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HE ** Melancholia ** is one of the three most famous copper engravings of the

great Nuremberg painter, draftsman, and engraver Albrecht Direr (1471-
1528). Like other masterpieces, it suggests much more than it clearly expresses,
and endless meanings, rightly or wrongly, have been read into it. The authors of -
this book hope, therefore, that they may be permitted to take the brooding figure,
sitting amidst a litter of mechanical tools, smientific instruments, and mathematical
symbols, as the embodiment of the spirit of physical science.

Physics is an zeperimental scionce, ag _suggzstcd by the tools — hammer, plane,
saw — at the feet of the winged hgure. Thus, by means of a few simple experiments
with string, balls, and wax, Gariieo did more to discover the actual facts of motion
than had centuries of mere observation.  Physics is a sciance of exact measwrement, as sug-
gested by the balance, the dividers, and the hourglass. Indeed, these three instru-
ments are designed to measure the quantities mass, length, and time, the units for which
enter in general into the units for all the quantities dealt with in physics. Physics
makes use of the tools, methods, and results of mathematics, as suggested by the magic
square, the sphere, and the cube, so closc at hand. But physics 1s more than cxperiment,
wiove than exact measuresment, more than mathematics — these are but its tools; it is cre
[k, profownd, and exact thinking, as suggested by the attitudes and delineation of the
brooding figures, — the younger learning the methods of the elder through imitation
and association, — hoth winged and able to soar to otherwise inaccessible heights,
but secure in the "' plainness and soundness of observations on material and obvi-
ous things,”" and perchance using by preference the ladder that leans against the
house and has 1ts base upon the solid earth.

As Hermann Schubert points out in his Mathematical Essays and Recreations, the
term mielancholy meant in Diirer's time ““thought or thoughtfulness.”” Thus
** Diirer's melancholy does not represent the gloominess of thought, but the power
of invention. Soberness and even a certain sadness are considered only as an element
of this melancholy, but on the whole the genius of thought appears bright, self-
possessed and strong. . . . At a distance a bat-like creature, being the gloom of
melancholy, hovers in the air like a dark cloud, but the sun rises above the horizon,
and at the happy mnddle between these two extremes stands the rainbow of
serene hope and cheerful confidence.”
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PREFACE

HIS is a textbook for the serious student who seeks a thorough
trajning in science or engineering, who has already mastered
" trigonometry, and who has had the equivalent of a good secondary-
school course in physics. The material provided is designed to arouse
the interest and test the mettle of even the ablest beginners; yet we
know from several years’ trial in the first half of the two-year general
physics course at the California Institute of Technology that it can
be mastered by any reasonably able and industrious student.

We have gone far beyond our original plan, which was simply to
revise the senior author’s Mechanics, Molecular Physics and Heal so
as to bring it up to date. A thorough treatment of fundamental
principles rather than the presentation of a large mass of facts has
been stressed, as before; but the treatment is more comprehensive
and general than in the earlier book. Comprehensiveness, however,
has not been gained simply by making the book bulky but rather by
a correlation of a large amount of related material with a relatively
few general principles. There is considerable detailed analysis of im-
portant physical situations, both in the text proper and in the solved
examples, so as to develop the student’s analytical ability and physi-
cal intuition, and to lead him to seek insight into phenomena and to
demand fundamental explanations.

The present revision makes possible a closer relationship between
class and laboratory work than even the earlier book afforded. The
carefully selected experiments are grouped in such a manner that the
laboratory and class work can be kept in step without expensive
duplication of apparatus. Because of its comprehensive nature, the
book will serve also as a class text for courses in which laboratory and
class work are separated. Some of the experiments provide useful
and important material for class discussion even if the experiments
are not actually performed. Our aim has been to develop a realization
on the part of the student that the essential strength of physics lies
in its continual resort to experiment and that it is only through the
constant-interplay of experiment and theory that the science has ob-
tained its enormous successes. _

A radical departure from the plan of the earlier book consists in
the inclusion of some of the historical and humanistic background of
the subject. Most of the attempts to humanize the teaching of phys-
ics have reached non-science majors rather than those who later will
teach and work in the sciences. We have tried to keep the historical
material and references on the same plane as the analytical treatment
and have felt free to follow the logical rather than the historical order

Vil
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where it offers real advantages. Much of the historical material ap-
pears in the form of chapter introductions and plates, and so does not
affect the continuity of the analytical treatment.

Great emphasis is placed on the source literature of the field and
on the value of collateral reading as well as on the desirability of de-
pending on original sources rather than on the secondary material
found in ordinary textbooks. Wherever possible, the references,
quotations, and historical material have been taken directly from the
original sources, Although references available in English may have
been overemphasized, we have cited the most important sources found
inother languages. It is not expected that the student will have either
the time or the degree of maturity needed to make use of more than
a small part of the many references; but they are here for his future
use and for the use of the instructors in this and similar courses.

We believe that there is very little in the text that will have to be
"unlearned” by the student when he goes on in physics. Where it
has been necessary to simplify or specialize the treatment of a topic
in order to bring it within the scope of the course, care has been taken
to indicate clearly the assumptions or restrictions involved. The ter-
minology and notation are consistent throughout the book and have
been chosen in the light of the best modern practice. We have not
hesitated to introduce the calculus in places where its value and im-
portance can be made obvious, for this encourages the student from
the start to attack problems by methods which he ultimately must
use, and vitalizes the mathematics instruction for those who study
the calculus concurrently with the course in physics. Experience has
shown, however, that able students who have not had the calculus
can master the text without undue difficulty.

Great emphasis is placed on problems, for it is only by practice in
applying physical principles to many different situations that any
real understanding of these principles can be obtained. In some
cases important material has been introduced through the medium of
solved examples. Sometimes detailed solutions are given, sometimes
only hints for solution. Significant figures have been taken into ac-
count in stating the problems and their answers; hence questions of
the accuracy of data and of calculated results can, and should, be
stressed continually.

We are grateful to many of our colleagues and graduate students
who have made suggestions of great value. We also wish to thank
the authors, publishers, and libraries who have kindly given us per-

mission to reproduce material.
ROBERT ANDREWS MILLIKAN
DUANE ROLLER
EARNEST CHARLES WATSON



CONTENTS

PAGE

SOME IMPORTANT REFERENCES xiii
CHAFPTER
1. LINEAR MOTION 3
2. THE FOUNDATIONS OF DYNAMICS 31
3. EFFECT OF SEVERAL FORCES ON A PARTICLE 53
4. Worg, POWER, AND ENERGY 65
5. THE LAWS OF IMPACT 90
6. RiGIp BopiEs AND EQUILIBRIUM 108
7. THE DynaMIcs OF RiGipD BODIES 128
8. ELasTIC BODIES 150
9. TEMPERATURE AND SOME OF ITS EFFECTS 172
10. THE DISCRETE NATURE OF MATTER AND THE KINETIC-MOLECULAR
TuEORY OF GASES 198
11. THE PROPERTIES OF VAPORS 233
12. QuanTITY OF HEAT AND CALORIMETRY 262
13. THE MECHANICS OF FLUIDS 297
14. MoTION WITH VARYING ACCELERATION 330
15. WAVE MOTION AND SOUND 360
PROBLEMS FOR REVIEW 419
BIBLIOGRAPHY 435
APPENDIXES 457
INDEX 483
]

List of Experiments

EXPERIMENT

1. Motion with Constant Acceleration 23
11. Acceleration, Mass, and Force 46
I11. Addition and Resolution of Forces 60
IVa. Efficiency of a System of Pulleys 81

1VB. Efficiency and Mechanical Advantage of an Automobile Trans-
mission 82
1Vc. Efficiency of a Water Motor 85
Va. Speed of a Bullet by the Ballistic Pendulum 98
VB. Coefficient of Restitution 100
Ve. Elastic Impact 101
Vb. Inelastic Impact 103

V1. Rotational Equilibrium and the Beam Balance 122
ix



X Mechanics - Molecular Physics « Heat + Sound

EXFERIMENT PAGE
VII. Moment of Inertia 143
VIIIA. Density of Air 161
Vilie. Torsional Properties of Rods 166
1XA. The Pressure Coefficient of Air 189
I1Xe. Expansivity of a Volatile Liguid 192
XA. Vapor Density and Molecular Weight 222
Xg. The Coefficient of Viscosily of Air 225
XIa. Pressure of a Saturated Vapor by the Static Method 251
XIB. Pressure of a Saturated Vapor by the Kinetic Method 253
Xlc. Hygrometry 256
XI11A. Determination of ¥ by the Method of Clément and Desormes 287
X118, The Heating Value of llluminating Gas 289
NIIIA. Density of Liquids 318
XIlIg, Coefficient of Surface Tension 320
XIIIc, Ceefficient of Viscosity of a Liquid 323
XIVa. Centripetal Force 346
XIVe. Simple Vibratory Motion 349
XIVc. Determination of g¢ by Means of an Ideal Pendulum 352
XVA. Speeds of Compressional Waves in Solids and Gases 406
XVn. Waves in Strings 410
XVc. The Laws of Vibrating Strings 412
o

List of Optional Laboratory Problems
Dengity of a Solid by Weighing and Measuring, and a Study of Errors 49

Variation of the Friction in a Water Motor with the Speed 87
Speeds of Rifle Bullets and the Resistance of Wood to Projectiles 105
Sensitivity of a Balance [or Different Loads 124
Some Qualitative Experiments with a Gyroscope 146
Variation of the Sensitivity of an Analytical Balance with Load 165
Double Weighing 166
Ratio of the Lengths of the Arms of an Analytical Balance 166
Young's Modulus and the Elastic Limit for an Annealed Copper Wire 168
Indirect Determination of the Volume Modulus 169
Standardization of a Mercury-in-Glass Thermometer 192
Linear Expansivity 194
Acceleration Due to Gravity from Boiling-Temperature Measurements 255
Simple Chemical Hygrometer 259
Specific Heal of Mercury by the Method of Mixtures 292
Specific Heat of Alcohol by the Method of Cooling 202
Determination of Moments of Inertia by Various Methods 352

Speeds of Compressional Waves in Various Solids by Kundt's Method 409
Relative Speeds of Compressional Waves in Twa Solids by a Compari-
son of Their Natural Freguencies 408



Contents

Determination of the End Correction for a Resonating Tube
Calibration of Tuning Forks by the Method of Beats
Density of a Solid by an Acoustical Method

o

Appendizes
APPENDIX
. Significant Figures and Notations by Powers of Ten
. Precision of Measurement
. Common Approximations
. The Micrometer Caliper
. The Vernier Scale
. The Mercurial Barometer
. Centers of Mass by Integration
. Moments of Inertia by Integration
. The Micrometer Microscope
10. Standardization of a Thermometer
11. Greek Letters Used as Symbols
12. Symbols Used in This Textbook
13. Tables

O 00~ U W

xi

PAGE
410
412
414

457
458
460
460
461
462
462
463
46€
466
467
468
470






SOME IMPORTANT REFERENCES

T 18 strongly recommended that everv student make the ac-

quaintance of many of the original memoirs of the great phys-
icists. NieLs ABeL (1802-1829), who died before he was twenty-
seven years of age, but still "left mathematicians enough to keep
them busy for five hundred years,” when asked how he had done all
this, replied, “ By studying the masters, not the pupils”; and J.
CLERK MAXWELL observes in the preface to his A Trealise on Electric-
ity and Magnetism, "It is of great advantage to the student of any
subject to read the original memoirs on that subject, for science is
always most completely assimilated when it is in the nascent state.”
Carefully selected excerpts from the original papers of more than
ninety physicists will be found in W. F. MAGIE'S A Source Book in
Physics. Every serious student should also have eventually some
first-hand knowledge of the following original works. They will nct
be found easy reading, — no genuine scientific work can be, — but
their value to the student will increase as he matures, A more com-
prehensive list of references appears in the Bibliography on pages
435-456. Many references to periodical literature, treatises, and
other books of importance as source material or collateral reading
will be found in footnotes throughout the book. Asterisks in the
footnotes mark references that are particularly suitable for beginners.

GaLLEO GALILEL, Two New Sciences, translation by H. CREW and A. pE
SALVIO.

This, *'the first work on modern physics,” contains practically all that the
man who founded the science of kinetics had to say on the subject of physics.

Isaac Newrton, Mathematical Principles of Nalural Philosophy, translation
by ANDREW MOTTE, revised by F, CAJORI.

This is without exception the most important work on physical science
extant and is the starting point of most of the modern treatises on dynamics,
The "' Principia,”” as it is usually called, discusses a host of questions that are
still alive.

ARCHIMEDES, "' On the Equilibrium of Planes,”” Books I and 11:
"On Floating Bodies," Books I and II.

