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Preface

Purpose and Prerequisites

This book is written primarily for a single- or multi-semester course in applied mathematics
for students of engineering or science, but it is also designed for self-study and reference.
By self-study we do not necessarily mean outside the context of a formal course. Even
within a course setting, if the text can be read independently and understood, then more
pedagogical options become available to the instructor. _

The prerequisite is a full year sequence in calculus, but the book is written so as to be
usable at both the undergraduate level and also for first-year graduate students of engineer-
ing and science. The flexibility that permits this broad range of use is described below in
the section on Course Use.

Changes from the First Edition
Principal changes from the first edition are as follows:

1. Part I on ordinary differential equations. In the first edition we assumed that the
reader had previously completed a first course in ordinary differential equations. How-
ever, differential equations is traditionally the first major topic in books on advanced
engineering mathematics so we begin this edition with a seven chapter sequence on or-
dinary differential equations. Just as the book becomes increasingly sophisticated from
beginning to end. these seven chapters are written that way as well, with the final chapter
on nonlinear equations being the most challenging.

2. Incorporation of a computer-algebra-system. Several powerful computer environ-
ments are available, such as Maple, Mathematica, and MATLAB. We selected Maple,
as a representative and user-friendly software. In addition to an Instructor’s Manual, a
brief student supplement is also available, which presents parallel discussions of Math-
ematica and MATLAB.

3. Revision of existing material and format. Pedagogical improvements that evolved
through eight years of class use led to a complete rewriting rather than minor modifica-
tions of the text. The end-of-section exercises are refined and expanded.

Format
The book is comprised of five parts:
1 Ordinary Differential Equations
IT Linear Algebra
IIT Multivariable Calculus and Field Theory

IV Fourier Methods and Partial Differential Equations
V Complex Variable Theory

Xv
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This breakdown is explicit only in the Contents, to suggest the major groupings of the chap-
ters. Within the text there are no formal divisions between parts, only between chapters.

Each chapter begins with an introduction and (except for the first chapter) ends with a
chapter review. Likewise, each section ends with a review called a closure, which is often
followed by a section on computer software that discusses the Maple commands that are
relevant to the material covered in that section; see, for example, pages 29-31. Subsections
are used extensively to offer the instructor more options in terms of skipping or including
material.

Course Use at Different Levels

To illustrate how the text might serve at different levels, we begin by outlining how we
have been using it for courses at the University of Delaware: a sophomore/junior level
mathematics course for mechanical engineers, and a first-year graduate level two-semester
sequence in applied mathematics for students of mechanical, civil, and chemical engineer-
ing, and materials science. We denote these courses as U, G1, and G2, respectively.

Sophomore/junior level course (U). This course follows the calculus/differential equa-
tions sequence taught in the mathematics department. We cover three main topics:

Linear Algebra: Chapter 8, Sections 9.1-9.5 (plus a one lecture overview of Secs. 4.7-9.9),
10.1-10.6, and 11.1-11.3. The focus is n-space and applications, such as the mass-spring
system in Sec. 10.6.2, Markov population dynamics in Sec. [1.2, and orthogonal modes of
vibration in Sec. 11.3.

Field Theory: Chapters 14 and 16. The heart of this material is Chapter 16. Having skipped
Chapter 15, we distribute a one page “handout” on the area element formula (18) in Sec.
15.5 since that formula is needed for the surface integrals that occur in Chapter 16. Em-
phasis is placed on the physical applications in the sections on the divergence theorem and
irrotational fields since those applications lead to two of the three chief partial differential
equations that will be studied in the third part of the course—the diffusion equation and the
Laplace equation.

Fourier Series and PDE’s: Sections 17.1-17.4, 18.1, 18.3, 18.6.1, 19.1-19.2.2, 20.1-
20.3.1, 20.5.1-20.5.2. Solutions are by separation of variables, using only the half- and
quarter-range Fourier series, and by finite differences.

First semester of graduate level course (G1). Text coverage is as follows: Sections 4.4
4.6, 5.1-5.6, Chapter 9, Secs. 11.1-11.4, 11.6, 13.5-13.8, 14.6, 15.4-15.6, Chapter 16,
Secs. 17.3, 17.6-17.11, 18.1-18.3.1, 18.3.3-18.4, 19.1-19.2, 20.1-20.4. As in “U” we do
cover the important Chapter 16, although quickly. Otherwise, the approach complements
that in “U.” For instance, in Chapter 9, “U” focuses on n-space, but “G 17" focuses on gener-
alized vector space (Sec. 9.6), to get ready for the Sturm-Liouville theory (Section 17.7);
in Chapter |1 we emphasize the more advanced sections on diagonalization and quadratic
forms, as well as Section 11.3.2 on the eigenvector expansion method in finite-dimensional
space, so we can use that method to solve nonhomogeneous partial differential equations
in later chapters. Likewise, in covering Chapter 17 we assume that the student has worked
with Fourier series before so we move quickly, emphasizing the vector space approach (Sec.
17.6). the Sturm—Liouville theory, and the Fourier integral and transform. When we come
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to partial differential equations we use Sturm—Liouville eigenfunction expansions (rather
than the half- and quarter-range formulas that suffice in “U"), integral transforms, delta
functions, and Bessel and Legendre functions. In solving the diffusion equation in *U” we
work only with the homogeneous equation and constant end conditions, but in “G1” we
discuss the nonhomogeneous equation and nonconstant end conditions, uniqueness, and so
on; these topics are discussed in the exercises.

Second semester of graduate level course (G2). In the second semester we complete the
partial differential equation coverage with the methods of images and Green’s functions,
then turn to complex variable theory, the variational calculus, and an introduction to pertur-
bation methods. For Green’s functions we use a “handout,” and for the variational calculus
and perturbation methods we copy the relevant chapters from M.D. Greenberg, Founda-
tions of Applied Mathematics (Englewood Cliffs, NJ: Prentice Hall, 1978). (If you are
interested in using any of these materials please contact the College Mathematics Editor
office at Prentice-Hall, Inc., One Lake Street, Upper Saddle River, NJ 07458.)

Text coverage is as follows: Chapters 21-24 on complex variable theory; then we re-
turn to PDE’s, first covering Secs. 18.5~18.6, 19.3-19.4, and 20.3.2-20.4 that were skipped
in “G1™; “handouts” on Green’s functions, perturbation methods, and the variational cal-
culus.

Shorter courses and optional Sections. A number of sections and subsections are listed
as Optional in the Contents, as a guide to instructors in using this text for shorter or more
introductory courses. In the chapters on field theory, for example, one could work only with
Cartesian coordinates, and avoid the more difficult non-Cartesian case, by omitting those
optional sections. We could have labeled the Sturm-Liouville theory section (17.7) as
optional but chose not to, because it is such an important topic. Nonetheless, if one wishes
to omit it, as we do in “U.” that is possible, since subsequent use of the Sturm-Liouville
theory in the PDE chapters is confined to optional sections and exercises.

Let us mention Chapter 4, in particular. since its development of series solutions, the
method of Frobenius. and Legendre and Bessel functions might seem more detailed than
you have time for in your course. One minimal route is to cover only Sections 4.2.2 on
power series solutions of ordinary differential equations (ODE’s) and 4.4.1 on Legendre
polynomials, since the latter does not depend on the more detailed Frobenius material in
Section 4.3. Then one can have Legendre functions available when the Laplace equation is
studied in spherical coordinates. You might also want to cover Bessel functions but do not
want to use class time to go through the Frobenius material. In my own course (“G17) [ deal
with Bessel functions by using a “handout” that is simpler and shorter, which complements
the more thorough treatment in the text.

Exercises

Exercises are of different kinds and arranged, typically, as follows. First. and usually near
the beginning of the exercise group, are exercises that follow up on the text or fill in gaps or
relate to proofs of theorems stated in that section, thus engaging the student more fully in
the reading (e.g., Exercises 1-3 in Section 7.2, Exercise 8 in Section 16.8). Second, there
are usually numerous “drill type” exercises that ask the reader to mimic steps or calculations
that are essentially like those demonstrated in the text (e.g., there are 19 matrices to invert
by hand in Exercise | of Section 10.6, and again by computer software in Exercise 3).
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Third, there are exercises that require the use of a computer, usually employing software
that is explained at the end of the section or in an earlier section; these vary from drill type
(e.g., Exercise 1, Section 10.6) to more substantial calculations (e.g., Exercise 15, Section
19.2). Fourth, there are exercises that involve physical applications (e.g., Exercises 8, 9, and
12 of Section 16.10, on the stream function, the entropy of an ideal gas, and integrating the
equation of motion of fluid mechanics to obtain the Bernoulli equation). And, fifth, there
are exercises intended to extend the text and increase its value as a reference book. In these,
we usually guide the student through the steps so that the exercise becomes more usable
for subsequent reference or self-study (e.g., see Exercises 17-22 of Section 18.3). Answers
to selected exercises (which are denoted in the text by underlining the exercise number)
are provided at the end of the book; a more complete set is available for instructors in the
Instructor’s Manual.

Specific Pedagogical Decisions

In Chapter 2 we consider the linear first-order equation and then the case of separable first-
order equations. It is tempting to reverse the order, as some authors do, but we prefer to
elevate the linear/nonlinear distinction, which grows increasingly important in engineering
mathematics; to do that, it seems best to begin with the linear equation.

It is stated, at the beginning of Chapter 3 on linear differential equations of second
order and higher, that the reader is expected to be familiar with the theory of the exis-
tence and uniqueness of solutions of linear algebraic equations, especially the role of the
determinant of the coefficient matrix, even though this topic occurs later in the text. The in-
structor is advised to handle this need either by assigning, as prerequisite reading, the brief
summary of the needed information given in Appendix B or, if a tighter blending of the
differential equation and linear algebra material is desired, by covering Sections 8.1-10.6
before continuing with Chapter 3. Similarly, it is stated at the beginning of Chapter 3 that
an elementary knowledge of the complex plane and complex numbers is anticipated. If the
class does not meet that prerequisite. then Section 21.2 should be covered before Chapter
3. Alternatively, we could have made that material the first section of Chapter 3, but it
seemed better to keep the major topics together—in this case, to keep the complex variable
material together.

Some authors prefer to cover second-order equations in one chapter and then higher-
order equations in another. My opinion about that choice is that: (i) it is difficult to grasp
clearly the second-order case (especially insofar as the case of repeated roots is concerned)
without seeing the extension to higher order, and (ii) the higher-order case can be covered
readily, so that it becomes more efficient to cover both cases simultaneously.

Finally, let us explain why Chapter 8, on systems of linear algebraic equations and
Gauss elimination, is so brief. Just as one discusses the real number axis before discussing
functions that map one real axis to another. it seéems best to discuss vectors before dis-
cussing matrices, which map one vector space into another, But to discuss vectors, span,
linear dependence, bases, and expansions, one needs to know the essentials regarding the
existence and uniqueness of solutions of systems of linear algebraic equations. Thus, Chap-
ter 8 is intended merely to suffice until, having introduced matrices in Chapter 10, we can
provide a more complete discussion.
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Appendices

Appendix A reviews partial fraction expansions, needed in the application of Laplace and
Fourier transforms. Appendix B summarizes the theory of the existence and uniqueness
of solutions of linear algebraic equations, especially the role of the determinant of the
coefficient matrix, and is a minimum prerequisite for Chapter 3. Appendices C through F
are tables of transforms and conformal maps.

Instructor’s Manual

An Instructor’s Manual will be available to instructors from the office of the Mathematics
Editor, College Department, Prentice-Hall, Inc., | Lake Street, Upper Saddle River, NJ
07458. Besides solutions to exercises, this manual contains additional pedagogical ideas
for lecture material and some additional coverage, such as the Fast Fourier Transform, that
can be used as “handouts.”
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Chapter 1

Introduction
to Differential Equations

1.1 Introduction

The mathematical formulation of problems in engineering and science usually leads
to equations involving derivatives of one or more unknown functions. Such equa-
tions are called differential equations.

Consider, for instance, the motion of a body of mass m along a straight line,
which we designate as an z axis. Let the mass be subjected to a force F(¢) along
that axis, where ¢ is the time. Then according to Newton’s second law of motion

d*z

where x(t) is the mass’s displacement measured from the origin. If we prescribe
the displacement «(¢) and wish to determine the force F'(¢) required to produce that
displacement, then the solution is simple: according to (1), we merely differentiate
the given w(t) twice and multiply by m.

However, if we know the applied force F'(t) and wish to determine the dis-
placement x(¢) that results, then (1) is a “differential equation” on z(t) since it
involves the derivative, more precisely the second derivative, of the unknown func-
tion w(t) with respect to ¢. To solve for x we need to “undo” the differentiations.
That is, we need to integrate (1), twice in fact. For definiteness and simplicity,
suppose that F'(¢) = Fj is a constant. Then, integrating (1) once with respect to ¢
gives

m® Rt A 2)
dt

where A is an arbitrary constant of integration, and integrating again gives

F
ma = ——égtz + At + B,
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Figure 1. Mass/spring system.
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The constants of integration, A and B, can be found from (2) and (3) if the displace-
ment z and velocity dz/dt are prescribed at the initial time (¢ = 0). If both z(0) and

d:
»%( 0) are zero, for instance, then (by setting ¢ = 0) we find from (2) that A = 0,
d

and then from (3) that B = 0. Thus, (3) gives the solution as x(t) = Fot?/2m, and
this solution holds for all ¢ > 0.

Unfortunately, most differential equations cannot be solved this easily, that is,
by merely undoing the derivatives. For instance, suppose that the mass is restrained
by a coil spring that supplies a restoring force proportional to the displacement z,
with constant of proportionality k& (Fig. 1). Then in place of (1), the differential
equation governing the motion is

d’x
or,
d’z
After one integration, (4) becomes
dz
m—d?Jrk/m(t)dt:/F(t)dt—%A, ©)

where A is the constant of integration. Since F'(t) is a prescribed function, the
integral of F(t) can be evaluated, but since z(t) is the unknown, the integral of
z(t) cannot be evaluated, and we cannot proceed with our solution-by-integration.

Thus, we see that solving differential equations is not merely a matter of undo-
ing the derivatives by direct integration. Indeed, the theory and technique involved
is considerable, and will occupy us for these first seven chapters.

1.2 Definitions
[n this section we introduce some of the basic terminology.
Differential equation. By a differential equation we mean an equation contain-

ing one or more derivatives of the function under consideration. Here are some
examples of differential equations that we will study in later chapters:

Az
mg{erkm:F(t)’ (D
d*>t 1. dE

(2)

wro T @



d*0 g
7] 4+ f‘[j«sin() = 0, 3)
d »
Lo, )
d*y dy ?
i 1+ [ =2
dz? Gyt (Ch) , ®
d*y
Ejﬁ = —w(x). (6)

Equation (1) is the differential equation governing the linear displacement x(t)
of a body of mass m, subjected to an applied force F'(¢) and a restraining spring of
stiffness &, as mentioned in the preceding section.

Equation (2) governs the current 4(¢) in an electrical circuit containing an in-
ductor with inductance L, a capacitor with capacitance C, and an applied voltage
source of strength E(t) (Fig. 1), where t is the time.

Equation (3) governs the angular motion #(t) of a pendulum of length /, under
the action of gravity, where g is the acceleration of gravity and ¢ is the time (Fig. 2).

Equation (4) governs the population x(¢) of a single species, where ¢ is the
time and c is a net birth/death rate constant.

Equation (5) governs the shape of a flexible cable or string, hanging under the
action of gravity, where y(z) is the deflection and C' is a constant that depends upon
the mass density of the cable and the tension at the midpoint z = 0 (Fig. 3).

Finally, equation (6) governs the deflection y(z) of a beam subjected to a load-
ing w(x) (Fig. 4), where E and I are physical constants of the beam material and
Cross section, respectively.

Ordinary and partial differential equations. We classify a differential equa-
tion as an ordinary differential equation if it contains ordinary derivatives with
respect to a single independent variable, and as a partial differential equation if
it contains partial derivatives with respect to two or more independent variables.
Thus, equations (1)—(6) are ordinary differential equations (often abbreviated as
ODE’s). The independent variable is ¢ in (1)—(4) and x in (5) and (6).

Some representative and important partial differential equations (PDE’s) are
as follows:

%4—%4-%:0, (8)
% -ami;(;i—gnt%:o. (10)

1.2. Definitions

+ L
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L:'——“I
C

Figure 1. Electrical circuit,
equation (2).

Figure 2. Pendulum, equation (3).

Figure 3. Hanging cable,

equation (5).

X

Figure 4. Loaded beam,
equation (6).
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Equation (7) is the heat equation, governing the time-varying temperature dis-
tribution w(, t) in a one-dimensional rod or slab; @ locates the point under consid-
eration within the material, ¢ is the time, and «? is a material property called the
diffusivity.

Equation (8) is the Laplace equation, governing the steady-state temperature
distribution u(z,y, ) within a three-dimensional body; z,y, z are the coordinates
of the point within the material.

Equation (9) is the wave equation, governing the deflection u(x,y,t) of a vi-
brating membrane such as a drum head.

Equation (10) is the biharmonic equation, governing the stream function u(z,y)
in the case of the slow (creeping) motion of a viscous fluid such as a film of wet
paint.

