as was seen in Sec. 48, of giving the two 
distinct term systems but both are systems of single terms. 
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The effect of introduction of the extension of the theory which 
includes electron spin will be to cause a splitting of the terms 
of one of these systems into triplets while leaving the others 
single. 

In adapting the treatment of Sec. 48 to the helium spectrum 
quantum numbers are assigned to the electrons just as in the 
coupled-vector theory. All of the terms of the spectrum are 
included in the manifold obtained by setting na = 1, la = 0, 
ma = 0 and nb = n, lb = L, while mb remains free to express the 
degeneracy due to spherical symmetry of the undisturbed atom. 
The system of terms associated with the symmetrical wave 
functions will be identified with the ortho or triplet system and 
that associated with the antisymmetric wave functions with the 
par or singlet system. 

60. Helium-like Spectra: S Terms.-The n 1S and n3S terms 
of the helium atoms are to be found by putting na = 1, la = 0, 
ma = 0, and nb = n, lb = 0 and mb = 0 in the formulas of Sec. 
48, and evaluating the integrals which occur there. The cal­
culation of the integrals for n = 2, 3, and 4 has been carried out 
by Unsold. For n = 1 there is no degeneracy and hence but 
one state. This is the normal state and is counted with the 
singlet system for reasons which will appear later. 

The values of the integrals E 11 and E 12 for these states are 
found to be 

Eu= (!2 - a) and E12 = b, 

where the a and b have the values, 

a ............... . 
b ............... . 

28 

0.0802 
0.0439 

38 

0.0232 
0. 0115 

(50.1) 

4S 

0.00973 
0.00468 

The energies of these terms, to the first order in 1 / Z, which is 
here the perturbation parameter, are therefore 

W = -Rhz2 [1 +_!_+!(a+ b - ~) + · · ·] (50.2) n 2 Z n 2 

the + sign giving the ortho-term and the - sign the par-term. 
This formula when compared directly with experiment for 
helium (Z = 2) naturally does not give a very good agreement 
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Heisenberg has given similar approximate calculations of the 
o's for the P, D, and F terms which are in fairly good agreement 
with the term values. For these the reader is referred to the 
original pa per. 1 

In conclusion it may be said that the most striking result of 
the quantum mechanical treatment is the automatic way in 
which the perturbation theory provides the two term systems, 
one of which has a symmetric and the other an antisymmetric 
wave function. 

Subsequently, the theory of equivalence degeneracy has been 
extended so that at present there is a fairly complete account of 
the systematics of the energy levels of higher atoms built directly 
on the equivalence degeneracy for all the electrons in the atom. 
These developments, however, call for the use of the electron 
spin and results of the theory of finite groups and so are beyond 
the scope of this volume. 2 

In case there are K equivalent particles, and the interactions 
are neglected, then the VI function for the ith particle alone may 
be writ ten as 

Vla(Xi) 

where a is wrjtten for the quantum numbers labelling that state. 
Consider now K sets of quantum numbers which may be desig­
nated by the indices 1 to K. Then a starting form for application 
of the perturbation theory is 

VI = V11(x1) · V1lx2)V13(X3) • · • V1/xK). 
But the VI function which results from this when any permutation 
of the electrons is made will be one which has the same energy. 
Since there are K! such permutations the problem with K electrons 
is K !-fold degenerate.· In the special case K = 2, illustrated by 
helium, the degeneracy is two-fold as we have just seen. 

Therefore, while the methods of Sec. 46 are applicable in 
principal for any value of K, they rapidly become inapplicable in 
practice as K increases, the equation for the determination of the 
first-order perturbed energies, for instance, involving a determi­
nant of K ! rows and columns. In the discussion of the symmetry 
properties of the more complicated cases involving larger numbers 
of particles, the theory of groups has proven especiall~ useful. 

1 HEISENBERG, Zeits. fur Phys., 39, 499 (1926). 
2 The principal references to these developments are: WIGNER, Zeits. fur 

Phys. 43, 624 (1927) and 46, 601 (1927); HuNn, Zeits. fur Phys. 43, 788 
(1927); HEISENBERG, Zeits. fur Phys. 41, 239 (1927); NEUMANN and WIGNER, 

Zeits. fur Phys. 47, 203 (1928). 



CHAPTER V 

DIATOMIC MOLECULES 

When the potential energy function for the wave equation is 
due, not to a single nucleus and its surrounding electrons, but to 
several nuclei and their surrounding electrons, the problem of 
determining the resulting allowed energy levels becomes much 
more complicated. The nuclei have motions relative to each 
other, and the electron configurations and corresponding elec­
tronic energies are thereby continually changing as the nuclei 
change. 

This chapter will confine itself to a discussion of the simplest 
case, that of two nuclei, since this case only has been systemati­
cally investigated. 

It will be shown that the general wave equation for such a 
diatomic molecule can be separated into two equations, one 
considering the nuclei as fixed in space and concerned only with 
the electronic energies as a function of the nuclear separation as a 
parameter; and the other concerned only with the ·nuclear 
energies, using as a "potential energy function" the sum of the 
electronic energies and the nuclear potential energy. 

The nuclear wave equation is djscussed, the allowed energies of 
rotational and vibrational motion are obtained, and the proba­
bilities of transition from one level to another are considered. 

The electronic equation is treated for the two simplest mole­
cules, the hydrogen molecular ion and the hydrogen molecule. 
The general properties of the electronic energies are then 
discussed. 

61. The General Equation.-The diatomic molecule is made 
up of two nuclei of charges Z1e and Z2e, and masses M1 and M 2; 
respectively, and of N electrons. The six coordinates of the 
nuclei may be chosen so that three of them refer to the position 
in space of the nuclear center of gravity (which can be con­
sidered as very nearly coinciding with the molecular center of 
gravity); another coordinate c is the nuclear separation, and the 
other two are angles{} and cp, giving the orientation of the nuclear 

153 
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axis with respect to some axis fixed in space. Since the energy 
of translation of the molecule as a whole, corresponding to 
changes in the first three coordinates, cannot be radiated when 
the molecule is undisturbed, these three coordinates can be 
neglected in setting up the wave equation. 

The coordinates of each electron can be given with reference 
to the positions of the nuclei. Thus, if r1 be the distance from 
the first nucleus, and r2 the distance from the second, a suitable 
coordinate system for the electrons will be the orthogonal elliptic 
set 

(51.1) 

and the orientation angle about the nuclear axis, ¢. Since there 
are several electrons, there will be several sets of coordinates, 
~1, 111, ¢1, ~2, 'YJ2, ¢2, -, etc. 

Then the general wave equation for the whole molecule can 
be obtained by the method outlined in Chap. I, and is, 1 

-8~:µ f a.w - 8~:µ(;)~c'lt + V(~s, 1ls, <Ps, c)'lt 
8 = 1 

- W'lt = 0, (51.2) 

where ~c is the Laplacian for the spherical coordinates c, ,{} and cp; 
M =M1M2/(M1+ M2) is the average nuclear mass introduced 

when the nuclear coordinates were changed to c, iJ, and cp; and 
V is the potential energy, a sum of the electronic potential 
energy Ve(~s, 1ls, <Ps) and of the nuclear energy of repulsion En = 
Z1Z2e2/r, and is independent of,{} and cp. The first term represents 
the kinetic energies of the electrons, and contains their energy of 
motion with respect to the nuclear axis plus the energy of motion 
they possess due to the fact that the nuclear axis is rotating. 
Rigorously, there should appear in the equation cross-products 
involving mixed partial derivatives with regard to electronic 
and nuclear coordinates. These are of importance in problems 
involving the distortion of electronic multiplets due to the 
rotation of the molecule, but will be disregarded here. It will 
be seen later that the nuclear energy of rotation is of the order 
of (µ/ M) 2 times that of the electrons with respect to the nuclei, 
and, therefore, the electronic energy due to this rotation would 

1 This treatment is given in a more general form, suitable for polyatomic 
molecules by BORN and OPPENHEIMER, Ann. der Phys., 84, 457 (1927). 
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be of the order of (µ/ M) 3 times their kinetic energy relative to 
the nuclei. Since in the following, only terms involving the 
small quantity µ/ M to the zero and first powers are going to be 
considered, thjs change in electronic kinetic energy due to nuclear 
rotation can be neglected. In this case, ~s is the Laplacian in 
the elliptical coordinates ts, 'YJs, and <Ps· 

For simplicity in handling, the operator, [-8;:µ • tt· + VJ, 
will be called Ho and the operator, -

8
h: ~c, will be called H 1, 
7r µ 

The small quantity µ/ M will be called a. 
Then the equation (51.2) can be written 

(Ho+ aH1 - W)\J! = 0. (51.3) 

As a first approximation a will be considered as zero. Then 
the equation is one concerned only with the electronic motions, 
and is 

(Ho - E)f = 0. (51.4) 

This means that in this approximation the heavy nuclei are 
considered as fixed, and the molecular energy as due only to 
the electronic motions. Since c enters only as a parameter, the 
allowed energies Eu of this equation are functions of c, and the 
allowed wave functions Yiu are functions of the f s, 11's, <t>'s, and 
of c. 

This energy Eu, where u indicates the ensemble of electronic 
quantum numbers, is the sum of the nuclear repulsion energy En, 
and the "electronic energy" Ee. Indeed, since En behaves as 
an additive constant in equation (51.4), this equation could 
be written 

(51.4a) 

where En is removed from the operator Ho, and the resulting 
equation solved to find Ee. The total energy Eu as a function of 
c, must have a minimum value Eu0 in order that the molecule 
be stable. The value of c, where Ea becomes a minimum, can be 
called Co. 

It is expected now that there will exist solutions such that YI 
has appreciable values only for values of c in the neighborhood 
of Co corresponding to the classical small oscillations around 
such a position of stable equilibrium. Then c can be set equal 
to Co + p and Eu can be considered as made up of a constant 
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Substitute this in (51.7b), multiply by fT 0
, and integrate. Then 

the first term disappears, and 

ff · · · f fif;u 0H o1i/lu 0d~1 · • · d¢N - Eu 1 = 0. (51.8a) 

With this property of the integral of H o1 developed, it is 
possible to consider the complete equation (51.3), (Ho + aH 1 -

W)'lt = 0. When H 1 is introduced the character of the solution 
is changed. W must be independent of both electronic and 
nuclear coordinates, and '1t must be dependent on all the coordi­
nates. Sin'ce we have seen that the effect of the nuclear motion 
is small compared to that of the electronic motion, it is reasonable 
to expect that '1t and W cannot be much different from if; and E<J'0 • 

It will be assumed that 

and that 

'Yun = Xun(P, {}, cp) • if;u(~s, 1/s, <Ps, p) 
= Xun(i/1" 0 + O!Vlu 1

), (51.8b) 

(51.8c) 

These assumptions are sanctioned by the fact that they can be 
made to satisfy equation (51.3). For if all the substitutions be 
made, (51.3) becomes 

(H o0 
- Eu0 )xuni/lu0 + a(H o0 

- E"0 )l/;u 1Xun 
+ a(Ho' + H1 - W'un)XunVluo 

+ a 2(Ho1 + H1 - W'un)XunVlu 1 = 0. 
Equating coefficients of a, 

X"n(H o0 
- Eu 0 )i/;u0 = 0, 

x"n can be put ahead of the operator H o0 since it is not a function 
of the electronic coordinates, and hence behaves as a constant 
to Ha0 • This last equation is the same as (51.7a). 

The next coefficient is 

X"n(H o0 
- Eu0 )l/;u1 + (Hu 1 + H 1 - W1un)XunVluO = 0. (51.8d) 

Multiply by v;u0 -and integrate. As in the reduction of (51.7b), 
the first term becomes 

XunAu"(Eu0 
- Eu0

) = 0, 
so that 

ff . f f~(1°(H(1 1 + H 1 - W 1un)XunV1u0d~1 ••• d¢N = 0. 

Since H 1, W'un, and Xun are independent of the electronic coordi­
nates, they can be removed from the integral sign, and 

.X"nf f · · · f ffu 0 H o1Vlu0dt1 • · · d¢N + (H 1 - W\rn)Xun = 0, 
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but from equation (51.8a) the first term is simply Eu1Xun, so that 
the final equation for nuclear motion is (H 1 + Eo- 1 - W 1o-n) Xo-n 
= 0. From (49.8c) and (49.5a), 

so that 
(aH 1 + Ee, - Wo-n)Xon = O; 

or, remembering the definition of a and H 1, the equation can be 
set into the form, 

81r 2M 
.1cx + ~[W - Eo-(c)]x = 0. (51.9) 

This states that the potential energy used in this equation for 
nuclear motion is the combination Eo- of the electronic energies 
and of the nuclear energy of repulsion. 

This rather complicated argument seems necessary to prove 
what appears probable without proof. For from the classical 
standpoint, the heavy nuclei move so slowly that the electrons 
have gone through many cycles of motion before the nuclei 
have gone through one cycle. Therefore, when considering the 
electrons the nuclei can be considered as standing still, and when 
considering the nuclei, the only effect of the electronic motion is 
to introduce the electronic energy as an additional potential 
energy. 