In the first two books the general law of the lever is developed and propo-
sitions are proved for finding the centers of gravity of numerous plane figures.
In the last two the foundations of hydrostatics are laid. Translations will be
found in The Works of Archimedes, translated and edited by T, L. HEATH,

xiii
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CuristiaaN HuyGeEws, "On the Motion of Bodies through Tmpact™ (De
Motu Corporiem ex Percussione) ;
“On Centrifugal Force™ (De Vi Centrifuga);
“The Pendulum Clock” (Horologinm Oscillatoriunt),

In the last of these papers the first application of dynamics to bodies of
finite size and not merely to particles is made and the important and difficult
problem of the physical pendulum is solved. It is a work of importance second
only to Newton's Principia. These three papers will be found in the original
Latin and in French translation in Fwvres complites de Christiaan Huygens,
Vols. XV1and XVIIL German translations are available in OsTwaALD's Klas-
stker der Exakten Wissenschaften.

o

The student will find that it also will add greatly to his interest in,
and understanding of, physics if he will read biographies of the
pioneer investigators and good histories of the periods under con-
sideration. The Bibliography on pages 435-456 lists a number of
such works, but the [ollowing are especially recommended :

H, Crew, The Rise of Modern Physics.
Modern, scholarly, and readable. The best book of its kind in English.

W. C. D. Dampier WHETHAM, A History af Seience.
The best single volume treating the general history of science available
today, Clear, inleresting, and not too difficult,
E. MacH, The Science of Mechanics, translation by T. J. McCORMACK.
A fascinating eritical presentation of the uistorical development of me-
chanics which will repay careful study,
1. J. Famg, Galileo, His Life and Work.
The best life in English of the man who started physics in the direction in
which it is now traveling,
L. T. MoRrg, Isaac Newton, A Biography.

A vivid but critical narrative of the life and character of the greatest man of
science Eneland has produced, This is easily the best and the only really ade-
quate bingraphy of NEWTON so [ar written.

L. CamreeLL and W, GARNETT, The Life of James Clerk Maxwell.

An excellent biography by two men who knew him intimately, one a school-
fellow and lifelong [riend, the other his assistant at Cambridge. The poetic
feeling and overflowing humor of this great physicist are shown in hig letters
and verses, many of which are gquoted,

B, JonEs, The Life and Lelters of Faraday.

The standard biography of “the greatest experimental philosopher the
world has ever seen.”
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CHAPTER ONE

LINEAR MOTION

HERE 18, in nature, perhaps nothing older than motion, concerning which the books writ-

ten by philosophers ure neither few nor small; nevertheless | have discovered by experiment
some properties of it which are worth knowing and which have not hitherto been either observed
or demonstrated,  Some supethicial observations have been made, as, for instance, that the free
motion of a heavy falling body is continuously accelerated; but to just what extent this accelera
tion occurs has not yet been announced; for so far as[ know, no ane has yet pointed out that the
distances traversed, during equal intervals of rime, by a body falling from rest, stand to one an-
other in the same ratio as the odd numbers beginning with umty,

It has been ohserved that missiles and projectiles describe a curved path of some sort; how-
ever no one has pointed out the fact that this path is a parabola, But this and other facts, not
few in number or less worth knowing, [ have succeeded in proving; and what I consider more
important, there have been opened up to this vast and most excellent science, of which my work
is merely the beginning, ways and means by which other minds more acute than mine will ex-

plore its remote corners. v
Gavrieeo Gatier, Two Naw Seiences, * Third Day ™'*

(o]

The physical phenomena that first attract attention are those pre-
sented by the motion of objects about us. The science of mechanics
is concerned ultimately with the conditions which govern motion
and changes in motion. Before, however, we can hope to explain
the motion of a body, we must find out how the body moves. This
necessity of investigating the “"how’ of phenomena rather than
attempting to answer the question “why" was emphasized by
GALILEO GALILED (1564-1642), who has on this account been well
called the founder of modern physics.* The introduction of this
point of view really marks the beginning of modern science, and it is
to it that the remarkable scientific developments since the sixteenth
century have been largely due.

The description of how bodies move is usually called kinematics,
whereas the more fundamental investigation of the causes govern-
ing motion constitutes what now is called dyramics. Kinematics

' From *Galileo, Two New Sciences, tr. by H. Crew and A, de Salvio (1914),
pp. 153-154. By permission of The Macmillan Company, publishers.

:See *E. Mach, The Science of Mechanics (Open Court, 1893), pp. 128-155; also
#]. Cox, Mechanics (Cambridge University Press, 1919), pp, 69-78. The whole of
MACH's classical treatment of the concepts and laws of mechanics should be read
eventually by every serious student.

3



4 Mechanics - Molecular Physics - Heat - Sound [1-1

differs from ordinary geometry only in that it introduces the idea
of motion ; it takes into consideration the element of time as well
as the three dimensions of space.

Of the various kinematical concepts, acceleration is the most
important ; yet the concept of acceleration was not clearly defined
until the late sixteenth century, when GALILEO attacked the
problem of describing the way in which bodies fall toward the
earth. This is not surprising, for even given the ** scientific view”” of
nature — that is, the conviction that all experience can be described
objectively — the problem of expressing these observations in terms
of exact measurements still remains. This is no easy matter; the
simplest physical phenomenon is so modified and conditioned by
other related phenomena that great intelligence is required to deter-
mine its essenlial features and great skill to measure them and only
them.

The first problem of the physicist when he uncovers a new
phenomenon is to determine wkat he is to measure; the next to
devise means to measure it. Take for example the relatively simple
and now thoroughly familiar problem of a freely falling body. Itis .
a matter of ordinary observation that a stone, a feather, a snow-
flake, and a droplet of fog fall through the air at different rates, and
it is not obvious that these different rates result from differences in
the effects of the air on the various objects. Moreover, objects fall
so swiftly that experiments with them are difficult to make. It re-
quired, therefore, a- man of GALILEO’S insight into the -essential
points to be investigated and of his ingenuity in overcoming
experimental difficulties to clarify this fundamental problem and
to work out the laws of falling bodies. It is easy enough, looking
back, to see that others besides GALILEO were acquainted to
some extent with these laws, but they were inarticulate; they
possessed no good methods of description and notation for convey-
ing the meanings of the laws to other people.

o

The Problem of Falling Bodies

1. Galileo’s Contributions. GALILEO’S pioneer experiments on mo-
tion were published in 1638 in his treatise Discorsi ¢ dimostraziont
matematiche, intorno a due nuove scienze.! He had no means of pro-

1Translated into English by H. Crew and A. de Salvio under the title *Two New
Sciences (Macmillan, 1914). See especially the earlier parts of the dialogue of the
“Third Day” and the latter half of that of the “First Day,” beginning on page 61.
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ducing a vacuum, but by considering various cases of objects falling
in a series of fluids of different densities and finding that, as the
density of the fluid diminished, the objects fell more nearly at the
same rate, he concluded that “in a medium totally devoid of re-
sistance all bodies would fall with the same speed.” By making
the hypothesis that the speed acquired by a falling object is pro-
portional to the time of fall, he correctly deduced that the verti-
cal distance traversed would be proportional to the square of the
time of fall. Before he could verify this conclusion experimentally
he had to find a way to avoid the high speeds with which bodies
fall, for the most accurate time-measuring instrument at his dis-
posal was the water clock, invented by the Babylonians or Egyp-
tians at least three thousand years earlier. A series of experiments
showed him that a ball rolling down an inclined plane would follow
the same kind of rule as a ball falling vertically, and hence that he
could transfer the results obtained at diminished speed on the in-
clined plane over to a freely falling body. In this way, GALILEO
arrived at a genuine experimental law for the fall of a body.

2. A Modern Experiment. Although many experiments on falling
bodies have been made since, it was not until the present century
that GALILEO’s discovery was subjected to an accurate direci test
with heavy bodies falling from a great height. In this modern experi-
ment illuminated bombs were dropped at night from an airplane
and their paths were photographed upon the plates of two cameras
placed on the ground at the ends of a long base line. The cameras
took the place of surveying instruments and may be regarded as
equivalent to two transits. Times were registered on the plates by
simultaneously closing the shutters of the cameras at intervals
known to an accuracy of about 0.003 sec. The position of the bomb
in space at any instant could be determined to within two feet
approximately, and the speed at any point of the trajectory could
be found with a similar degree of accuracy.! Some of the resulting
data are reproduced in Table I (on the next page), and the student
should satisfy himself that they lead to the foillowing assertions:

a. The data for the first six seconds show that the vertical dis-
tance fallen was proportional to the square of the time, or that
y,= 1612, thus confirming GALILEO’S law.

b. The distances fallen in successive seconds increased by incre-
ments of 32 feet during each of the first six seconds, but as the speed
of the bomb became greater, these increments diminished. Since,

L Problems in Physics, War Department Committee on Education and Special
Training, edited by H. L. Dodge.



MONG all the portraits of Gavieeo, the most precious, whether for the ex-
cellence of the artist, or for the exquisiteness of his work, or for its resemblance
(which all contemporaries have declared to be perfect), 15 thar which we owe to
Giusto Sustermans.” For information regarding the interesting history and vicis-
situdes of this celebrated picture, see ]. ]. Fahie’s Memorials of Galileo Galile (Courier
Press, 1929), p. 32, from which the foregoing quotation was taken, Tn 1635, when
this portrait was painted, Garieo was just completing the writing of his Tuwo
New Sciences, the foundations for which, however, were luid during the eighteen
best years of his life, those spent 1n Padua.

Along with the portrait 1t is interesting and useful to have the following word
picture, taken from the excellent description given by one of Gariro's most
famous pupils, Vincenzio Viyrant,

Gaviteo was square of frame, well proportioned, and above medium height. In
countenance he was cheerful and pleasant, with eyes that were blue and sparkling,
and hair and beard that were abundant and of a reddish hue. His constitution was
sound until the age of thirty, when he experienced a serious illness, and from then
on he was subject to various complants which increased in gravity and frequency
with age. Doubtless' this suffering and the troubles, public and private, from
which he was seldom free contributed to his shortness of temper. Yet, though ke
was eastly ruffled, he also was easily pacified.

His industry was extraordinary. It was said that no one ever saw him idle, and
ane of his favorite sayings was that occupation is the best medicine for mind and
body. Gardening was about his only relaxation from his studies. He was a con-
notsseur of wines and attended to his own vineyard. He was perhaps too fond of
wine for his health and temper; even in old age his taste for 1t apparently was as
keen as ever.

Although conservative in most expenditures, he spared no cost for the success
of his many experiments, gave freely to charity, and helped those in whom he saw
promise. He liked friends and received them cordially though simply. Except
with intimate friends, he seldom conversed on scientific and philosophic subjects;
when others broached such subjects he skillfully rurmed the conversation into other
channels, usually in such a way as to satisfy the cuniosity of the inquirer.

His general demeanor was modest and unassuming. He did not envy the talents
of others, but gave to each his just dues. As a teacher he was no less loved than
as a friend, He gave freely of his knowledge and, no matter how clear a subject
might be in his own mind, was not satished till he made it clear to his pupils.




o PLATE 1l o

Gavreeo Garinm, 1564-1642

From the portrait by Sustermans, in the Uffizi Gallery, Florence
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for the first six seconds, the downward speed o, increased at a con-
stant rate of 32 feet per second during each second, it follows that
v, =32 i, again confirming one of GALILEO'S assertions. Now this
rate of change of speed, #,/t, was called by GALILEO the accel-
eration in the downward direction. If we denote the magnitude
of this acceleration by g, we have »,= gf, where, within the limits
of accuracy of the measurements, g had the constant value
32 feet per second per second during the first few seconds that the
homb fell.

¢. After about six seconds the acceleration began to decrease in
magnitude ;" this can be attributed to air resistance, which increased
rapidly with the increasing speed of the bomb.

TaBLE I - Data for Bomb Dropped from an Airplane

. . Horizontal displacement x Vertical displacement
Time ¢ in seconds in feet atptime [4 in feet zIt)t time ¢ 7
0.000 0 0
1.000 98 16
2.000 196 64
3.000 294 144
4.000 392 256
5.000 490 400
6.000 587 576
7.000 684 782
19.000 1783 5499
19.075 1790 5539

3. Acceleration Due to Gravity. It can therefore be concluded
that, so long as the air resistance is negligible, a body near the earth
falls with a constant acceleration of approximately® 32 ft - sec™2, or
980 cm - sec~2. This acceleration due to gravity, as it is called, has
since the time of JEAN BERNOULL! (1667-1748) been denoted by
the symbol g. Eventually we shall see that the value of g can be
regarded as constant only for distances of fall that are small com-
pared to the radius of the earth, and that it depends on both the
gravitational attraction and the rotation of the earth and hence on

1 The expressions 32 ft - sec=2 and 980 cm - sec™? are to be read “32 feet per
second per second” and **980 centimeters per second per second ” respectively. Ob-
viously they might also be written as 32 ft/sec? and 980 cm/sec?. Other examples
of the use of exponents in the abbreviations for units are: cm?, for “square centi-
meter”’; ft- sec!, for **feet per second”; and Ib - ft~3, for *“pounds per cubic foot.”
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the latitude and the height above sea level. There are also local
variations in g of comparatively small amount.!