Besides the possibility of having more than one independent variable, there
could be more than one dependent variable. For instance,

dx

Ttl = ~(k21 + /ﬂ31)1E1 + k;]_QZI’,‘Q - };13:53

dx

dt? — k:2],1731 - (k‘12 + k‘gg):u«z + ;4332;['.3 (1 1)
I

%ﬁ — /C31’l'1 -+ }C321L'2 — (le + k23)$3

is a set, or system, of three ODE’s governing the three unknowns 1 (t), z2(t), z3(t);
(11) arises in chemical kinetics, where z1, z9, x3 are concentrations of three react-
ing chemical species, such asin a combustion chamber, where the k;;’s are reaction
rate constants, and where the reactions are, in chemical jargon, first-order reactions.
Similarly,

0FEy  O0FE;

_ 271
o0E; + OEy  o(z,y)
oz dy e

is a system of two PDE’s governing the two unknowns E(z,y) and Ex(z,y),
which are the © and y components of the electric field intensity, respectively, o(z,y)
is the charge distribution density, and ¢ is the permittivity; these are the Maxwell’s
equations governing two-dimensional electrostatics.

At this point, we limit our subsequent attention to ordinary differential equa-
tions. We will not return to partial differential equations until much later on in this
book. Thus, we will generally omit the adjective “ordinary,” for brevity, and will
speak only of “differential equations” over the next several chapters.

Order. We define the order of a differential equation as the order of the high-
est derivative therein. Thus, (4) is of first order, (1), (2), (3). and (5) are of second
order, (6) is of fourth order, and (11) is a system of first-order ODE’s.

More generally,

F (:1:, u(x),u'(z),u"(z),. .. ,,u(")(:v)) =10 (13)

iR



is said to be an nth-order differential equation on the unknown w(z), where n
is the order of the highest derivative present in (13). Here, we use the standard
prime notation for derivatives: «/(x) denotes du/dz, u”(z) denotes the second
derivative, ..., and u('”)(y;) denotes the nth derivative. In the fourth-order differ-
ential equation (6), for instance, in which the dependent variable is y rather than u,
Flz,y,v',v",y",y") = EIy"" + w(z), which happens not to contain y, v/, v/,

or yl// .

Solution. A function is said to be a solution of a differential equation, over a
particular domain of the independent variable, if its substitution into the equation
reduces that equation to an identity everywhere within that domain.

EXAMPLE 1. The function y(z) = 4sinz — zcosz is a solution of the differential
equation
y" +y = 2sinz (14)

on the entire z axis because its substitution into (14) yields
(—4sinz + 2sinz + zcosz) + (4sinz — zcosz) = 2sinz,

which is an identity for all z. Note that we said ““a” solution rather than “the” solution since
there are many solutions of (14):

y(z) = Asinz + Bcosz — zcosz (15)

is a solution for any values of the constants A and B, as is verified by substitution of (15)
into (14). [In a later chapter, we will be in a position to derive the solution (15), and to
show that it is the most general possible solution, that is, that every solution of (14) can be
expressed in the form (15).] &

EXAMPLE 2. The function y(z) = 1/ is a solution of the differential equation
v +y =0 (16)

over any interval that does not contain the origin since its substitution into (16) gives
—1/2* + 1/2* = 0, which relation is an identity, provided that z # 0. B

EXAMPLE 3. Whereas (14) admits an infinity of solutions [one for each choice of A
and B in (15)], the equation

'l +lyl+3=0 (17
evidently admits none since the two nonnegative terms and one positive term cannot possi-
bly sum to zero for any choice of y(z). 8

In applications, however, one normally expects that if a problem is formulated
carefully then it should indeed have a solution, and that the solution should be

1.2. Definitions

5
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Figure 5. Loaded cantilever beam.

unique, that is, there should be one and only one. Thus, the issues of existence
(Does the equation have any solution?) and uniqueness (If it does have a solution,
is that solution unique?) are of important interest.

Initial-value problems and boundary-value problems. Besides the differential
equation to be satisfied, the unknown function is often subjected to conditions at
one or more points on the interval under consideration. Conditions specified at
a single point (often the left end point of the interval), are called initial condi-
tions, and the differential equation together with those initial conditions is called
an initial-value problem. Conditions specified at both ends are called boundary
conditions, and the differential equation together with the boundary conditions
is called a boundary-value problem. For initial-value problems the independent
variable is often the time, though not necessarily, and for boundary-value problems
the independent variable is often a space variable.

EXAMPLE 4. Straight-Line Motion of a Mass. Consider once again the problem of pre-
dicting the straight-line motion of a body of mass m subjected to a force F'(t). According
to Newton's second law of motion, the governing differential equation on the displacement
x(t) is ma” = F(t). Besides the differential equation, suppose that we wish to impose the
conditions 2(0) = 0 and &'(0) = V/; that is, the initial displacement and velocity are 0 and
V, respectively. Then the complete problem statement is the initial-value problem

ma'(t) = F(t), (0<t < o0) (18)
z(0) =0, 2/(0)=V.

That is, z(t) is to satisfy the differential equation mz"” = F(t) on the interval 0 < ¢t < oo

and the initial conditions 2(0) = 0 and 2'(0) = V. B

EXAMPLE 5. Deflection of a Loaded Cantilever Beam. Consider the deflection y(z)
of a cantilever beam of length L, under a loading w(z) newtons per meter (Fig. 5). Using
the so-called Euler beam theory, one finds that the governing problem is as follows:

EIy”” — ___w(m) (0 <z < L)

y(0) =0, Y(0)=0, y(L)=0, y"(L)=0, )
where E and [ are known physical constants. The appended conditions are boundary
conditions because some are specified at one end, and some at the other end, and (19) is
therefore a boundary-value problem. The physical significance of the boundary conditions
is as follows: y(0) = O is true simply by virtue of our chosen placement of the origin of the
z,y coordinate system; y'(0) = 0 follows since the beam is cantilevered out of the wall,
so that its slope at z = 0 is zero; y''(L) = 0 and y"’(L) = 0 because the “moment” and
“shear force,” respectively, are zero at the end of the beam. #



Linear and nonlinear differential equations. An nth-order differential equation
is said to be linear if it is expressible in the form

ao(:lr)y(")(a;) + a,l(:(;)y(”“l')(w) + - ap(@)y(z) = f(z), (20)

where ag(z), . . ., an () are functions of the independent variable x alone, and non-
linear otherwise. Thus, equations (1), (2), (4), and (6) are linear, and (3) and (5)
are nonlinear. If f(x) = 0, we say that (20) is homogeneous; if not, it is nonho-
mogeneous. If ag(z) does not vanish on the z interval of interest, then we may
divide (20) by ag(z) (to normalize the leading coefficient) and re-express it as

y(”)(ﬂ:) +pl(m)y('rtwl)<$) + o+ pa()y(z) = q(z). 21

We will find that the theory of linear differential equations is quite comprehensive
insofar as all of our major concerns — the existence and uniqueness of solutions,
and how to find them, especially if the coefficients ag(z), . .., an(z) are constants.
Even in the nonconstant coefficient case the theory provides substantial guidance.

Nonlinear equations are, in general, far more difficult, and the available theory
is not nearly as comprehensive as for linear equations. Whereas for linear equa-
tions solutions can generally be found either in closed form or as infinite series, for
nonlinear equations one might focus instead upon obtaining qualitative informa-
tion about the solution, rather than the solution itself, or upon pursuing numerical
solutions by computer simulation, or both.

The tendency in science and engineering, until around 1960, when high-speed
digital computers became widely available, was to try to get by almost exclusively
with linear theory. For instance, consider the nonlinear equation (3), namely,

0" + fl]-sin@ =0, (22)
governing the motion of a pendulum, where 6(t) is the angular displacement from
the vertical and ¢ is the time. If one is willing to limit one’s attention to small
motions, that is, where 6 is small compared to unity (i.e., 1 radian), then one can
use the approximation

. 1 L«
8111939—:—))-'*93 + =6 —--- =0

5!

to replace the nonlinear equation (2) by the approximate “linearized” equation
g :
9// —+ _ZJ_Q = O’ (23)

which (as we shall see in Chapter 3) is readily solved.

Unfortunately, the linearized version (23) is not only less and less accurate as
larger motions are considered, it may even be incorrect in a qualitative sense as
well. That is, from a phenomenological standpoint, replacing a nonlinear differen-
tial equation by an approximate linear one may amount to “throwing out the baby
with the bathwater.”

1.2. Definitions

7
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Thus, it is extremely important for us to keep the distinction between linear
and nonlinear clearly in mind as we proceed with our study of differential equa-
tions. Aside from Sections 2.4 and 2.5, most of our study of nonlinear equations
takes place in Chapters 6 and 7.

Closure. Notice that we have begun, in this section, to classify differential equa-
tions, that is, to categorize them by types. Thus far we have distinguished ODE’s
(ordinary differential equations) from PDE’s (partial differential equations), estab-
lished the order of a differential equation, distinguished initial-value problems from
boundary-value problems, linear equations from nonlinear ones, and homogeneous
equations from nonhomogeneous ones.

Why do we classify so extensively? Because the most general differential
equation is far too difficult for us to deal with. The most reasonable program, then,
is to break the set of all possible differential equations into various categories and to
try to develop theory and solution strategies that are tailored to the specific nature
of a given category. Historically, however, the early work on differential equations
~by such mathematicians as Leonhard Euler (1707-1783), Jakob (James) Bersiulli
(1654-1705) and his brother Johann (John) (1667~1748), Joseph-Louis Lagrange
(1736—1813), Alexis-Claude Clairaut (1713—1765), and Jean le Rond d’Alembert
(1717-1783) — generally involved attempts at solving specific equations rather than
the development of a general theory.

From an applications point of view, we shall find that in many cases diverse
physical phenomena are governed by the same differential equation. For example,
consider equations (1) and (2) and observe that they are actually the same equation,
to within a change in the names of the various quantities: m — L, k — 1/C,
F(t) — dE(t)/dt, and z(t) — i(t). Thus, to within these correspondences, their
solutions are identical. We speak of the mechanical system and the electrical circuit
as analogs of each other. This idea is deeper and more general than can be seen
from this one example, and the result is that if one knows a lot about mechanical
systems, for example, then one thereby knows a lot about electrical, biological, and
social systems, for example, to whatever extent they are governed by differential
equations of the same form.

Or, returning to PDE’s for the moment, consider equation (7), which we in-
troduced as the one-dimensional heat equation. Actually, (7) governs any one-
dimensional diffusion process, be it the diffusion of heat by conduction, or the
diffusion of material such as a pollutant in a river. Thus, when one is studying heat
conduction one is also learning about all diffusion processes because the govern-
ing differential equation is the same. The significance of this fact can hardly be
overstated as a justification for a careful study of the mathematical field of differ-
ential equations, or as a cause for marvel at the underlying design of the physical
universe.
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EXERCISES 1.2

1. Determine the order of each differential equation, and
whether or not the given functions are solutions of that equa-
tion.

@ (¥)* =4y, wi(e) =22 y(z) =222
(b)2yy' = 9sin2z; yi(z) =sinz,

T

ys(z) =e”
y2(z) = 3sinz,

ys(m) = e

@y =9 =0; wyi(z)=e" —e”, ya(z) = 3sinh 3z,
yS( ) — 26‘“‘ — eu.lw

(DY) —dzy' +4y = 0, yi(z) =2’~z, ya(z) =221
@y’ +9 =0; yi(z)=4sin3z+ 3cos 3z,

ya(z) = 6sin (3z + 2)

Oy"~y' -2y =6 yi(z) =5e=3, () = ~27"~3

(@y" —6y" + 12y — 8y = 32 — 16a;
yi(z) = 2z — 1 + (A + Bz + Cz?)e?
A, B, C

Wy +2zy=1, y(z)= Ae=’ fL 2 d

ya(z) = e~ [ et dt for any constants A and a.

2. Verify that

u(z,t) = Az + B + (Csinkz + D cos kz) exp (—k2at) is
a solution of (7) for any constants A, B,C, D, k. NOTE: We
will sometimes use the notation exp( ) in place of e{ ) because
it takes up less vertical space.

3. Verify thatu(z,y, z) = Asin az sin by sinh cz is a solution
of (8) for any constants A, a, b, ¢, provided that a® + b? = c2.
4. (a) Verify that u(z,t) = (Az + B)(Ct+ D) + (E'sin sz +
Foskr)(Gsinket + H cos kct) is a solution of the one-
dimensional wave equation

¢ for any constants

,0%u O
s = o
dz?  ot?’
for any constants 4, B, ..., H, k.
(b) Verify that u(z, t) = f( — ct) + g(z + ct) is a solution of

that equation for any twice-differentiable functions f and g¢.
(c) For what value(s) of the constant m is u(z,t) =
sin (z + mt) a solution of that equation ?

5. For what value(s) of the constant A will y = exp (Az) be a
solution of the given differential equation? If there are no such
A’s, state that.

)y +3y* =0

Dy -2 +y=0
Oy" =2y" =y +2y=0
M) y" +5yy’ +y =0

@y +3y=0

©y"' =3y +2y=0
(e) y/// _ '§/’ =0

(—g—) yllll _ 6y” + 5y — O

6. First, verify that the given function is a solution of the given
differential equation, for any constants A, B. Then, solve for
A, B so that y satisfies the given initial or boundary conditions.

(@ y"+4y = 8z%; y(z) =222~ 1+ Asin2z+ B cos 2x;

y(0) =1, ¥'(0)=0

(b)yy" — —a:2 y(z) = —2? — 2+ Asinhz + B cosh z;
y(0) = y'(0)=0

©y" + 2y +y=0; y(z)=(A+Bz)e”; y(0)=1,
y(2) =0

Dy —y =0, y(z)=A4+Be® y(0)=1 y3)=0

7. Classify each equation as linear or nonlinear:

®yy' =z+y

(d)y —expy =sinz
"~y =expzx

ES)Z?JJ'" :y ’

@y +ey=4
©e"y =z -2y
(e)y" + (sinz)y = 2*
(@ yy" +4y =3

8. Recall that the nonlinear equation (5) governs the deflection
y(z) of the flexible cable shown in Fig. 3. Supposing that the
sag is small compared to the span, suggest a linearized version
of (5) that can be expected to give good accuracy in predicting
the shape y(z).

1.3 Introduction to Modeling

Emphasis in this book is on the mathematical analysis that begins once the problem
has been formulated — that is, once the modeling phase has been completed. De-
tailed discussion of the modeling is handled best within applications courses, such
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x(t)
F(t)

AP 77

Figure 1. Mechanical oscillator.

>

F(l

(....—.—-.
F
i
Figure 2. The forces, ifz > 0
andz’ > 0.

e

Figure 3. Spring force and
displacement.

as Heat Transfer, Fluid Mechanics, and Circuit Theory. However, we wish to em-
phasize the close relationship between the mathematics and the underlying physics,
and to motivate the mathematics more fully. Thus, besides the purely mathemat-
ical examples in the text, we will include physical applications and some of the
underlying modeling as well.

Our intention in this section is only to illustrate the nature of the modeling
process, and we will do so through two examples. We suggest that you pay special
attention to Example | because we will come back to it at numerous points later on
in the text.

EXAMPLE 1. Mechanical Oscillator. Consider a block of mass m lying on a table and
restrained laterally by an ordinary coil spring (Fig. 1), and denote by x the displacement of
the mass (measured as positive to the right) from its “equilibrium position;” that is, when
x = 0 the spring is neither stretched nor compressed. We imagine the mass to be disturbed
from its equilibrium position by an initial disturbance and/or an applied force F'(t), where
t is the time, and we seek the differential equation governing the resulting displacement
history z(t).

Our first step is to identify the relevant physics which, in this case, is Newton’s second
law of motion. Since the motion is constrained to be along a straight line, we need consider
only the forces in the z direction, and these are shown in Fig. 2: Fy is the force exerted
by the spring on the mass (the spring force, for brevity), F, is the aerodynamic drag, F' is
the force exerted on the bottom of the mass due to its sliding friction, and F' is the applied
force, the driving force. How do we know if Fy, F, and F, act to the left or to the right?
The idea is to make assumptions on the signs of the displacement z(t) and the velocity
z'(t) at the instant under consideration. For definiteness, suppose that z > 0 and 2" > 0.
Then it follows that each of the forces Fy, F, and F, is directed to the left, as shown in
Fig. 2. (The equation of motion that we obtain will be insensitive to those assumptions, as
we shall see.) Newton’s second law then gives

(mass)(x acceleration) = sum of z forces

or,

mz' = F — Fy — Ff — Fq, )]

and we now need to express each of the forces F, Fy, and F, in terms of the dependent
and independent variables x and £.

Consider Fy first. If one knows enough about the geometry of the spring and the
material of which it is made, one can derive an expression for F as a function of the
extension z, as might be discussed in a course in Advanced Strength of Materials. In
practice, however, one can proceed empirically, and more simply, by actually applying
various positive (i.e., to the right, in the positive z direction) and negative forces (to the
left) to the spring and measuring the resulting displacement = (Fig. 3). For a typical coil
spring, the resulting graph will be somewhat as sketched in Fig. 4, where its steepening at
A and B is due to the coils becoming completely compressed and completely extended,
respectively. Thus, F in (1) is the function the graph of which is shown as the curve AB.
(Ignore the dashed line L for the moment.)

Next, consider the friction force F'y. The modeling of Iy will depend upon the nature
of the contact between the mass and the table — in particular, upon whether it is dry or
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lubricated. Let us suppose it is lubricated, so that the mass rides on a thin film of lubricant
such as oil. To model Fy, then, we must consider the fluid mechanics of the lubricating
film. The essential idea is that the stress 7 (force per unit area) on the bottom of the mass

is proportional to the gradient du/dy of the fluid velocity u (Fig. 5), where the constant Fy

of proportionality is the coefficient of viscosity i1 7 = pdu/dy. But u(y) is found, in a
course in Fluid Mechanics, to be a linear function, namely,

-
Pide
-
e
Lo

B

11

u(h) — u(0) ' (t) -0 z'(t)

u(y) = - y=—

SO d ’
du o,
T = = = —x (t).
Ldy lbm() A

Thus, Figure 4. Force-displacement

graph.