62. Nuclear Motion.-The equation (51.9) for nuclear motions 
will be considered first. The first question is that of the form of 
the potential energy function Eo-(c). If the energy for infinite 
nuclear separation (c = oo) is considered as zero, then for the 
molecule to be stable, Eu must have a minimum value - D at 
c = c0 , and for small values of c, the energy must be large, 
positive, and made up almost entirely of the nuclear repulsion 
energy Z 1Z 2e2 / c. Later in this chapter approximate functions 
will be calculated for Eu for two simple cases, by consideration 
of the electronic equation (51.4). It is possible, however, to 
assume various functional forms for Eu(c), and to calculate the 
resulting energy levels. An approximate form for the true Eu 
for any molecule can then be obtained if these calculated energy 
levels can be made to fit the experimentally determined levels. 

Equation (51.9) has been separated in polar coordinates in 
Sec. 16. It was found there that, 

x = <ll(cp).e(t?-) ·R(c)/c, 
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where x is some constant. This formula holds so well for many 
molecules for a large range of n that it can often be used for 
determining the energy of molecular dissociation. For when 
d W becomes zero, the molecule has the greatest vibrational 
energy it can have, and any more energy would dissociate it. 

Therefore, when hwo = 2hwoX( n + ~) or ( n + ~) = ix then W 

must equal zero. 
This means that, 

1 ( 1 )
2 

0 = D - hwo 2x + hwox 2x , 

or 

D = hwo = h(wo) 2 

4x 4(wox) 
(52.3c) 

The values of the dissociation energies D calculated in this way 
from experimentally determined values of (wo) and (w 0x) are 
usually within 2 or 3 per cent of the experimentally determined 
value of D. 1 

In a few cases, (for CuH, SiN, etc.), terms in powers of (n + t) 
higher than the first must be added in equation (52.3a). In 
all save these special cases the higher terms can be neglected. 
The coefficient hw0x cannot be neglected, however, for any set of 
levels, and so assumption (52.2a) c~nnot be a good approxi­
mation to the true potential energy function. 

It is possible to let 

Eu= -D + (21rwo)
2

M [p2 + k3'p3 + k/p4 + · · ·] (52.4a) 
2 

and to calculate the perturbation on the levels given by (52.2b) 
due to these small additional terms. 2 

This gives a general formula 

Wn = -D + hwo[(n + t) + a2'(n + t) 2 + 
aa'(n + t)a + ... ] 

where a2', a3', etc. are functions of ka', k4', etc. But this method 
of correcting the form of E" is not very satisfactory, for E" still 
does not stay finite at c = u or become infinite at c = 0. 

1 BIRGE and SPONER, Phys. Rev., 28, 259 (1926). 
2 FuEs, Ann. der Phys., 80, 367 (1926). 
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to 3h 2 /81r2 M c0
2 • It is possible to correct this term to fit the 

empirical facts by making the potential energy function, 

[

Co
2 

Co
3 

Co
4

] Ee, = -D + (21rwo) 2M 2 - c + c2 + k3p8 + k4p4 + · · · 

where, as before, p = (c - c0). If the change in the energy 
values due to these terms in p be calculated by means of the 
method of perturbations it will be found that they correspond to 

W = -D + hwo(n + t) + a2(n + t) 2 + · · · 

+ h
2

(j + t)
2 

- b2(j +1) 4 + (52.4c) 
81r2 M Co 2 

where the a's and b's are functions of the k's. 
As for the rotational energies, the formula developed by 

Kratzer on the old quantum theory for both rotational and 
vibrational levels is 

(52.5) 

where j(j + 1) and (n + t) have been substituted for j2 and n 
in the original formula. This formula has been verified by 
experiment for a great many cases. For most purposes, the 
additional terms in higher powers of (n + t) and j(j + 1) are 
negligible. 

It can be seen that equation (52.4c) corresponds to the Kratzer 
formula except for the term in (n + })j(j + 1). 

It would be much more satisfactory, however, to find some 
potential energy function which would give equation (52.3a) 
exactly, and give equation (52.5) to the first approximation when 

h2 ·c + 1) the small quantity 
2

1r2M J J c2 is added as a perturbing energy. 

It will be noticed that the allowed levels obtained in equation 
(22.4) are of just the form of equation (52.3a). The potential 
energy giving these levels is 

Eu = -2De-ap + De-2ap. (52.6a) 

This form of the potential energy function satisfies the require­
ments that Ee, be zero for c = oo and, that its one minimum point 
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be -D at c = c0 • Eudoesnotrisetoinfinity at c = 0, but for the 
values of a corresponding to actual molecules E(T becomes so 
large (between lOOD and 10,000D) that its effect is nearly the 
same as if it were infinity. This gives allowed energy levels, 

( 1) h2w02( 1)2 W - -D + hwo n + - - -- n + -
n - 2 4D 2 (52.6b) 

whenj = 0. 
The analyses of molecular band spectra give empirical values 

of w0 and w0x in wave numbers, and values of co in Angstrom 
units for various electronic levels of diatomic molecules. From 
these data the potential energy of the levels of the molecules 
for various values of nuclear separation can be obtained from the 
formula, 1 

Eu = A + De-2a<c-co) - 2De-a<c-co)' 

where A is the potential energy 
of the dissociated molecule in 
the particular electronic state, 

D = wo 2/4woX 

where D is in wave numbers 
if wo and wox are given in wave 
numbers, and 

a= ~wox = 

0.2454,Y M wox, 

if co is given in Angstrom 
units, and 

M 

20 

15 

E Volfs 

10 

5 

(52.6c) 

0~--:-1~~~--:L~--'--~~--' 
is in terms of oxygen = 16. o la 4a Sa. 

Typical curves for Eu are Fm. 16.-Potential energy curves of 
given for the oxygen molecule the oxygen molecule and molecular ion, 

calculated by means of equation (52.6c). 
in Fig. 16. 

When the rotational quantum number j is different from 
zero, the potential energy Eu in equation (52.6a) is increased 
by an amount Ei = j(j + l)h2/81r2µc 2

• Inasmuch !1S this 
increase only affects the wave function to an appreciable extent 

1 MORSE, Phys. Rev., 34, 57 (1929). 
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then for the reasons just given a non-vibrating molecule for 
which the nuclear separation would correspond to the minimum 
of the normal state curve would most probably absorb light which 
would not call for an alteration of nuclear separation during 
the transition. This is to the energy which is obtained by 
drawing a line vertically upward from the minimum of the lower 
curve to where it intersects the upper curve. For iodine, the 
figure shows that this corresponds to just enough energy to 
effect dissociation of the molecule. The molecule starts to 
oscillate with the amplitude appropriate to the new amount of 
vibrational energy. But as this exceeds the dissociation energy, 
the result is direct dissociation. Empirically, what happens is 
that iodine absorbs, from the zero vibration level of its normal 
state, energy which may raise it to anything from the last twenty 
vibration levels up to amounts somewhat in excess of the dis­
sociation limit. 

With chlorine and bromine, the upper curve lies even more 
to the right of the lower curve, relatively, so by these arguments 
one would predict that the strongest absorption would correspond 
to energy more than sufficient to cause dissociation. This is 
observed experimentally. What is found is a broad band of 
continuous absorption which corresponds to dissociation which 
leaves the constituent atoms flying apart with residual kinetic 
energy left over at infinite separation. Thus these views are in 
the main correct, although they give no understanding of why 
the continuous absorption band has the breadth which it has. 

Applied to systems of bands, the picture gives a good semi­
quantitative account of the facts. 1 Referring to Fig. 18 suppose 
that the molecule is initially in the upper electronic state vibrat­
ing with an amount of energy represented by the horizontal line 
through A. At the instant it is at A it is moving with kinetic 
energy measured by AB so, if the electron transition takes place at 
this instant, it will most probably find itself with the energy given 
by a horizontal line through D where CD is equal to AB. In 
this way, a most probable final vibrational energy is correlated to 
each phase of the initial vibrational motion. Consideration of 
the relationships involved makes it evident that if the two curves 
are precisely of the same shape and situated with their minima 
at the same nuclear separation, then there will be no tendency 
for the vibrational energy to be changed by the electron tran-

1 CONDON, Phys. Rev., 28, 1192 (1926); 32, 858 (1928). 
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sition. Such a case is offered by the known band system of 
silicon nitride. On the other hand, if the curves are quite 
different in shape, or, if they are similar but not situated one 
above the other, large changes in vibrational energy, even to 
dissociation as with the halogens, may occur. In general, it 
works out that for each value of the initial vibrational quantum 
number there are two groups of values of the final vibrational 
quantum number which are most favored. For one of these 
the change, n' - n", is positive, and for the other it is negative. 

I r I 
- I DI/ - - - ----=--::.,.__:-~==-=--=-I/ Fina, 

/ c 

c 
Frn. 18.-Potential energy curves illustrating transition probabilities for elec­

tronic bands. 

A correlation of the intensity distribution in the band system 
with the structure of the bands is had, therefore, since this too is 
determined by the potential energy curves. Since the original 
publication of this interpretation, in 1926, it .has been tested on 
a large number of band systems and in every case agrees with the 
facts in a way that is as satisfactory as can be expected from 
such a classical argument. 

When the same question is approached from the standpoint of 
the quantum mechanics, at first sight quite a different picture is 
obtained. According to the methods of Chap. III, the matrix com­
ponent of the electric moment of the molecule corresponding to the 
transition in question must be computed. We denote the elec­
tronic coordinates collectively by x, and the nuclear separation by 
c, and the electronic and vibrational quantum numbers, respec­
tively, by u and n. The wave function, according to equation 
(51.8b) will be approximately of the form, 

V!u(x) · Xun(C), 
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neutral hydrogen molecule H2. These will be calculated by 
means of equation (51.4), (Ho - E)l/; = 0. 

It is possible, as was mentioned before, to separate the constant 

term Er = ZiZ 2e
2 

from Ho and to calculate Ee by the equation, 
c 

where Ve is the potential energy of the electrons alone. 
Then 

Eu = E,. + Ee. 

For the molecule H2+, Z1 = Z2 = 1, M1 = M2 = 2M and 
there is only 1 electron. In this case, the above equation 
becomes, 

(54.la) 

The elliptic coordinates t = (ri + r 2
), 'I/ = (ri - r 2

) and ct, are 
c c 

used, and the Laplacian in these coordinates can be calculated 
by the general method given in Chap. I. When this is done the 
equation becomes, 

This equation can be separated, and the usual assumption is 
made, that 

Since cp is a cyclic coordinate, 

1 ·~ <I> = ----==.e ii\"' 

V21r 
where X is an integer. 
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coordinates. The total number of nodal surfaces in ~' nE, the 
number in 'Y/, n,,, and the number in cf>, X will remain unchanged 
as c is changed slowly. Therefore, ne will equal nr when c = 0 
and will equal nx when c = oo and will have the same value 
throughout. Also, n.,, will equal no but, in general, it will not 
equal ny. For nu represents the number of nodal surfaces in rr 
near one nucleus, whereas n11 is the total number of these surfaces 
in the system. Therefore, when the symmetric factor (Hoo' + 
Hao") is used n11 = 2ny, and when the antisymmetric factor 
(Hao' - Hao") is used n.,, = 2ny + 1, for the antisymmetry 
introduces on extra nodal surface midway between the nuclei. 
Therefore, when c = oo the quantum numbers are nx, ny, and X, 
the energy will be 

R 
Eeao = (nx + nu + X + 1)2' 

and as c is brought adiabatically to zero, this energy will become 

4R 
Eeo = nx + 2ny + X + 1)2 

or 
4R 

(nx + 2ny +x+2) 2 

according as the wave function is symmetric or antisymmetric in 
the H factor. 

The quantum numbers used here are related to the various 
angular velocity vectors dealt with by band spectroscopists. 
The number l = n.,, + X represents the total orbital angular 
momentum of the electron, and X represents the projection of I 
on the nuclear axis. The number representing the electronic 
spin s which is not considered here, has the projection x on the 
nuclear axis, and the vector sum of lands, j, has the projection w. 

The question of the "coupling" between l, s and the nuclear 
rotation will not be treated here. 

The energy levels Ecr for a single electron are labelled first by 
the number representing n, then by a Roman letter (in the order, 
s, p, d, f, g . . . ) representing l, and by a Greek letter (in the 
order u, 1r, o, <f,, 1' . . . ) representing X. Levels in systems of 
more than 1 electron are labelled, analogously, to the atomic 
levels ~J, where r( = 2s + 1) is the "multiplicity," 2; 

(in the order ~' II, Ll, <I>, ,r . . . ) represents the value of A, the 
sum of the X's, and J is the sum of the j's. 
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function and energy so determined will be approximately equal 
to the true YI and Ee. 