The results of careful experiments show that the value at sea level, in
latitude? 6, is represented by the formula

=978.04(1 + 0.00529 sin? §), [1]

where go is expressed in centimeters per second per second; thus the total
variation from equator to pole is about 0.5 percent. The variation with
altitude is given by the formula

gn = go — 0.0003086 H, [21

where g is the acceleration due to gravity (cm - sec™2) at a height H meters
above sea level. This variation is unimportant for most purposes.

In scientific literature, unless it is otherwise specified, the value
g, = 980.665 cm - sec~2 is used in computations and tabulated data
which involve the acceleration due to gravity. This value, g,, called
standard acceleration due to gravity, has been adopted as a conven-
tional constant by the International Committee on Weights and
Measures.

o

Some Preliminary Ideas about Motion

It has been seen that the first problem which GALILEO set himself
to solve was one of describing a particular kind of motion, and this
independently of any attempt to find out the cause of the motion.
This process of abstraction, of dealing with one difficulty at a time,
is an essential part of the scientific method. Thus in the present
chapter some relatively simple types of motion will be discussed in
detail; but the nature of the bodies which move and the explana-
tions of their motions are left for future inquiry.

4. Frame of Reference. When we say that an automobile has
moved a mile, we usually mean that it has moved a mile relative
to the earth; relative to the sun, the automobile may be thousands
of miles from where it started ; and relative to us, if we happen to
be the passengers, the automobile has not moved at all. Evidently
by the position or by the motion of a body, we can mean only its

1 See the *International Critical Tables (1926), Vol. I, pp 395-402, for values of
g at various stations and go at various latitudes.
2 See Appendix 11 for names of Greek letters used throughout this text.
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position or its change of position relative to another body or frame-
work of lines which must be considered as fixed. The way in which
we describe the position or motion of a given body will depend on
our choice of this fixed frame of réference; by choosing wisely, the
problem of description is often greatly simplified. In all that fol-
lows it will be understood, unless some other choice is indicated, that
our frame of reference is fixed in the earth.

5. Translation and Rotation, In the up-and-down motion of an
elevator car, or in the motion of a railway car on a straight track,
all points in the car move along parallel lines. The same kind of
motion is also to be observed in a piece of straight wire that is held,
say, in a vertical position but otherwise moved in any irregular
way whatever. A body that moves in this way without turning is
said to have a motion of franslation or a linear molion. 1f, on the
other hand, a certain line in a body remains stationary as the body
moves, the motion is called a rolation or angular motion. Such is the
motion of the flywheel of a stationary engine, or of a door as it opens
and closes. All points in the body describe concentric circles about
an axis and all the radii of the body turn through equal angles,

However complex the motion of a rigid body may be, it can al-
ways be resolved into pure translations and pure rotations, and then
these can be studied one ata time. The motion of a nut on a bolt,
of the wheels of a passing automobile, or of an airplane in a tail
spin, may be regarded as a combination of these two kinds of motion ;
these objects move as a whole with respect to the earth, and they
also turn.

Bodies in motion also undergo changes of size and shape. These changes
are often extremely complicated, but in practice do not always produce im-
portant effects, In order to simplify our study of motion, we will disregard
such changes for the present by confining our attention to bodies that do
not change in size or shape. Such perfectly rigid bodies, of course, exist only
in the imagination, although objects like a billiard ball or a piece of steel
may be regarded as perfectly rigid when the forees acting upon them are
small.

o}

The Kinematics of a Particle

We have said that when a body undergoes pure translation, every
line of points in the body retains its direction relative to the frame
of reference. This means that the motion of the body will be com-
pletely described just as soon as the motion of any one of its points
is given. In other words, in describing the motion of a body that
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has translation without rotation, the body may be treated as if it
were a single particle. The term particle is here used in its technical
sense to refer to a moving point considered as defining the position
from time to time of a very small part of a body.

6. Position of a Particle. One familiar way to locate a particle on
the earth’s surface is to give its latitude and longitude and its alti-
tude from sea level. Since the particle may change its position
with time, the description is made more complete if the time is also
given. Four data, then, are needed for the complete location of a
particle in ordinary space and time: three of these data locate the
particle in space of three dimensions relative to some fixed frame of
reference ; the fourth gives the time of loca-
tion with respect to some *‘zero” time.

In the familiar rectangular system of
coordinates, Fig. 1, the frame of reference
consists of three mutually perpendicular
coordinate axes 0X, 0Y, OZ drawn from a
common point O called the origin. The
position of a particle P is given in this
system by its distances x, ¥, z, positive or Fie. 1. Method of locating
negative, from the three coordinate planes afpar.“}il‘fhl“ ilpilce by mealns
Y027, Z0X, X0Y. These distances x, ¥, z © argotrdif;tz sremngu ar

. ystem

are called the rectangular coordinates of the

particle. It is important to note that the coordinate axes in Fig. 1
are designated in such a manner that upon looking from a point on
the positive Z-axis we see that a counterclockwise rotation is needed
to carry the positive X-axis by the shortest way around to the direc-
tion of the positive Y-axis. This type of rectangular-coordinate
system is the one now generally used in physics. It is called a
right-handed system, and if we indicate the X-axis with the thumb,
the Y-axis with the forefinger, and the Z-axis with the middle finger,
we can represent it with the right hand. It is evident that if the
left hand is used, another system of rectangular coordinates is rep-
resented which is the mirror-image of the right-handed system and
thus can never be made to coincide with the latter.

Another way of describing the position of a particle that often
proves simpler than rectangular coordinates is to locate it as the
terminal point of a directed line drawn from the origin. In Fig. 1,
for example, the position of P is completely and uniquely determined
by giving the direction and length, measured from the origin, of the
straight line OP, or r. Three data in addition to the time are, of
course, needed for this purpose.
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7. Linear Displacement of a Particle. Suppose that a particle
moves from the point A4 to the point A4,, Fig. 2, by any path. Such
a change of position, made without refer-

ence to the time involved, is called a linear 4 ST

. U N (“'—7‘4
displacement, and the easiest way to describe i P
it is by the directed straight line Ao4;. Evi- / //’r/
dently change of position, like position itself, ////

Is completely described by specifying (a) its 4
magitude, o he mumber of il O DK 1, . T s
A N ; . N 1 represents a change of
(b) its direction, or the direction of AgAi.  position from Ag to A1
To say that a particle has moved 10 cm from
a certain point merely locates it as somewhere on the surface of a
sphere, but to specify that this motion was, say, eastward is to have
described completely its change of position.

o

Vector Quantities

8. Vector and Scalar Quantities. A physical quantity, such as dis-
placement, that is completely determined only when a direction as
well as a magnitude is given, is called a veclor quantity. Evidently
such a quantity can be represented graphically by a straight arrow
drawn in the proper direction, the length of the arrow being made
proportional, upon some convenient scale, to the magnitude of the
quantity represented. Symbolically a vector may be denoted by
two letters with a bar over them, the first one indicating the initial
point or tail of the arrow, and the second one the end point or head.
More usually, it is represented by a single letter in special type
(in this book Gothic type will be used). Thus in Fig. 2, either 04o
or r means the going of the distance 0Ap in the direction 0 to Aq.

Two vectors a and b are said to be equal if they have the same
magnitude and the same direction; this is symbolically expressed
by the equation a=b. It follows from this definition of equality
that the location of a given vector in space may be changed with-
out changing the value of the vector, provided, of course, that the
magnitude and direction of the vector are left unaltered.

Some physical quantities, such as time, volume, distance, mass,
work, and temperature, are not vector quantities; 25 cm? of water
and 10 sec of time require no specification of direction in space to
render them compiete. Quantities of this kind are completely de-
scribed by an algebraic magnitude alone and can be represented
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simply by points on a scale. Hence they are called scalar quantities,
a term which originated with WiLLiAM RowaN HaMiLTON ! (1805~-
1865).

The addition and multiplication of scalar quantities are of course
accomplished by the methods of ordinary algebra. Vectors, on the
other hand, are not ordinary algebraic numbers, and consequently
they cannot be added and multiplied by ordinary methods. Vector
addition and vector multiplication are accomplished by methods
that have been developed in vector analysis, the branch of mathe-
matics devoted to the study of vectors.? We shall find, however,
that the various vector operations have been so defined that in
certain special cases they may be identified with the similarly named
scalar processes.

9. Addition of Vectors. It is immaterial whether we “‘cut across”
a vacant lot or walk around it, so far as the resulting displacement
is concerned. Also it does not matter which way we walk around
the lot. If, in Fig. 2, a particle goes the distance 04, in the direc-
tion O to Ao and, at the same time or later, the distance Ao4; in the
direction Ag to Aj, it has then undergone two linear displacements,
0Ao and ApA;. But the final position of the particle would have
been the same if it had gone the single distance 0A4; in the direction
0 to Ar; that is, the displacement 0A; is exactly equivalent to the
two displacements 0Ag and AqA; taken together. Thus 0A4; is to be
regarded as the vector sum, or resuliant, of 0Ap and AoA;; briefly,

0As -+ Agh; = OA;. I3]

The vectors 04, and A¢A; are called componenis of the vector sum
04;. It is to be emphasized that Eq. [3] is a vector equation ; in
ordinary addition, which deals only with scalar quantities,

0Ap -+ AoA1 > 0OA;.

1 Lectures on Quaternions (Dublin, 1853) ; also Elements of Quaternions (Longmarns,
Green, 1866). There are still earlier references in his correspondence ; see R. P. Graves,
Life of Sir William Rowan Hamilton (Longmans, Green, 1882-1889), Vol. I1I, p. 354.
The term vecfor also is due to HAMILTON.

2 Vector analysis, in the form in which it is used today in mathematical physics,
i largely due to the great American theoretical physicist JostaH WILLARD GIBBS
(1839-1903), and the treatment of the subject in Gibbs’s Co/lected Works (Longmans,
Green, 1928), Vol. I1, Part 2, pp. 17-90, is one of the classivs in this field. An exten-
sive treatise on the subject, based on the lectures of GiBBS, was published in 1901 by
E. B. Wilson. Treatments that are suitable for the ambitious beginner will be
found in *J. G. Coffin, Vector Analysis (Wiley, 1911), and *H. B. Phillips, Vector
Analysis (Wiley, 1933).
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It is apparent that the operation expressed by Eq. [3] may be
performed by a graphical method. In fact, any number of vector

quantities may be added in this way. The
quantities to be added are first represented
by arrows drawn to scale (Fig. 3), and these
arrows are then placed end to end in a chain,
in any order but without altering their lengths
and directions; finally, a new arrow is drawn
to join the initial point of the first arrow to
the terminus of the last. This new arrow,

which is the closing side of the polygon .
thus formed, is the vector that represents Efl”;d?imgr:g,}:fil “ﬁ:ljfi
the sum of all the other vectors. '

A little consideration of Fig, 3 will convince one that it does not
matter in what order the vectors are added or how they are grouped ;

Fic. 4. Sum of two vectors
which make an angle ¢ with
each other. Note carefully
that when the second vector
is drawn from the extremity of
the first vector, the angle ¢ be-
tween the twovectors 1s raken
as the angle between the sec-
ond vector and the fhrst vector
produced as shown

Fig. 5. Alternative method of representing
the sum of two vectors which make an angle
¢ with each other. Note that the sum 1s the
diagonal of the parallelogram formed with
the two vectors as sides. This statement
of the rule for the addition of two vectors
15 called the parallelogram law; i tells us no
facts that are not included in the method
of Fig, 4 and is not so readily extended to
include more than two vectors

thus a+b+c+d=d+b+a+c=(a+b)+c+d etc. We ex-
press these facts in mathematical language by saying that vector
addition is both commutative and associative,

ExaMriE, Let a; and ap be the respective magnitudes of two vectors
that make an angle ¢ with each other (Fig. 4 or 5). Show that if
these two vectors are added, the magnitude a of their sum is given by

a®=m?+ a:* + 2 gyaz cos ¢,
Also show that the angle # which the sum a makes with the vector a;

is given by = sin—! (% sin :i:)-
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10. Vector Subtraction. The subiraciion of vectors offers no diffi-
culties, for it is merely the inverse of addition; that is, by the
difference of two vectors is meant the third vector which must be
added to one of them to obtain the other. Thus, in Fig. 2, 4o4; is
the vector that must be added to GAp to obtain 04;; hence, AgAy
is the difference between the latter two vectors, or

Aod; = 047 — OA,. 4]
It will be recalled that the subtraction of an ordinary algebraic
quantity is accomplished by changing the sign of the quantity and
adding. Inan analogous man-
ner, a vector is subtracted by
reversing its direction and
adding, For example, 04, *
may be subtracted from OA;
by adding A¢0 to 0A;j; this By
means that Eq. [4] may
be rewritten in the form
AoAL = 041 + A0.