Fy = (stress ) (area A of bottom of block)

Fp = cz'(t), (2)

Il

That is, it is of the form

for some constant ¢ that we may consider as known. Thus, the upshot is that the friction
force is proportional to the velocity. We will call ¢ the damping coefficient because, as we
will see in Chapter 3, the effect of the ¢z’ term in the governing differential equation is to \\ block

\Q‘\\\\\\\

D\

cause the motion to “damp out.”
Likewise, one can model the aerodynamic drag force F,, but let us neglect I, on the v
tentative assumption that it can be shown to be small compared to the other two forces.

u(y)

oil

EY

i
!
!

Then (1) becomes
ma" (1) + e’ (1) + Fo(e) = F(2). 3)

Figure 5. Lubricating film.

Equation (3) is nonlinear because F(x) is not a linear function of z, as seen from its
graph AB in Fig. 4. As a final simplifying approximation, let us suppose that the  motion
is small enough, say between a and b in Fig. 4, so that we can linearize Fy, and hence the
governing differential equation, by approximating the graph of F; by its tangent line L.
Since L is a straight line through the origin, it follows that we can express

Fy(z) = ka. 4)

We call k the spring stiffness.
Thus, the final form of our governing differential equation, or equation of motion, is
the linearized approximation

ma' + cz’ + kx = F(t), ‘ (%)

on 0 < ¢ < oo, where the constants m, ¢, k and the applied force F'(#) are known. Equation
(5) is important, and we will return to if repeatedly.

To this equation we wish to append suitable initial or boundary conditions. This partic-
ular problem is most naturally of initial-value type since we envision initiating the motion

A s 77 B
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(@) x>0, x'<0

F, <— L F
o
f

(b) x<0, x>0

Fy F

.(...__-._.
fr

Figure 6. Other assumptions on

the signs of  and 2.

in some manner at the initial time, say ¢ = 0, and then considering the motion that results.
Thus, to (5) we append initial conditions

2(0) =x¢ and 2'(0) = g, (6)

for some (positive, negative, or zero) specified constants o and zj,. It should be plausible
intuitively that we do need to specify both the initial displacement 2(0) and the initial
velocity 2/(0) if we are to ensure a unique resulting motion. In any case, the theoretical
appropriateness of the conditions (6) are covered in Chapter 3.

The differential equation (5) and initial conditions (6) comprise our resulting math-
ematical model of the physical system. By no means is there an exact correspondence
between the model and the system since approximations were made in modeling the forces
Fy and Fy, and in neglecting F, entirely. [ndeed, even our use of Newtonian mechanics,
rather than relativistic mechanics, was an approximation.

This completes the modeling phase. The next step would be to solve the differential
equation (5) subject to the initial conditions (6), for the motion z(t).

COMMENT |. Let us examine our claim that the resulting differential equation is insen-
sitive to the assumptions made as to the signs of z and z’. In place of our assumption that
2 > 0and 2/ > 0 at the instant under consideration, suppose we assume that z > 0 and
2 < 0. Since = > 0, it follows that F, acts to the left, and since 2’ < 0, it follows that Fy
acts to the right. Then (Fig. 6a)

mz" = F — Fy + F, ™

where we continue to neglect F,. The sign of the Fy term is different in (7), compared
with (1), because Fy now acts to the right, but notice that /'y now needs to be written as
F; = c(~a'(t)), rather than cz'(t) since ' is negative. Further, F is still kz, so (7)
becomes

mz” = F(t) — kz + (—ca'), (8)

which is indeed equivalent to (5), as claimed.
Next, what if z < 0 and 2’ > 07 This time (Fig. 6b)
mz'' = F + F, — Iy, )

which differs from (1) in the sign of the F, term. But now F needs to be written as
F, = k (—=z(t)) since z is negative. Further, F; is cz’, so (9) becomes

mz'" = F + k(-z) — cz’,

which, again, is equivalent to (5). The remaining case, where x < 0 and ' < 0, is left for
the exercises.

COMMENT 2. The approximation (4) was introduced from consideration of the graph
shown in Fig. 4, but it amounts to expanding () in a Taylor series about the equilibrium
pointx = 0, as
. FI'(0) .
Fy(z) = F,(0) + F(0)z + —‘”é-s—)-:z;z +oe
and linearizing — that is, cutting off after the first-order term:

Fy(z) = F,(0) + Fl(0)x
=0+ kzx = ka.
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This idea, the simplification of a differential equation by such tangent-line approximation,
is of great importance in modeling.

COMMENT 3. The final equation for Iy, Iy = kz is well known as Hooke’s law, after
Robert Hooke (1635—1703). Hooke published his law of elastic behavior in 1676 as the
anagram ceiiinosssttuy and, two years later, the solution ut tensio sic vis: roughly, “as
the force, so is the displacement.” In view of the complexity with which we can now
deal, Hooke’s law must look quite modest, but one must appreciate it within its historical
context. In spirit, it followed Galileo Galilei (1564-1642) who, in breaking lines established
by the ancient Greeks, sought to establish a quantitative science, expressed in formulas and
mathematical terms. For example, where Aristotle explained the increasing speed of a
falling body in terms of the body moving more and more jubilantly as it approached its
natural place (the center of the earth, which was believed to coincide with the center of the
universe), Galileo sidestepped the question of cause entirely, and instead put forward the
formulav = 9.8¢, where v is the speed (in meters per second) and ¢ is the time (in seconds).
It may be argued that such departure from the less productive Greek tradition marked the
beginning of modern science.

COMMENT 4. In science and engineering it is useful to think in terms of inputs and
outputs. Here, there are three inputs, the two initial conditions and the applied force F'(t),
and the output is the resulting solution, or response, z(t). B

The foregoing introductory example illustrates several general truths about
modeling. First, we see that it is not necessarily an easy task and generally re-
quires a sound understanding of the underlying physics. Even in this little example
one senses that obtaining suitable expressions for Fy and Fy, (if one does include
F,) requires skillful handling of the fluid mechanics of the lubrication film and the
aerodynamics of the moving block.

Second, we see that approximations will no doubt be necessary, and the idea
is to make them judiciously. In this example we made several approximations. The
expression u(y) = @/(t)y/h, for instance, is probably quite accurate but is not
exact, especially near the ends of the block. Further, one can imagine that as the
motion continues, the lubricant will heat up so that the viscosity p will decrease.
This effect is probably negligible, but we mention it in order to suggest that there
is virtually no end to the levels of complexity that one may address, or suppress,
in the modeling process. The key is to seek a level of complexity that will pro-
vide sufficient accuracy for the purpose at hand, and to seek a uniform level of
approximation. For instance, it would hardly make sense to model Fy with great
sophistication and accuracy if Fj is of comparable magnitude and is modeled only
crudely.

To stay on this point a bit longer, note several more approximations that were
implicit to our discussion. First, we implicitly assumed that the block is rigid,
whereas the applied forces will cause some slight distortion of its shape and di-
mensions; again, neglect of this effect is surely an excellent approximation when
considering the motion x(¢). Second, and more serious, notice that our empirical
determination of Fi() was based on a static test whereas, like the block, the spring

13
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Figure 7. Suspension bridge cable.

T(x+ Ax)

G(x + Ax)

T(x) | AW
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Figure 8. Typical cable element.
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x + Ax

Figure 9. Forces and moments

at an end.

is itself in motion. Thus, there is an inertial effect for the spring, analogous to the
ma’ term for the mass, that we have neglected. If the mass of the spring is not neg-
ligible compared to that of the block, then that approximation may be insufficiently
accurate.

Finally, notice carefully that we neglect a particular effect, in modeling, not on
the grounds that it is small in an absolute sense, but because it is small relative to
other effects. For instance, an aerodynamic force Fy, = 0.001 newton may seem
small numerically, but would not be negligible if F, Fy, and Fy were of comparable
size.

Let us consider one more example.

EXAMPLE 2. Suspension Bridge Cable. To design a suspension bridge cable, one
needs to know the relationships among the deflected shape of the cable, the tension in i,
and the weight distribution that it needs to support.

In the case of a typical suspension bridge, the roadbed supported by the cables is
much heavier than the cables themselves, so let us negiect the weight of the cables, and
assume that the loading is due entirely to the roadbed. Consider the configuration shown
schematically in Fig. 7.

A cable is a distributed system, rather than one or more point masses, and for such
systems a useful modeling approach is to isolate a typical element of the system and apply
to-it the relevant physical laws. In the present case a typical element is an incremental
portion of the cable lying between = and = + Az, for any z between —L/2 and L/2, as
shown in Fig. 8: As is the arc length, T the tension in the cable, 8 the inclination with
respect to the horizontal, and AW the load supported by the element. If the roadbed is
uniform and weighs 2w newtons per meter, then each of the two cables supports w newtons
per meter, s0 AW = wAz.

Besides neglecting the weight of the cable itself, as mentioned above, there are three
additional approximations that are implicit in the foregoing. First, in assuming a uniform
load w per unit length, we have really assumed that the vertical support spacing d is very
small compared to the span L, so that the intermittent support forces can be distributed as
a uniform load. Second, in assuming that the tension is in the direction of the cable we
have really assumed that the cable is flexible, a term that we now need to explain. The
general state of affairs at any section, such as at the = + Az end of the element, is as shown
in Fig. 9, namely, there can be a shear force V, a tensile force T' through the centerline,
and a moment or “couple” M. (V is the net effect of shearing stresses distributed over the
face, and T and M are the net effect of normal stresses distributed over the face.) By a
flexible string or cable, we mean one that is unable to support any shear V or moment M;
thatis, V = M = 0. For instance, if one takes a typical household string between the
thumb and forefinger of each hand one finds that it offers virtually no resistance to shearing
or bending, but considerable resistance to stretching. Thus, when we include only tensile
forces in Fig. 8 we are assuming that the cable is flexible. Of course, if we imagine taking
the suspension cables on the Golden Gate Bridge “between our fingers” we can imagine
quite a bit of resistance to shearing and bending! But the point to keep in mind is that even
those heavy cables would offer little resistance to shearing and bending by the enormous
loads to which they are actually subjected by the weight of the roadbed.

Finally, we assume that the cable is inextensible, even under the large tensions that are
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anticipated.

If we can accept these assumptions we can now apply the relevant physics which,
again, is Newton’s second law of motion. But this time there is no acceleration, so the
element is in static equilibrium. Thus, the z and y forces must each sum to zero:

z: T(z+ Az)cosb(z+ Az) — T(z) cosf(z) = 0, (10a)
y: T+ Az)sinb(z+ Az) — T(z)sin(z) — wAz = 0. (10b)

Dividing each of these equations by Az and letting Az — 0, we obtain

i
ﬁ(Tcos()):O, (11a)
_d“(T sin ) = 1 (11b)
e sinf) = w,
or, upon integration,
Tcosf = A, (12a)
Tsinf = wx + B, (12b)

where A, B are arbitrary constants. Dividing (12b) by (12a), to eliminate the unknown
tension T'(z), and noting that tan @ = dy/dz, we obtain the differential equation
dy w B
= = — — 13
dz ~ A° * A (13
governing the cable shape y(z), which we are trying to determine.
In this case, the solution is simple enough so that we might as well complete the
solution. To solve, we merely integrate (13), obtaining

w , B

ye) = —a*+ —z+C

y(z) = 54 1 :
where A, B, C are arbitrary constants, To evaluate them, we invoke the associated bound-
ary conditions:

y(0) =0  (by choice of location of origin), (14a)
y'(0) =0 (by symmetry about x = 0), (14b)

L
Y <§> =H  (fromFig. 7). (l4c)

Equation (144a) gives C' = 0, and (14b) gives B/A = 0, and hence B = 0. Thus far,

w -
y(T) = _QZ{L]’

and (14c) then gives A = wlL?/8H. Thus, the cable’s shape is given by the parabola

. 4H .
y(z) = -L—Jzz (15)

[ntroduction to Modeling

5
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Finally, the distribution of tension T'(z) may be found by squaring and adding (12a)
and (12b):

2\ 2
T(z) =A% + (wz+ B)? = \/<1§2 ) 1 wlg?

=w/z? + L . (16)
64H?

In a sense, obtaining y(2) and T"(z) marks the end of the analysis, and if we are content
that the expressions (15) and (16) are sufficiently accurate, then the next step would be to
use them to help in the actual bridge design. Before doing that, however, we should check
those results, for there may be errors in our analysis. Also, the approximations that we have
made may prove to be insufficiently accurate.

One of the standard ways of checking results is by means of special cases and limiting
cases, for which the correct results are known or obvious. Considering (15), we observe
first that the parabolic shape looks reasonable. Furthermore, (15) implies that y(z) — 0,
over —L/2 < z < L/2,as H — 0 with L fixed, and also that y(z) — 0 at each z, as
I, — oo with H fixed. These results look reasonable too. Turning to (16), observe that the
tension becomes infinite throughout the cable as H — 0, as expected. (Try straightening
out a loaded washline by pulling on one end!) Finally, consider the limiting case H — oo,
with I fixed. In that case, (16) gives T(L/2) — wL/2, which agrees with the result
obtained from a simple consideration of the physics (Exercise 2). #

Closure. The purpose of this section is to illustrate the modeling process, whereby
one begins with the physical problem at hand and ends up with an equivalent math-
ematical statement, or model. Actually, we should say approximately equivalent
since the modeling process normally involves a number of assumptions and ap-
proximations. By no means do we claim to show how to model in general, but only
to illustrate the modeling process and the intimate connection between the physics
and the mathematics. As we proceed through this text we will attempt to keep that
connection in view, even though our emphasis will be on the mathematics.

Finally, let us note that when we speak of the physical problem and the physics
we intend those words to cover a much broader range of possibilities. For instance,
the problem might be in the realm of economics, such as predicting the behavior of
the Dow Jones Stock Index as a function of time. In that case the relevant “physical
laws” would be economic laws such as the law of supply and demand. Or, the
problem might fall in the realm of sociology, ecology, biology, chemistry, and so
on. In any case, the general modeling approach is essentially the same, independent
of the field of application.
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EXERCISES 1.3

1. In Example 1 we showed that the same differential equa-
tion, (5), results, independent of whether > 0 and =" > 0,
orz >0and 2’ < Oorz < 0and 2’ > 0. Consider the last
remaining case, * < 0 and 2’ < 0, and show that, once again,
one obtains equation (5).

2. At the end of Example 2, we stated that the result
T(L/2) — wlL/2, obtained from (16), for the limiting case
where H — oo with L fixed, agrees with the result obtained
from a simple consideration of the physics. Explain that state-
ment.

3. (Catenary) In our Suspension Bridge Cable example we ne-
glected the weight of the cable itself relative to the weight of
the roadbed. At the other extreme, suppose that the weight of
the roadbed (or other loading) is negligible compared to the
weight of the cable. Indeed, consider a uniform flexible ca-
ble, or catenary, hanging under the action of its own weight
only, as sketched in the figure. Then Fig. 8 still holds, but
with AW = nAs, where i is the weight per unit arc length of
the cable.

)l

)

~L/2 L2 X

(a) Proceeding somewhat as in (10)—(12), derive the govern-
ing differential equation

yl/ :G /1+y/2’

where C is an unknown constant.

(b) Since y(z) is symmetric about z = 0, it suffices to con-
sider the interval 0 < o < L/2. Then we have the boundary
conditions y(0) = 0, y’'(0) = 0, and y(L/2) = H. Verify
(you need not derive it) that

3.D

1
y(z) = = (coshCx — 1)

C 3.2)

satisfies (3.1) and the boundary conditions y(0) = 0 and
y'(0) = 0. But it remains to determine C'. Invoking the re-
maining boundary condition, y(L/2) = H, show that C satis-
fies the equation

H= =

1 CL
c (cosh - 1>.

Unfortunately, (3.3) is a transcendental equation for C, so that
we cannot solve it explicitly. We can solve it numerically, for
given values of H and L, but you need not do that.

(c) As a partial check on these results, notice that they should
reduce to the parabolic cable solution in the limiting case
where the sag-to-span ratio H/L tends to zero, for then the
load per unit z length, due to the weight of the cable, ap-
proaches a constant, as it is in Example 2, where the load is due
entirely to the uniform roadbed. The problem that we pose for
you is to carry out that check. HINT: Think of L as fixed and
H tending to zero. For H to approach zero, in (3.3), we need
CL/2 to approach zero — that is, C' — 0. Thus, we can expand
the cosh Cz — 1 in (3.2) in a Maclaurin series in C and retain
the leading term. Show that that step gives y(z) ~ Cz?/2,
and the boundary condition y(L/2) = H enables us to deter-
mine C. The result should be identical to (15).

(d) Actually, for small sag-to-span ratio we should be able to
neglect the y’g term in (3.1), relative to unity, so that (3.1) can
be linearized as

(3.3)

y" = C. (3.4)

Integrating (3.4) and using the boundary conditions y(0) = 0,
y'(0) = 0, and y(L/2) = H, show that one obtains (15) once
again.




Chapter 2

Differential Equations
of First Order

2.1 Introduction

In studying algebraic equations, one considers the very simple first-degree polyno-
mial equation ax = b first, then the second-degree polynomial equation (quadratic
equation), and so on. Likewise, in the theory of differential equations it is reason-
able and traditional to begin with first-order equations, and that is the subject of
this chapter. In Chapter 3 we turn to equations of second order and higher.