The operator His applied to the YI chosen in equation (54.4), this 

is multiplied by YI and the quantity is integrated, whence 

where 

and 

!1 + (8a - 48 - ! + 1) ·!2 - ~(8{3) 2 
J= a 3 +~ 

_!_!2 + (§ + 1-) ·!2 + 282 s 
{3 2 a a 2 3 

1 
!2 = - (e8 f1 - e-8 11) + 2 

8{3 

Then by graphical methods the values of a and {3 were found 
which make aJ / aa = aJ / iJp = 0 for an assumed value of 8. 
The values of a, {3 and Ee,. = Ee + e2/c are given in the table. 
The values of Eu are given in the column marked E0 (Ritz) and 
the column Eu (Burrau) gives the values obtained by the pre­
ceding special method. The close agreement shows that both 
methods probably give good approximations to the true Eu. 

s 

0 
1.0 
1.3 
1.6 
1.8 
2.0 
2.2 
2.4 
2.95 
3.00 
4.00 

00 

a 

2.00 
1.50 

1.36 

1.22 
1.14 
1.00 

1.00 
0.99 

0.92 

0.89 
0.88 
1.00 

I Eu (Burrau) I E,, (Ritz) I 

-00 -00 

0.896 0.903 
1.110 1.112 
1.186 1.191 
1.198 1.203 
1.204 1.205 
1.200 1.199 
1.192 1.192 
1.158 1.155 

1.154 
1.092 

1.000 1.000 

S in terms of a as a unit, E in terms of R as a unit. 

Eu (pert) 

-00 

0.770 
0.914 
0.990 
1.018 
1.036 
1.042 
1.044 
1.035 
1.033 
1.006 
1.000 

Presumably the Ritz method could be used for the other 
electronic states of H2+, but so far no attempt has been made 
to do so. 
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accuracy of approximation decreases as c recedes from its limiting 
values, zero and infinity, and at values near the usual value of 
co (where the values of Eu are most interesting) the accuracy is 
poorest. Also, it is extremely difficult to calculate the second or 
higher terms in the approximation series for Eu. It does, how­
ever, give an idea of the behavior of Eu for the excited electronic 
states, where no calculation has been made by the other methods. 

66. The Hydrogen Molecule.-The next simplest diatomic 
molecule is that having two electrons and two protons. 

The general equation is given by 

81r2 M[ e2 e2 

~it/; + ~21/; + -Y E + c(~1 + 111) + c(h - 111) + 
e2 e2 e2 l 

c(~2 + 112) + c(~2 - 112) - r12 /' = O 
(55.1) 

where ~1, ~1, 111, c/>1 refer to the first electron, ~2, ~2, 112, c/>2 refer to 
the second, and r12 is the distance between the two electrons. The 
term e2 /r12 is the interaction and is the same as for the helium 
atom. 

When c = 0 the united atom is a helium atom, with its energy 
values and the wave functions as discussed in Sec. 48. If the 
interaction term be neglected this wave function is, as in equation 
(48.2), 

'Yo = ~[Vlo1(noZX)V102(no'Z'>..1
) + Vlo1(n' oZ'>..')Vlo2(noZX)] (55.2a) 

where the y;'s are those for the helium ion given in equation 
(54.3b). The subscript unity indicates that the wave function is 
for electron 1, and is in the coordinates ~1, 111, c/>1, while subscript 
two indicates that t/; is for the second electron. 

When c = oo the separated atoms are either two neutral hydrogen 
atoms (homopolar separation) or one proton and a negative hydro­
gen atomic ion H- (polar separation) and the wave functions, 
when the interaction term is neglected, 

'¥00 = !{[foo1'(noonxX) · foo2"(n'oon'xX') + V1001'(noo'n:/X')t/;002"(noonxX)] 
+ [V1001"(noonxX) · V102'(noo'nz'X') + Vlooi''(noo'nx'X') · foo2'(noonxX)]}, 

or 

= !{ [V1001'(noonxX)foo2'(noo'nx'X') + V1ooi'(noo'n:/X')foo2(noonxX)] + 
[foo1"(noonxX). V1002"(noo'nx')./) + 

lf oo 1" ( noo' n:/X')l/;002" ( noonxX)]}, ( 55.2b) 



DIATOMIC MOLECULES 183 

where the y;'s are obtained from equation (54.4b). This case 
illustrates the two different types of symmetry. The symmetry 
dealt with in the H2+ problem is in the nuclei (i.e., if the primes 
are interchanged for double primes in the above equation, '¥ is 
symmetric in the nuclei if it keeps the same sign and antisym­
metric in the nuclei if it changes sign). The symmetry dealt 
with in the case of helium is in the electrons (i.e., if the subscripts 
1 and 2 are interchanged above, '¥ is symmetric in the electrons 
if it keeps the same sign and antisymmetric in the electrons if it 
changes sign). 

The problem of obtaining the electronic energies can be 
attacked by the last two methods used in the section on I-/2+. 
The lowest level of homopolar H 2 can be assumed to be of the 
form, 1 

(55.3) 

similar to that assumed in equation (54.4). The Ritz method 
can then be applied to this wave function to obtain the best 
value of a and therefore of the energy E. 

Only the minimum value of Eu has been obtained. This 
value is 2.278R, with a normal nuclear separation 8 0 = 1.23, 
corresponding to a = 1.166. 

The second method of attack is by the usual perturbation 
theory,2 using as unperturbed wave functions those given in 
equations ( 55.2a) or ( 55.2b), and as perturbation in the first 
case the electronic interaction plus the change in potential 
energy due to separation of the nuclei; and in the second case, 
the interaction plus the change in energy due to the approach 
of the nuclei. These methods of obtaining Eu are even more 
inaccurate than the similar methods for H 2+, for at the values 
of c near the average co, both perturbations are large, and it 
cannot be expected that the first term in the approximation 
series for the perturbation energy will be anything more than 
indicative. 

The first case, for small values of c, has not been calculated. 
The second case, for large values of c, has been calculated for 
some of the lower symmetric and antisymmetric states of the 
homopolar molecule. For the lowest state, the wave function is, 

'¥ = Ce-set1H2)[e-s<111-112) + es<.,11-112)] 

1 WANG, Phys. Rev., 31, 579 (1928). 
2 REITLER and LONDON, Zeits. fur Phys., 44, 455 (1927). 
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and the perturbing potential energy is, 

e2 2e2 2e2 

V 2 = ru - c(~1 - 111) - c(~2 + r,2)' 

for the part of '1' representing the first electron about the first 
nucleus and the second about the second; and 

e2 2e2 2e2 

V2 =- - ---
r12 c( ~1 + r,1) c(~2 - r,2) 

for the part of '1' representing the first electron about the second 
nucleus and the second about the first. 

The calculation of higher levels is similar. 1 

Or-wr-rr-n-~.-~.-~--r-~-r-~-.---_, 

-R 

-2R 

0 /_a Za 3a 4a Sa 6a ca 
c 

Frn. 21.-Potential energy curves for the hydrogen molecule, calculated by 
perturbation methods. R here equals minus the R in the text. 

The curves for several states are shown in Fig. 21. The value 
of the minimum Eu0 for the lower curve is 2.24R with a value of 
So as 1.30 in fairly good agreement with the values computed by 
means of the Ritz method. 

The experimental values for this level are Eu0 = 2.32R, and 
So = 1.23, which are somewhat nearer those calculated by the 
Ritz method than those calculated by the usual perturbation 
methods. It is surprising, however, that this latter method 

1 KEMBLE and ZENER, Phys. Rev., 33, 512 (1929). 
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should give results as well in accord with experiment as it seems 
to do. 

No calculations have been made for more complex systems, 
and any discussion of the behavior of such molecules would 
seem to be necessarily confined to an empirical determination 
of their potential energy curves, as discussed in Sec. 50, or else 
to a qualitative analysis of the types of coupling and of multiplet 
separation, as in atomic spectra, which is beyond the scope of 
this work. 

56. Continuous Spectrum of Molecular Hydrogen.-Besides 
the many band systems which are known to be emitted by the 
neutral hydrogen molecule, an outstanding feature of its spectrum 
is the continuous radiation which is emitted by it extending from 
the red part of the visible spectrum to the far ultra-violet. The 
molecular process involved here was originally interpreted 
along the lines of Sec. 53 by supposing that it arose in transitions 
from some excited 
states of the molecule 
to the normal state 
with simultaneous 
dissociation of the 
molecule. 

For this to happen 
it would be ~ecessary 
for one of the excited 
states to have the 

E<T 

minimum of its paten- c 
tial energy curve over FIG. 22.-Potential energy curves illustrating 
the steep part of the Blackett and Franck's explanation of continuous 

1 t t t t . l molecular spectrum of hydrogen. norma s a e po en 1a 
energy curve as in Fig. 22, in order that transitions from it into the 
continuous spectrum above dissociation would occur. Such an 
interpretation was proposed by Blackett and Franck before the 
molecular spectrum had been worked out. But with the subse­
quent analysis of the bands, it became apparent that in molecular 
hydrogen all of the excited states have moments of inertia which 
are considerably larger than that of the normal state, therefore 
this explanation is unsatisfactory. 

Winans and Stueckelberg1 saw a satisfactory way out by 
making use of the purely repulsive potential energy curve 

1 WINANS and STUECKELBERG, Proc. Nat. Acad. Sci., 14, 871 (1928). 
CONDON and SMYTH, Proc. Nat. Acad. Sci., 14, 871 (1928). 
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corresponding to the antisymmetrical mode of coming together of 
two hydrogen atoms in the normal state as discussed in Sec. 55. 
Transitions from any of the excited states of the molecule to the 
electronic state of the molecule represented by this repulsive 
curve would plainly lead to a direct dissociation of the molecule, 
and, because the curve comes up so steeply under the minima 
of those for the various excited states, one has a good probability 
for transitions to occur to a large range of final energy values 
giving rise to the extraordinarily great frequency range of the 
observed continuous spectrum. The continuous spectrum may 
thus be regarded as one or more band systems whose initial 
states are various excited states of the molecule and whose final 
state is represented by the electronic state which gives a pure 
repulsion of the two atoms. 

This view of the continuous spectrum seems to be wholly 
satisfactory an.d affords at the same time definite evidence for 
the physical reality of this mode of interaction of two hydrogen 
atoms. It appears that some experiments of Hughes and Skellett 
on the direct dissociation of the hydrogen molecule by electron 
impact are also to be interpreted as transitions involving the 
repulsive 13 ~ state of the molecule. It was found that impacting 
electrons whose voltages were less than 11.5 would not dissociate 
molecular hydrogen even though the heat of dissociation of the 
molecule is but 4.4 volts. The failure to dissociate at 4.4 volts 
is to be understood by the fact that the impacting electron can­
not communicate the necessary relative momentum to the 
nuclei directly. But at about 11.5 volts, dissociation began to 
occur although this is definitely lower than the lowest of the 
excited states of the molecule known from band spectra. This 
effect is evidently to be understood as involving transitions from 
the ground state to the repulsive state caused by the electron 
impact. Because of the considerations of Sec. 53 this will 
happen most favorably when the energy change is such as to 
require virtually no instantaneous alteration in the nuclear 
separation. Reference to Fig. 21 shows that the distance of the 
repulsive curve (2) above the minimum of the ground state 
curve (1) agrees well with the critical voltage at which dissocia­
tion was first observed to occur. The distance in question is 
0.86R = 11.6 volts. 



CHAPTER VI 

GENERAL FORMULATION OF THE THEORY 

In the preceding chapters enough has been given of the direct 
application of the Schrodinger wave equation to give an idea of 
its fruitfulness in dealing with various problems of atomic 
physics. It is now desirable to return to a consideration of the 
fundamental ideas involved, leading to the more generalized 
form of the theory which is due to Dirac, Jordan, and others. 

The essential part of what has gone before may be readily 
summed up as follows: In treating a dynamical system one 
starts with a Hamiltonian function which is taken over from the 
classical theory. From this one builds a wave equation and 
inquires after solutions of it which are everywhere finite contin­
uous and single valued. The values of the energy parameter 
for which such solutions exist are taken as the allowed values of 
the energy. For each allowed value W there is then a function 
f(W, x) whose square can be interpreted as the probability that x 
lies between x and x + dx when the system is known to be in a 
state of energy W. Approaching the general formulation of the 
theory one is led to the desire to be able to answer generally 
questions of this type, referring to any pair of dynamical variables 
rather than simply to the probability connecting position and 
energy value. For example, the general theory should tell what 
is the probability that various components of momentum lie 
between certain values when the energy is known. 

In seeking an a~swer to such questions, Dirac and Jordan were 
led to a formulation of the laws of quantum mechanics which 
contain the Schrodinger equation as a special case. These more 
general methods have already shown themselves to be of great 
value in a variety of applications not handled by the simple 
wave mechanical methods. 

57. Probability Amplitudes.-An essential characteristic of 
what has preceded has been the fact that although it is fw(x) 
which is found as the solution of a linear differential equation, 
and which appears throughout the calculations, it is fw(x)~w(x)dx 
which is interpreted as the probability that x lies between 

187 
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x and x + dx when the energy has the value W. This is 
analogous to the situation in the wave theory of light where the 
field vectors E and H of Maxwell's equations are calculated 
and then the intensity of light is computed from certain quadratic 

expressions in them like the energy density 
8
~ (E2 + H2) and the 

Poynting vector 
4
: (E X H). One may expect that this will 

be the case in the general theory of quantum mechanics and is 
thus led to postulate that: 

Any two dynamical quantities F1, F2 have associated with them 
a function cp(x, y; F1F2) such that cpcp dx gives the probability, if 
F 2 is known to have the value y, that F 1 have the value between x 

and x + dx. 
The Schrodinger function, i/;w (x), is evidently a special case of 

this for the case in which F 2 is the energy and F 1 is the ensemble 
of spatial coordinates specifying the configuration of the system. 
The function cp(xy; F1F2) will be called the probability amplitude 
for F1 F2. 