Obviously Aq0=— 0A,. In other words, when a vector is mul-
tiplied by the scalar quantity — 1, its direction is changed 180° but
its magnitude is unaffected.

')

Fie. 6. Illustrating the distinction between
vector addition and vector subtraction

ExaMpLE. Given that a; and a; are two vectors that make an angle ¢ -
with each other (Fig.6), show that the magnitude of a; — ap is

Va2 + a2 — 2 aia; cos ¢.

(e}

Linear Speed

By the speed of a particle is meant the time-rate at which the par-
ticle moves along its path. Speed is evidently a scalar quantity, for
the direction of motion does not enter into its definition.

11. Average Speed. Suppose that the distances of a particle from
some point O on its path are so at a time {0, and s; at some later time /;.
The average, or effective, speed v,, of the particle is then defined by

the equation .
Uy = 520, [5]

the distance s; — so being measured along the path. More concisely,
if s is the number of units of distance traversed in ¢ units of time,

=3, ‘
Tar =3 [54]
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12. Instantaneous Speed. If we are told that an automobile has
traveled 220 km in 3.2 hr, we are able to compute its average speed
as 69 km - hr~!, but we cannot say how its speed varied during this
time. Evidently if we wish to know the character of the motion
more precisely, we must divide the whole distance traversed by the
automobile into parts and ascertain the average speed in each part.
The smaller these parts, the more nearly does the average speed in
any one of them represent the speed at some instant ¢ or point s in
that part.

Let so, measured from some reference point 0, represent the dis-
tance traversed by a particle at the end of some time f, and let
s1, measured from the same reference point, be the distance trav-
ersed at the end of a later time ;. The average speed in the in-
terval #; — 4o is (81 — So) /(41 — o), and the limit which this approaches
as 1 — I is made to approach zero is defined as the instantanecous
speed of the particle at a time ¢ in the interval #; — fo. This may be
written

0= lim %2%, [6]
(-t)-0 li—lo

and is read “the instantaneous speed at the time ¢ is the limit of
(51— S0)/(ti — lo) as #; — o approaches zero.”” Clearly v, may also be
spoken of as the speed at a point s in the space interval s; — so.
It is this instantaneous speed »; that is measured by a correctly
calibrated automobile speedometer.

To state the foregoing definition more concisely, let As represent
the distance moved by the particle in an interval of time A¢, where
At includes the time ¢; then A

. s
= lm 7
In the differential calculus this equation is written in the still more
abbreviated form v; = ds/dt and is read “#. equals the derivative of s
with respect to 2.’ Rules for “differentiating,’”” or finding the value
of this derivative, are developed in the differential calculus.

In the case of a particle that is moving with constant speed the
average speed v,, and the instantaneous speed »; are the same. If
this constant speed be denoted by #, one evidently may write the
useful relation .

s=1l. [8]

EXAMPLE. A certain particle starts from a point O on its path and moves
in such a way that its distance s from O is proportional to the square
of the time that has elapsed since it started. How does the speed of
this particle vary with the time?
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Solution. By hypothesis, the distance traversed by the particle in the
time ? is s = ki?, where & is a constant, and the distance traversed in the
time £+ At is s + As = k(t + At)%. By subtracting the first expression from
the second, one obtains

As =2 kLAl + k(A2

and therefore %? =2kt + R AL

Then, from Eq.[7], v, = limo (2kt+ kA =2FH.
Al

The speed of this particle is thus seen to be proportional to the time that has
elapsed since it started. Note that the limit has a definite finite value at any
time {, even though A7=0, and that it is this limiting value which we call the
instantaneous speed.

The differential calculus gives a set of rules for finding this limiting value
in any given case; in the briefer notation of the -calculus, the foregoing
solution would be written », = % = % (k%) =2 lét,

ExampLE. By making use of the result of the preceding example and the

data in Table 1, show that the downward speed of an airplane bomb
3.0 sec after it is released is 96 ft - sec™1.:

ExAMPLE. Find the expression for the speéd ofa particle that starts from
0 and moves in such a way that s = k3.

Solution. From Eq. [6], #;= lim R¢EAD =k 44
Af-0 At

13. Scalar Diagrams. A graph in which the distance traversed by
a body is plotted as a function of the time is often of importance in
the study of motion. To see how such a

distance-lime curve is constructed and in- 4001

terpreted, let us examine Fig. 7, where 4

some of the experimental data from the “:;’300 i

first and last columns of Table I have g P
been plotted. The plotted points have §200 ,l;
been connected by a smooth curve, and ?5100 I
the position of the bomb at any given X

instant is represented by the ordinate of ot
the curve corresponding to that instant. 162 344 5

. . . Time i d
At the time fo the distance fallen is rep- me i seeonds

resented by the ordinate #po, and at a
later time # this distance has increased ‘
by an amount represented by gpi. The average speed during the
interval #; — fo is then represented by gp1/pog or tan gpep;; that is,
by the slope of the chord pep:. If we imagine the interval of time
i1 — Io to be reduced indefinitely, the point p; moves along the curve

Fie. 7. Distance-time curve
for falling airplane bomb
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toward the point py and finally coalesces with it; the chord pup:
then becomes the tangent line to the curve at f and the average
speed becomes the speed at the instant /., Hence the speed al any
instant s represented by the slope of the distance-lime curve al that
instanf. What is the meaning of a positive slope? of a negative
slope? What if the distance-time curve is a straight line? The slope
gives the speed in arbitrary units, the nature of which depends on
the scales adopted for plotting the graph, If distances of equal
length are used to represent the foot and the second, the slope ex-
presses the speed in feet per second.

Another kind of curve that is useful in the study of motion is the
speed-time curve, obtained by observing the speeds of a body at
various instants and plotting these speeds as a function of the time,
It is not always easy to measure speeds directly, but they can be
obtained indirectly by plotting the space-time curve for the motion
and measuring the slope at different points of this curve. The stu-
dent should experience no difficulty in proving that the area bounded
by the speed-time curve, the axis of time, and any two given ordi-
nates represents the distance traversed by the moving object during
the interval of time defined by the two ordinates.

o

Lincar Veloaty

No matter how much information is available concerning the speed
of a moving object, its position or destination remains unpredictable
until the direction of motion is known. There is need, then, for a
concept that involves direction as well as speed, and this we call
velocity.

14. Definition of Velocity. The velocity of a particle is defined as
its time-rate of displacement or time-rate of change of position.
Like displacement, veloecity is a vector quantity, because it requires
for its complete description the specification of both a direction and
a magnitude. To the magnitude of a velocity we have already given
the special name speed, just as the special name distance is often
given to the magnitude of a displacement. Two automobiles going
90 km - hr—! in opposite directions on a straight roadway have the
same speed, but their velocities are different,

In Fig. 8 let us suppose that a particle is moving along the curved
path AjA;4. and that it is at the point Ay at a time 4, and at the
point A, at a slightly later time 7;. Then in the interval f, — fo the
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particle undergoes a displacement Ag4;, and hence its time-rate of
displacement is given by

Aod;
(t1—1g)—0 h—to

Vi = 9]
This is the defining equation for the velocity v, at an instant ¢ in
the interval #; — f0. The velocity v, has the direction of the tangent
to the curve described by the particle; this follows from the fact
that the vector 4p4; in Eq. [9] has the
direction of the secant AoAi;, and that
this secant approaches the tangent in
direction as A; approaches Ay.

If ro and r; be the two vectors which
give the positions of the points 4o and
A relative to the origin 0, Fig. 8, then
AoAL = 11— 1y, and Eq. [9] may be writ-
ten in the form

rn—ro Fic. 8. Velacity is a vector

Vi= [10] quantity

(ti~1y-0 1 —lo

15. Motion in a Straight Line. If a particle is moving in a straight
line, one direction along the line can be taken as positive and the
other as negative, and it is then no longer necessary to distinguish
between velocity and speed. In the still more restricted case of
constant velocity, in which both the speed and the direction are
constant, Eq. [8] may be used to describe the motion.

16. Digression on the Multiplication and Division of a Vector by a
Scalar. We have seen that the vector quantity displacement divided
by the positive scalar quantity time is another vector quantity
called velocity. Both the displacement and the velocity obtained -
from it have the same direction, but they have different magnitudes.
The magnitude of the displacement is simply the distance, whereas
the magnitude of the velocity is the distance divided by the time.
This illustrates the rule in vector analysis that if a vector be mul-
tiplied or divided by a positive scalar, the resulting product or quo-
tient is itself a vector; this new vector has the same direction as
the original one, but its magnitude is the original magnitude mul-
tiplied or divided by the scalar. Thus an automobile undergoing a
displacement of 216 km northward in 3.0 hr has an average velocity
of 72 km - hr—! northward.

The result of multiplying or dividing a vector by a negative scalar
is apparent when it is recalled (Sec. 10) that the multiplication of a
vector by —1 simply reverses the direction of the vector without
changing its magnitude.
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17. Addition of Simultaneous Velocities. Thé way in which we de-
scribe the motion of a given body depends, of course, on our choice
of the frame of reference. A motorboat going upstream against a
current will have one velocity with respect to the water and another
with respect to the banks of the stream. Thus a body may have a
certain velocity relative to a frame of reference, while the frame of
reference itself has another velocity relative to a second frame. The
vector sum of these simultaneous velocities gives the velocity of the
body in the second frame.

EXAMPLE. It is observed from the ground that an airplane is lying north-
east with an average speed of 3.0 km - min—! relative to the ground
and that the wind is blowing from the
south with a speed of B2km -hr~l. N
Find the average velocity of the air-
plane relative to the air.

52 kmhr*

Solution. The airplane has a velocity of
3.0 km - min—! northeast, or 180 km - hr—!
northeast, relative to the ground. The ground
itself has a velocity of 52 km - hr~! south
relative to the second frame, the air. The
velocity of the airplane relative to the air is Fre. 9. Addition of velocities
the vector sum of these two simultaneous
velocities. In Fig. 9, this sum is 0G + GW = OW. The magnitude of OW is,
by the theorem of cosines,

oW =V (180)2 + (52)2 —2-180-52 - cos 45° = 1.5 x 102km - hr %,
The direction of OW is obtained with the help of the theorem of sines; thus
sin (45° —6) _ sin 45° _ato
52 “isxie & 0=
The velocity of the airplane relative to the air is therefore! 1.5 X 102km - hr—!
at 31° north of east. This result should be checked by drawing Fig. 9 to
scale and measuring OW and § with scale and protractor.

(o]

Linear Acceleration

Mention has already been made of the fact that the concept of ac-
celeration was introduced into mechanics by GALILEO; this was a
most important step in the development of the science, for, as we
shall see later, it made possible the modern conception of force and
thus marks the beginning of the science of dynamics. In ordinary
language the expression acceleraied motion commonly refers only to

! See Appendix 1, Significani Figures and Nolalions by Powers of Ten.
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“increases of speed, but in physical science it is employed in a much
wider sense to denote any change of velocity. Thus a physicist would
say that an automobile undergoes acceleration when it slows down
or turns a corner, as well as when it speeds up. The foot-throttle of
an automobile is an “‘accelerator,” but so is the steering wheel or
the brake.

18. Definition of Acceleration. Linear acceleration is defined as the
time-rate of change of linear velocity. It is the quotient of a vector
and a scalar, and therefore, like displacement and velocity, is a vector
quantity. Hence the statement
that a particle has an accelera-
tion may refer to a change in
speed, to a change in direction
of motion, or to a change in both
speed and direction of motion. h
Let us consider these three possi-
ble cases separately : (%) )

Case I. If, as in Fig. 10 (@), Fwe. 10. The change of velocity is the
the velocity of a particle at a vector_diﬂ:erence obtained g;aphically by
time £, is represented by the vec- ¢VeTIng the second velocity and add-

. . ing it to the first

tor vo, and if its velocity at a

later time t; is represented by v;, which has the same direction
as vo, then there has been no change in the direction of motion,
but only a change in speed, and the average acceleration has been
(01 — v0) /(ti — t): The expression for the acceleration of the particle
at an instant ¢ in the interval #; — { is then the limit of this quan-
tity as the interval approaches zero, or!