Recall that the general first-order equation is given by

F(z,y,y') =0, ()

where x and y are independent and dependent variables, respectively. In spite of
our analogy with algebraic equations, first-order differential equations can fall any-
where in the spectrum of complexity, from extremely simple to hopelessly difficult.
Thus, we identify several different subclasses of (1), each of which is susceptible
to a particular solution method, and develop them in turn. Specifically, we consider
these subclasses: the linear equation ag(z)y’ +a1(z)y = f(z) in Section 2.2, “sep-
arable” equations in Section 2.4, equations that are “exact” (or can be made exact)
in Section 2.5, and various other more specialized cases within the exercises.

These subclasses are not mutually exclusive. For instance, a given equation
could be both linear and separable, in which case we could solve it by one method
or the other. Given such a choice, choose whichever you prefer. In other cases the
given equation might not fit into any of these subclasses and might be hopelessly
difficult from an analytical point of view. Thus, it will be important to comple-
ment our analytical methods with numerical solution techniques. But thatis a long
way off, in Chapter 6. Analytical methods and the general theory of differential
equations will occupy us in Chapters 2 through 5.

It should be stressed that the equation types that are susceptible to the analyt-
ical solution techniques described in these chapters can also be solved analytically

18



by computer algebra software that is currently available, such as Maple, Mathe-
matica, and MATLAB, and this approach is discussed here as well. One needs to
know both: the underlying theory and solution methodology on one hand, and the
available computer software on the other.

2.2 The Linear Equation

The first case that we consider is the general first-order linear differential equation
ag(2)y’ + ai(z)y = f(z). ey

Dividing through by ag(z) [which is permissible if ag(x) # 0 over the z interval
of interest], we can re-express (1) in the more concise form

Y +p(z)y = q(z). )

We assume that p(z) and g(z) are continuous over the z interval of interest.

2.2.1. Homogeneous case. It is tempting to think that to solve (2) for y(z) we
need to get rid of the derivative, and that we can accomplish that merely by inte-
gration. It’s true that if we integrate (2) with respect to z,

/y'dm+/pydm:/qu,

then the first term reduces nicely to y (plus a constant of integration), but the catch
is that the [ py dz term becomes a stumbling block because we cannot evaluate it
since y(z) is unknown! Essentially, then, we have merely converted the differential
equation (2) to an “integral equation” — that is, one involving the integral of the
unknown function. Thus, we are no better off.
To solve (2), we begin with the simpler special case where g(z) is zero,
y +p(z)y =0, 3)

which is called the homogeneous version of (2). To solve (3), divide by y (assum-
ing that y is nonzero on the x interval of interest. This assumption is tentative since
y is not yet known) and integrate on x. Using the fact that y'dz = dy, from the

calculus, we thus obtain
" d
[+ [para=o v

and recalling that
dz
—= In |z| + constant, (%)
(4) gives
In|yl = — /p(a:) dz + C,

2.2. The Linear Equation
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where the arbitrary constant C' can include the arbitrary constant of integration from
the p integral as well. Thus,

y(a)| = e~ I P@EHC _ C o= [pla)de _ po=[p@) e ©®)

where we have set e¢ = B for simplicity. Since C is real, e is nonnegative, so
B is an arbitrary nonnegative constant: B > 0. The integral [ p(z) dz does indeed
exist since we have assumed that p(z) is continuous. Finally, it follows from (6)
that y(z) = £Bexp(— [ pdz) or,

y(z) = Ae~ [ p@)de (7

if we now allow the arbitrary constant A to be positive, zero, or negative.

Observe that our tentative assumption, just below (3), that y(z) # 0, is now
seen to be justified because the exponential function in (7) is strictly positive. [Of
course y(z) = 0 if A = 0, but in that simple case y(x) = 0 is seen to satisfy (3)
without further ado.] Summarizing, the solution of the homogeneous equation (3)
is given by (7), where A is an arbitrary constant.

The presence of the arbitrary constant A, in (7), permits the solution (7) to
satisfy an initial condition, if one is specified. Thus, suppose that we seek a solution
y(z) of our differential equation ¢ + p(z)y = 0 that satisfies an initial condition
y(a) = b, for specified values of a and b. For this purpose, it is convenient to
re-express (7) as

y(z) = Ae™ [ PO & ®)

which is equivalent to (7) since [ p(z)dz and [ p(€) d€ differ at most by an ad-
ditive constant, say D, and the resulting eP factor in (8) can be absorbed into the
arbitrary constant A.

A point of notation: why do we change the integration variable from z to ¢
in (8)7 Because [: p(€) d€ means that we integrate along some axis, say a £ axis,
from a to z. Thus, z is a fixed endpoint, and is different from the integration
variable that runs from a to z. To write f: p(z) dz runs the risk of confusing
the 2’s inside the integral with the fixed endpoint z. The name of the integration
variable is immaterial, so one calls it a “dummy variable.” For instance, fom & dE,
Jy mdn, and [ pdp are all the same, namely, z%/2. One often sees the letter §
used as a dummy x variable because it is the Greek version of z. In Roman letters
it is written as xi and is pronounced as ksé. Occasionally, we may be guilty of
bad notation and write an integral as f; f(z) dz, simply to minimize the letters
used, but even then we need to remember the distinction between the z in the upper
limit and the z’s inside the integral. In fact, this notation is typical in books on
engineering and science, where there is less focus on such points of rigor.

Now imposing the condition y(a) = b on (8) gives y(a) = b = Ae = A, so
A = b and hence

y(z) = be~ Ja PO, ©)




Thus, (9) satisfies the initial condition y(a) = b. To verify that it also satisfies
the differential equation (3), we use the fundamental theorem of the calculus: If
f(z) is continuous on an interval [, namely ©; < x < z9, and

P = [ 1@, (100

on I, then

Fl(z) = f(z) (10b)
on I. Using this theorem, and chain differentiation [let the — [;p(ﬁ) dé in the
exponent be u, say, and write de*/dz = (de*/du)(du/dz) ], it is shown that (9)
does indeed satisfy the differential equation y’' + p(z)y = 0 on an interval I if p(x)
is continuous on [.

EXAMPLE 1. Consider the differential equation
y +2zy =0 (1D

on —co < x < oo, over which interval p(z) = 2z is continuous, as we have assumed.
Then (7) gives

y(z) = de~ S 22de = fe=o (12)
on —oo < z < oo. The graphs of the solutions, (12), are called the solution curves or in-
tegral curves corresponding to the given differential equation (11), and these are displayed
for several values of A in Fig. 1. Those above and below the z axis correspond to A > 0
(A=1,2,3)and A < 0 (A = —1,~-2), respectively, and A = 0 gives the solution curve
y(z) =0. 8

In Example 1 we used the term “solution curve.” A solution curve, or integral
curve, corresponding to a differential equation y'(z) = f(z,y), is simply the graph
of a solution to that equation.

Besides several solution curves, Fig. | also contains a field of lineal elements
through a discrete set of points, or grid. By a lineal element at a point (zg, yo),
corresponding to a differential equation y/'(z) = f(z,y), we mean a short straight-
line segment through the point (xg, yo), centered at that point and having the slope
f(z0,y0). That is, each lineal element has the same slope as the solution curve
passing through that point and is therefore a small part of the tangent line to that
solution curve. The set of all of the lineal elements is called the direction field
corresponding to the given differential equation.

In intuitive language, the direction field shows the “flow” of solution curves.
Given a sufficiently dense (computer) plot of the direction field, one can visualize
the various solution curves, or sketch the solution curve through a given initial
point.

EXAMPLE 2. Consider the problem
(z+2)y —zy =0, (13a)

2.2. The Linear Equation 21

Figure 1. The solution curves and
direction field for y' + 2zy = 0.
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Figure 2. Solution to

(z+2)y" — 2y =0; y(0) =3,
together with the direction field.

y(0) = 3. (13b)

Since an initial value is prescribed, let us use (9) rather than (7), with p(z) = —z/(z + 2):

y(z) = 365 €4/ = golera-2inleray]”
0

— 36[m~§—2—2 In |z+2]—(2-21n2)] _ 3emeln [:z:+2|"‘2€1n 22

e T

e
2 =12 ,
lwt+2f a2t tdu+d

(14)

where we have used the identity elnf = f. Of course, we could have used (7) instead, and
then imposed the initial condition on that result:

Aef mdu/(a42)  4ort2-2Inla+2] _ 4 e’e®
y(z) = Ae = Ae = m,

where y(0) = 3 = Ae?/4 gives A = 12e~? and, once again, we obtain the solution

e.’E

11—
u(@) 22+ 4z + 4

(15)

The graph of that solution is given in Fig. 2, in which we show the direction field of
the equation (13a), as well. .

On what z interval is the solution (15) valid? Recall that the solution (9) was guar-
anteed over the broadest interval, containing the initial point z = a, over which p(z) is
continuous. ‘In this case a = 0 and p(z) = —z/(z + 2), which is undefined (infinite) at
T = —2, so (15) is valid at least on =2 < x < oo. In fact, the interval of validity cannot be
extended any further to the left in this example, because whereas we need both y and 3’ to
have uniquely defined finite values satisfying (z + 2)y’ — zy = 0, both y and 1y’ given by
(15) are undefined at z = —2. Thus, the interval of validity of (15)is—2<z<oo. @

With the homogeneous problem (3) solved, we now turn to the more difficult
case, the nonhomogeneous equation (2). We will show how to solve (2) by two
different methods: first, by using an integrating factor and, second, by the method
of variation of parameters.

2.2.2. Integrating factor method. To solve (2) by the integrating factor method,
we begin by multiplying both sides by a yet to be determined function o(z), so that
(2) becomes

ay +opy = oq. (16)

[For (2) and (16) to be equivalent, we require o(z) to be nonzero on the z interval
of interest, for if o(z) = 0 at one or more points, then it does not follow from (16)
that y' + py equals ¢ at those points.] The idea is to seek o(x) so that the left-hand
side of (16) is a derivative:

d
oy +opy = o (oY), an



because then (16) becomes
d
— (oY) = oq, 18
= (0y) = 0g (18)

. . . : . 1
which can be solved by integration. For instance, to solve the equation 3’ +—y = 4,
z

observe that if we multiply through by z, then we have zy/ +y = 4z, or (zy)’ = 4z,
which can be integrated to give xy = 22+ C and hence the solution y = 2z+C/z.
In this case o(xz) was simply z. Such a function o(z) is called an integrating
factor, and its use is called the integrating factor method. The idea was invented by
Leonhard Euler (1707-1783), one of the greatest and most prolific mathematicians
of all time. He contributed to virtually every branch of mathematics and to the
application of mathematics to the science of mechanics.

One might say that the integrating factor method is similar to the familiar
method of solving a quadratic equation by completing the square. In complet-
ing the square, we add a suitable quantity to both sides so that the left-hand side
becomes a “perfect square,” and the equation can then be solved by taking square
roots. In the integrating factor method we multiply both sides by a suitable quantity
so that the left-hand side becomes a “perfect derivative,” and the equation can then
be solved by integration.

How do we find o(z), if indeed such a function exists? Writing out the right-
hand side of (17) gives

oy +opy =0y +a'y,

which is satisfied identically if we choose o(z) so that
o' (z) = p(z)o(z). (19)

But (19) is of the same form as (3), with y changed to o and p to —p, so its solution
follows from (7) as o(z) = Ae™ Ip@)de prom (16), we see that any constant scale
factor in o is inconsequential, so we can take A = 1 without loss. Thus, the desired
integrating factor is

o(z) = el pl@)dz. (20)

Putting this o () into (18) gives

i (efp(w)d:ny) _ e-]‘P(m)dwq(gj),

dzx

SO
efp(ar;)da;y _ / efp(m)qu(l’) dz + C,

or

y(;L') _ e"‘/‘p(m)d:ﬂ (/ e.I‘IJ(rU)d:cq(:L,) dx + C’) , 20D

where C'is an arbitrary constant of integration.

2.2. The Linear Equation
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Not only does (21) satisfy (2), but it can be seen from the steps leading to (21)
that every solution to (2) must be of the form (21). Thus, we call (21) the general
solution of (2).

EXAMPLE 3. Solve
Yy + 3y == (22)

With p(z) = 3 and ¢(z) = z, we have

8‘;‘ p(x)de _ (3-[3 de _ 631‘

so (21) gives
1 .
y(z) = e (/ ez dz + C) = ?;i -5+ 0T (23)

as the general solution to (22). #

If we wish to solve for C, in (21), 5o as to satisfy an initial condition y(a) = b,
then it is convenient to return to (20) and use the definite integral ff p(&) d€ in place
of the indefinite integral [ p(z)dz. These integrals differ by at most an arbitrary
additive constant, say B, and the scale factor e? that results, in the right-hand side
of (20), can be discarded without loss. Thus, let us change both p integrals in (21)
to definite integrals, with a as lower limit. Likewise, the ¢ integral in (21) can
be changed to a definite integral with a as lower limit since this step changes the
integral by an arbitrary additive constant at most, which constant can be absorbed
by the arbitrary constant C'. Thus, equivalent to (21), we have

y(x) = e~ 2 PO de (/” PO (e gt + C) ,

a

where ( is zeta. If we impose on this result the initial condition y(a) = b, we obtain
y(a) = b= e"%(0 4 C), where each ¢ integral is zero because its lower and upper
integration limits are the same. Thus, C' = b, and

y(x) = e~ Ja PO (/I eli PO Uy () de + b> . 24)

a

As a partial check, notice that (24) does reduce to (9) in the event that g(z) = 0.

Whereas (21) was the general solution to (2), we call (24) a particular solu-
tion since it corresponds to one particular solution curve, the solution curve through
the point (a, b).

EXAMPLE 4. Solve

y — 2zy = sinz, (25a)
y(0) = 3. (25b)




This time an initial condition is prescribed, so it is more convenient to use (24) than (21).

With p(z) = —2x, ¢(x) = sina, a = 0, and b = 3, we have
els P AE — o5 (=26)dE _ o=

so that (24) gives the desired solution as

ylz) = et </ et sin £ d€ + 3> . (26)
0

The integral in (26) is said to be nonelementary in that it cannot be evaluated in
closed form in terms of the so-called elementary functions: powers of x, trigonometric
and inverse trigonometric functions, exponentials, and logarithms. Thus, we will leave it
as it is. It can be evaluated in terms of nonelementary functions, or integrated numerically,
but such discussion is beyond the scope of this example. B

2.2.3. Existence and uniqueness for the linear equation. A fundamental is-
sue, in the theory of differential equations, is whether a given differential equation
F(z,y,y") = 0 has a solution through a given initial point y(a) = b in the z,y
plane. That is the question of existence. If a solution does exist, then our next
question is: is that solution unique, or is there more than one such solution? That
is the question of uniqueness. Finally, if we do indeed have a unique solution, then
over what z interval does it apply?
For the linear problem

Y+ p(2)y = q(=), y(a) =0, (27)

all of these questions are readily answered. Our proof of existence is said to be
constructive because we actually found a solution, (24). We are also assured that
that solution is unique because our derivation of (24) did not offer any alternatives:
each step was uniquely implied by the preceding one, as you can verify by review-
ing those steps. Nonetheless, let us show how to prove uniqueness, for (27), by a
different line of approach.

Suppose that we have two solutions of (27), y1(z) and y2(z), on any z interval
I containing the initial point a. That is,

v p@y= (@),  yila) =0, (28a)
and

vy +p(x)y2 = q(z),  y2(a) =b. (28b)
Next, denote the difference y; () — y2(x) as u(z), say. If we subtract (28b) from

(28a), and use the fact that (f — g)’ = f/ — ¢/, known from the calculus, we obtain
the “homogenized” problem

w4+ pz)u =0, u(a) =0, (29)

on u(z). But v + pu = 0 implies that [ du/u + [pdz = 0, which implies
that In|u| = — [ pdz + C, which implies that |u| = exp (- [pdz + C) and,

2.2. The Linear Equation
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finally, that u(z) = Aexp(— [pdz), where A is an arbitrary constant. Since
u(a) = 0 and the exponential is nonzero, it follows that A must be zero, so u(z) =
y1(z) — ya(z) must be identically zero. Thus, y;(z) and ya(z) must be identical
on I. Since y;(z) and yo(z) are any two solutions of (27), the solution must be
unique.

That approach, in proving uniqueness, is somewhat standard. Namely, we
suppose that we have two solutions to the given problem, we let their difference be
u, say, obtain a homogenized problem on u, and show that u must be identically
zero.

Finally, what is the interval of existence of our solution (24)? The only pos-
sible breakdown of (24) is that one or more of the integrals might not exist (be
convergent). But since p is continuous, by assumption, it follows that the £ and ¢
integrals of p both exist and, indeed, are continuous functions of z and &, respec-
tively. Thus exp ([f p(¢) d¢) is continuous too, and since ¢ is also continuous by
assumption, then the integral of the exponential times ¢ must exist.

In summary, we have the following resulit.

THEOREM 2.2.1 Existence and Uniqueness, for the Linear Equation.

The linear equation 4’ 4+ p(z)y = ¢(z) does admit a solution through an initial
point y(a) = b if p(z) and ¢(z) are continuous at a. That solution is unique, and it
exists at least on the largest = interval containing = = a, over which p(z) and g(z)
are continuous.