Another postulate, 'Yhich is made concerning the probability 
amplitudes, is the law of combination of them which is expressed 
in the following equation, 

(57.1) 

This postulate is suggested by the fact that in optics amplitudes 
and not intensities are superposed when dealing with coherent 
radiation. This postulate, it is to be observed, marks a sharp 
break with the ordinary laws of combination of probabilities in 
the case of independent events. There, one would say that if 
W(y, z, F2F3)dy gives the probability that F2 lie between y and 
y + dy when Fa = z and if W(x, y, F1F2) gives the probability 
that F 1 lie between x and x + dx when F 2 has the value y then the 
probability that F 1 have the value x when Fa has the value z and 
F 2 has the value y is the product of the two probabilities. 
Finally, the whole probability connecting F1 and Fa would be 
obtained by adding the separate products over all possible 
values of the intermediate quantity F2. That leads to a 
formula of the type of equation (57.1) except that it would co~­
tain the probabilities themselves rather than the probability 
amplitudes. 
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One has now to build up a general theory1 governing the 
calculation of these amplitudes in order to be able to compute 
the answer to any question which may arise concerning the prob­
abilities. It is to be emphasized that the probabilities take the 
place of the strict functional relations of classical mechanics. In 
classical mechanics, one sought an exact expression for each 
coordinate and momentum as a function of the time and the 
various constants of integration, such as the energy, the angular 
momentum and others. The quantum mechanics does not 
attempt this but seeks instead to provide explanations of the 
results of experiments in the field of atomic physics solely in 
terms of the various probability functions. 

58. Physical Quantities as Operators.-It has been seen that 
the Schrodinger equation can be written in the form 

H(p, q)y; = W'P, 

in which H(p, q) is the classical Hamiltonian function made into a 
differential operator. The equation may be considered then as 
the statement that the operator representing the energy must, 
when acting on the appropriate function give a constant multiple 
of the function on which it operates. This is a result which one 
naturally seeks to embody in the theory in a more general form. 
Thus one is led to postulate that an operator may be associated 
with every physical quantity. Suppose, for the moment, that 
the physical quantity is F, and that this same letter stands for 
the operator representing the physical quantity. Then one 
may expect that quite generally the allowed values of F will be 
the numbers f such that 

F'P = f'P 

where Fis the operator and f is simply a number. 
Looking more closely at the matter it is seen that this equation 

is not as general as is needed in that the 1P(W, x) occurring in 
the wave equation of Schrodinger is a particular probability 
amplitude, namely cp(x, W; q, H), i.e., the amplitude that the 
coordinate q have a value between x and x + dx when the 

1 The notation of this section is that of HILBERT, VON NEUMAN, and 
NORDHEIM, Math. Ann., 98, 1 (1927). This paper contains a clear presenta­
tion of the transformation theory. Other important references are JORDON, 

Zeits. fur Phys., 40, 809 (1927); JORDON, Zeits. fur Phys., 44, 1 (1927); 
DrnAc, Proc. Roy. Soc., 113A, 621 (1927); LONDON, Zeits. fur Phys., 40, 193 
(1927); WEYL, H., "Gruppentheorie und Quantenmechanik," Leipzig, 
1928. 
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energy has the value W. Thus, the equation just written for F 
can be expected to yield the corresponding amplitude with F 
playing the role of H, i.e., 

Fcp(x, f; q, F) = fcp(x, F; q, F) (58.1) 

is the equation for the determination of the probability amplitude 
and the allowed values of F if the operator corresponding to F 
is known. There remain then two important questions to be 
answered: Given a dynamical quantity, how is it known what 
operator is to be associated with it? And, how is the foregoing 
equation to be generalized so as to provide a means of determining 
the probability amplitudes for other combinations than merely 
those connecting the configuration q and any physical quantity? 

Before passing to the discussion of these questions some light 
may be thrown on them by considering the way in which the 
operator for H(p, q) is formed from the classical expression for 
the Hamiltonian function. It will be recalled that this could 
be done simply by leaving each q in the function and replacing 

each p by the operation 
2
h . : , using the q that is associated 
1ri u(l 

with the particular p. Since a product like pq in the Hamiltonian 
became different, as an operator, from qp it was necessary first 
to be sure that all the products were written in the proper order 

h a 
before replacing the p by 21ri aq· Ignoring, for a while, the 

question of how one is to know the proper order, it is seen that 
this rule contains two parts: 

(a) The operator corresponding to a coordinate q is simply 
the process of multiplication by the value of q. 

(b) The operator corresponding to a momentum p is that of 
multiplying by h/21ri and differentiating with regard, to the 
canonically conjugate coordinate q. 

This suggests that this may be a general rule for finding the 
operator associated with F, if F is given as the corresponding 
classical expression in terms of the p's and q's. This supposition 
may be readily tested in some simple cases. First, suppose Fis 
simply a coordinate q. One supposes the allowed values of the 
coordinates are known just as was done in dealing with the Schrod­
inger equation. The equation for cp(x, f; q, F) becomes then 
simply 

Xcp = f cp, 
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operation multiplication by x represented the quantity q. 
Quite generally one must have the result that cp(x, f; G, F) must 
vanish unless x = f, if G and F are really the same physical 
quantities. If one then adheres to the equation 

Fcp(x, f; G, F) = fcp(x, f; G, F) 

as the equation for cp where G is any physical quantity and not 
merely the coordinate q, it is evident that the operator for F 
must be built up on a scheme such that, according to that 
same scheme, the operator for G would be simply the operation 
of multiplication by x. One, therefore, has to know how to 
associate different operators with the same physical quantity 
when different probability amplitudes are being sought. Before 
considering this question further, it will, however, be desirable 
to study some general properties of the operators which present 
themselves in quantum mechanics. 

69. Outline of Operator Calculus.1__By an operator will be 
understood any rule whereby a function is changed into another 
function. The operator may be symbolized by a letter as T 
and the function by cp. If the result of operating on cp by the 
operation T is VI, it is written formally as 

VI = Tep. 

The operators occurring in quantum theory, and at the same time 
those which have been most studied by mathematicians, are the 
linear or distributive operators. These are such as have the 
properties that 

and 
T(cp1 + cp2) = Tcp1 + Tcp2, 

T(ccp) = cTcp, (59.1) 

where c is a constant. Examples of linear operators are (a) 
multiplication by the independent variable, (b) differentiation 
by the independent variable. An example of a non-linear opera­
tor is "taking the reciprocal of." For then 

T(cp1 + cp2) -
1 

'Pl + 'P2 
whereas 

and these are not the same. 
1 For the material of this section see PINCHERLE, Encyc. Math. W i8~. II 

A 11. 
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One can now proceed to define an algebra of linear operators. 
The operator that is the sum of T and S_is defined by the equation 

(T + S)<P = T<P + 8'{). 

The operator that is the product of a constant c and Tis defined 
by 

( c T) <P = c ( T <P) 

and the product TS of two operators is defined by 

(TS)<P = T(S<P), 

that is, one applies T to the result of operating on <P with S. In 
general, multiplication is not commutative, i.e., TS -¢. ST. A 
simple example of this which is of great importance for quantum 
theory is case of the two linear operators just cited, 

for which 

so that 

T: multiplication by x 
S: differentiation by x, 

ST<P = <P + X<P'(x), 

(ST - TS)<P = <P· 

The simplest of all operations (as all humans know) is that of 
doing nothing. This is called the "identical operator" and is 
denoted by 1. Applied to any function it leaves the function 
unaltered, 

1'{) = '{). 

Hence in the particular example just considered, the law of com­
mutation of T and S is 

ST - TS= 1. 

If to an operator T, there exists another operator S, such that 

TS= ST= 1, 

then Sis said to be the reciprocal of T and is written T- 1• Con­
versely, Tis the reciprocal of S. For the reciprocal of a product 
one has 

(TS)- 1 = s-1r- 1, 

the reversed order of factors being needed in order that 

(TS)-1(TS) = s-1T- 1TS = 1 

by the associative law of multiplication. 
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arises in practice only when one seeks to give an integral repre­
sentation to all operators. 

If the kernels of two operators are known, the kernel of the 
product is easily obtained. One has 

TScp(x) = f t(z, y)J s(y, x)cp(x)dxdy 
= J (Jt(z, y)s(y, x )dy)cp(x )dx (59.3) 

from which it is evident that the kernel of the product must be 

Jt(z, y)s(y, x)dy. 

From this result it is seen that the kernel of an operator and the 
kernel of its reciprocal must be orthogonal functions. Let 
L1(y, x) be the kernel of r- 1, then, since TT- 1 = 1, one has 

J t(z, y)L1(y, x)dy = o(z - x), 

where o(z - x) is the discontinuous kernel of the identical 
operator. 

An interesting property of the kernel t(y, x) of T is that it is 
the function which results from operating on the unit kernel 
o(x - y) with the operator T, for one has 

To ( x - z) = J t (y, x) o ( x - z) dx = t (y, z). 

In relations of this type it will be observed that the particular 
letters which represent the independent variables are continually 
being changed. This makes no essential difference in the 
operator, since what is essential is the mode of dependence of a 
function on its independent variable and not the letter which 
stands for that variable. 

Dirac avoids this change of letter by using the same letter with different 
numbers of primes attached to indicate different values of the same dynami­
cal quantity. This is a convenient notation when working with the quantum 
mechanical equations. 

The connection of operator ca~culus with the.quantum mechan­
ics is now made by assuming that the probability amplitudes of 
Sec. 57 are to be identified with the kernels of certain operators. 
There are thus two types of operators occurring in the theory. 
One is that of the operators which represent physical quantities, 
and the other those whose kernels are the probability amplitudes. 

60. Relation to Linear Transformations. 1-A clearer insight 
into the workings of operator calculus may be obtained by 
considering the algebraic theory of linear transformations of n 

1 PASCAL, Repertorium der hoheren Math. Vol. 1, Chap. 2, Leipzig, 1910. 
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variables. These are connected with the theory of matrices of 
n rows and n columns. The mathematical methods involved are 
a product of the nineteenth century and their usual application is 
to analytic geometry and to vector and tensor analysis. For 
application to quantum mechanics an extension of matrix 
algebra is needed to cover the case of linear transformations in 
infinitely many variables, as will be seen later. 

When an operator T acting on a function is given in terms of 
its kernel, the equation 

i/;(y) = f t(y, x)a(x)dx, 

is evidently analogous to the linear transformation, 

The difference consists in the fact that in the former the variables 
take on an infinity of values, whereas in the latter, they take on 
but n discrete values. Such linear transformations in n discrete 
variables bear an important relation to the geometry of n dimen­
sional space. Consideration of these relations is very fruitful 
in suggesting the direction in which to look for the general 
expression of the laws of quantum mechanics. 

A given linear transformation is characterized by the array 
of n 2 coefficients, tyx·. Such an ordered array of coefficients is 
called a "matrix." An algebra of such quantities may now be 
built by defining the fundamental operations for matrices. Just 
as T symbolizes the operator whose kernel is t(y, x), so T can 
here stand for the matrix of n 2 quantities tyz· 

If two matrices, T and S, have the elements tyz and Syx, the 
sum (T + S) is defined to be the matrix whose elements are the 
sums of the corresponding elements of T and S, that is, tyx + Syx· 

The quantities 'Pz can be regarded as the coordinates of a 
point cp in a certain coordinate system, and the y;y as the coordi­
nates of another point if; in the same coordinate system. The 
coordinates of a point are also the components of its position 
vector relative to the origin so that the linear transformation 
makes the position vector of i/; be a linear vector function of 
that of cp. Another quite different application of a linear trans­
formation is that by means of which a new coordinate system is 
introduced. Then, if the 'Pz are the coordinates of a point in the 
old system, the coordinates of the same point in the new coordi-
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or, symbolically, 
A'= TAT- 1• 

The properties of a given functional relation between two 
vectors that is described by A can best be summarized by finding 
those vectors which A leaves unaltered in direction. This calls 
for consideration of the equation, 

A<P = a<P, 

which in this form is seen to be the analogue of the equations for 
probability amplitudes which were set up in Sec. 67. 

Written in terms of components this is 

(y = 1, 2, · · · n). 

This is a set of homogeneous linear equations for the n unknown 
components of <P· The condition that they have non-vanishing 
solutions is simply that the determinant of the coefficients 
vanish. That is, 

au - a 

=0 

ann - a 

This is an equation of the nth degree which will, in general, have 
n roots. Corresponding to each of these roots, there will be a 
solution for the components of a vector which has the property 
demanded. These n values of a are known as the characteristic 
values of A. 