V2=V ViV,

\H

. v1 — U . Av _dy
@ @ l—lfg—»o h—1p Bl-g At dr [11]
It will be noted that in this case the direction of both the average
and the instantaneous acceleration is parallel to that of the velocity
itself, being positive with respect to the velocity if »1 > #, negative
if 791 << Vo.

Case 2. The second case is illustrated by Fig. 10 (8). The velocity
after the interval of time /; — #, is represented by v», a vector having
the same length as vy but a different direction; there has heen no
change in speed, but only a change in the direction of the velocity.
The average acceleration of the particle is here (vo — vo) /(i1 — %) and,

1 Also, since v = %j, we have a; = a\a) = which is called the second deriva-

tive of s with respect to ¢ and means that the differentiation is performed twice.

d (ds) _d%



N THE second floor of the Museum of Physics and Natural History in Florence,

Italy, there has been erected an inspiring monument to Gariteo,— the Tribuna
di Galileo. It is profusely decorated with frescoes, medallions, busts, and drawings
llustrating Gariteo’s discoveries and inventions, and m 1ts miches may be seen,
through glass frames, two of his telescopes, his geometrical and military compass,
and a loadstone, or natural magnet, fashioned by him. At the top of Plat 2 a
drawing of a fresco from one of the lunettes above the walls of the central hall 1s
reproduced. It shows Gariceo in Pisa, demonstrating the laws of falling bodies
by experiments on an inclined plane. In the center, just behind the inclined plane,
down which a ball is rolling, stands Gatieo, explaining the effect to two of the
spectators. Scated on the right are Don Giovanni dei Medici (a jealous opponent
of Garireo) and the Head of the University of Pisa, both looking very much dis-
pleased. On the left are two Peripatetics, bent over a large open book on a table,
secking anxiously for some passage in Aristores in disproof of GaviLeo’s argument.
In the background are the Baptistery, the Cathedral, and the Leanming Tower.

Viveenzio Vivian, Gaieo's last and well-beloved disciple, formed the front of
his house in Florence into a mural monument to his master. One of the sculptured
plaques, a drawing of which 15 reproduced in the lower part of Plate 2, shows a
man observing the sunspots through Gar.ea’s telescope, while opposite is another
figure observing the curve described by a ball fired from a cannon | between the
twao men is 2 heavy beam supported at one end, and breaking under its own weight.
These refer to Garieeo’s use of the telescope and to his studies on projectile motion
and the strength of beams,

The invention of the thermometer is also due to Gatmee (about 1602). The
date is uncertain, but Castere, writing to Ferpivanoo Crsaning, on September 20,
1638, says: " I remember an experiment which our Signor Galileo had shown me
mote than thirty-five years ago. He took a small glass bottle about the size of a hen's
egg, the neck of which was two palms long (about 22 inches), and as narrow as a
straw. Having well heated the bulb in his hand, he inserted its mouth in a vessel
containing a little water, and, withdrawing the heat of his hand from the bulb, in-
stantly the water rose in the neck more than a palm above its level in the vessel. It
is thus that he constructed an instrument for measuring the degrees of heat and cold.”

These summarize in pictorial form GaLieo’s more important contributions : his
epoch-making work on falling bodies and the laws of motion, his astronomical dis-
caveries, his pioneer work on the strength of beams, and his invention of the ther-
mometer. The reproductions, together with the foregoing description of them,
were taken, with the permission of the author's executor, from J. ], Fahie's Me
morials of Galileo Galilei.

=]




6 PLATE 2 o

Garireo’s Inclined-Plane Experiment

Fresco in the Tribuna di Galileo, after an old engraving

Drawing CasteLrr’s Sketch
of the Sculptured Plaque of
on the Front of Viviant’s GALILEO'S

House in Florence Thermometer
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as before, the instantaneous acceleration a. is the limit of this quantity
as the interval #; — ¢ approaches zero. Since, as #; — fp approaches
zero, vy — Vo becomes more and more nearly perpendicular to vo, it is
evident that in the limit the acceleration a, is at right angles to the
velocity v.. An example of this is the acceleration of a particle that
is moving in a circle with a constant speed. Although the treatment
of this case offers no particular difficulties, further discussion of it
will be postponed until Chapter 14.

General Case. Fig. 10 (c) represents the case in which both the
speed and the'direction of motion of the particle are changing. The
average acceleration is (vs— vo)/(t1 — fo), and it has the direction of
the vector vz — vo. The instantaneous linear acceleration is then

V3 — Vg o Av_ dv [12]

a om0 li—1lo  areolf di’
This constitutes the most general definition of linear acceleration
possible, the others being obviously special cases of it. For the re-
mainder of the present chapter we will apply these definitions in the
treatment of the restricted, though very important, case of motion
with constant linear acceleration.

0
Constant Linear Acceleration

The acceleration of a particle is said to be constant when the velocity
changes by equal amounts in equal intervals of time; that is to say,
when the changes in velocity in equal intervals of time all have the
same magnitude and direction. It is possible to have a constant
linear acceleration either with or without a change in the direction
of motion.

19. Constant Linear Acceleration Without Change in the Direction
of Motion. The motion in this case is not only in a straight line
(Sec. 18, Case 1), but there is the additional restriction that the speed
changes by equal amounts in equal intervals of time. If », denotes
the speed of the particle at any given moment and #, denotes its
;peed at a time ¢ units later, the magnitude ¢ of a constant accelera-
tion is given by the equation

a =%’.’9_. [13]

This is often written in the form
v = 0o+ al. [14]
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The best illustration in nature of a constant acceleration is the motion
of a falling boedy, provided it is a heavy, dense body, so that the air
resistance is not important (Sec. 2).

In Sec. 13 it was shown that the speed at any instant is represented
by the slope of the distance-time curve at that instant. Slmllarly one
can show that if the speed is plotted as a func-
tion of time, the slope of the resulting speed-
© time curve represents the acceleration. In a
case where the acceleration is constant, the
slope will of course be constant and the speed-
time curve will be a straight line (Fig. 11).
What is the nature of the acceleration-time curve
in such a case?

Speed

0]

Time

Fie. 11. Speed graph
of a constantly accel-
erated body

ExaMPLE. A northbound train -has its speed
reduced from 45 to 35 mi-hr-! in 55 sec.
Show that the direction of the acceleration is
south and that its magnitude is 1.8 mi - hr=* - sec™?, or 2.6 ft - sec-2.

20. The Equations of Constantly Accelerated Rectilinear Motion.
Eq. [14] provides a means for calculating the speed s, at any time ¢
of a particle moving in a straight line with a constant linear accelera-
tion. To calculate also the distance s traversed by the particle in the
time 7, we note that for a constant acceleration (Fig. 11) the average
speed is £ (o + 0:) ; therefore, by Eq. [5a],

5=ty [15]

Eqgs. [14] and [15] are independent and together enable us to
find any two of the five quantities &, v, v;, s, and { if the other three
are known. Although these two equations are all that are needed
to describe the motion of a particle in a straight line when the ac-
celeration is constant, other useful equations can be derived by
eliminating one of the quantities g, v, {, which occur in both of them

Thus if #, is eliminated, we obtain

s=lot(ta),
2 b

or s=1vof + % at?. [16]

In this equation »of is the distance that the particle would have
traveled with a constant speed 2, and % a¢? is the additional dis-
tance due to the acceleration. Eq. [16] can also be obtained directly
from Fig. 11, if it be recalled that the area under the speed-time
curve represents the distance covered.
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If, instead of #, we eliminate { from Egs, [14] and [15], there

results ool = o 2 o 7]
This equation is useful when the interval of time { is not given or
required,

Although the defining equations for velocity and acceleration,
namely Eqs.[9] and [12], are equally applicable whether the par-
ticle considered moves in a straight or a curved path or with con-
stant or varying acceleration, the three equations derived from them
in this and the preceding section, namely Eqs, [14], [16], and [17],
apply only to motion for which the acceleration is constant, The
student must therefore never attempt to apply these three equations
to an actual motion until he has made certain that the acceleration
is constant. Motion with varying acceleration will be treated in
Chapter 14. When a particle is moving without acceleration (a =0),
Eqs. [14], [16], and [17] obviously reduce to the equations for con-
stant linear velocity.

21. Constant Linear Acceleration With Change in the Direction of
Motion. Path of a Projectile. If the direction of the acceleration is
not the same as that of the velocity, 4
a change in the direction of motion 0 St aiphng ¥
will result even though the accelera-
tion is constant. The most familiar
illustration of this is the case of a o0}
projectile shot into space in any direc- =
tion except vertically. We will treat §
for the present only the problemof a £ 4000}
projectile shot horizontally; this is

1000 +

the case of the airplane-bomb experi- ' |

ment discussed in Sec. 2. In that ex- ¥ s 0
periment, it will be recalled, the frame Horizontal distance
of refgrgnce was ﬁx‘ed to the earthand p, s 12 Teajectony afn Bomb
the origin of coordinates was taken to & ot

be at the point where the bomb was

released, with the positive Y-axis extending vertically downward
(Fig. 12). For the rertical part of the motion of the bomb, v =0,
s=y, and, for the first few seconds, ¢ has the constant value g;
therefore, Eq. [16] is applicable and takes the form y =% gi®. As
for the horizonlal part of the motion, the second column of Table T
reveals that the horizontal speed remained constant for about five
seconds, after which it decreased slowly. Hence for this direction,
s= x and », = vg, where 7, denotes the horizontal speed of the air-
plane at the moment when the bomb was released. Since the ac-
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celeration had the constant value zero during the first few seconds,
Eq. [16] is applicable and takes the form x = sof. Between these
equations for x and y one may eliminate { and thus obtain the path
of the bomb for the first few seconds of its motion; namely,

= £ 2
y 21}02x’

an equation which will be recognized as that of a parabola.

(o}

EXPERIMENT I. MOTION WITH CONSTANT
ACCELERATION

The purpose is to study one example of motion with constant
acceleration, namely, that of a freely falling body, and to make an
approximate measurement of the acceleration due to gravity in a
given locality.

The experimental method con-
sists in obtaining on a long strip of
paper a permanent record of the
successive positions of a freely
falling object at instants separated
by equal short intervals of time
(Fig. 13). The only resistance
which the falling body encounters
ig that of the air, which is very
small in this case. Why? The
record is obtained by means of a
series of equally timed sparks which
jump from a projecting edge of
the falling weight to a vertical flat
metal plate over which a strip of
recording paper has been placed.
The sparks are produced by means
of a commutator mounted on a
constant-speed shaft, so arranged
that there is one spark for each
rotation of the shaft. The commutator charges a condenser of large
capacitance and immediately discharges it through the primary of a
small high-potential transformer. The apparatus is so made that
no spark can pass until the weight begins to fall, and thus the first
mark is made on the paper strip after the weight has attained a
small speed.

Fie. 13. Freefall apparatus
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Adjustment and Operation of Apparalus. Level the apparatus. If
the strip of paper is in place, remove it by rewinding on the lower reel.

Hold the weight against the electromagnet and close the switch,
With the hand placed under the weight, decrease the current in the
electromagnet by means of a rheostat until the weight falls into the
hand ; then increase the current slightly and again place the weight
in contact with the magnet. Now start the timing apparatus and the
spark, and then release the weight by opening the magnet switch, If
the weight appears to fall properly, you are ready for the final adjust-
ment. Stop the spark. Thread the paper strip through the rolls at
the lower end, draw it up over the recording surface, and thread it
through the upper rolls. The strip must be stretched smooth.

To obtain a record of the fall of the weight, replace it on the mag-
net and, as soon as it hangs perfectly still, start the spark and open
the magnet switch. After the weight has fallen, e
open the spark switch, and then make a small
circle with a pencil around each spot on the paper
while it is still in place. Remove the strip by pulling
it back through the upper rolls and cutting it off at .
the bottom. TS

Finally, measure the speed of the timing-apparatus % | ©°© Si
motor by means of a watch and speed-counter. .

All of the measurements, derived data, and final
results should be recorded systematically in tabular ¢ | @3 ¥
form just-as soon as they are obtained. These data
and results, together with the answers to the ques- ‘s
tions which follow, are to be included in the final
report.

ParT 1. Graphical Study of the Motion. a. Make
a distance-time graph (Sec. 18) of the motion of
the weight. To insure accuracy in measuring the oul L
distances, place the paper strip against a window
or other highly illuminated glass, and at each of the
very minute perforations produced by the spark @12
make a cross with a sharp metal pointer, the in- —
tersection marking exactly the location of the per-
forated point. Number these points 0, 1, 2, etc., Fig. 14. Record

.. . strip for falling
beginning at the top (Fig. 14), and then measure the weight
distances 0-1, 0-2, 0-3, etc., to a tenth of a milli-
meter. Eliminate parallax by placing the meter stick on edge. In plot-
ting the distance-time graph, measure time as well as distance from the
perforation 0 and use as the unit of time the easily calculated time
7 required for the weight to move from one perforation to the next.