In Example 1, for instance, p(z) = 2z and g(z) = 0 were continuous for all z,
s0 every solution was valid over —oo < z < co. In Example 2, p(z) = —z/(z +2)
and g(x) = 0, so the broadest interval containing the initial point = 0, over
which p and ¢ were continuous, was —2 < z < oo and, sure enough, we found
that the solution (15) was valid over that interval but not beyond it because of the
singularity in the solution at z = —2. We might think of the solution as “inheriting”
that singularity from the singular behavior of p(z) = —a/(z + 2) at that point.

EXAMPLE 5. A Narrow Escape. The condition of continuity of p(z) and g(z) is
sufficient to imply the conclusions stated in the theorem, but is not necessary, as illustrated
by the problem

ay’ + 3y = 62°. (30)

The general solution of (30) is readily found, from (21), to be
C
y(@) = o + = 31)

The graphs of the solution for several values of C' (i.e., the solution curves) are shown
in Fig. 3. Now, p(z) = 3/z is continuous for all @ except x = 0, and ¢(z) = Bx? is
continuous for all z, so if we append to (30) an initial condition y(a) = b, for some a > 0,
then Theorem 2.2.1 tells us that the solution (31) that passes through that initial point will



be valid over the interval 0 < @ < oo atleast. For instance, if a = 1 and b = 2.5 (the point
Py), then C = 1, and the solution (31) is valid only over 0 < & < oo since it is undefined
at z = 0 because of the 1/z term, as can also be seen from the figure. However, if a = 1
and b = 1 (the point P2) then C' = 0, and the solution (31) is valid over the broader interval
—00 < x < oo because C' = 0 removes the singular 1/2® term in (31). That is, if the initial
point happens to lie on the solution curve y(z) = z® through the origin, then the solution
y(x) = 23 is valid on —oco < & < oo; if not, then the solution (30) is valid on 0 < z < 0o
ifa>0andon —co <z <0ifa<0. B

)

Figure 3. Representative integral curves (31) for the equation (30).

2.2.4. Variation of parameter method. A second method for the solution of
the general first-order linear equation

Y+ p(z)y = q(z) (32)

is the method of variation of parameters, due to the great French mathematician
Joseph Louis Lagrange (1736—1813) who, like Euler, also worked on the applica-
tions of mathematics to mechanics, especially celestial mechanics.

Lagrange’s method is as follows. We begin by considering the homogeneous
version of (32),

y' + p(x)y =0, (33)

which is more readily solved. Recall that we solved it by integrating

i ‘
/?y+/p($)da::0

and obtaining the general solution

yn(z) = Ae~ S P(2)de. (349

2.2. The Linear Equation
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We use the subscript h because yy, () is called the homogeneous solution of (32).
That is, it is the solution of the homogeneous version (33) of the original nonhomo-
geneous equation (32). [In place of y,(z), some authors write y.(x) and call it the
complementary solution.| Lagrange’s idea is to try varying the “parameter” A, the
arbitrary constant in (34). Thus, we seek a solution y(z) of the nonhomogeneous
equation in the form

y(z) = A(z)e~ I P@de, (35)

(The general idea of seeking a solution of a differential equation in a particular
form is important and is developed further in subsequent chapters.)
Putting (35) into (32) gives

(A/ewf'pd:v + A(_p)e—fpd:z:> _I_pAewfpdm =q. (36)
Cancelling the two A terms and solving for A’ gives

Al(z) = g(z)el @) d=, 37)

which can be integrated to give
A(z) = /efp(“”) o(z)dz 4+ C
and hence the general solution
y(z) = A(z)e” [p)de _ o= [p(z)dz (/ e/ Pz o0y de + C’> ) (38)

which is identical to our previous result (21).

It is easy to miss how remarkable is the idea behind Lagrange’s method be-
cause it starts out looking like a foolish idea and ends up working beautifully. Why
do we say that it looks foolish? Because it is completely nonspecific. To explain
what we mean by that, let us put Lagrange’s idea aside, for a moment, and consider
the second-order linear equation ' +y' —2y = 0, for instance. In Chapter 3 we will
learn to seek solutions of such equations in the exponential form y = e, where A\
is a constant that needs to be determined. Putting that form into ¢ +y' — 2y =0
gives the equation (A% + A — 2)e*® = 0, which implies that X needs to satisfy
the quadratic equation A*> + A — 2 = 0, with roots A = 1 and A = —2. Thus,
we are successful, in this example, in finding two solutions of the assumed form,
y(z) = e® and y(z) = e~>*. Notice how easily this idea works. It is easily imple-
mented because most of the work has been done by deciding to look for solutions
in the correct form, exponentials, rather than looking within the set of all possible
functions. Similarly, if we lose our eyeglasses, the task of finding them is much
easier if we know that they are somewhere on our desk, than if we know that they
are somewhere in the universe.

Returning to Lagrange’s idea, observe that the form (35) is completely non-
specific. That is, every function can be expressed in that form by a suitable choice



of A(x). Thus, (35) seems useless in that it does not narrow down the search in
the least. That’s why we say that at first glance Lagrange’s idea looks like a foolish
idea.

Next, why do we say that, nevertheless, it works beautifully? Notice that the
equation (36), governing A(z), is itself a first-order nonhomogeneous equation of
the same form as the original equation (32), and looks even harder than (32)—except
for the fact that the two A terms cancel, so that we obtain the simple equation (37)
that can be solved by direct integration. The cancellation of the two A terms was
not serendipitous. For suppose that A(z) is a constant. Then the A’ term in (36)
drops out, and the two A terms must cancel to zero because if A is a constant then
(35) is a solution ot the homogeneous equation!

In Chapter 3 we generalize Lagrange’s method to higher-order differential
equations.

Closure. In this chapter we begin to solve differential equations. In particular,
we consider the general first-order linear equation

v+ p(2)y = q(z), (39)
where p(z) and g(z) are given. We begin with the homogeneous case,
y' +p(z)y=0 (40)

because it is simpler, and find its general solution
y(z) = Ae~ Jplz)de, 41

If an initial condition y(a) = b is appended to (40), then (41) gives the particular
solution of (40) through the initial point (a, b) as

y(z) = be™ Ja p(&)ds, (42)

Turning next to the full nonhomogeneous equation (39), we derive the general
solution

y(.L) — 6—[7}(:1:)51:1; </ efp(fv)d:cq(l,> dz + C) ) (43)

first by the integrating factor method, and then again by the method of variation of
parameters. Both of these methods will come up again in subsequent sections and
chapters.

If an initial condition y(a) = b is appended to (39), then (43) gives the partic-
ular solution of (39) through the initial point (a, b) as

y(z) = e fE PO ( / e PO () de + b) , (44)

Ja

which solution is unique, and which is valid on the broadest z interval containing
& = a, on which both p(z) and ¢(x) are continuous, and possibly even on a broader
interval than that.

2.2. The Linear Equation

]
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Finally, we introduce the idea of lineal elements and the direction field of a
differential equation ¢ = f(z,y).

It is noteworthy that we are successful in finding the general solution of the
general first-order linear equation y' + p(z)y = ¢(z) explicitly and in closed form.
For other equation types we may not be so successful, as we shall see.

In closing, we call attention to the exercises, to follow, that introduce addi-
tional important special cases, the Bernoulli, Riccati, d’Alembert-Lagrange, and
Clairaut equations. In subsequent sections we occasionally refer to those equa-
tions and to those exercises.

Computer software. There are now several powerful computer-algebra systems,
such as Mathematica, MATLAB, and Maple, that can be used to implement much of
the mathematics presented in this text — numerically, symbolically, and graphically.
Consider the application of Maple, as a representative software, to the material in
this section.

There are two types of applications involved in this section. One entails find-
ing the general solution of a given first-order differential equation, or a particular
solution satisfying a given initial condition. These can be carried out on Maple
using the dsolve command (“function,” in Maple terminology).

For example, to solve the equation (z + 2)y’ — zy = 0 of Example 2, for y(z),
enter

dsolve((z + 2) * diff(y(z), z) — z * y(z) = 0,y(x));

(including the semicolon) and return; dsolve is the differential equation solver, and
diff is the derivative command for 3. [The command for y” would be diff(y(z), z, =),
and so on for higher derivatives.] The output is the general solution

_ C1 exp ()

y(e) = 2 +dx+4

where _C'l is Maple notation for an arbitrary constant.
To solve the same equation, but this time with the initial condition y(0) = 3,
enter

dsolve({(z + 2) * diff(y(z),z) — z xy(z) = 0, y(0) = 3}, y(z));
and return. The output is the particular solution

exp (z)

= 12—
y(@) x?2 4+ 4dr +4

which agrees with our result in Example 2.

The dsolve command can cope with differential equations that contain unspec-
ified parameters or functions. For example, to solve y’ + p(z)y = 0, where p(x) is
not specified, enter

dsolve(diff(y(z), z) — p(z) * y(z) = 0, y(z));



and return. The output is the general solution

o) =exp ( [ty ) 01

The second type of application entails generating the graphical display of vari-
ous solution curves and/or the direction field for a given differential equation. Both
of these tasks can be carried out on Maple using the phaseportrait command. For
example, to obtain the plot shown as Fig. 1, enter

with(DEtools):
to access the phaseportrait command; then return and enter

phaseportrait (—2 x x * y, [z,y], = = —1.5..1.5, {[0,-2],[0, —1],
[0,0],[0, 1], [0, 2], [0, 3]}, arrows = LINE);

and return. The items within the outer parentheses are as follows:

phaseportrait(right-hand side of y' = f(z,y), [variables], xrange,
{initial points}, optional specification to include direction
field lineal elements and choice of their line thickness);

The yrange is set automatically, but it can be specified as an additional optional
item if you wish. All items following the { initial points } are optional, so if you
want the yrange to be —1 < y < 3, say, then modify the phaseportrait command as
follows:

phaseportrait (-2 x x *y, [z,y], * = —1.5..1.5, {[0,-2],[0, —1],
[0,01,[0,1],10,2],[0,3]}, y = —1..3, arrows = LINE);

To run phaseportrait over and over, one needs to enter “with(DEtools):” only at the
beginning of the session.

To obtain a listing of the mathematical functions and operators (or commands)
available in Maple, enter ?lib and return. Within that list one would find such
commands as dsolve and phaseportrait. To learn how to use a command enter a
question mark, then the command name, then return. For example, type ?dsolve
and return.

In the exercises that follow, and those in subsequent sections, problems are in-
cluded that require the use of a computer-algebra system such as one of the systems
mentioned above. These are important, and we strongly urge you to develop skill in
the use of at least one such system in parallel with, but not in place of, developing
understanding of the underlying mathematics presented in this text.

2.2. The Linear Equation
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EXERCISES 2.2

1. Assuming that p(z) and ¢(x) are continuous, verify by di-
rect substitution

(a) that (9) satisfies (3) (b) that (21) satisfies (2)

2. In each case find the general solution, both using the “off-
the-shelf” formula (21) and then again by actually carrying out
the steps of the integrating factor method. That s, find the inte-
grating factor o(z) and then carry out solution steps analogous
to those in our derivation of (21). Understand the z interval
on which the equation is defined to be the broadest interval on
which both p(z) and ¢(x) are continuous. For example, in part
(a) the  interval is —oo < @ < 00, in part () it is any interval
on which tan z is continuous (such as 7/2 < & < 3m/2), and
in part (f) it is either —co < & < 0 or 0 < 2 < oo [to ensure
the continuity of p(z) = 2/x].

@y —y=3e

(c) y’ +y =2’

(e)y' — (tanz)y =6
(@azy -2 =2’

(i) (x = 5)(ay’ +3y) =2

(b)y' +4y =38

(dy' =y—sin2z

(D ay’ +2y =2

(hyy' + (cotz)y = 2cosx

dx
(3) — — 6z =¢Y
dy

dx - dz .
K y— —y° +3z=0 Oy 4oy — 4y =
d dy

o = dr

m)t— —4dt° =z — 4 2(cot 20)r =
(m) o T (n) 7 + 2(cot 20)r
3.(a)~(n) For the equation given in Exercise 2, solve by the
method of variation of parameters. That is, first find the ho-
mogeneous solution, then vary the parameter, and so on — as
we did in (34)—(37) for the general equation (31).

4.(a)—(n) For the equation given in Exercise 2, find the gen-
eral solution using computer software (such as Mathematica,
MATLAB, or Maple). Verify your result by showing that it
does satisfy the given differential equation.

5, Solve 2y’ 4y = 622 subject to the given initial condition
using any method of this section, and state the (broadest) in-
terval of validity of the solution. Also, sketch the graph of the
solution, by hand, and label any key values.

<ym):) b y(l) =2 (©)y(2) =2
(dy(~3)=18  (@y(=3)=-5 (Hy(-2)=8

6. Solve zy + 2y = x + 2 subject to the given initial condi-
tion using any method of this section, and state the (broadest)

interval of validity of the solution. Also, sketch the graph of

the solution, by hand, and label any key values.

(@ y(2) =0 (b) y(0) = 1 ©y(-1) =
(dy(l)=1 (e y(-2)=0 O y(-3)=0

7. Find the general solution using any method of this section.
The answer may be left in implicit form, rather than explicit
form, if necessary. HINT: Remember that which variable is
the independent variable and which is the dependent variable
is a matter of viewpoint, and one can change one’s viewpoint.
In these problems, consider whether it might be better to re-
gard z as a function of y, and recall from the calculus that
dy/dz = 1/(dz/dy).

dy 1 B 1
@EE_ ; () *6:c+y2
2 N
() (6y ”T')dz y=0

T + 3e¥ dm y
Y
(d) (y*siny + z)— o
8. (Direction fields) The direction field concept was discussed
within Example 1. For the differential equation given, use
computer software to plot the direction field over the speci-
fied rectangular region in the , y plane, as well as the integral
curve through the specified point P. Also, if you can identify
any integral curves exactly, from an inspection of the direction
field, then give the equations of those curves, and verify that
they do satisfy the given differential equation.

@y =2+ 2z —y)* on ]:z:[ <4,y <4 P=(2,1)
Dy =yly® —4) onfzl <4, [y <4 P=(L1)
@y =0B-y"* onfe| <2 |yl <3 P=(0,0)
(dy +2y=e"* onlz| <3, |y <2 P=(0,0.5)

=Y

—

il

o~

ey =z*/(y*—1) onlz| <3, |yl <3; P=(-3,-3)
Oy +z=y onlz <20, 0<y<20; P=(0,1)
(Y =e*y on0<az<50,0<y<50; P=(0,10)

(hyy =asiny on0<az<10,0<y<10; P=(2,2)

9. (Bernoulli equation) The equation

\y’ +ple)y = q(z)y", l ©.1)

where n is a constant (not necessarily an integer), is called
Bernoulli’s equation, after the Swiss mathematician Jakob
Bernoulli. Jakob (1654-1705), his brother Johann (1667-1748),
and Johann's son Daniel (1700—1782), are the best known of
the eight members of the Bernoulli family who were promi-
nent mathematicians and scientists.

(a) Give the general solution of (9.1) for the special cases
n=0andn =1

(b) If n is neither 0 nor 1, then (9.1) is nonlinear. Neverthe-
less, show that by transforming the dependent variable from



y(z) to v(x) according to v = y~™ (forn # 0,1), (9.1) can
be converted to the equation

v+ (1 =n)p(z)v = (1 —n)g(z), (9.2)
which is linear and can be solved by the methods developed in
this section. This method of solution was discovered by Gor-
tfried Wilhelm Leibniz (1646—-1716) in 1696.
10. Use the method suggested in Exercise 9(b) to find the gen-
eral solution to each of the following.

(b) 2y’ — 2y = z3y?

@ I3y +y) =

@y —4dy = 4y°
(c) 2zyy’ + y? =2z ,
@y =y’ Oy =ay’
(@y" = (y')> HINT: First, let y'(z) = u(z).
(hyy" + (y")* =0  HINT: First, let y"’(z) =

11. (Riccati equation) The equation

u(z).

¥ =p(a)y® + q(z)y +r(z) (11.1)

is called Riccati’s equation, after the Italian mathematician
Jacopo Francesco Riccati (1676—1754). The Riccati equation
is nonlinear if p(z) is not identically zero. Recall from Exer-
cise 9 that the Bernoulli equation can always be reduced to a
linear equation by a suitable change of variables. Likewise, for
the Riccati equation, provided that any one particular solution
can be found.

Let Y(x) be any one particular solution of (11.1), as found
by inspection, trial and error, or any other means. [Depending
on p(x), g(x), and r(z), finding such a ¥ (z) may be easy,
or it may prove too great a task.] Show that by changing the
dependent variable from y(z) to u(z) according to

y=Y(z)+ 1 (11.2)
U

the Riccati equation (11.1) can be converted to the equation

u' + 2p(x)Y () + g(z)] u = —p(z), (11.3)
which is linear and can be solved by the methods developed in
this section. This method of solution was discovered by Leon-
hard Euler (1707-1783) in 1760.

12. Use the method suggested in Exercise 11 to find the gen-
eral solution to each of the following. Nonelementary inte-
grals, such as [ exp (az?) dz, may be left as is.

@y —4dy=y*> HINT: Y(z) = —4

My =y’ —ay+1 HINT:Y(z)==z

(©) (cosz)y’ =1-y* HINT: Y(z) =sinz

(9%
(98]

2.2. The Linear Equation

HINT: V(z) = 2¢°
HINT: See if you can find a Y (x)

Dy =e oy —y |
@)y = ay* + 2z — z°
in the form az?.