If the characteristic values and the characteristic vectors 
associated with them are determined, it is natural to inquire, 
what form will A assume if a new coordinate system is introduced 
having these characteristic vectors as axes? Let the character­
istic values be numbered by the subscript u, i.e., au (u = 1 · · · n). 
Then the components of a characteristic vector associated 
with au may be called <Pxu (i.e., <Pxu is the xth component of the 
uth characteristic vector). 

Any transformation tyx will change the components of <Pxu 

into cp' yu by 
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But if t11z is to be so chosen that the uth axis lies along 'Pu, one 
must have <p 1 yu = 1 or O according as u = y or u ¢ y. Evi­
dently, now the n 2 quantities 'Pxu may be regarded as forming a 
matrix in which case the preceding equation merely expresses the 
fact that t11x must be the inverse of the transformation whose 
matrix is 'Pxu· In other words, 

From this the form of A in the new coordinate system follows at 
once. 

It is 

a' yu = ity.xa.xztzu-l = ity.xau'Pxu = au011u• 
xz x 

In other words, in the new coordinate system the matrix corre­
sponding to the operator A takes on the simple diagonal form in 
which the characteristic values occupy places on the diagonal 
where y = u and all the other elements are zero. 

The axes of this coordinate system are known as the principal 
axes of the matrix A. 

The problem of finding the principal axes of a matrix is of 
considerable importance in classical physics, at least in the case 
n = 3. For example, in a small deformation of an elastic body, 
the point whose coordinates are initially (cp1, <p2, <p3) will be 
displaced to the point ( i/;1, i/;2, i/;a) where if; and <p are connected 
by a linear vector functional relation. The principal axes of the 
deformation are the directions in which the strain is a pure 
expansion or compression. By such a deformation, the points 
initially on a sphere about the origin are made to lie on an ellip­
soid. Hence, the problem is closely related to the purely 
geometrical one of finding the principal axes of an ellipsoid. 

It is important to know what restriction on the transformations 
of coordinates is placed by requiring that the length of the vector 
remain invariant, that is, unchanged in value, by the trans­
formation. The length of a vector is a particular quadratic 
form of its components, 

For L 2', in the new system, one has 

£ 2' = i<p/2 = i(txu'Pu)(tx11'P11) = L2. 
x x 
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In order that this agree with L for any vector cp one must have 

As it stands this is not a matrix multiplication, since the sum is 
taken over the first index in both factors. Tis defined, therefore, 
as the matrix which is obtained from T by interchanging rows 
and columns. This is called the transposed T. 

As 

so the preceding requirement is 

x 

In other words, the transposed Tis equal to the reciprocal of T if 
the lengths of all vectors are to be preserved. 

T = r- 1• 

For quantum mechanics a slight generalization of the preceding 
is of importance. One needs to know what transformations leave 

unchanged in value. 
One has 

icpz'~z' = ICtxu'Pu) Ctxv~v)• 
x xuv 

Hence, since this must be an identity in <Pz 

Introducing the notation T for the matrix whose elements are 
the conjugate complex quantities to the elements of T, this is 

TT= 1 
or 

T = (T)-1• 

Transformations of coordinates which leave the length of cp 

invariant are called orthogonal. Those which leave irp.,~., 
invariant are called unitary. Their importance for quantum 
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easily carried out. This standpoint will now be adopted as 
valuable heuristically but with no implication that the mathemat­
ical questions arising are not of the greatest importance. 

Evidently, all of the work of the preceding section can be 
generalized formally by merely writing operators for matrices 
when infinitely many variables present themselves. If this 
be done it is seen at once that the Schrodinger equation, 

Hl/; = Wl/;,. 

where His an operator is the formal equivalent of the problem of 
finding the characteristic values of the operator H. The func­
tions l/;(W, x) which occur are then closely related to the trans­
formation which makes the operator H take on the simple 
form of a diagonal matrix with the characteristic values occupying 
the places on the diagonal. 

If one seeks to retain the very helpful geometrical idea of 
transformation of coordinates in a space of n dimensions in the 
limit as n tends to infinity, one is led to the important conception 
of function space. This viewpoint has already been introduced 
in Sec. 12. Function space is a "space" of infinitely many 
dimensions in which each value of x labels a separate and distinct 
coordinate axis. In this space a function l/;(x) is a point or a 
position vector. The linear operators representing physical 
quantities are then relations between vectors in function space. 

The allowed values of a physical quantity are the character­
istic values of its operator. The probability amplitudes are 
related to the transformation by means of which one sets up a 
new coordinate system in function space. The state of a dynam­
ical system is described by some vector in function space say, 
cp(x). This vector will be regarded as normalized in the Hermi­
tian sense so 

J_:"' 'l'(x)~(x)dx = 1. 

The probability that the coordinate x of the system lies between 
x and x + dx is given by cp(x)cj;(x)dx so the normalization 
expresses the fact that the coordinate certainly has some value. 
The state vector is here given in the form suitable for telling 
what are the probabilities of the coordinate having different 
values. 

If now one wants to know what are the probabilities of the 
various allowed values of the energy, one must introduce a new 
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,coordinate system in function space such that its axes are the 
principal axes of the energy operator. The transformation to 
these axes is just what is given by the Schrodinger functions, as 
will now be seen by paralleling the discussion of the preceding 
section. 

Ht/; = Wt/; 

will have for each allowed value of W a solution t/;(x, W). From 
the present standpoint this solution is the vector in function­
space corresponding to the energy value W. In the new system 
of coordinates the state vector will be given by 

cp'(W) = f t(W, x)cp(x)dx. 

The transformation operator's kernel is now given in analogy 
with the preceding section by 

t- 1(W, x) = t/;(W, x). 

Since, however, the transformation operators are unitary, 

TT.= 1, 
it follows that 

t(W, x) = J(W, x). 

Therefore, the state vector in the new system is given by 

~'(W) = L:"' ~(x)it,(W, x)dx. 

Just as cp(x)cp(x)dx gave the probability that x had the value 
between x and x + dx so now cp(W)~(W)dW gives the probability 
that W has the value between W and W + dW in the state in 
question. Because the transformation is unitary, one is assured 
that 

f cp'(W)~'(W)dW = 1, 
as it should be. 

What has just been said for the energy is true for any other 
physical quantity characteristic of the system. To find the 
probability of its values in a state of the system one must refer 
the vector characterizing that state to a coordinate system in 
function space determined by the principal axes of the operator 
representing that physical quantity. Then the components of 
the st~te vector along; the different principal axes multiplied by 
their complex conjugates give the probabilities of each value for 
the state in question. 
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Therefore, one can make an operator out of the Hamiltonian 

function H(p, q) of the type H(p, -
2
~i :p) in which case, the 

equation for the allowed energy levels and the transformation 
functions t(W, p), is 

H(p, - 2:i :P),Y(W, p) = W,Y(W, p). (63.1) 

By the general theory, t(W, p )t(W, p) dp gives the probability 
that p have a value between p and p + dp when W has the value 
W. In some cases, this leads to a simpler equation than the 
ordinary Schrodinger equation. In the case of the harmonic 
oscillator, because the Hamiltonian is simply the sum of squares 
of p and q, the equation for t(W, p) is of the same form as that 
for t(W, q) so that the t(W, p) are also Hermitian polynomials 
exactly as in Sec. 15. 

64. Angular Momentum.-Because of the great importance 
of central-force problems for atomic theory, it is important to 
consider the operators corresponding to angular momentum. 
If the momentum of a particle is p when at position r relative 
to the origin, its angular momentum M, about the origin is 

M = r xp 
or 

M.., = YPz - Zpy. 

Therefore, the operator corresponding to the transformation 
from r diagonal to M diagonal is 

h 
M = 21rl X grad 

so the equation. for determination of the allowed value of the 
angular momentum becomes 

21ri 
r X grad y; = hMy;. 

Letting 
2
{ M = m this becomes, 

y dy; - z dy; = imzYI az ay 
z at - x at = im t ax az y 

iJy; dy; . 
x iJy - y iJx = imzt. (64.1) 
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It is easy to see, however, that there are no values of mx, mu, mz, 
(except 0, 0, O) for which these three simultaneous equations can 
be solved. In other words, it is impossible to refer all three 
components of angular momentum to their principal axes, 
simultaneously. In accordance with Sec. 62 this means that all 
three components of angular momentum are not simultaneously 
observable. This result follows most directly from the observa­
tion that the operators M x, Mu, Mz do not commute with each 
other. Computing the products M xM u from the forms for 
M x, MY, Mz, just given, one readily establishes the· relation, 

MxMy - MuMx = M{2!i), (64.2) 

and two more given by cyclical permutation of the indices x, y, 
and z. 

The knowledge of a definite numerical value for one of them 
therefore precludes the possibility of knowing precise numerical 
values for the other two. Fixing attention on mz one recognizes, 

as in Sec. 44, that x :Y - y a~ is :<P where <P is the azimuth angle 

of a polar coordinate system having the z axis for its polar axis. 
Since the configuration of the system has period 21r in cp, mz must 
be an integer and, therefore, 

l/;(mz, x, y, z) = F(r, z)eimz'(), 

where F(r, z) is an arbitrary function of its arguments. 
The operator corresponding to (M x2 + M y 2 + Mz 2) = M 2 

which gives the square of the resultant angular momentum is 
easily Qomputed from the forms for the components. 

The result is 

M 2 = (t1r)2{<r·v) 2 + (r·v) - r2,+ (64.31) 

in which 
a a a 

T • y7 = X - + y - + Z -· ax ay az 
Expressed in spherical polar coordinates r · v becomes r :r so the 

operator M 2 is simply 

M
2 

= -(tS[ si~2 o :;2 + si~ o :o( sinO :o)} (64.32) 
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Since M 2 contains no differentiation with respect to r, one sees 
that the transformation function from spatial coordinates to 
values of M 2 can be multiplied by an arbitrary function of r. 
The equation for the transformation function is, therefore, 

-( 2:) T si:2 o a:2 + si~ o :o( sin O :o) Jv, = {N,, (64.33) 

where (3 is an allowed value of M 2• This, however, is just the 
equation for the spherical harmonics as studied in another con­
nection in Sec. 16. 

Therefore, the allowed values of M 2 are 

(64.4) 

Angular momentum has the peculiar property in quantum 
mechanics of being a vector quantity of which one can know the 
value of the squared resultant and of one component simul­
taneously (since MzM2 

- M 2Mz = O) although one cannot 
know the values at once of all three components. The fact 
that one can know simultaneously M 2 and Mz is also reflected in 
the fact that the spherical harmonics which are the transforma­
tion functions for M 2 contain eim,"', the transformation function 
for Mz, as a factor. 

66. Pauli's Theory of Electron Spin.1-At about the same 
time that the principles of the quantum mechanics were being 
worked out, it was discovered by Goudsmit and Uhlenbeck that 
the systematics of atomic spectra could be greatly clarified by 
the assumption that the electron is spinning about an axis so 
that it possesses both angular momentum and magnetic moment. 
From the spectral interpretations to which this view is applied 
it is learned that it must be assumed that the angular momentum 
has the value h/41r (half the usual unit!) while the magnetic 
moment is that of a Bohr magneton. The problem of treating 
this spin property of the electron in terms of quantum mechanics 
thus presents itself. 

Naturally, one would first try simply to treat the electron as a 
little rigid body introducing, say, Eulerian angles to specify its 
orientation. Then, adopting certain hypotheses concerning its 
moment of inertia it would be natural to introduce these extra 

1 PAULI, Zeits. fiir Phys., 43, 601 (1927). For a general discussion, see 
GounsMIT and PAULING, Chap. IV. 
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coordinates into the Schrodinger equation. This program fails 
in two important ways. In the first place, the hypothesis of 
single-valued y; functions leads at once to values of the angular 
momentum which are integral multiples of h/21r, instead of the 
value h/41r. In the second place, it gives all integral multiples 
of h/21r whereas empirical results demand that the spin angular 
momentum have but one value. Pauli was thus led to handle 
the spin as an application of the general transformation theory 
with results which have given a rather satisfactory account of 
the electron spin. 

To describe the electron, four coordinates are used. Three are 
the spatial coordinates of position of the electron's "center" as 
usual. The fourth is taken as the component of the angular 
momentum in some particular direction, as the z direction. 
This component, sz, is a dynamical quantity which can only take on 

h h 
two values, + 

4
1r and -

4
1r. Choosing for this section h/41r as the 

unit of angular momentum, this means that the operator for 
Sz referred to its principal axes must be the matrix 

The Schrodinger wave function will depend on the four 
coordinates x, y, z, Sz and W such that l/;(x, y, z, sz, W)1(x, y, z, 
sz, W)dxdyds gives the probability that the electron be in the 
volume element around x, y, z and have the spin component Sz 

when it is known to be in the state of energy W. Since, however, 
Sz takes on only the two discrete values + 1 and -1 it is perhaps 
more convenient to regard y; (x, y, z, + 1, W) as one wave function 
l/;1(x, W) and l/;(x, y, z, -1, W) as another wave function l/;2(x, W). 
The operation Sz becomes then just a linear transformation of 
the two y; functions, 

8 l/; _ (1 O)(l/;1) _ ( l/;1) 
z - 0-1 V/2 - -l/;2 . 