® ® @
& =S
|
1

S;

- ®10 52..
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1. Why does the distance-time curve have a slope different from zero
at the origin?

b. Determine the speeds at various points, including the point 0,
by constructing tangents to the distance-time curve and measuring
their slopes. Use these data to construct the speed-time curve for
the falling weight. :

2. What does the y-intercept of your speed-time curve represent? What
does the slope represent? Is there any evidence that the motion of the
weight during the initial moments was affected by its closeness to the
magnet? Write the equation for the straight portion of your speed-time
curve.

c. Extend the speed-time curve backward until it meets the time
axis.

3. What does the x-intercept represent? In making the foregoing
extrapolation, what do you assume? How can you make use of the
extrapolated part to obtain the approximate distance through which the
weight fell before it reached the perforation 0 (Fig. 14)?

d. Returning to your distance-time curve, construct the portion
of the curve lying between the origin and the point of zero slope.
e. Find the acceleration of the falling weight from the speed-time

curve and then construct the acceleration-time curve. T

4. What is the equation of the acceleration-time curve? S
Express the magnitude of the acceleration g both in the To{=t+a)
units used in drawing the graph and in centimeters per
second per second. In view of the data used and the
accuracy with which you constructed the curves, how + u(=v+a)
many significant figures! are you justified in retaining
in this value of g? S34

ParT II. Calculation of g. This calculation is based L_
on the assertion that if a body moves with constant
acceleration, the difference between the distances trav-
eled in any two successive equal intervals of time
gives the acceleration. To prove this, let the straight
line (Fig. 15) be the path of a body moving with uni- \ Loy (=v+a)
form acceleration, let Sy, S, Sa, etc. be the distances Fee. 15
traversed by the body during the 1st, 2d, 3d, etc. g, 5, =,
units of time respectively, and let #, v2, vs, etc. be
the speeds at the ends of units of time 1, 2, 3, etc. The space passed
over must always bc the mean speed multiplied by the number of

- 3(=v,+ @)

1See Appendix 1.
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units of time in the interval. In case the speed increases uniformly
this mean speed is the half-sum of the speeds at the beginning and at
the end of the interval. Hence, [or example (Fig. 15),

S;z”““g”" o =Tt (;:a+a)zuﬁ+g
Similarly, Sz=1s+ ‘2_’,
Therefore, Si— Sz =15 — vo.
But v3 — 5 18, by definition, . Hence,
Si— S;=a.

Similarly for S; — S», S:— Sy, ete, The acceleration can therefore be
most directly determined by measuring dzstances traversed in succes-
sive units of time. The numerical value of @ thus obtained will de-
pend, of course, upon the time interval chosen,

a. To obtain the data for calculating g, proceed as follows: First
discard the points on the paper strip marked 0 and 1 (Fig. 14). Why?
1f the perforation at the bottom of the strip is an odd number, it will
be found convenient to discard it also.

For identification, draw a circle around each of the first three and
the last three points, as in Fig. 14. Locate still another group of three
circles by observing the last number used (in Fig. 14, it happens to
be 12), dividing this number by two, and letting the resulting quotient
determine the first of the middle group of three circles.

You now have marked with circles three groups of three points
each. Carefully measure the distance between the first point of the
first group and the first point of the second group; call this 5. Next
measure the distance between the first point of the second group and
the first point of the third group, calling this §;. Then 5: — 8§, = a.

Repeat for the distance between the second point of the first group
and that of the second group, and between that of the second group
and that of the third group, calling these distances 8’y and 5»; then
proceed similarly for the third points, calling the distances this time
S'y and §"s.

By subtracting S'; from 82, and S from §":, compute three
values of @ and average them. Also, from your knowledge of the
time 7 required for the weight to move from one perforation to the
next, calculate the length of the time unit involved in your value of a.

b. In order to see what connection exists between the numerical
value of the acceleration and the length of the unit of time used, re-
peat the measurements and calculation of Part 11, a, using, however,
a time unit just one half as large. Thus, if in Part I, e, §; was the
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distance between point 2 and point 6 (Fig. 14), so that the time unit
used was 4 7, find ¢ again for a time unit of 2 7 by letting S; be the
distance between points 2 and 4, Sy the distance between points 4 and
6, Ss the distance between points 6 and 8, S’; the distance between
points 3 and 5, S’; the distance between points 5 and 7, etc. As be-
fore, @ =5S; — S1 = S3 — Se =52 — &1 = '3 — Sy, etc. Computein
this way a number of values of g, and average.

5. Compare the mean values of the accelerations for the two different
units of time used and state the rule that connects the numerical value of
the acceleration with the length of the unit of time.

c. Express in centimeters per second per second the value which
you have obtained experimentally for the acceleration due to gravity.
Ascertain the accepted value of g for your locality and compute the
percentage of error.

6. How many significant figures! are you entitled to retain in your
calculated value of g? How does this compare with the number retained
in the value of g obtained graphically ?

7. Show that the definition of acceleration also yields the rule which
you have discovered experimentally; namely, that the. numerical value
of the acceleration varies directly as the square of the interval of time
taken as the unit. :

8. The justification for the rather elaborate method used to obtain
Se — S; etc. is not only that the distances measured are large but that
every measurement made on the strip is rendered significant in obtaining
the final average value of a. Suppose that you had not used this method
but, instead, had denoted the distances 2-3, 3-4, 4-5, etc. (Fig. 14) by
Si1, Se, and Ss, so that ¢ = Sp — Sy = Sy — Sy, etc. Show that the average
of this series of values of ¢ depends only on the initial and final values of
S and hence that the intermediate observations are wasted.

9. State as clearly and concisely as possible the conclusions which
fyou draw from thi$ experiment.

(o)

QUESTION SUMMARY

The student should formulate definite answers in his own words
to the questions that appear at the end of each chapter. By so
doing he will make for himself a valuable summary of the impor-
tant topics covered and at the same time will materially increase
his mastery of the subject. The answers thus formulated, obviously,
will also be useful for purposes of review.

1 See Appendix 1.



28 Mechanics - Molecular Physics - Heat - Sound

1. What is meant by a vecior quaniiiy? by a scalar quaniity? Give
illustrations of each.

2. How is the sum of a number of vectors found graphically? the differ-
ence of two vectors?

3. How is the sum of two vectors computed? the difference?

4. What is the result of multiplying or dividing a vector by a scalar?

5. What data are needed to specify completely the position of a particle?
6. Define linear displacement, and explain how it is measured.

7. Define average speed, instanianeous speed, and linear velocity, and ex-
plain how each is measured.

8. Define, and tell how to measure, linear acceleration.

9. State and derive the equations required to find the instantaneous
speed 7, acquired in any time ¢ or in any distance s; the average speed v,
during any interval of time; the distance s traversed in any time 7; and the
acceleration (a) for a case in which the velocity is constant, and (&) for a
case in which the acceleration is constant.

(o}

PROBLEMS

If the definitions and principles of physics are to be fully under-
stood, they must be used in the solution of problems. The ability
to solve problems is not only a dependable test of one’s mastery of
the science but is an index of the growth of one’s powers to meet
and solve original situations and to use the subject as a tool in
future thinking.

The student is advised to form the habit in solving problems of
working them through first in an émplicit or indicated form before
actually carrying out the numerical work. Common factors should
be canceled and the results reduced to the simplest terms before
the numerical values are substituted and the actual computations
made. In this way much tedious numerical calculation will often
be avoided and comparisons of the results of alternative methods of
solution can be made accurately.

1. An object undergoes four successive displacements in the XY-plane.
The magnitudes of the displacements are 4.0 km, 9.0 km, 3.0 km, and
2.0 km, and their directions relative to the X-axis are 25°, 320°, 180°, and
60° respectively. (e) Find the vector sum of these displacements by plot-
ting them on a convenient scale in the order given. () Plot them in some
other order and verify the truth of both the commutative and associative
laws for vector addition. Ans. 8.8 km at 345°,
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2. Two velocities, each of magnitude 30 cm - sec™?, include an angle of
60° between them. Find the magnitude of their vector sum by two different
methods. Ans. 52 cm - sec™l.

3. A steamship has a velocity of 28 km - hr~! northward, and the smoke
from its funnels lies 35° south of west. If the wind is blowing from due east,
what is its speed ? Ans. 40 km - hr—1,

4. A body moving in a straight line with a speed of 50 ft - sec—! Begins
tolose speed at a constant rate. At the end of 3.0 sec its speed is 20 ft - sec—1.
(a) How long a time will elapse before the body will come to rest? (b) How
far will the body move before coming to rest?

Ans. (a) 5.0 sec; (b) 1.3 x 102 ft.

5. If an engineer has orders not to stop his train with an acceleration of
more than 8.0 ft - sec=2, how much time must he allow as a minimum for
stopping (a) from 30 mi-hr=1? (b) from 60 mi- hr='? (¢) What distance
Jdoes the train travel during each of these times?

Ans. (@) 5.5sec; (b) 11sec; (¢) 1.2 x 102 ft; 4.8 x 102 ft.

6. If the length of a railroad rail is 33 ft, show that the speed of a train
in miles per hour is equal numerically to three eighths of the number of
rails passed over in 1 min.

7. The unit of time usually employed in physics is the mean solar second,
defined as 1/86,400 of the mean solar day. If the second were redefined as
1/28,800 of the mean solar day, how would this affect the numerical value
of g? Ans. 9 times as large.

8. At a certain point the speedometer of an automobile reads 12mi-hr—1,
and 650 ft farther along the road it reads 45 mi - hr—1, If the acceleration is
constant, find its value. Ans. 3.1 1t -sec—2.

9. What initial speed in the vertical direction must a stone have in order
to fall back to its starting point in 7.0 sec? What is the total vertical dis-
tance traversed during the fourth second? Ans. 34 m-sec™!; 2.5 m.

10. Suppose that the event described in Prob. 9 occurred at sea level, in
latitude 30°. (a) Would you be justified in using the value 980 cm - sec—2
for.the acceleration due to gravity? (b) What if the stone fell back to its
starting point in 7.00 sec instead of 7.0 sec?

11. A stone thrown from the top of a cliff with a horizontal speed of
100 m - sec™! strikes the ground at a horizontal distance of 300 m. Compute
the height of the cliff. Ans. 44.1m,

12. An arrow is shot with a speed of 40.0 m - sec™! from the top of the
Eiffel Tower, which is 335 m high. What time will elapse before the arrow
reaches the ground if it is shot (@) vertically upward? (&) vertically down-
ward? (c¢) horizontally? (d) In each case, what will be the velocity on
hitting the ground? Neglect any effects due to the air.

Ans. (a) 13.3sec; (b) 5.15sec; (c) 827 sec; (d) 90.4 m - sec™!
vertically ; same; 904 m - sec™! at 26° 20’ with vertical.
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13, A train has a maximum speed of 50 mi - hr=!, which it gains ot loses
by constant acceleration in 5 min. Compared with a nonstop run of 70 mi,
how much traveling time is lost by making a one-minute stop midway in
the journey ? Ans. 6 min,

14. An automobile passes an intersection with a speed of 30 mi - hr~! and
continues on at this rate. Ten seconds later a traffic policeman starts from
rest at the intersection with a constant acceleration of 4.0 [t - sec=2 in the
same direction. When and where will he overtake the car?

Ans. 29 sec after he starts, 1.7 > 107 ft [rom the intersection.

15. A ditch 2 ft wide has been cut across a level highway. Will it make
any difference to a car traveling at 30 mi - hr —* whether the ditch has been
filled up to within 0.5 in. of the surface of the road or not? How will the
flattening of the tires because of the weight upon them affect your answer?

16, Two automobiles have the same initial speed of 8.0 mi-hr~!' and
start from the same point. One moves due west with an acceleration of
3.0 [t-sec~2 and the other moves due south with an acceleration of
5.0 ft - sec=2. (a) Find the velocity of each after 9.0 sec. (b) Find the veloc-
ity of the first automohile relative to the second at that time. (c) What is
their relative acceleration ?

Ans. (a) 39 ft -sec—! west, 57 ft . sec™! south; (b) 69 [t-sec—! at 347 20

west of north; (¢) 5.8 {t - sec=? at 31° west of north.

17. One ship is sailing south with a speed of 15V2 mi - hr— and another
southeast at the rate of 15 mi - hr—', Find the apparent speed and direction
of motion of the second vessel to an observer on the first vessel.

Ans. 15 mi - hr—! noriheast.