(0 y’,= (12- 114)(2 ~y)
@y =y -

My =2-y)y

13. (d’Alembert-Lagrange equation) The first- order nonlin-
ear differential equation

|y=:z:f(l’)+g(i0)| (13.1)

on y(z), where it will be convenient to denote y’ as p, and f
and g are given functions of p, is known as a d’Alembert—
Lagrange equation after the French mathematicians Jean le
Rond d’Alembert (1717-1783) and Joseph-Louis Lagrange
(1736-1813).

(a) Differentiating (13.1) with respect to z, show that

dp
p—fp)=[=fb) +4'®)] (13.2)
Observe that this nonlinear equation on p(z) can be converted
to a linear equation if we interchange the roles of z and p by
now regarding z as the independent variable and p as the de-
pendent variable. Thus, obtain from (13.2) the linear equation

') . _ g0
p—fp)  p—- /b
on z(p). Since we have divided by p — f(p) we must restrict
f(p) so that f(p) # p. Solving the simpler equation (13.3) for
z(p), the solution of (13.1) is thereby obtained in parametric
form: x = x(p) from solving (13.3), and y = z(p) f(p) + g(p)
from (13.1). This result is the key idea of this exercise, and is
illustrated in parts (b)—(c). In parts (d)—(k) we consider a more
specialized result, namely, for the case where f(p) happens to
have a “fixed point.”

(b) To illustrate part (a), consider the equation y = 2zy’ + 3y’
[i.e., where f(p) = 2p and g(p) = 3p), and derive a paramet-
ric solution as discussed in (a).

(c) To illustrate part (a), consider the equation y = x(y’ + y’2)
[ie, f(p) = p+ p? and g(p) = 0], and derive the parametric
solution discussed in (a).

(d) Suppose that f(p) has a fixed point Py, that is, such that
f(Py) = Py. [A given function f may have none, one, or any
number of fixed points. They are found as the solutions of the
equation f(p) = p.] Show that (13.1) then has the straight line

dx
dp

(13.3)

y = Poz + g(FPo) (13.4)
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cases where the integrals that occur in the general solution of
(13.3) are too difficult to evaluate.]

(¢) Show that f(p) = 3p* has two fixed points, p = 0 and
p = 1/3, and hence show that the equation y = 3zp?* + g(p)

1
has straight-line solutions y = g(0)andy = -z +g for

3 3
any given function g.

(f) Determine all particular solutions of the form (13.4), if any,
for the equation y = z (y'? — 2y’ +2) -+ eV,

(g) Same as (f), fory = ze¥ — 5cos y'.

(h) Same as (f), fory = @ (y'? = 2y') + 6y,

(i) Same as (f), fory = = (y™® — 3y') — 2siny’.

(j) Same as (f), fory — x (y'* + 3) = ¢°.

(k) Same as (), fory + z (2y' +3) = eV

14. (Clairaut equation) For the special case f(p) = p, the
d’Alembert—-Lagrange equation (13.1) in the preceding exer-
cise becomes

y = ap + g9(p), (14.1)

which is known as the Clairaut equation, after the French
mathematician Alexis Claude Clairaut (1713-1765). (Recall
that p denotes 3’ here.)

(a) Verity, by direct substitution into (14.1), that (14.1) admits
the family of solutions

y = Cz + g(C), (14.2)

where C is an arbitrary constant.

(b) Recall that (13.3) does not hold if f(p) = p, but (13.2)
does. Letting f(p) = p in (13.2), derive the family of solu-
tions (14.2), as well as the additional particular solution given
parametrically by

(14.3a)

(14.3b)

T = "g/(p)’
y = —pg'(p) + 9(p)-

(c) To illustrate, find the parametric solution (14.3) for the
equation y = axy’ — y'*. Show that in this example (14.3)
can be gotten into the explicit form y = x?/4 by eliminating
the parameter p between (14.3a) and (14.3b). Plot, by hand,
the family (14.2), for C' = 0,41/2, &1, £2, together with the
solution y = z?/4. (Observe, from that plot, that the partic-
ular solution y = x*/4 forms an “envelope” of the family of
straight-line solutions. Such a solution is called a singular so-
lution of the differential equation.)

(d) Instead of a hand plot, do a computer plot of y = 2% /4 and
the family (14.2), for C' = 0, £0.25,£0.5, £0.75, ..., £3, on
—8< <8, -10<y <12

2.3 Applications of the Linear Equation

In this section we consider representative physical applications that are governed
by linear first-order equations: electrical circuits, radioactivity, population dynam-
ics, and mixing problems, with additional applications introduced in the exercises.

2.3.1. Electrical circuits. In Section 1.3 we discussed the mathematical model-
ing of a mechanical oscillator. The relevant physics was Newton’s second law of
motion, which relates the net force on a body to its resulting motion. Thus, we
needed to find sufficiently accurate expressions for the forces contributed by the
individual elements within that system — the forces due to the spring, the friction
between the block and the table, and the aerodynamic drag.

In the case of electrical circuits the relevant underlying physics, analogous
to Newton’s second law for mechanical systems, is provided by Kirchhoff’s laws.
Instead of forces and displacements in a mechanical system comprised of various
elements such as masses and springs, we are interested now in voltages and currents
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in an electrical system comprised of various elements such as resistors, inductors,
and capacitors.

First, by a current we mean a flow of charges: the current through a given con-
trol surface, such as the cross section of a wire, is the charge per unit time crossing
that surface. Each electron carries a negative charge of 1.6 x 1079 coulomb, and
each proton carries an equal positive charge. Current is measured in amperes, with
one ampere being a flow of one coulomb per second. By convention, a current is
counted as positive in a given direction if it is the flow of positive charge in that
direction. While, in general, currents can involve the flow of positive or negative
charges, in an electrical circuit the flow is of negative charges, free electrons. Thus,
when one speaks of a current of one ampere in a given direction in an electrical
circuit one really means the flow of one coulomb per second of negative charges
(electrons) in the opposite direction.

Just as heat flows due to a temperature difference, from one point to another,
an electric current flows due to a difference in the electric potential, or voltage,
measured in volts.

We will need to know the relationship between the voltage difference across a
given circuit element and the corresponding current flow. The circuit elements of
interest here are resistors, inductors, and capacitors.

For a resistor, the voltage drop E(t), where ¢ is the time (in seconds), is pro-
portional to the current 7(¢) through it:

E(t) = Ri(t), (1

where the constant of proportionality R is called the resistance and is measured
in ohms; (1) is called Ohm’s law. By a resistor we usually mean an “off-the-
shelf” electrical device, often made of carbon, that offers a specified resistance —
such as 100 ohms, 500 ohms, and so on. But even the current-carrying wire in a
circuit is itself a resistor, with its resistance directly proportional to its length and
inversely proportional to its cross-sectional area, though that resistance is probably
negligible compared to that of other resistors in the circuit. The standard symbolic
representation of a resistor is shown in Fig. 1.

For an inductor, the voltage drop is proportional to the time rate of change of
current through it:

L di(t)

where the constant of proportionality L is called the inductance and is measured
in henrys. Physically, most inductors are coils of wire, hence the symbolic repre-
sentation shown in Fig. 1.

For a capacitor, the voltage drop is proportional to the charge Q(t) on the
capacitor:

B(t) = ZQ(0) 3)

where C'is called the capacitance and is measured in farads. Physically, a capaci-
tor is normally comprised of two plates separated by a gap across which no current

Resistor :

Inductor :
—_— ]
Ey 0 B
di

E-E,=E=L-
! 2 dt

Capacitor :

Figure 1. The circuit elements.
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(a)

(b) p

Figure 2. RLC circuit.

flows, and Q(t) is the charge on one plate relative to the other. Though no cur-
rent flows across the gap, there will be a current 4(¢) that flows through the circuit
that links the two plates and is equal to the time rate of change of charge on the

capacitor:
dQ(t
i(t) = %%l @

From (3) and (4) it follows that the desired voltage/current relation for a capacitor
can be expressed as

B(t) = % / i(t) dt. )

Now that we have equations (1), (2), and (5) relating the voltage drop to the
current, for our various circuit elements, how do we deal with a grouping of such
elements within a circuit? The relevant physics that we need, for that purpose,
is given by Kirchhoff’s laws, named after the German physicist Gustav Robert
Kirchhoff (1824—1887):

Kirchhoff’s current law states that the algebraic sum of the currents approach-
ing (or leaving) any point of a circuit is zero.

Kirchhoff’s voltage law states that the algebraic sum of the voltage drops around
any loop of a circuit is zero.

To apply these ideas, consider the circuit shown in Fig. 2a, consisting of a
single loop containing a resistor, an inductor, a capacitor, a voltage source (such as
a battery or generator), and the necessary wiring. Let us consider the current i(t) to
be positive clockwise; if it actually flows counterclockwise then its numerical value
will be negative. In this case Kirchhoff’s current law simply says that the current
i is a constant from point to point within the circuit and therefore varies only with
time. That is, the current law states that at any given point P in the circuit (Fig. 2b),
i1+ (—12) = 0 or, 41 = 42. Kirchhoff’s voltage law, which is really the self-evident
algebraic identity

(Va"Vcl>+(%—mz)+(%—%)+<vd_‘/c):07 (6)
gives
, <

The latter is called an integrodifferential equation because it contains both deriva-
tives and integrals of the unknown function, but we can convert it to a differential
equation in either of two ways.

First, we could differentiate with respect to ¢ to eliminate the integral sign,
thereby obtaining

d?i di 1. dE(t)
— P — = . 8
Lo TRy 517 ~ 0 (8)
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Alternatively, we could use Q)(¢) instead of () as our dependent variable, for then
[idt = Q(t), and (7) becomes

d*Q dQ
Ldt2 F]——E— Q E(t). 9)

Either way, we obtain a linear second-order differential equation.
Since we are discussing applications of first-order linear equations here, let us
treat two special cases.

EXAMPLE 1. RL Circuit. If we omit the capacitor from our circuit, then (7) reduces to

the first-order linear equation™
di
LdL+Rz_« E(t). (10)

If £(t) is a continuous function of time and the current at the initial instant ¢ = 0 is
i(0) = 4o, then the solution to the initial-value problem consisting of (10) plus the initial
condition 4(0) = 4y is given by (24) in Section 2.2, with “p” = R/L and “¢" = E(t)/L:

.
i(t) =e” o % </ e~/0TRd“Ei)d +20>,

0

or
1 4
i(t) = dge /L 4 Z/ efT=/Lp(rydr (1)
0

over ) <t < oo, where 7 and x have been used as dummy integration variables.
For instance, if £/(t) = constant = E, then (11) gives

. L E -
i(t) = e ~/E 4 22 (1 - e*"‘f/ﬂ) , (12)
or
. Ey . Eo\ _n
i(t) = g — — | e~ /L, 13
i(1) R <10 A (13)

Ast — oo, the exponential term in (13) tends to zero. and i(t) = Eo/R. Thus we call the
Eq/R term in (13) the steady-state solution and the (i — 52) e /L term the transient
part of the solution. The approach to steady state, for several different initial conditions, is
shown in Fig. 3

As another case, let F(t) = Eysinwt and ip = 0. Then (11) gives

E()(UL

W= e

. el [Z
(e“m’/]’+ —sinwi:~coswi,) . (14)
wl

*“It may seem curious that if we try deleting the capacitor by setting C' = 0, then the capacitor
term in (7) becomes infinite rather than zero. Physically, however, one can imagine removing the
capacitor, in effect, by moving its plates together until they touch. Since the capacitance C' varies as
the inverse of the gap dimension, then as the gap diminishes to zero C' — o0, and the capacitor term
in the differential equation does indeed drop out because of the 1/C factor.
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Figure 3. Response i(t) for the
case E(t) = constant = Ey;
approach to steady state.
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Input —»{ System }(—3 Ouiput

lig, E(O] [i(n]

Figure 4. Schematic of the system.

As t — 00, the exponential term in (14) tends to zero, and we are left with the steady-state

solution Bl R
i(t) — mg%:ul)—)z (w_L— sinwt — coswt) . (t — 00) (15)

Observe that by a steady-state solution we mean that which remains after transients
have died out; it is not necessarily a constant. For the case where i(0) = i and E(t) = 0
the steady-state solution is the constant Eq /R, and for the case where i(0) = O and E(t) =
Ej sin wt the steady-state solution is the oscillatory function given by (15). |

EXAMPLE 2. RC Circuit. If, instead of removing the capacitor from the circuit shown
in Fig. 2, we remove the inductor (so that L = 0), then (8) becomes
di 1 dE(t)
R—+ —=i=——, 16
a T T (16)
which, again, is a first-order linear equation. If we also impose an initial condition 1(0) =
1g, then

: - 1 (" —y/rodE(T)
— t/RC - (r—t)/RC d 17
i(t) = ige + R/o e oA (17)

gives the solution in terms of i and E(t).

Let us use the electrical circuit problem of Example 1 to make some general
remarks. We speak of the initial condition i and the applied voltage E(t) as the
inputs to the system consisting of the electrical circuit, and the resulting current
i(t) as the output (or response), as denoted symbolically in Fig. 4. From (11), we
see that if i = 0 and E(t) = 0, then i(¢) = 0: if we put nothing in we get nothing
out.*

Consider the inputs and their respective responses separately. If £ (t) =0and
ig9 # 0, then the response

i(t) = ige” F/F

to the input 4 is seen to be proportional to ig: if we double 7p we double its re-
sponse, if we triple ig we triple its response, and so on. Similarly, if ip = 0 and
E(t) is not identically zero, then the response

1 t
it) =7 /0 =0/ B(r) dr

to the input E(¢) is proportional to E(¢). This result illustrates an important general
property of linear systems: the response to a particular input is proportional to that
input.

*In contrast with linear initial-value problems, linear boundary-value problems can yield nonzero
solutions even with zero input — that is, even if the boundary conditions are zero and the equation is
homogeneous. These are called eigensolutions, and are studied in later chapters.
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Further, observe from (11) that the total response 4(¢) is the sum of the indi-
vidual responses (o 4o and E(t). This result illustrates the second key property of
linear systems: the response to more than one input is the sum of the responses to
the individual inputs.

In Chapter 3 we prove these two important properties and use them in devel-
oping the theory of linear differential equations of second order and higher.

Before closing this discussion of electrical circuits, we wish to emphasize the
correspondence, or analogy, between the RLC electrical circuit and the mechani-
cal oscillator studied in Section 1.3, and governed by the equation

dgx dz
n—sr +c— + kxr = F(t). (18
dt? dt (t) 18)
For we see that both equations (8) (the current formulation) and (9) (the charge for-
mulation) are of exactly the same form as (18). Thus, their mathematical solutions
are identical, and hence their physical behavior is identical too. Consider (8), for
instance. Comparing it with (18), we note the correspondence .
dE(t
Lem, Rae, 1/Cw 0k, i(t) < z(t), -a~§-—) & F(t). (19)
Thus, given the values of m, ¢, k, and the function F'(t), we can construct an eleu
trical analog circuit by setting L = m, R = ¢, C = 1/k, and E(t) = [ F(¢)
dz

If we also match the initial conditions by setting (0) = z(0) and ~(O) g7 (O)
then the resulting current 4(#) will be identical to the motion z(t).

Or, we could use (9) to create a different analog, namely,
L+m, Rece 1/Cok, Q)< a(t), E() < F(t). (20)

In either case we see that, in mechanical terminology, the inductor provides “iner-
tia” (as does the mass), the resistor provides energy dissipation (as does the friction
force), and the capacitor provides a means of energy storage (as does the spring).

Our interest in such analogs is at least twofold. First, to whatever extent we un-
derstand the mechanical oscillator, we thereby also understand its electrical analog
circuit, and vice versa. Second, if the system is too complex to solve analytically,
we may wish to study it experimentally. If so, by virtue of the analogy we have the
option of studying whichever is more convenient. For instance, it would no doubt
be simpler, experimentally, to study the RLC circuit than the mechanical oscillator.

Finally, just as Hooke’s law can be derived theoretically using the governing
partial differential equations of the theory of elasticity, our circuit element relations
(1)~(5) can be derived using the theory of electromagnetism, the governing equa-
tions of which are the celebrated Maxwell’s equations. We will meet some of the
Maxwell’s equations later on in this book, when we study scalar and vector field
theory.

2.3.2. Radioactive decay; carbon dating. Another important application of first-
order linear equations involves radioactive decay and carbon dating.
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ny

Figure 5. Exponential decay.

Radioactive materials, such as carbon—14, einsteinium~-253, plutonium-241,
radium—226, and thorium—234, are found to decay at a rate that is proportional
to the amount of mass present. This observation is consistent with the supposition
that the disintegration of a given nucleus, within the mass, is independent of the
past or future disintegrations of the other nuclei, for then the number of nuclei
disintegrating, per unit time, will be proportional to the total number of nuclei
present:

AN
=k 21
7 N, (20

where k is known as the disintegration constant, or decay rate. Actually, the graph
of N (t) proceeds in unit steps since N(t) is integer-valued, so N (t) is discontin-
uous and hence nondifferentiable. However, if N is very large, then the steps are
very small compared to N. Thus, we can regard N, approximately, as a continuous
function of ¢ and can tolerate the dIN/dt derivative in (21). However, it is incon-
venient to work with N since one cannot count the number of atoms in a given
mass. Thus, we multiply both sides of (21) by the atomic mass, in which case (21)
becomes the simple first-order linear equation

dm
et 2
o km, 22)

where m(t) is the total mass, a quantity which is more readily measured. Solving,
by means of either (9) or (24) in Section 2.2, we obtain

m(t) = moe™ ", (23)

where m(0) = my is the initial amount of mass (Fig. 5). This result is indeed the
exponential decay that is observed experimentally.