The normalization has to be such that 

f[l/;1(x, W)~1(x, W) + l/;2~2]dx = 1 

to express the fact that the electron is certainly somewhere, and 
with its spin pointing in either of the two possible ways. 

The next question to be answered is) what are the operators 
corresponding to the other two components of the spin angular 
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momentum sz and Sy? Of course, the spin characteristic of the 
electron differs in many respects from the angular momentum of 
translatory motion. Nevertheless, it is natural to seek to keep 
the analogy with ordinary angular momentum as close as possible. 
This suggests seeking two-rowed and two-columned matrices for 
sx and Sy being guided by the requirement that they obey the 
same rules of commutation as equations (64.2) for the operators 
which represent angular momentum. Putting l = 7~ and remem­
bering that h/41r has been taken as unit, this requirement is 

Sx2 + sy2 + Sz
2 = 3 

SxSy - SySx = - 2isz 

SySz - SzSy = -2is.z 

SzSy - SxSz = - 2isy. 

Since the matrix form for Sz is known, it is now easy to write down 
forms for Sx and Sy with unknown quantities as the elements, 
determining them from these requirements. In this way one 
finds that the operators for the spin components are 

Sz = G ~), Sy=(-~ ~), Sz = G- ~} (65.1) 

The remainder of the theory is concerned with the effect of spin 
on the energy levels. For this one needs to know how the 
Hamiltonian function depends on the spin components. Reason­
ing from the classical behavior of a magnet in an electromagnetic 
field, one expects that there will be two contributions to the 
Hamiltonian. One of these will arise from the direct interaction 
of the magnet with the magnetic field. If the magnetic moment 
is µ (=eh/ 41rmc) this is 

(65.21) 

where Hx, Hu, Hz are the components of the magn~tic field. The 
other contribution will arise from the fact that the electron is 
usually moving in an electric field. Relative to axes moving 
with the electron's translatory motion, the electric field will be in 
part a magnetic field which will also interact with the magnetic 
moment of the electron to give a contribution to the energy. 
The calculation of the expression for this second contribution is 
a rather complicated problem in electrodynamics and will be 
omitted .. 
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The result is 

1( h ) 2 Ze 2 1 1 -4 -2 -2 3 -;-(kxsL + kySy + kzsz) 
1r me r i 

(65.22) 

where kx, kY and kz are related to the operators associated with 
the orbital angular momentum, 

a a 
kx = y- - Z-· az ay 

The derivation of the expression for the interaction of the spin 
with the translatory motion is due to Thomas and to Frenkel. 

The effect of this interaction on the energy levels is of the same 
order of magnitude as the relativity fine structure of the hydrogen 
levels. A detailed presentation of the fine-structure theory will 
be omitted but the main facts may be stated briefly. Before the 
new quantum mechanics, Sommerfeld worked out the modi­
fication in energy of the elliptical orbits due to the relativistic 
variation of the mass of the electron with its velocity. So far as 
energy levels were concerned Sommerfeld's theory agreed com­
pletely with the observed fine structure. But the selection 
rules governing the fine structure seemed to be somewhat different 
from those given by the theory. With the advent of the electron­
spin hypothesis of Goudsmit and Uhlenbeck, still working by 
classical mechanical methods, the azimuthal quantum number 
was changed to half-integral values. This alone would spoil the 
agreement of the theory for energy levels. But, remarkably 
enough, the energy contributed by the interaction of the spin 
with the orbital motion was of just the correct amount to restore 
agreement as regards energy levels. The new interpretation of 
the levels carries with it an alteration in the selection rules which 
improves the agreement between predicted intensities in the 
fine structure and the observed intensities. 

Schrodinger and others have given a relativistic form of the 
wave equation. 1 This, when applied to the hydrogen-atom prob­
lem, gives wrong values for the energy levels. The discrepancy 
is removed in the quantum mechanics by taking into account 
the effect of the spin by the method of Pauli's theory. That 
the new equations, involving two if; functions, give the correct 
energy levels, was first worked out by Darwin2 who discovered 

1 ScHRODINGER, Ann. der Phys., 81, 132 (1926); FocK, Zeits. fur Phys., 39, 
226 (1926); KLEIN, Zeits. fur Phys., 41, 407 (1927). 

2 DARWIN, Proc. Roy. Soc. 116A, 227 (1927). 
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them by a semi-empirical method. Darwin set himself the 
problem: Required to set up two simultaneous wave equations 
£or two y; functions such that they will give the fine structure 
energy levels correctly. Working backwards, in this way he 
arrived at the same equations as are given directly by the Pauli 
theory. 

It is not quite true to say that the Pauli-Darwin equations 
give the correct energy levels for they fail for the S(l = O) 
levels For all others the fine structure is correctly given. 
This defect has been removed and, at the same time, the whole 
relativity-spin theory of the electron has been given a new and 
extremely important development by the work of Dirac. 1 

Dirac's theory of the electron is, however, outside the scope of 
this book. Although representing a considerable advance Dirac's 
theory is still beset with difficulties so that much more remains 
to be done before a good understanding of this problem is reached. 

1 D1~Ac, Proc. Roy. Soc.; DARWIN, Proc. Roy. Soc., 118A, 654 (1928); 
GORDON, Zeits. fiir Phys., 48, 11, (1929). 



CHAPTER VII 

APERIODIC PHENOMENA 

The physical applications of quantum mechanics which have 
been thus far presented have been largely concerned with the 
determination of the stationary states of atomic systems. Such 
applications can be based almost entirely on the Schrodinger 
wave equation from which the dependence on the time has been 
eliminated Consideration of collision phenomena and the more 
detailed treatment of the interaction of radiation and matter 
calls for a study of the equation of Sec. 8, 

h acp 
- 21ri at = H cp, 

in which H is the Hamiltonian energy operator, and cp is the 
state vector in function space regarded as a function of the spatial 
coordinates of the mechanical system. This equation will be 
assumed to govern variation in time of the state vector of the 
mechanical syste . Some properties of the equation will now 
be considered from the standpoint of the preceding chapter 
before proceeding to the study of aperiodic phenomena. 

66. Variation of State in Time.-In accordance with the ~deas 
of Chap. VI, the state of a mechanical system can be described 
by the function cp(x1 ... Xn), where X1 ••• Xn are the spatial 
coordinates of the system and cp;dV gives the probability 
that the configuration is specified by a volume dV of the con­
figuration space around the values of X1 ••• Xn occurring as 
arguments in cp;. The variation of the state in time will now be 
supposed governed by the fundamental equation, 

h acp 
-21ri at = Hep. (66.1) 

The result of operating on cp with H can be expressed in terms of 
the expansion of cp in terms of the wave functions of the problem. 

216 
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At any other time the state vector may be denoted by cp(x). 
Each of the characteristic functions for H can be expanded in 
terms of those for A, i.e., 

f(W, x) = ~t(W, a)x(a, x). 
a 

At any time cp(x) is given by ~c(W)f(W, x) so one has 

cp(x) = ~c(W)f(W, x) = ~[~c(W)t(W, a)]x(a, x). 
a W 

The coefficient of x (a, x) at any time gives the probability that the 
I, 

quantity A have the value a. It can be called d(a). Since 
the dependence of c(w) on the time is known, one has also an 
expression for the dependence of d(a) on time, 

d(a) = ~c(W)t(W, a). 
w 

The initial condition, that at t = 0, the value of a is known to 
be a' determines the initial values of the c(W). 

One has 
x(a', x) = ~t-1(a', W)f(W, x), 

w 

so the initial values of the c(W) are t- 1(a', W), the coefficients of 
the expansion of x(a', x) in terms of f(W, x). The complete 
solution for d( a) is therefore, 

21riWt 

d(a) = ~t-1(a', W)t(W, a)e--h­
w 

(66.4) 

67. The Free Particle.-In Sec. 62, the state vector which 
represents a particle whose position is known to be Xo + a and 

whose momentum is known to be po + ~
2

-,,,__, were written down. 
1ra 

We have now to consider how this state vector will depend on 
the time. It is to be expected, of course, that after the lapse of 

time t the particle will be located at the position ( x0 + 1;:,,t) in 

the mean, but with a somewhat increased uncertainty in its 
position owing to the uncertainty in its speed. The classical 
way of compounding probable errors would lead one to suppose 
that the uncertainty in position after time t would be, 

.., + h2 2 
a"' 4 2 2 2t . 1r am 
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The expectation is then that, in this case, the state vector will 
depend on the time in such a way that y;~ remains a Gauss error 
curve whose maximum moves with a uniform velocity po/m but 
which becomes broader, corresponding to the increased uncer­
tainty of position. 

That this_is the case was shown by Kennard and by Darwin. 1 

The question will now be considered from the standpoint of the 
preceding section. For a free particle, the Hamiltonian is 
simply 

1 
H = 2mp2, 

so that H commutes with p. The allowed values of p are all 
values from - oo to +oo so all values of W from O to +oo are 
allowed. Since H and p commute, the relation between the 
numerical values Wand pis simply 

1 
W = 2mp2. 

By the preceding section the wave function of energy W depends 
2riWt 

on the time through a factor e --h- which means here that the 
component of the state vector corresponding to momentum p 

1rip2t 

has the time factor e - mh. Using the expression (62.1) for 
'P(P) found in Sec. 62, and multiplying it by this time factor one 
has 

(21ra) 2 2ri rip2t 
- - (p-po) 2+-(p-po)xo--

( ) 
h h mh 

'P p, t = e . (67.1) 

To find 'P(X, t), in order to know the probabilities for various 
positions of the electron, one writes 

'()(x, t) = exp, --px - - 1- (p - po) 2 + J + 
00 

f 21ri (21ra) 2 

-oo l h n 
21ri 21ri p2t l 
h(p - po)xo - h 2mjdp. 

Carrying out the integration, one finds for '()Cf) except for the 
normalizing factor, 

(x-xo-pof,/m) 2 

(67.2) 

1 KENNARD, Zeits. fur Phys., 44, 326 (1927); DARWIN, Proc. Roy. Soc. 
117A, 258 (1927). 
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where 

( 
ht )

2 

o-2 = a2 + --
41rma 

= (tix)2 + e:r 
Here ~x and ~p are the associated uncertainties in position and 
momentum as they were found in Sec. 62. This verifies the 
expectation from elementary considerations that the maximum 
probability should move with the velocity corresponding to the 
mean momentum, while the distribution curve became broader 
because of the uncertainty in the velocity. The example serves 
as a useful check on the correctness of the equation for the time 
dependence of cp. 

Darwin has considered some other interesting examples of the 
motion of such wave packets where forces act on the particle. 
Thus, in the case of a uniform force field which is of such strength 
as to cause a uniform acceleration g, he finds the probability of 
being between x and x + dx to be given by 

exp 
( )

2 pot 1 
X - Xo - m - 2gt2 

a2 + (_!!!__) 2 

41rma 

(67.3) 

In other words, the place of maximum probability moves down 
the field with uniform acceleration in exactly the same way as 
a particle moves classically under the same circumstances. The 
packet grows in extent at the same rate as before corresponding 
to the uncertainty principle estimate. He has also worked out 
the behavior of an electron in a uniform magnetic field according 
to this method. 

Schrodinger1 was originally of the opinion that the packet of 
waves could be interpreted as giving the actual charge density 
of the moving particle instead of the probability of its being at a 
certain place. Evidently, if this were to be a satisfactory inter­
pretation, it would be necessary for the packet to remain of 
approximately constant dimensions as it moved about from place 
to place. He, at first, thought that this was the case. He 
constructed from the i/1 functions for the harmonic oscillator a 

1 SCHRODINGER, Ann. der Phys., 79, 500 (1926). 
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packet which oscillated with simple harmonic motion 1 and, 
although it underwent periodic fluctuations in extent, it did not 
grow in extent with time as in the cases just considered. This 
particular case is, therefore, a misleading one. The reason that 
it is exceptional is connected with the fact that the classical 
motions associated with different energies in the harmonic 
oscillator all have the sarrie frequency. Therefore, even though 
there is some uncertainty in the energy necessary to fix the 
coordinate in a fairly definite part of a large oscillation, the 
equivalent classical particles moving in the orbits of the various 
energies involved will never get very far out of step with each 
other. Another such exceptional case is that of electrons under 
no force except that arising from a magnetic field, and is con­
nected with the fact that the Larmor precession frequency is 
independent of the electron's speed. 

Debye2 has given an approximate discussion of the behavior 
of the packet in problems of one degree of freedom for any forces 
and finds that the maximum moves according to classical laws. 
The question has also been handled by Ehrenfest and by Ruark. 3 

68. One-dimensional Collisions.-The term, one-dimensional 
collision, will be adopted to denote cases of motion of a particle 
with one degree of freedom on which the force vanishes except 
in a limited range of the coordinate. The cases which arise are 
of considerable interest in that they present some important 
revisions of ideas from classical mechanics. 

Let the coordinate be denoted by x and the potential energy 
V(x) be such that it is zero for x > Xo and for x < 0. If V(x) < 0 
in the range O < x < xa, then the possibility of quantized energy 
levels, W < 0 corresponding to classical motions restricted to 
this range presents itself. These discrete levels will not be 
considered further. 