18. A body stops with an acceleration of 5.0 ft - sec=?. THow long does it
take to move a distance of 48 ft if the speed at the mid-point is 17 [t - sec=17?
Ans. 3.2 sec.

19, Two motorhoats having the same speeds ¢ relative Lo the water start
simultaneously from an island in a river. One makes the round trip to a
buoy located at a distance d directly upstream and the other to a buoy lo-
cated at the same distance d cross-stream. Which boat wins the race? How
do the times compare with the time the boats would make in traveling the
same distance on a lake?

20. It can be shown that the distances traversed during successive equal
intervals of time by a body falling from rest stand to each other in the same
ratio as the odd numbers beginning with unity. Prove this for yourself;
then consult Twoe New Sciences to see how GALILED did it,



CHAPTER TWO

THE FOUNDATIONS OF DYNAMICS

I. Every body continues in its state of rest or of uniform motion in a straight line, except in
so far as it may be compelled by force to change that state.
II. Change of motion is proportional to force applied, and takes place in the direction of the
straight line in which the force acts.
[l To every action there is always an equal and contrary reaction: or, the mutual actions of
any two bodies are always equal and oppositely directed.

Newron's three laws of motion as translated from the Principis
by Wirrian Tromson (Lorp Kervin) and Perer Gurariz Tarr
in their Treatise on Natural Philosophy !

o

The ideas as to the causes of motion which prevailed in early times
were so confused and conflicting that we may disregard them and
consider the science of dynamics as beginning with GALILEO in the six-
teenth century. Previous to GALILEO’s time it was believed that
wherever motion existed, force had to exist to explain it. For the
origin of the notion of force we must go back to the feeling of exer-
tion that accompanies the use of our muscles in changing the positions
of actual bodies. This notion was naturally extended to explain the
similar effects arising from the interaction of any two hodies in con-
tact with one another. Thus we say, in keeping with this primitive
anthropomorphic conception of force, that a guy wire “exerts” a
force on a telephone pole or that a railway train * experiences ” a
force which is “* exerted 7 by the locomotive.

The motion of a falling body had long been attributed to its weight,
that is, to the force urging it toward the earth. Just as soon, then, as
GALILEO discovered that bodies do not fall with a constant speed but
with a constant increase in speed (Sec. 1), the way was opened for the
conception that the steady pull of the earth must be producing this
steady increase in velocity. This was an entirely new idea, for it
pointed to change of motion rather than to motion itself as the criterion
of the existence of force. For the ancient world the absence of force
meant the absence of motion; the new conception was that unless
there is force there will be no change of motion, or acceleration.

1This treatise contains in modern terms a remarkably complete statement of
NEWTON'S dynamical contributions. Chapter 2 of the same authors’ *Elements of
Natural Philosophy (Cambridge University Press, 1912) will repay careful study at
this time. See the Bibliography, p. 449.
31



HE original of this painting has been characterized by Professor Antomio

Favaro of Padua University, the devoted and scholarly editor-in-chief of the
monumental national edition of Garireo’s works (Le Opere di Galileo Galiles, 20 vols.,
Florence, 1890-1909) and the author of nearly five hundred separate studies on
matters relative to the life, times, and activities of GavriLko, as follows:

“ Of all the studies of Galileo, the most admired and, I will say, the most de-
servedly popular is Galileo in Arcetri, by Niccold Barabino, which was first exhibited
at the Turin Exposition of 1880, and 1is now preserved in the Palazzo Orsini in
Genoa. Galileo is shown in the last days of his life, ill in bed, and demonstrating
some geometrical problem to Torricelli (in front), Viviani (writing), and his
[Galileo’s] son Vincenzio (listening). The attitudes of the three young men, intent
on the words of the Master, contrasted with his own hieratic calmness is very
notable, and, however much art critics may find fault with it, the composition is,
urdoubtedly, the best work on Galileian subjects by which Italian Art has hon-
ored itself.”’

The following description of the scene and characters depicted in the painting
is given in . ]. Fahie’s Memorials of Galileo Galiles, pp. 100-101. It is reproduced by
permission of the author’s executor:

“ Torricelli was with Galileo for the last few months, and, on the latter’s
death in 1642, succeeded him as First Mathematician to the Grand Duke. . . .
Viviani, aged eighteen, joined Galileo in 1639, and remained to the end — his
last well-beloved disciple. . . . Vincenzio was a rolling stone, a grief and dis-
appointment to his father. . . .

“ Viviani tells us that in those last days, and amid much suffering, the Master’s
mind was ever occupied with mechanical and mathematical problems, Thus, one
day Viviani drew his attention to a flaw in his statement on the falling of a body
down an inclined plane. That night he lay sleepless in bed, but found the necessary
correction. He had the idea of preparing two other dialogues, to be added to the
four already published in his great work ‘Intorno A Due Nuove Scienze,” Leyden,
1638. In the first, he would give new reflections and demonstrations on passages
in the first four dialogues, and the solution of many problems in Aristotle’s * Physics.”
In the second, he proposed to open up an entirely new science — the wonderful
force of percussion — which he claimed to have discovered, and which, he said,
exceeded by a long way his previous speculations. These were left unfinished, but
were put together afterwards by Viviani. ...”
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Mass and Momentum

99. Galileo’s Principle of Inertia. But if force is not needed to ex-
plain motion but only to explain acceleration, why is it that some
kind of engine or other active agent is always needed to keep a body
in steady motion? GALILEO'S conjecture was that this is because a
body left to itself is slowed down, accelerated, by friction and other
relarding forces. Such hindering influences are indeed always present,
although they can be diminished, and it is a matter of common ex-
perience that with each diminution less efort is needed to keep a
body in steady motion. Thus it is harder to drag a stone over a rough
floor than over smooth ice, and if the stone is given a push along the
floor it is soon stopped by friction, but on the ice it keeps moving
for a considerable time. One begins to speculate on what would
happen, or rather not happen, if the ice were perfectly smooth and
of indefinite extent and there were no resistance due fo the air.

By reasoning along similar lines with bodies rolling up and down
inclined planes,! GALILEO became convinced that a body will persist
in its stale of rest or of constanl speed in @ siraight line unless it is com-
pelled by some force lo change thal state. The importance of this con-
clusion in the general theory of motion was recognized by CHRISTIAAN
HUYGENS (1629-1695) and later by Isaac NEWTON (1642-1727).
Since actual bodies are never entirely free from external influences,
the principle is necessarily an idealization from observed facts. Its
proof is that the innumerable deductions which have since been made
from it are in harmony with experience.

23. The Concept of Mass. That it requires effort to accelerate a
body is described by saying that all matter has inertia. The amount
of inertia evidently is not the same for all bodies. It is easy to tell,
for example, whether a passing motor truck is loaded or empty. The
loaded truck does not bounce around so much and it is less easily
turned aside from a straight course; it has more inertia than the
empty truck. Again, in trying to set in motion the massive though
nicely balanced door of a bank vault one is sensible of a powerful
resistance, whereas the same effort applied to an ordinary room door
will quickly set it in motion. This difference in one's experiences
with the two doors must be due to a difference in their inertias
rather than in their weights, for neither doar, il properly balanced, will
assume any particular position by virtue of its weight.

tSee *E. Mach, The Science of Mechanics (Open Court, 1893), pp. 140-141, or
*J. Cox, Mechanics (Cambridge University Press, 1919), p. 78. The latter book is
the more elementary ; it incorporates many of MAcH'S ideas.
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Both CHRISTOPHER WREN (1632-1723) and NEWTON made ex-
periments with balls of unequal weights swung on cords and correctly
determined their relative changes in velocity when they collided.!
It remained for NEWTON, however, to be the first to see clearly that
it was not the difference in the weights of the balls that determined
their relative accelerations upon collision but the differences in their
inertias. In order to compare these inertias quantitatively, NEwWTON
introduced the concept of mass.? A series of experiments with hollow
pendulums filled with various materials showed him that in any
given locality the masses, or amounts of inertia, of bodies are pro-
portional to their weights; moreover, he found the ratio of mass to
weight to be independent of the chemical composition of the bodies.®
This furnished him with a method for measuring the mass of one
body in terms of the mass of another body taken as standard: the
masses of the two bodies are compared by putting them on an ordinary
beam balance and comparing their weights. Here we have not only
an approved method for comparing masses but in practice also the
best method, for the beam balance surpasses ail other ordinary in-
struments of the laboratory in accuracy, and it is convenient to
operate.

24. Units of Mass. Scientists have adopted as the standard of
mass a piece of platinum-iridium deposited at the Bureau Interna-
tional des Poids et Mesures, Sévres, France. It is called the standard
kilogram and was designed to be, and is very nearly, equal to the mass
of 1000 cm® of water at a temperature of 4° C. Physicists usually
employ as the unit of mass the gram, which is one thousandth part of
the standard kilogram. The pound is defined as the mass of a certain
block of platinum which is preserved in London; it is equivalent to
453.5924 g.

25. Linear Momentum. Certain properties of moving bodies de-
pend not alone on the mass but jointly on the mass and velocity.
For example, the effort required to bring a motor truck to rest within
a given time depends both on how much it is loaded and on how fast
it is traveling. Thus GALILEC and NEWTON were led to give a special
name to the product obtained by multiplying the mass of a body by
its velocity. They called this product momentum or “‘quantity of
motion,” to distinguish it from rate of motion.

1See Chapter 5.

2]t is probable that HUYGENS, as a result of his work on centripetal force and his
pendulum experiments, had by 1673 arrived independently at a clear conception of
mass as distinct from weight. See ¥H. Crew, The Rise of Modern Physics (Williams and
Wilkins, 1928), pp. 121-126; ed. 2 (1935), pp. 124-129.

8 Principia, Bk. 111, Prop. VI.
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The linear momentum of a body is defined as the product of the
mass m and the linear velocity v; that is,

p = mv. 18]

Since mass is a scalar quantity and velocity is a vector quantity,
momentum must be a vector quantity (Sec. 16); its direction is that
of the velocity v and its magnitude is mw, the product of the mass m
and the speed ». From the definition it is obvious that the momentum
of a body changes whenever either the velocity or the mass of the
body changes. Experience shows, however, that the mass of a
given body may be regarded as an invariable quantity except when
dealing with extraordinary cases, such as the motions of electrons
or of certain astronomical bodies moving with enormous speeds.
Hence, in all cases of concern to us for some time to come, any change
in the momentum of a body is to be attributed to a change in its
velocity alone.

Let us suppose that a particle undergoes a change of momentum
of amount Ap in the time Az. The average time-rate of change of its
momentum is then Ap/Af. By choosing Af indefinitely small and
passing to the limit, we obtain for the instantaneous time-rate of
change of momentum i Ap Ap @

Af>0 At T di

Since the mass of a particle ordinarily may be regarded as con-
stant, it is obvious that the foregoing expression may be written in
any of the equivalent forms

[19]

Ap Av
lim = lim m — = ma, 20
Al-0 At Al-0 At [ :]
where a is the instantaneous acceleration of the particle. Excepting,
then, the rare cases where the mass of a body varies appreciably,
the time-rate of change of linear momentum equals the product of the
wmass and the linear acceleration.

o

Newton's Laws of Motion

We owe to NEWTON the consolidation of the views on physics which
were current in his time into one coherent system. NEWTON is by
universal acclaim the greatest figure in all the history of science.
Born within a year after GALILEO’S death, his creative genius began
to appear early in life, and while still an undergraduate at Cambridge
he formulated the binomial theorem in- algebra, developed th
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methods of infinite series, and began the invention of his differential
calculus. NEwWTON published the first full account of his dynamical
results in 1687, in his monumental Philosophiae Naturalis Principia
Mathematica (*Mathematical Principles of Natural Philosophy”),
usually called simply the Principia, a work which the great LAPLACE
(1749-1827) characterized as the supreme exhibition of individual
intellectual effort in the history of the human race.!

26. Newton’s Three Laws of Motion. In the Introduction to the
Principia, NEWTON formulates the three fundamental laws of mo-
tion that are still called by his name. These laws and the accom-
panying corollaries and scholium are so comprehensive that the
whole of the GALILEO-NEWTON dynamics is built upon them. In-
deed, for over two hundred years after their publication progress in
dynamijcs consisted largely in deducing from these laws other prin-
ciples which are more useful for particular classes of motion.

Stated in modern terms and in a form applicable only to motions
of translation, NEWTON’S three laws are as follows:

1. If a body in translation is not acted upon by any external force,
its linear momentum remains constant.

2. The time-rate of change of the linear momentum of a body is pro-
portional fo the force acting on the body and is in the direction
of the force.

3. To every force acting upon a body there always exists a correspond-
ing force exerted by the body, and these two forces are equal in
magnitude bul opposite in direction. .