Since k gives the rate of decay, it can be expressed in terms of the half-life T
of the material, the time required for any initial amount of mass mg to be reduced
by half, to mg/2. Then (23) gives

o _ moe ¥,

2

sok = (In2)/T, and (23) can be re-expressed in terms of T" as
m(t) = me2 ™47, (24)

Thus, if t = T, 2T, 3T, 4T ..., then m(t) = mg,mo/2,mo/4,mo/8, and so on.
Radioactivity has had an important archeological application in connection
with dating. The basic idea behind any dating technique is to identify a physical
process that proceeds at a known rate. If we measure the state of the system now,
and we know its state at the initial time, then from these two quantities together
with the known rate of the process, we can infer how much time has elapsed; the
mathematics enables us to “travel back in time as easily as a wanderer walks up a

RS

frozen river.

*Ivar Ekeland, Mathematics and the Unexpected. Chicago: University of Chicago Press, 1988.
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[n particular, consider carbon dating, developed by the American chemist Willard

Libby in the 1950’s. The essential idea is as follows. Cosmic rays consisting of
high-velocity nuclei penetrate the earth’s lower atmosphere. Collisions of these
nuclei with atmospheric gases produce free neutrons. These, in turn, collide with
nitrogen, thus changing some of the nitrogen to carbon-14, which is radioactive,
and which decays to nitrogen-14 with a half-life of around 5,570 years. Thus, some
of the carbon dioxide which is formed in the atmosphere contains this radioactive
C—14. Plants absorb both radioactive and nonradioactive COs9, and humans and
animals inhale both and also eat the plants. Consequently, the countless plants and
animals living today contain both C~12 and, to a much lesser extent, its radioactive
isotope C—14, in a ratio that is essentially the same from one plant or animal to
another.

EXAMPLE 3. Carbon Dating. Consider a wood sample that we wish to date. Since
C-14 emits approximately 15 beta particles per minute per gram, we can determine how
many grams of C—14 are contained in the sample by measuring the rate of beta particle

emission. Suppose that we find that the sample contains 0.2 gram of C—14, whereas if

it were alive today it would, based upon its weight, contain around 2.6 grams. Thus, we
assume that it contained 2.6 grams of C—14 when it died. That mass of C—14 will have
decayed, over the subsequent time span ¢, to 0.2 gram. Then (24) gives

0.2 = (2.6) 274/5570,

and, solving for t, we determine the sample to be around ¢ = 2,100 years old.
However, it must be emphasized that this method (and the various others that are
based upon radioactive decay) depend critically upon assumptions of uniformity. To date

the wood sample studied in this example, for instance, we need to know the amount of

C~14 present in the sample when the tree died, and what the decay rate was over the time
period in question. To apply the method, we assume, first, that the decay rate has remained
constant over the time period in question and, second, that the ratio of the amounts of C-
14 to C—~12 was the same when the tree died as it is today. Observe that although these
assumptions are usually stated as fact they can never be proved, since it is too late for direct
observation and the only evidence available now is necessarily circumstantial. B

2.3.3. Population dynamics. In this application, we are again interested in the
variation of a population N (¢) with the time ¢, not the population of atoms this
time, but the population of a particular species such as fruit flies or human beings.
According to the simplest model, the rate of change dN/dt is proportional to

the population N:
AN
dt
where the constant of proportionality x is the net birth/death rate, that is, the birth
rate minus the death rate. As in our discussion of radioactive decay, we regard
% (t) as continuous because the unit steps in [V are extremely small compared to

itself.

= klV, (25)
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/

Figure 6. Exponential growth.

Q(t),c(t)

Figure 7. Mixing tank.

Solving (25), we obtain the exponential behavior
N(t) = Nge", (26)

where N(0) = Ny is the initial condition. If the death rate exceeds the birth rate,
then £ < 0 and (26) expresses exponential decrease, with N — 0 as ¢t — oo.
That result seems fair enough. However, if £ > 0, then (26) expresses exponential
growth, with N — 0o as t — oo, as displayed in Fig. 6 for several different initial
conditions Ny. That result is unrealistic because as [N becomes sufficiently large
other factors will undoubtedly come into play, such as insufficient food or other
resources. In other words, we expect that x will not really be a constant but will
vary with N. In particular, we expect it to decrease as N increases. As a simple
model of such behavior, suppose that x varies linearly with N: x = a — bN, with
a and b positive, so that x diminishes as N increases, and even becomes negative
when IV exceeds a/b. Then (25) is to be replaced by the equation

dN
= =(@—bN)N. @7

The latter is known as the logistic equation, or the Verhulst equation, after the
Belgian mathematician P. F. Verhulst (1804—1849) who introduced it in his work
on population dynamics. Due to the N2 term, the equation is nonlinear, so that the
solution that we developed in Section 2.2 does not apply. However, the Verhulst
equation is interesting, and we will return to it.

2.3.4. Mixing problems. In this final application we consider a mixing tank with
an inflow of Q(t) gallons per minute and an equal outflow, where ¢ is the time; see
Fig. 7. The inflow is at a constant concentration ¢y of a particular solute (pounds
per gallon), and the tank is constantly stirred, so that the concentration c(t) within
the tank is uniform. Hence, the outflow is at concentration c(t). Let v denote the
volume within the tank, in gallons; v is a constant because the inflow and outflow
rates are equal. To keep track of the instantaneous mass of solute a(t) within the
tank, let us carry out a mass balance for the “control volume” V' (dashed lines in
the figure):

Rate of increase

of mass of solute = Ratein — Rate out, (28)

within V

dz 1b gal Ib gal Ib
—_— —— — 4 (t) — 2('
dt min <Q(t)min> (Cl gal) (Q([)m'm> (C( )gal> ’ (29)

or, since ¢(t) = x(t)/v,

dz(t) N Q_(lt_)I

- () = aQ(t), (30)
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which is a first-order linear equation on z(t). Alternatively, we have the first-order

linear equation
de(t) , Q) _ Q)

dt v e(t) = v

G1)

on the concentration c(t).

Recall that in modeling a physical system one needs to incorporate the relevant
physics such as Newton’s second law or Kirchoff’s laws. In the present application,
the relevant physics is provided entirely by (28). To better understand (28), suppose
we rewrite it with one more term included on the right-hand side:

Rate of increase Rate Rate Rate of creation
of mass of solute = into — outof + of mass 32)
within V' 14 Vv within V.

The equation (32) is merely a matter of logic, or bookkeeping, not physics. Since
(28) follows from (32) only if there is no creation (or destruction) of mass, we can
now understand (28) to be a statement of the physical principle of conservation of
mass, namely, that matter can neither be created nor destroyed (except under ex-
ceptional circumstances that are not present in this situation).

Closure. In this section we study applications of first-order linear equations to
electrical circuit theory, to radioactivity and population dynamics, and to mixing
problems. Although our RLC circuit gives rise to a second-order differential equa-
tion, we find that we can work with first-order equations if we omit either the in-
ductor or the capacitor. We will return to the RLC circuit when we discuss second-
order equations, so the background provided here, including the expressions for the
voltage/current relations and Kirchoff’s two laws, will be drawn upon at that time.

The electrical circuit applications also gives us an opportunity to emphasize the
extremely important consequences of the linearity of the differential equation upon
the relationship between the input and output. The key ideas are that for a linear
system: (1) the response to a particular input is proportional to that input, and (2)
the response to more than one input is the sum of the responses to the individual
inputs. These ideas are developed and proved in Chapter 3.

EXERCISES 2.3

NOTE: Thus far we have assumed that p(z) and g(z) in We state that in such cases, where E(t) has one or more jump
y'+p(x)y = q(z) are continuous, yet in applications that may  discontinuities, the solution (11) [more generally, (24) in Sec-
not be the case. In particular, the “input” g(z) may be discon- tion 2.2] is still valid, and can be used in these exercises.

tinuous. In Example 1, for instance, E(t) in Ldi/dt + Ri = L .
E(t) may well be discontinuous, such as 1. (RL circuir) For the RL circuit of Example 1, with i = 0

and E(t) = Ey, determine the

- By, O0<t<ty () time required for 2(¢) to reach 99% of its steady-state value;
B(t) = 0, t <t<oo. (b) resistance R needed to ensure that i(¢) will attain 99% of
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its steady-state value within 2 seconds, if L = 0.001 henry;
(¢) inductance L needed to ensure that ¢(¢#) will attain 99% of
its steady-state value within 0.5 seconds, if R = 50 ohm.

2. (RL circuit) For the RL circuit of Example I, suppose that
i(0) = i and that E(t) is as given below. In each case, de-
termine i(t) and identify the steady-state solution. If a steady
state does not exist, then state that. Also, sketch the graph of
i(t) and label key values.

. . - By, 0<t <ty

@ B(t) = { 0, tH<t<oo
[0, o<t<t

®) B(t) = { Ey, ti<t<oo
0, O<t <ty

(9] E(t) = Ey, t <t<ty

0, to <t <00

3. (RC circuit) (a) For the RC circuit of Example 2, suppose
that 5o = 0 and that E(t) = Epe~F*/L. Solve for i(t) and
identify the steady-state solution, treating these cases sepa-
rately: R2C # L, and R*C = L. If there does not exist a
steady state, then state that. Sketch the graph of i(t) and label
any key values.

(b) Same as (a), but with R = C = 1 and E(t) = Epsint.

4. Verify that (14) can be re-expressed as

B
R? 4 (wL)?

E()UJL

W= rwne S

T

sin (wt — ¢),

where ¢ is the (unique) angle between 0 and 7/2 such that
tan ¢ = wlL/R; ¢ is called the phase angle.

5, A seashell contains 90% as much C—14 as a living shell of

the same size. How old is it? Approximately how many years
did it take for its C-14 content to diminish from its initial value
to 99% of that?

6. If 10 grams of some radioactive substance will be reduced
to 8 grams in 60 years, in how many years will 2 grams be left?
In how many years will 0.1 gram be left?

7. If 20% of a radioactive substance disappears in 70 days,
what is its half-life?

8. Show that if my and m, grams of a radioactive substance
are present at times ¢, and tq, respectively, then its half-life is

In?2

T = (tg — t1) ————.
(£ In (my/ma)

ty)

9. (Verhulst equation) Solve the Verhulst equation (27), sub-
ject to the initial condition N (0) = Ny, two ways:

(a) by noting that it is a Bernoulli equation;

(b) by noting that it is (also) a Riccati equation.

NOTE: The Bernoulli and Riccati equations, and their solu-
tions, were discussed in the exercises for Section 2.2. (The
Verhulst equation can also be solved by the method of sep-
aration of variables, which method is the subject of the next
section.)

10. (Mixing tank) For the mixing tank governed by (31):

(2) Let Q(t) = constant = @ and ¢(0) = co. Solve for c(t).
(b) Let Q(t) = 4 for0 < ¢ < land2 fort > 1, and let
v = ¢ = 1andc(0) = 0. Solve for ¢(t). HINT: The appli-
cation of (24) in Section 2.2 is not so hard when g(z) in the
differential equation v’ + p(z)y = ¢(z) is defined piecewise
(e.g., as in Exercise 2 above), but is tricky when p(z) is de-
fined piecewise. In this exercise we suggest that you use (24)
to solve for c(t) first for 0 < ¢t < 1, with “a”=0 and “0” =
¢(0) = 0. Then, use that solution to evaluate ¢(1) and use (24)
again, for 1 < t < oo, this time with “a”’= 1 and “b” = ¢(1),
where ¢(1) has already been determined.

(¢)Let Q(t) = 2,¢; = 0, v = 1, and ¢(0) = 0.3. Solve for
¢(t) and thus show that although c(t) — 0 as t — oo, it never
actually reduces to zero, so that it is not possible to wash ev-
ery molecule of solute out of the tank. Does this result make
sense? Explain.

11. (Mass on an inclined plane) The equation mz” + cz’ =
mg sin o governs the straight-line displacement z(t) of a mass
m along a plane that is inclined at an angle « with respect to
the horizontal, if it slides under the action of gravity and fric-
tion. If #(0) = 0 and 2/(0) = 0, solve for z(¢). HINT: First,
integrate the equation once with respect to ¢ to reduce it to a
first-order linear equation.

12. (Free fall; terminal velocity) The equation of motion of a
body of mass m falling vertically under the action of a down-
ward gravitational force mg and an upward aerodynamic drag
force f(v), is

mv' = mg — f(v), (12.H
where v(t) is the velocity [so that v'(¢) is the acceleration].
The determination of the form of f(v), for the given body
shape, would require either careful wind tunnel measurements,
or sophisticated theoretical and/or numerical analysis, the re-
sult being a plot of the nondimensional drag coefficient versus
the nondimensional Reynolds number. All we need to know
here is that for a variety of body shapes, the result of such an
analysis is the determination that f(v) can be approximated



(over some limited range of velocities) in the form cv?, for
suitable constants ¢ and /3. For low velocities (more precisely,
for low Reynolds numbers) 5 = 1, and for high velocities (i.c.
for high Reynolds numbers) § = 2.

>

(a) Solve (12.1), together with the initial condition v(0) = 0,
for the case where f(v) =~ cv. What is the terminal (i.e.,
steady-state) velocity?

(b) Same as (a), for f(v) ~ cv®. HINT: Read Exercise 11 in
Section 2.2.

13. (Light extinction) As light passes through window glass
some of it is absorbed. If x is a coordinate normal to the glass
(with z = 0 at the incident face) and I(z) is the light inten-
sity at @, then the fractional loss in intensity, —dl/I (with the
minus sign included because d will be negative), will be pro-
portional to dz: —dI/I = k dx, where k is a positive constant.
Thus, I(z) satisfies the differential equation I'(z) = —kI(z).
The problem: If 80% of the light penetrates a 1-inch thick slab
of this glass, how thin must the glass be to let 95% penetrate?
NOTE: Your answer should be numerical, not in terms of an
unknown k.

14. (Pollution in a river) Suppose that a pollutant is discharged
into a river at a steady rate @ (grams/second) over a distance
L, as sketched in the figure, and we wish to

determine the distribution of pollutant in the river — that is, its
concentration ¢ (grams/meter”). Measure z as arc length along
the river, positive downstream. The river flows with velocity
U (meters/second) and has a cross-sectional area A (meters?),
both of which, for simplicity, we assume to be constant. Also
for simplicity, suppose that ¢ is a function of z only. That is,
it is a constant over each cross section of the stream. This is
evidently a poor approximation near the interval 0 < z < L,
where we expect appreciable across-stream and vertical varia-
tions in ¢, but it should suffice if we are concerned mostly with
the far field, that is, more than several river widths upstream or
downstream of the interval 0 < o < L. Then it can be shown
that c(z) is governed by the differential equation

Q(z)

A

k" —Uc — Be= — , (moo <z <oo) (141)
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where k (meters®/second) is a diffusion constant, 8 (grams per
second per gram) is a chemical decay constant, and Q(z) is
the constant ) over 0 < x < L and 0 outside that interval.
[Physically, (14.1) expresses a mass balance between the in-
put —Q(x)/A, the transport of pollutant by diffusion, k', the
transport of pollutant by convection with the moving stream,
Uc', and by disappearance through chemical decay, 3c.] We
assume that the river is clear upstream; that is, we have the
initial condition ¢(~—oc0) = 0.

(a) Let L = co. Suppose that k is sufficiently small so that
we can neglect the diffusion term. Then (14.1) reduces to the
first-order linear equation Uc' + e = Q(x)/A. Solve for ¢(z)
and sketch its graph, labeling any key values.

(b) Repeat part (a) for the case where L is finite.

15. (Newton’s law of cooling) Suppose that a body initially at
a uniform temperature ug is exposed to a surrounding environ-
ment that is at a lower temperature U. Then the outer portion
of the body will cool relative to its interior, and this tempera-
ture differential within the body will cause heat to flow from
the interior to the surface. If the body is a sufficiently good
conductor of heat so that the heat transfer within the body is
much more rapid than the rate of heat loss to the environment
at the outer surface, then it can be assumed, as an approxima-
tion, that heat transfer will be so rapid that the interior tempera-
ture will adjust to the surface temperature instantaneously, and
the body will be at a uniform temperature «(¢) at each instant
t. Newton’s law of cooling states that the time rate of change
of u(t) will be proportional to the instantaneous temperature
difference U — w, so that

du

E = IC(U - 'LL),

(15.1)

where £ is a constant.

(a) Solve (15.1) for u(t) subject to the initial condition u{0) =
ug. NOTE: Actually, it is not necessary that U < ug; (15.1) is
equally valid if U > wug. In most physical applications, how-
ever, one is interested in a hot body (such as a cup of coffee or
a hot ingot) in a cooler environment.

(b) An interesting application of (15.1) occurs in connection
with the determination of the time of death in a homicide. Sup-
pose that a body is discovered at a time 7" after death and its
temperature is measured to be 90°F. We wish to solve for
T'. Suppose that the ambient temperature is U = 70° F and
assume that ug = 98.6° F. Putting this information into the
solution to (15.1) we can solve for T, provided that we know
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k, but we don’t. Proceeding indirectly, we can infer the value
of k by taking one more temperature reading. Thus, suppose
that we wait an hour and again measure the temperature of the
body, and find that (7" + 1) = 87° F. Use this information to
solve for T'.