Figure 23 illustrates a possible V(x) which is sufficiently general 
to bring out the important cases. Consider first the case of a 
particle coming from negative x with energy W 1, greater than 
the absolute maximum of V(x). According to classical mechanics 
W - V(x) is the kinetic energy, which in this case remains 
positive throughout the range of x. The velocity never vanishes, 

1 ScHRODINGER, Naturwiss, 14, 644 (1926). 
2 DEBYE, Phys. Zeits., 28, 170 (1927). 
3 EHRENFEST, Zeits. fiir Phys., 46, 455 (1927); RUARK, Phys. Rev., 32, 1133 

(1928) (abstract). 
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therefore, and the particle is certain to pass through the region 
where forces act on it and escape to x = +oo. For the case of 
W 2, however, a particle coming from the left is reduced to zero 
speed where W 2 - V(x) = 0 and then reverses its direction 
of motion and returns to x = - oo . For W 2 there are two types 
of motion, one representing an approach from and recession to 
-oo, the other an approach from and recession to +oo. Simi­
larly, for Wa which is greater than zero but less than the second­
ary maximum of V(x) there are three types of motion. Two 
are in the infinite stretches of x to the left and right which give 
aperiodic motions, while the third is periodic and confined to 
the region between the two "hills" of V(x). Finally to negative 
energies, as W 4, only the periodic motion corresponds. 

V(x) 

-----~ 
I 
I 

0 

Frn. 23.-Energy levels of a possible potential energy function. 

This situation will now be studied from the quantum mechan­
ical standpoint. The results to be found are similar to the 
classical ones but show very striking differences. Considering 
always what happens to particles coming from the left it will be 
found that for W much larger than V m (the absolute maximum 
of V(x)) the probability that the particle moves off to the right 
approaches certainty. But there is always a finite probability 
of returning to the left even in the case of W > V m, which is in 
sharp contradiction to classical mechanics. Similarly, in the 
range W 2 it will be found that there is always a certain prob­
ability that the particle will move off to the right having passed 
through the region forbidden by classical mechanics where the 
potential energy exceeds the total energy. This probability, 
however, becomes rapidly small for values of W much less than 
V m· The first main result is therefore that the value V m for W 
no longer is a critical one for which there is an abrupt change in 
the character of the motion. Instead, there is a steady change 
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ikoeiko\ respectively. In the range O < x < a, one has f(W, x) 
given by (68.1) with A and B determined so that 

0 

Aeika + Be-ika = eikoa 
k(Aeika _ Be-ika) = koeikoa 

V{X) 

t 
: 
v 
: 
i 

0 a 

Frn. 24.-A simple form of V(x) illustrating collision phenomena. 

whence the values of A and B are 

A = K 1 + to)ei(ko-k)a 

B = K 1 - to)ei(ko+k)a, 

Similarly in the range x < 0, iJ,(W, x) will be given by 

f (W, x) = Ceikox + De-ikox, 

(68.2) 

with C and D determined so that i/1 and df /dx are continuous 
at x = 0. This leads directly to 

(68.3) 

Using the current density expression of Sec. 10, it is found that 
this solution for f corresponds to an incident beam of intensity 

CC, a reflected beam of DD, and a transmitted beam of unit 

intensity. The fraction transmitted is therefore I/CC and the 

fraction reflected is DD/CC. Considering the case W > V, k is 
a real quantity so 
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The intensity of the incident beam is, therefore, 

1 +, (~;)2, 
while that of the transmitted beam is 1. On the other hand, the 
intensity of the reflected beam is (U 2k/2k) 2 so one sees that in this 
approximation the number of particles is not conserved. That 
the infinite series for y; converges may be proven under the 

assumption that f_+
00

00

jU(x)jdx is bounded. 

69. Radioactive Disintegration.-By far, the most important 
application of the ideas of the preceding section is to the theory 
of the ejection of a-particles from the nuclei of the radioactive 
atoms. This application was worked out independently by 
Gurney and Condon and by Gamow and has subsequently been 
discussed by a number of others. 1 Little is known concerning 
the forces which bind together the constituents of the atomic 
nucleus, but from the a-particle scattering experiments of 
Rutherford it is known that the force is quite accurately given by 
the Coulomb law down to distances of the order of 10-11 to 10-12 

centimeters. At small distances attractive forces must predomi­
nate, however, in order to hold the a-particle into the nucleus. 

For a working picture we may consider one a-particle as mov­
ing in a central-force field due to the action on it of the rest of 
the nucleus. For simplicity, one may restrict the discussion to 
the states for which l = 0 so that in accordance with Sec. 16 the 

equation for R(r), where l/; = !R(r), becomes 
r 

R"(r) + s~:µ(W - V(r))R = 0. (69.1) 

R(O) must equal zero and R( ao) must be finite. Since for r > 10-12 

cm, V(r) obeys the Coulomb law but for smaller values attractive 
forces outweigh the Coulomb repulsion, the V(r) must be of the 
type shown in Fig. 27. 

Two types of energy levels now present themselves, W 1 > 0 and 
W2 < 0. The latter correspond to absolutely stable orbits, and 

1 GURNEY and CoNDON, Phys. Rev., 33, 127 (1929); GAMOW, Zeits. fur 
Phys., 51, 204 (1928); 52, 510 (1928); GAMOW and HouTERMANs, Zeits. fur 
Phys., 52, 496 (1928); KuoAR, Zeits. fur Phys., 53, 61 (1929); 53, 95 (1929); 
53, 134 (1929); VON LAUE, Zeits. fur Phys., 52, 726 (1928); Discussion of 
Royal Society, Proc. Roy. Soc., A123, 373 (1929). 







APERIODIC PHENOMENA 231 

3 X 10-12 centimeters, together with the observed values of W for 
emitted a-particles, in this formula gives the correct order of 
magnitude of the mean life T. Moreover, as it is natural to 
suppose that the V(r) curves are somewhat similar for all radio­
active atoms, this formula contains a relation between the mean 
life T, and the energy W of the emitted a-particle. This rela­
tion appears to agree quantitatively quite well with the empirical 
relation between W and T discovered by Geiger and Nuttall. 
The picture of the disintegration process here employed is 
undoubtedly too much simplified to give an accurate picture of 
the phenomenon but as any understanding of it had been hitherto 
lacking this must be looked upon as an important advance on the 
question of the structure of the nucleus. 

The discussion just given proceeds on an argument from a 
single stationary state or energy level. Approaching the same 
problem from the wave packet standpoint of Sec. 67, one would 
have to superpose the f(W, x) for various values of W in such a 
way that at t = 0 they interfered destructively outside of the 
nucleus. Then, as time goes on, since the different constituent 
wave functions in the packet oscillate with different frequencies, 
the waves will no longer interfere outside the nucleus. This 
means that there is a certain probability of being outside the 
nucleus which grows with time. From the rate of growth of the 
wave function outside or its rate of diminution inside, an estimate 
of T could be gotten. A detailed analysis from this standpoint 
has not thus far been given. 

The property of quantum mechanics, whereby particles may 
escape from a classical periodic motion to an aperiodic motion 
of equal energy, was first noticed by Oppenheimer. 1 He applied 
it to the case of hydrogen atoms in an electric field as in the Stark 
effect. It appears, from arguments similar to those just given 
for the nucleus, that the electron will not remain indefinitely 
in a region close to the hydrogen-atom nucleus if the atom is in 
a field. Instead, there is a certain probability that the electron 
will escape from the atom to be accelerated away by the field. 

This means that it is possible to ionize atoms solely by the 
application of high fields, without any indirect action like the 
formation of ions by collision. 

70. Scattering of Electrons by Atoms.-The case in which a 
particle is free to move in three dimensions and is acted on by no 

1 OPPENHEIMER, Phys. Rev., 31, 66 (1928) 
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The theory of this section is connected with a very important 
group of experiments devised to measure the excitation function 
of atoms, that is, the probability that an atom be excited by an 
electron in a definite way, as a function of the velocity of the 
impacting electron. These experiments have usually been 
concerned with the total probability independently of the angle 
through which the electron is scattered. It is also connected 
with the theory of the abnormally long free paths of electrons 
moving in gases as studied by Ramsauer and by Brode. Although 
much has been written on the subject from the standpoint of the 
collision theory, a satisfactory account of the phenomenon from 
the theoretical side is still lacking. 

At about the same time that Born developed the collision 
theory for quantum mechanics, Dymond reported some experi­
ments on the distribution in angle of the electrons scattered by 
helium without appreciable loss in energy. 1 The striking feature 
of the results was that the electrons were scattered strongly in 
certain rather closely defined directions, which was highly sug­
gestive of the diffraction of light by small particles. Since the 
wave theory of electrons was just then having many successes, 
it was assumed on all sides that these results were an evidence of 
the diffraction of electron waves by the atom. 

Subsequently, however, it has turned out that these results 
were spurious. 2 Instead, the distribution in angle shows but a 
single maximum in the forward direction. This is in actual 
agreement with the approximate theory, as the collision theory 
does not give any distinct diffraction maxima at least in the 
first approximation. 

The only angular scattering problem of importance for which 
the solution has thus far been given rigorously is that of the 
scattering of particles in a Coulomb field of force. 3 The applica­
tion is to the scattering of a-particles by atomic nuclei, a phe­
nomenon studied experimentally by Rutherford and which origi­
nally led to the nuclear model of the atom. The mathematical 
details are rather complicated and lead finally to the same result 

1 DYMOND, Phys. Rev., 29, 433 (1927). 
2 HARNWELL, Proc. Nat. Acad. Sci., 14, 564 (1928); DYMOND and WATSON, 

Proc. Roy. Soc., A122, 571 (1929). 
a TEMPLE, Proc. Roy.' Soc., A121, 673 (1928); MoTT, Proc. Roy. Soc., 

A118, 542 (1928); WENTZEL, Zeits. fur Phys., 40, 590 (1927); 0PPENHEIMJµR, 

Zeits. fur Phys., 43, 413 (1927). ' 
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as given by classical mechanics. At one time it was suggested 
that the wave mechanical formula might depart from the classical 
Coulomb scattering in the same way as do the experiments. 
These deviations have usually been attributed to the finite size 
of the scattering nucleus, a view which is probably the correct 
one since the quantum mechanical scattering agrees rigorously 
with the classical formula for the Coulomb law. 

In the case of the scattering of electrons by atoms only approxi­
mate evaluations of the integrals of the first approximation of 
Born's theory have been given. It is rather hard to know how 
well these results express the results which would be given by 
exact solutions, and as moreover the experimental data with 
which formulas could be compared are meager, the topic will not 
be discussed here in greater detail. Oppenheimer 1 has pointed 
out the necessity of allowing for the equivalence of the electrons 
when an electron is scattered by an atom containing electrons, 
for it may not be the same electron coming out as the one sent in. 

71. Scattering by Crystals.-Probably the most direct evidence 
we have for the wave theory of the electron is afforded by the 
experiments of Davisson and Germer in which the scattering of 
a beam of electrons by a single crystal of nickel is studied. Since 
the de Broglie wave length of electrons having an energy of the 
order of 100 electron volts, is about the same as the lattice space 
in crystals one would expect, independently of a detailed theory, 
the scattering to be governed by interference laws analogous 
to those which govern the scattering of X-rays by cryst~als. 
That this is the case for electrons was first discovered by Davisson 
and Germer and subsequently by many other investigators. 
Thomson studied the angular scattering of electrons which have 
penetrated thin sheets of polycrystalline material and found 
diffraction rings, the experiment being analogous to the powder 
method of Debye and Scherrer in X-rays. The first experiments 
of Davisson and Germer were concerned with the back scattering 
of electrons striking a single crystal at normal incidence, and were 
analogous to the Laue space-lattice diffraction of X-rays. Later, 
they employed also an arrangement which was the analogue of 
the Bragg reflection method. 

Corresponding to the recent experiments of Doan and Rearden 
in which X-rays are diffracted by a ruled grating, Rupp has 
studied the diffraction effects of an electron beam incident on a, 

1 9PPENHEIMEB, PhJJs. Rev., 32, 361 (1928). 
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ruled grating. Kikuchi has studied the diffraction of electrons 
which penetrate thin sheets of mica and has obtained most 
beautiful photographs of the diffraction patterns. Further 
studies by the powder method have been made by Ponte with 
the conclusion that the study of electron diffraction should prove 
just as powerful a tool for the investigation of crystal structure 
as has that of X-rays. 

On the theoretical side, it may be noted that the probable 
existence of such effects was pointed out by Elsasser shortly after 
the appearance of de Broglie's thesis and before the development 
of the quantum mechanics. Shortly after the work of Davisson 
and Germer, brief theoretical papers relating the effect to quantum 
mechanics were published by Zwicky and by Eckart. 