As TuomsoN and TAIT remark and as NEWTON himself asserts,
“these laws must be considered as resting on convictions drawn from
observation and experiment, not on intuitive perception.”

97. Newton’s First Law. The first law is GALILEO’S principle of
inertia (Sec. 22). It asserts that force is that which changes the
momentum of a body, and implies that this is true regardless of the
nature of the body or of the body’s motion. It is therefore essen-
tially a qualitative definition of force. The law obviously presupposes
the existence of a fixed framework, with respect to which momentum
is constant or changing. This presents a difficulty, for in the uni-

1'The Principia was written in Latin, the international language of learning until
a few generations ago, but translations are available, the best being that by Andrew
Motte, first published in 1729 and recently revised by *F. Cajori (University of Cali-
fornia Press, 1934). The section on * Definitions” and that on * Axioms, or Laws of
Motion” (pp. 1-28 of Cajori’s revision) should be read by every student in connection
with this and subsequent chapters on dynamics.



N EXCELLENT description of Newron's appearance, habits, and character
will be found in L. T. More’s Isasc Newton, a Biography (Scribner, 1934),
pp- 126-137. The number of oniginal portraits of him made from the hife is not large,
and unfortunately most of them were painted when he was an old man and are so
evidently idealized as to give only 2 vague and unsatisfactory impression of the real
man. Concerning the portrait reproduced here, Professor D, E, Smith of Columbia
University, who has probably the largest collection of Newtoniana in existence,
says: "' For real humanity, however, the painting by Gandy, executed 1n 1706, is
one of the most noteworthy. It represents the savant in the prime of life, without a
wig, and with an expression of determination tempered with kindness that is not
seen m the more conventional portraits of Kneller and Vanderbank." A critical
listing of the other important portraits of Newron and the engravings made from
them is given by Professor Smith in Isaac Newton, 1642-1727, edited by W. ],
Greenstreet (Bell, 1927), pp. 171-178.

The foundation upon which the whole of the science of mechanics rests was laid
by Gatiso and Newron, together with Arcunvenes (. 287-212 s.¢.) and Cans-
t1aan Huvaens (1629-1695), It ig instructive to note that each of these pioneers
made Iis chief contribution in connection with the quantitative solution of a particular
problem. Thus Arcuimenes treated the problem of the lever, Gariveo that of the
freely falling body, Huveens the period of the physical pendulum, and Newrox the
motion of the heavenly bodies. In the course of the solution of these specific and Tim-
ited problems the general principles required for the treatment of any mechanical
situation became clear, and were dehnitely formulated by Newron in his laws of
mation. All scientific investigations which have led to real progress have begun
1n just this way, by the treatment of simple and specific problems with quantitative
exactness, not by making deductions from general philosophic schemes or a prior:

principles.
o]

When Newton saw an apple fall, he found

In that slight startle from his contemplation —
"Tis snd (far Ull not snswer sbave ground

For any sage’s creed or caleulation) —
A mode of proving that the earth turn'd round

I & most natural whiel, called "' gravitation )
And thiy is the sole mortal who could grapple,
Since Adam, with a fall or with an apple.

Man fell with apples, and with apples rose,

1f this be true; for we must deem the made
In which Sir lszac Newton could disclose

Thraugh the then unpaved stars the turnpilie road,
A thing to counterbalance human woes

For ever since immortal man hath glow'd
With all kinds of mechanics, and full soon
Steam-engines will conduct him to the moon.

Lonrp Byaot, Don Juan, Canto the Tenth, Tand [
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Isaac NewTon, 1642--1727

From the portrait painted by William Gandy in 1706. Reproduction made from a lithograph
copy, executed by G. Black in 1848 and reproduced by Day & Son, in the collection of Professor
David Eugene Smith of Columbia University, through the courtesy of Professor Smitk
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verse there is no fixed framework.! In practice, however, when the
velocities involved are not too large, it is generally possible to choose
a reference frame which, without being fixed in an absolute sense,
can be regarded as such for the purposes of any given problem. This
reference system consists of a set of axes fixed relative to the average
position of the so-called fixed stars, and it is designated as the pri-
mary inertial system. The errors introduced by applying NEWTON’S
laws of motion to a set of axes fixed in the earth’s surface are, how-
ever, either small or very easily corrected, and we shall proceed at
present by neglecting them altogether.

98. Newton’s Second Law. The second law asserts that force is
proportional to, and therefore may be measured by, the time-rate
of change of momentum. Its mathematical statement is, accordingly,

. Ap
im —
Foe o At
‘ . Ap dp
f=K1 =L =K~ 21
or A%I—’r}) At dt (21]

where K is a constant of proportionality the value of which depends
on the units used in measuring force, momentum, and time. In the
ordinary cases where the mass of the body under consideration does
not change during the time interval A¢, we have, in view of Eq. [20],

f = Kma. [22]

This equation tells us that force is proportional to the product of mass
and linear acceleration; in other words, the direction of the force is
that of the acceleration which it produces, and the magnitude of the
force is proportional to ma, where m is the mass of the body and a
the magnitude of the acceleration.

The second law thus gives us a quaniilative definition of force, but
we .shall find that it is a definition whose usefulness presupposes
experimental knowledge.

'99. Units of Force. The constant K in the equation f = Kma obvi-
ously becomes unity if we arbitrarily choose as the unit of force
that force which is required to impart to a unit mass one unil of linear
acceleration, or, what is the same thing, that force which is required
to change the linear momentum of a body at the rate of one unit
per second. When this unit of force is employed, the defining equa-
tion for force becomes simply f=ma. If the unit of acceleration

1 For a critical discussion of the prineiple of inertia, see E. Mach, The Science of
Mechanics (Open Court, 1893), pp. 140-143, 232.
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be taken as 1 ¢m - sec~? and the unit of mass 1 g, this unit of force
is called the dyne; the dyne is the unit of force in the centimeter-
gram-second, or cgs, system of units. If, on the other hand, the unit
of acceleration be taken as 1 ft - sec=2 and the unit of mass as 11b,
this unit of force is called the poundal; the poundal is the unit of
force in the fooi-pound-second, or fps, system.

Another unit of force in common use is the so-called gravitational
unit, which is defined as the weight of a unit mass at a place where
the acceleration due to gravity g has the standard value g, (Sec. 3);
that is, it is the force required to impart to a body of unit mass an
acceleration of amount g, When this unit is used, the equation
f= Kma becomes 1=K - 1. g, thus giving K = 1/g, numerically.
If the unit of mass is taken as 1 g, the gravitational unit of force is
called a gram weight; if the unit of mass is 1 Ib, it is called a pound
weight. To avoid confusion these units should never be referred to
as the “gram” and the “‘pound”; the latter are the names of units
of mass, whereas ‘‘gram weight’’ (abbreviation, “gwt ) and “pound
weight ™’ (abbreviation, *lbwt ) designate units of force.

To summarize :

f (dynes) = m (gram) ;a (cm - sec™2),
f (pqundals) =m (Ib) - a (ft - sec™2),
f (gwt) = gl m (gram) - a (cm - sec~2), g, = 980.665 [23]

f (bwt) = ;,1- m(b)- a (ft-sec—2), g, =32.174

It is to be noted. that g, is used in the last two equations to denote
pure numbers; ordinarily it denotes standard acceleration due to
gravity, but here it represents only the numerical values of this
quantity.

- Units of force that are defined by making X a pure number in the
equation f = Kma are called absolute units. Thus the dyne and the
poundal are the absolute cgs and fps units of force, and the gram
weight and pound weight are absolute gravitational units of force.

30. What the Second Law Implies. The second law contains cer-
tain implications that must not pass unnoticed.

a. It implies that the effect of a force on a body is independent of
the state of motion of the body at the time when the force begins
to act. For example, gravitational attraction at any given place
always imparts to a projectile the same downward acceleration, re-
gardless of whether the projectile is shot from a gun or simply
dropped from a balloon.
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b. When several forces act on a body at the same time, the law
implies that each force produces its own effect independently of the
actions of the other forces. It follows from this that the vector sum
of the accelerations due to the several forces gives the acceleration
of the body. A special case of this arises when, as a result of the
action of two forces, a body remains at rest or else continues to move
with constant velocity. In this case the accelerations due to the
two forces must be equal in magnitude but opposite in direction ;
hence the forces producing them are equal in magnitude but oppo-
site in direction. For example, when an object is suspended by a
cord it is acted upon by two forces: one is its weight and the other
is the force exerted by the cord. If the cord is cut, the second force
disappears and the object falls with an acceleration.

31. How the Second Law Is Applied. The application of the second
law of motion to the solution of particular problems can best be
shown by means of several examples. No difficulties will be encoun-
tered by the student in making this application if he recognizes
clearly what body it is whose motion he wishes to determine, then
lists completely all the forces which act on that body, and finally
applies the laws of motion to that body alone.

ExampPLE. A sled of mass 400 1b is pulled along a level road by a team
of horses. If the horizontal force which the tugs exert on the sled is
95.0 Ibwt and the force of friction is 20.0 Ibwt, will the velocity be con-
stant? 1f not, what is the acceleration? How long will it take the
sled starting from rest to acquire a speed of 4,0 mi - hr='7?

Solution, The body whose motion is to be determined is the sled. There-
fore we are not concerned with the weight of the horses or with the forces
which they exert on the ground. The forces acting on the sled are the for-
ward pull of the tugs, amounting to 25.0 lbwt; the backward pull of friction,
amounting to 20.0 lbwt; and the downward pull of gravity and the upward
push of the ground, each amounting to 400 Ibwt. Since the pull of gravity
and the upward push of the ground have no effect in producing motion
(Why 7, the total unbalanced force acting on the sled is 5.0 Ibwt or (6.0 x 32)
poundals, and this will cause an acceleration. Sincc the mass of the sled is
400 1b, the second law gives 5.0 x 32 =4004a, or a=0.40 ft - sec™2, in a
horizontal direction. Also, since this acceleration will be constant, we have,

by Eq. [14], Chap. 1,
pot AOX5280 o

Ta 3600 x 0.40

ExampLe. To the ends of a cord passing over a light, delicately balanced
pulley are attached two bodies of unequal masses, one of 203 g, the
other something more than 203 g (Fig. 16). The acceleration imparted
to the masses is observed to be 245 cm - sec~% Find the mass of the
second body.
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Solution. We will assume that the mass of the pulley is negligibly small.
We will also assume that the stretching force in the cord is the same through-
out; this amounts to saying that there is no friction between the pulley and
the cord, and that the mass of the cord is negligible in com- P
parison with the masses of the two bodies. Let m denote
the unknown mass and let 7 be the force in the cord. The !
forces acting on m are mg vertically downwards and F
vertically upwards; hence the total force acting on m is
(mg — F) dynes, and the equation of motion of m is by
Eq. [22], mg — F =m -245. The forces acting upon the
203-gram mass are 203 - g vertically downwards and F m
vertically upwards; its equation of motion is therefore
203 g — F=—203-245. By eliminating F between these ]FIG~.16~ A prob-
two_equations, we find (g — 245) =203(g+245). 1f, Lo involving che
finally, g at the place under consideration is 980 cm - sec—2, seconc aw o

motion
then m = 338 grams.

In the foregoing solution the equation of motion of each body was ob-
tained separately and then the unknown quantity F was eliminated by
solving these two equations simultaneously. A second method of solution
consists in finding a single equation of motion for the system as a whole.
Thus the total force acting on the system is (m — 203)g dynes and the total
mass accelerated is (203 + m) grams; hence, from Eq. [22], (m — 203)g
= (m + 203)245, or m =338 grams. Generally speaking, the first method of
solution will be found to be the more useful.

ExaMpLE. In the preceding example show that the force F exerted by
the cord is 2.49 x 105 dynes, or 254 gwt.

Solution. Either one of the equations of motion given in the first solution
of the preceding example may be used to obtain F, or one can deduce its
value from first principles, as the following considerations will show. Since
all freely falling bodies have the same acceleration g, the weight of any mass
of m grams is mg dynes. If, because of some retarding force, such as a force
exerted by a cord, the downward acceleration is not g but some smaller
quantity a, it is at once clear from the statement of the second law that the
value of the upward, or retarding, force is m(g — @) dynes. *If, on the other
hand, the body has an upward acceleration of amount e, the upward force
exerted by the cord is m(g + @) dynes. If the body is at rest or is moving
upward or downward with constani speed, the force exerted by the cord
is mg dynes. In the present example, the force F exerted by the cord is

evidently 338(g — @) dynes, or —;— 33_8(g —a) grams weight; it is also
203(g + @) dynes, or gl 203(g + a) grams weight.

32. Newton’s Third Law. A force acting upon a particle of matter
is always due to the action of another particle upon the one in ques-
tion. The third law asserts that in such an interaction of two parti-