16. (Compound interest) Suppose that a sum of money earns
interest at a rate k, compounded yearly, monthly, weekly, or
even daily. If it is compounded continuously, then dS/dt =
kS, where S(t) denotes the sum at time ¢. If S(0) = So, then
the solution is

S(t) = Spekt. (16.1)

Instead, suppose that interest is compounded yearly. Then af-
ter ¢ years
S(t) = So(L + k)*,

and if the compounding is done n times per year, then

k nt
+ _'> .
n

(a) Show that if we let n — oo in (16.2), then we do re-
cover the continuous compounding result (16.1). HINT: Re-
call, from the calculus, that

< 1>7TL
1+ —
m

(b) Let k = 0.05 (i.e., 5% interest) and compare S(t)/So af-
ter 1 year (t = 1) if interest is compounded yearly, monthly,
weekly, daily, and continuously.

S(t) = So (1 (16.2)

lim
T~ 00

= €.

2.4 Separable Equations

2.4.1. Separable equations. The general first-order differential equation is of the

form
F(z,y,y') =0. (D
If we can solve (1), by algebra, for ¢/, then we can re-express it in the form
y' = f(z,y), (2)

which form we take as our starting point for this section.
Actually, it is conceivable that we cannot solve (1) for y'. For instance, the

equation

or, equivalently,

zy —y=siny +4

F(:B,y,y’) = zy’ ——y—siny’ —4 =0,

cannot be solved, by algebra, for ¥/ in terms of = and y. However, such cases
are rarely encountered in applications and will not be considered here. Thus, we
assume that the equation can be expressed in the form (2).

If, further, f(z,y) can be expressed as a function of  times a function of y, so

that (2) can be written as

Y = X(2)Y (y), 3)

then we say that the differential equation is separable. For instance, Yy =z exp(x + 2y)
is separable because we can factor © exp (x + 2y) as T exp & times exp (2y), but
y' = 3x — y is not.



To solve (3), we divide both sides by Y (y) (if Y (y) # 0) and integrate both
sides with respect to x:

/ }/zy);q’ de = (/kX(:z:) dz, @)

or, since i/ dx = dy, from the differential calculus,

Cdyf o
/ Vi) / X(x)de. (5

We also know from the integral calculus that if 1/Y (y) is a continuous function of
y (over the relevant y interval) and X (z) is a continuous function of z (over the
relevant z interval), then the two integrals in (5) exist, in which case (5) gives the
general solution of (2).

EXAMPLE 1. Solve the equation

y = -y (6)

Though not linear, (6) is separable. Separating the variables and integrating gives

j—g = —/d:n, (7N

1
— =+ = —x 4+ Cy, (8)

where C'; and Cy are arbitrary. With C' = €} — Cs, we have the general solution

1
y@)=$+0- 9

If we impose an initial condition y(0) = yo then we can solve for C' and obtain the partic-
ular solution ]

O m——— (10)

x -+ 1/yo L+ yox

which is plotted in Fig. | for the representative values yy = 1 and yo = 2. The solution
through the initial point (0, 1) exists over —1 < z < oo, the one through (0,2) exists over
~1/2 < x < oo. More generally, the one through (0, o) exists over —1/yy < @ < 00
because the denominator in (10) becomes zero at z = —1/yy. We could plot (10) to the
left of that point as well, but such extension of the graph would be meaningless because the
point & = —1/yg serves as a “barrier;” y and 1/ fail to exist there. so the solution cannot
be continued beyond that point. B

EXAMPLE 2. Solve the initial-value problem

;o

S 14 2ev’

y y(0) = 1. (an
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Figure 1. Particular solutions

given by (10).
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P

Figure 2. The solution (14) of(11).

Though not linear, the differential equation is separable and can be solved accordingly:
/(1 + 2e¥) dy = / 4z dx, (12)

Y+ 2e¥ =227 + C. (13)

Unfortunately, the latter is a transcendental equation in ¥, so we cannot solve it for y ex-

plicitly as a function of z, as we were able to solve (8). Nevertheless, we can impose the

initial condition on (13) to evaluate C: 1 +2e =0+ C,s0 C' = 1 + 2e and the solution is
given, in “implicit” form, by

y+ 2¢¥ = 2% + 1+ 2e. (14)

The resulting solution is plotted in Fig. 2, along with the direction field. [Actually, we did
not plot (14) in Fig. 2; we used the following Maple phaseportrait commands to solve (11)
and to plot the solution:

with (DEtools):
phaseportrait(4 /(1 + 2 * exp(y), [z, 9], ¢ = —20..20, {[0,1]}, stepsize = 0.05,
arrows=LINE);

where the default stepsize was too large and gave a jagged curve, so we reduced it to 0.05,
and where we also included the direction field to give us a feeling for the overall “flow.”]

COMMENT 1. Observe that if we use the definite integrals

Y T
/ (1+26y)dy:/ 4z dz,
1 0

with the lower limits dictated by the initial condition y(0) = 1, then we bypass the need
for an integration constant C' and its subsequent evaluation.

COMMENT 2. What is the interval of existence of the solution? In Example | we were able
to ascertain that interval by direct examination of the solution (10). Here, however, such
examination is not possible because the solution (14) is in implicit form. It appears, from
Fig. 2, that the solution exists for all z, but of course Fig. 2 covers only =20 < z < 20.
Equation (14) reveals the asymptotic behavior 2e¥ ~ 2z, or y ~ 2In|z| as |z] — oo, so
it seems clear that the solution continues to grow smoothly as |z| increases. @

2.4.2. Existence and uniqueness. (Optional) In this section we have begun to
solve nonlinear differential equations. Before we get too deeply involved in solu-
tion techniques, let us return to the more fundamental questions of existence and
uniqueness of solutions. For the linear equation

Y+ pla)y = q(x) (15)
we have Theorem 2.2.1, which tells us that (15) does admit a solution through an
initial point y(a) = b if p(x) and g(x) are continuous at a. That solution is unique,
and it exists at least on the largest @ interval containing @ = a, over which p(x) and
g(x) are continuous. What can be said about existence and uniqueness for the more
general equation 3 = f(z,y) (which could, of course, be linear, but, in general, is
not)? \
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THEOREM 2.4.1 Existence and Uniqueness
If f(x,y) is continuous on some rectangle /2 in the x, y plane containing the point
(a,b), then the problem

v = f(z,y); y(a) =0 (16)

has at least one solution defined on some open z interval* containing © = a. If, in
addition, df/0y is continuous on R, then the solution to (16) is unique on some
open interval containing z = a.

Notice that whereas Theorem 2.2.1 predicts the minimum interval of existence
and uniqueness, Theorem 2.4.1 merely ensures existence and uniqueness over sorme
interval; it gives no clue as to how broad that interval will be. Thus, we say that
Theorem 2.4.1 is a local result; it tells us that under the stipulated conditions all is
well locally, in some neighborhood of z = «a. More informative theorems could be
cited, but this one will suffice here.

Let us illustrate Theorem 2.4.1 with two examples.

EXAMPLE 3. The equation

y = M amn
z(y — 1)
is separable, and separating the variables gives
oy -1 "dx
———dy = [ —. (18)
/y@~2> z
By partial fractions (which method is reviewed in Appendix A),
y—1 11 1 1
“‘J‘—;f ==t = ' (19)
yly—2) 2y 2y-2
With this result, integration of (18) gives
1 1 .
5 Injy| + 5 Inly — 2| =In|z| + C, (—o0 < C < 0) (20
where C' is the arbitrary constant of integration. Equivalently,
| -2
llllzi(y—,)“z :ZC. (21)
x?

"By an open interval we mean 21 < x < 24, and by a closed interval we mean z;, < z < w9.
Thus, a closed interval includes its endpoints, an open interval does not. It is common to use the
notation (.m,:cg) and [.7;1,1'2} for open and closed intervals, respectively. Further, (wl,xg] means
1 <z <o, and [z, ) means vy < x < a4,
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SO
yly —2)

| = =B, (0<B <) (22)

where B is introduced for convenience and is nonnegative because exp (2C) is nonnega-
tive. Thus,
yly — 2
‘K—ZJCLy—)::tBEA, (—o00 < A < 00) (23)
where A replaces the “+B.” Finally, (23) gives y? — 2y — Az? = 0 so, by the quadratic
formula, we have the general solution

y(z) =141+ Az? (24)

of (17).

Figure 3. Solution curves corresponding to equation (17).

These solution curves are plotted in Fig. 3. The choice A = 0 gives the solution curves

y(z) = 0 and y(z) = 2. As representative of solutions ﬂbove the line y = 2, con-
sider the initial condition y(1) = 4. Then (24) gives y(l) = 1+ 14+ A, which
requires that we select the plus sign and A = 8, so y(z l + /1 +8z%. As repre-
sentative of solutions below 1he line y = 0, consider th mltldl condition y(1) = —3.
Then (24) gives y(1) = = 1+ 1+ A, which requires that we select the mi-
nus sign and A = 15, y( = 1 — /1 + 15z2. Finally, as representative of the
solutions between y = 0 and y = 2, consider the initial condition y(2) = 3/2, say.

Then y(2) = 3/2 = 1 4 /1 +4A4, so we choose the plus sign and A = —=3/16, in
which case (24) gives y(z) = 1 + /1 — 3z?/16, namely, the upper branch of the ellipse
3
Igl'“ +(y-1)°=1

In terms of the Existence and Uniqueness Theorem 2.4.1, observe that the conditions
of the theorem are met everywhere in the z, y plane except along the vertical line z = 0 and
the horizontal line y = 1, and indeed we do have breakdowns in existence and uniqueness
all along these lines. On & = 0 (the y axis) there are no solutions through initial points
other than y = 0 and y = 2 (lack of existence), and through each of those points there



are an infinite number of solutions (lack of uniqueness). Initial points on the line y = 1
are a bit more subtle. We do have elliptical solution curves through each such point, yet
at the initial point (on y = 1) the slope is infinite, so the differential equation (17) cannot
be satisfied at that point. Thus, we have a breakdown in existence for each initial point on
y = 1. Further, realize that for any such ellipse, between y = 0 and y = 2, the upper
and lower halves are separate solutions. For instance, the ellipse (3z/4)2 + (y — 1)? = 1,
mentioned above, really amounts to the separate solutions y(z) = 14+/1 — (3z/4)2, each
valid over -—4‘/3 <ax < 4/3. o

COMMENT. Observe that the right side of (17) is asymptotic to y/z as y — 0o, so the
solutions of (17) should be asymptotic to the solutions of the simpler equation v’ = y/z
as y — oo, namely, the family of straight lines through the origin, and that result can be
seen, somewhat, in Fig. 3. @

EXAMPLE 4. Free Fall. This time consider a physical application. Suppose that a
body of mass m is dropped, from rest, at time ¢ = 0. With its displacement z(¢) measured
downward from the point of release, the equation of motion is mz'" = mg, where g is the
acceleration of gravity and ¢ is the time. Thus,

" =g, (0<t<oo) (252)
2(0) = 0, (25b)
z'(0) = 0. (25¢)

Equation (25a) is of second order, whereas this chapter is about first-order equations, but it
is readily integrated twice with respect to t. Doing so, and invoking (25b) and (25c) gives
the solution

o(t) = gt2, (26)

which resuit is probably familiar to you from a first course in physics.
However, instead of multiplying (25a) through by dt and integrating on ¢, let us mul-
tiply it by dz and integrate on z. Then z”dz = g dz and since, from the calculus,

dz’ dz' dx ,dz’
2'dr = —— = e dt = ' o dt = 2'd s 27
z'dz dtdm o dtdt ddt z'dz’ 27
z'’dz = g dz becomes
z'ds’ = gdzx. (28)
Integrating (28) gives
1
51"2 =gz + A, (29)

and z(0) = 2’(0) = 0 imply that A = 0. Thus, we have reduced (25) to the first-order
problem

z' = /2922, (0 <t <o0) (30a)
2(0) = 0, (30b)

which shall now be the focus of this example. Equation (30a) is separable and readily
solved. The result is the general solution

0=1(Vast+c), 31

2.4. Separable Equations
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T
t=T t

Figure 4. Nonuniqueness of the
solution to (30).

which is shown, for various values of C, in Fig. 4. Applying (30b) gives C' = 0, so
(31) gives a(t) = gt*/2, in agreement with (26). However, from the figure we can see
that although a solution exists over the full ¢ interval of interest (¢ > 0), that solution is
not unique because other solutions satisfying both (30a) and (30b) are given by the curve
(t) = 0 from the origin up to any point @), followed by the parabola @ R. Physically, the
solution OQ R corresponds to the mass levitating until time @, then beginning its descent.

Surely that sounds physically impossible, but let us look at the mathematics. We
cannot apply Theorem 2.2.1 because (30) is nonlinear, but we can use Theorem 2.4.1 (with
2 and y replaced by ¢ and a, of course). Since f(t,z) = /2ga/?, we see that f is
continuous for all t > 0 and z > 0, but f.(¢,z) = \/g/2 2~ /2 is not continuous over any
interval containing the initial point z = 0. Thus, the theorem tells us that there does exist
a solution over some ¢ interval containing ¢ = 0 (which turns out to be the entire positive ¢
axis), but it does not guarantee uniqueness over any such interval, and as it turns out we do
not have uniqueness over any such interval.

Next, consider the physics. When we multiply force by distance we get work, and
work shows up (in a system without dissipation, as in this example) as energy. Thus,
multiplying (25a) by dz and integrating converted the original force equation (Newton’s
second law) to an energy equation. That is, (29) tells us that the total energy (kinetic
plus potential) is conserved; it is constant for all time: z'?/2 + (—gx) = constant or,
equivalently,

1
§mx'2 + (—mgz) = A. (32)

Kinetic energy + Potential energy = Constant.

Since z(0) = 2'(0) = 0, the total energy A is zero. When the mass falls, its kinetic energy
becomes positive and its potential energy becomes negative such that their total remains
zero for all t > 0. However, the energy equation is also satisfied if the released mass
levitates for any amount of time and then falls, or if indeed it levitates for all time [that is
z(t) = 0 for all t > 0]. Thus, our additional solutions are indeed physically meaningful in
that they do satisfy the requirement of conservation of energy. Observe, however, that they
do not satisfy the equation of motion (25a) since the insertion of z(¢) = 0 into that equation
gives 0 = g. Thus, the spurious additional solution z(¢) = 0 must have entered somewhere
between (25) and (30). In fact, we introduced it inadvertently when we multiplied (25a)
by dx because z''dx = gdz is satisfied not only by z” = g, but also by dz = 0 [i.e., by
x(t) = constant].

The upshot is that although the solution to (30) is nonunique, a look at our derivation
of (30) shows that we should discount the solution z(¢t) = 0 of (30) since it does not also
satisfy the original equation of motion z” = g¢. In that case we are indeed left with the
unique solution z(t) = gt /2, corresponding to the parabola OP in Fig. 4. H

[t is important to understand that the solution x(t) = 0 of (30) is not contained
within the general solution (31), for any finite choice of C'. Such an additional
solution is known as a singular solution, and brief consideration of these will be
reserved for the exercises.



2.4.3. Applications. Let us study two physical applications of the method of sepa-
ration of variables.

EXAMPLE 5. Gravitational Attraction. Newton’s law of gravitation states that the
force of attraction I’ exerted by any one point mass M on any other point mass m is*

Mm

F=G—r,

(33)

where d is the distance between them and G(= 6.67 x 1078 cm®/g sec?) is called the
universal gravitational constant; (33) is said to be an inverse-square law since the force
varies as the inverse square of the distance. (By M and m being point masses, we mean
that their sizes are negligible compared with d.)

Consider the linear motion of a rocket of mass m that is launched from the surface
of the earth, as sketched in Fig. 5, where M and R are the mass and radius of the earth,
respectively. From Newton’s second law of motion and his law of gravitation, it follows
that the equation of motion of the rocket is

d*z Mm
—_— =G 34
e =+ R)? 34)
Although (34) is a second-order equation, we can reduce it to one of first order by noting
that
A2z _ % (dm) dv  dvdz dv (35)

e dat) T dt  drdt ldz

*Newton derived (33) from Kepler's laws of planetary motion which. in turn, were inferred em-
pirically from the voluminous measurements recorded by the Danish astronomer Tycho Brahe (1546~
1601). Usually, in applications (not to mention homework assignments in mechanics), one is given
the force exerted on a mass and asked to determine the motion by twice integrating Newton's second
law of motion. In deriving (33), however, Newton worked “backwards:” the motion of the planets
was supplied in sufficient detail by Kepler’s laws, and Newton used those laws to infer the force
needed to sustain that motion. It turned out to be an inverse-square force directed toward the sun.
Being aware of other such forces between masses, for example, the force that kept his shoes on the
floor, Newton then proposed the bold generalization that (33) holds not just between planets and the
sun, but between any two bodies in the universe; hence the name universal law of gravitation. Just
as it is difficult to overestimate the importance of Newton’s law of gravitation and its impact upon
science, it is also difficult to overestimate how the idea of a force acting at a distance, rather than
through physical contact, must have been incredible when first proposed.

In fact, such eminent scientists and mathematicians as Huygens, Leibniz, and John Bernoulli re-
ferred to Newton’s idea of gravitation as absurd and revolting. Imagine Newton’s willingness to stand
nonetheless upon the results of his mathematics, in inferring the concept of gravitation, even in the
absence of any physical mechanism or physical plausibility, and in the face of such opposition.

Remarkably, Coulomb’s law subsequently stated an inverse-square type of electrical attraction
or repulsion between two charges. Why these two types of force field turn out to be of the same
mathematical form is not known. Equally remarkable is the fact that although the forms of the two
laws are identical, the magnitudes of the forces are staggeringly different. Specifically, the ratio of the
electrical force of repulsion to the gravitational force exerted on each other by two electrons (which
is independent of the distance of separation) is 4.17 x 1042,

2.4. Separable Equations

Figure 5. Rocket launch.
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