The most thorough-going theoretical treatment is that given by 
Bethe. He represents the potential energy of an electron in the 
crystal lattice as a triple Fourier series whose fundamental periods 
are the dimensions of the unit cell of the crystal lattice. Corre­
sponding to such a potential energy function, it is possible to 
find by an approximation method t/; functions which determine 
the scattering. 1 

72. Variation of Constants.-There is another mode of treating 
small perturbations of an atomic system which is frequently 
quite useful. It is known as the variation of constants. Sup­
pose that the solution of the unperturbed equation 

Ht/; = Wt/; 

is known. If the Hamiltonian for the disturbed system is 
(H + XH1), the energy levels are, of course, changed, and the 
original t/; functions no longer correspond to stationary states of 
the system. Nevertheless, it is possible to expand the state 
vector in terms of the undisturbed if; functions at any given 
instant. At t = 0 suppose then the state of the system is given· 
by cp(x) where 

cp(x) = ~c(W)if;(W, x), (72.1) 
w 

1 DAVISSON and GERMER, Phys. Rev., 30, 705 (1927); THOMSON, G. P., 

Proc. Roy. Soc., 117A, 600 (1927); RosE, D. C., Phil. Mag., 6, 712 (1928); 
DAVISSON and GERMER, Proc. Nat. Acad. Sci., 14, 317 (1928); ECKART, 

Proc. Nat. Acad. Sci., 13, 519 (1927); ZWICKY, Proc. Nat. Acad. Sci., 13, 
518 (1927); BETHE, Ann. der Phys., 87, 55 (1928); KIKUCHI, Proc. Imp. 
Acad., Tokyo, 4, 271, 354 (1928); PoNTE, Comp. Rend., 188, 244, 909 (1929). 
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where the summation is over the undisturbed energy levels W. 
Because the ,t.,(W, x) are not solutions of the problem with the 
complete Hamiltonian, the e(W) will not vary with the time in 
the simple way of Sec. 66; instead, the equation for the time 
variation becomes 

;{ + 2!/(W) + Wc(W)}i1t(W, x) + Ac(W)H11/t(W, x) = 0. 

(72.2) 

which reduces to the usual equation for the e's for X = 0. Multi­
plying by ~(W', x) and integrating, one has 

2
!/CW') + W'c(W') + A;c(W) f ~(W', x)H11/t(W, x)dx = 0. 

(72.3a) 

Consider now the special case in which at t = 0 all the e's are 
zero except some particular one e(W) which equals unity. Then, 
for a small lapse of time around t = 0, one may write 

2:/(W) + [ W + Af~(W, x)H1f(W, x)dx }cw) = 0. (72.3b) 

In other words, the e(W) will vary with the time in the same 
way as if it corresponded to a stationary state of energy given by 
the bracketed coefficient of e(W). This agrees exactly" with 
the formula for the first-order variation of the energy level by the 
perturbation as found in Sec. 40. 

Thus, in a first approximation each e(W') contains a time factor 
which depends on the perturbed energy level. If one now writes 
W for the perturbed value of the energy and puts 

21riWt 

e(W) = d(W)e --h-, (72.4a) 

the time variation of d(W) is given by 

d(W') + >.2tid(W)/;i ( W' - W)t Jifi(W')H 11/t(W)dx = 0, (72.4b) 
w 

so that the d's are constants if X = 0. These equations may be 
solved approximately by successive approximations, if at t = O, 
d(W) = 1 and all others vanish. 
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One has then 

d(W') + A 21ri /;i c W' - W)t f¥1(W')H 11/,(W)dx = 0 
h 

21ri (W' - W)t 
eh 1 

d(W') = X--W-' ---W-- ft[;(W')H 1f (W)dx. 
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(72.5) 

This formula is especially important in the limiting case of reso­
nance where one is concerned with the interaction of two states of 
equal energy levels. In this case one has a linear increase of 
d(W') with the time, 

d(W') = A 
2:i t f1(W')H 11/,(W)dx. 

This linear increase with the time is of course connected with the 
resonance phenomenon as studied in Sec. 48. 

73. Interaction of Radiation and Matter.-The various 
phenomena connected with the interaction of radiation and 
matter constitute an important part of quantum theory. Strictly 
speaking, they are not so much problems of quantum mechanics 
as oJ quantum electrodynamics. One holds to the Maxwellian 
view of the electromagnetic nature of light because of its suc­
cesses, but at the same time recognizes that fundamental changes 
are needed to account for the phenomena of light quanta. The 
solution of this problem must necessarily call for a modification 
of the laws of electrodynamics, just as modification of classical 
mechanical laws has been necessary to account for the quantum 
behavior of mechanical systems. At the present time, very 
little progress has been made on the formulation of quantum 
electrodynamics. 

For the purpose of giving provisional theories of the inter­
action, radiation has been handled in two different ways in the 
quantum theory. 1 In one of these light of frequency, v traveling 
in the x direction and polarized with the electric vector in the z 
direction is treated as being synonymous with the electro­
magnetic field given by the potentials, 

_ ({) = 0, A .. = 0, A 11 = 0, A. = a cos 21rv (t - ~). (73.1) 

1 SLATER, Proc. Nat. Acad. Sci., 13, 7, 104 (1927); BoRN, Zeits. fur Phys., 
40, 167 (1926); DIRAC, Proc. Roy. Soc.,114A, 243 (1927). 
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where cp is the electrostatic potential and A the vector potential. 
The Hamiltonian function for an atom in such a radiation field 
is then to be obtained by considering that the field of the radiation 
acts on each of the charges in the atom according to the equation 
(9.1) for the Hamiltonian of a charge in an electromagnetic field. 
This method is capable of giving a good account of the absorption 
and induced emission of light by atoms, of the photoelectric 
effect, the Compton effect, and of dispersion and of the so-cailed 
Raman scattering of light. 

The other method calls for treating the radiation as contained 
in an enclosure with reflecting walls. In such a case the electro­
magnetic field of the radiation may be analyzed into standing 
waves whose form and frequency depend on the shape and size 
of the enclosure. The variation of the amplitude of each type 
of standing wave with the time, since it is simple harmonic, 
must satisfy an equation of motion like the classical equation 
of motion of a harmonic oscillator. The state of the radiation 
field is therefore to be described by giving the amplitude of each 
standing wave at a particular time. Each amplitude thus plays 
the role of a coordinate. It is natural to suppose that these 
coordinates must be subject to the laws of quantum mechanics, 
in other words, that the state of the field is to be regulated by an 
equation of the type of equation (66.1) where His the Hamilton­
ian function of the radiation field and cp is a function of the 
amplitudes of each of the standing waves. This procedure was 
adopted by Dirac. He regarded the interaction of matter and 
radiation as the interaction of the atom with the system of 
infinitely many degrees of freedom whose coordinates are the 
amplitudes of the standing electromagnetic waves in the enclosure. 
It turns out that this method gives the probabilities of emission 
of both the spontaneous and induced type, required in Einstein's 
theory of the Planck radiation law (Sec. 37). It also provides an 
alternative theory of dispersion and light scattering. 

The second method appears to be nearer the truth than the 
first in that it provides a place for the spontaneous emission. 
The first method seems to give the same results as the second 
with regard to the absorption and induced emission. Moreover, 
it is much simpler to handle analytically and is therefore suited 
to the discussion of most questions concerning interaction. 

For simplicity let it be supposed that the atom has but one elec­
tron, of charge e and mass µ and that this electron moves in a 
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field of potential energy, V(x, y, z). Then the equation for the 
dependence of cp on the time is 

h iJcp 1 ( e )
2 

- 21ri at = 2µ p - cA cp + V cp. (73.2) 

In this, if cp is sought as a function of x, y, z then Px must be 

interpreted as 
2
h . ! and similarly for py and p.. In what follows 
1ri uX 

it will be supposed that the A is simply that of the plane wave 
(equation (73.1)), that A2 can be neglected, and that the wave 
functions and energy levels of the atom for A = 0 are known to 
be if;(W, x) and W. Then one may regard the action of the term 
in A as a perturbation. 

Let the value of cp at time t be expanded in terms of the undis­
turbed if;(W, x) as follows: 

21ri Wt 

ip(x, y, z, t) = tc(W, t)e --h- · f(W, x). (73.3) 
w 

By Sec. 66 the e's would be constants if A were zero. When A is 
not zero, but is small, they may be expected to vary slowly. 
Making use of the value of A from equation (73.1) one has 
therefore the following equation for the time variation of c(W), 
by the method of Sec. 72, 

c(W, t) = ea~ a(W, W')c(W'), (73.4) 
µc~ 

W' 
where 

( 
X) 21ri (W - W')t d 

a(W, W') = J~(W) cos 21rP t - C e h a/(W')dxdydz. 

Using the exponential form for the cosine term, it is seen that 
a(W, W') is the sum of two integrals, 

21ri(W- W'+h.,,)t 

}fj(W, W')e h 

and 

where 

21ri(W- W'h.,,)t 

!-y(W, W')e h , 

21ri.,,x 

~(W, W') = f~(W)e --c-:z"1(W')dxdydz 

and 
+

21ri.,,x -a 
-y(W, W') = f~(W)e c az if;(W')dxdydz. 
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From the form of the equation for c(W, t) it is evident that 
c(W, t) can show a secular change with the time if one of these 
integrals is actually independent of the time. Let cc(W') denote 
the initial value of each of the coefficients. Then an approximate 
integration gives 

c(W, t) = ea~ Co(W') r1

a(W1 W')dt. 
µc~ Jo (73.5) 

W' 

c(W, t) changes linearly with the time, therefore, if there is a 
value W' such that 

W - W' + hv = 0 (73.6) 
or 

W - W' - hv = 0. 

This corresponds to the Bohr frequency condition for emission 
and absorption of light. Since v is essentially positive, the first 
equation can be fulfilled for values of W' greater than W; this 
term corresponds therefore to the emission transitions downward 
from W' to W induced by the light. Similarly, the second 
equation can be satisfied by values of W' less than W, so this 
term corresponds to the upward absorption transitions induced 
by the light. 

Suppose now that initially the atom is in a particular state of 
energy W' so that all co but one are zero and that one is equal to 1, 
that W is higher than W', and that the second of equations 
(73.6) is satisfied. Then for the secular increase in c(W, t) one 
has, 

c(W, t) = 
2
eat 'Y(W, W'). 
µc 

The probability that an atom be in the state of energy W at 
time t is, therefore, 

e2a2 
c(W, t)c(W, t) = 4µ 2c2'Y'Yt 2 

which increases with the square of the time. 

(73.7) 

Finally, to connect this result with the theory of radiation, it is 
necessary to take account of the fact that one deals, in natural 
radiation, with a large number of wave trains of finite length. 
As the phases of the separate trains are distributed at random, 
this 9fncrease with t2 occurs only during the time that one wave 
train is passing over the atom. There is thus an average transi-
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tion probability for each wave train. The total transition 
probability is then this average value multiplied by the number of 
separate wave trains. As this number increases proportionally 
with the time it turns out that in natural radiation the transition 
probability increases linearly with the time as ordinarily assumed. 

The preceding argument shows that Einstein's absorption 
coefficient is measured by 'Y(W, W')~(W, W'). The inverse 
process to that of absorption of hv from the beam moving in the 
x direction by an atom in state W' causing a transition to state W 
is the induced transition from state W to state W' with emission 
of hv into the beam. By an argument similar to the one just 
given it is seen that this is measured by ,B(W' W,);B(W', W) 
which can be readily shown to be equal to 'Y(W, W')~(W, W'). 
Hence, the equality of the corresponding probability coefficients 
for absorption and induced emission. 

There remains now the examination of the value of 'Y(W, W') 
and the investigation of its relation to the integrals over wave 
functions which were used in Chap. III as the basis of a theory 
of radiation intensities. If the wave length c/ 11 is large com­
pared to the size of the atom, then the factor e+21rivx;c will be 
sensibly constant over the range of integration and may be set 
equal to unity. By an integration by parts one may show that 

f ~(W) :i(W')dxdydz = - f ityi~:') yt(W')dxdyda, 

and, therefore, 

2'Y(W W') = f (vi(W)ait,(W') - yt(W')ayi(W))dxdyda. ' aa aa 
One recognizes that the integrand is proportional to the z com­
ponent of the part of the current density expression which arises 
from the states of energy Wand W'. 

By the results of Sec. 10 one has 

h . _ - a'11'11 
-4 . div (w grad \JI - \JI grad '11) + -a, = 0 
~µi v 

and, therefore, 

4 
h . div [~(W) grad f(W') - f(W') grad ~(W)] 
~µi 

+ 2;i (W - W')yi(W)yt(W') = 0. 
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Moreover by an easy transformation, based on the equation of 
continuity, 

f i,dxdydz = - f z div idxdydx = f z::dxdydz. 

Therefore, 

2y(W, W') = -{~;) 
2 

(W - W') f eyt(W)Y,(W')dxdyd2, (73.8) 

so that "Y(W, W') is seen to be proportional to the integral which 
was used in Chap. III from a more elementary standpoint for 
calculating radiation intensities. 

The approximation in which e21f'ivx/c is replaced by unity cannot 
always be made. It can easily happen that the wave length of 
the radiation is not large compared with the size of the atom 
as in the case of x-rays. Roughly speaking, it can be said that 
such an approximation can be made in cases where the momen­
tum of the light quantum is small compared to the momentum 
of the electrons in the atom. 
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