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List of Symbols and
Defimitions

Only the principal symbols are listed. A horizontal, two-dimensional vector is
indicated by sans serif type, a three-dimensional vector by bold face type, and a
three-dimensional tensor by “serif gothic” type.

a,

curl

absorptivity for radiation at wavelength A =1,,/1,

(1) speed of light (=2.998x10*  m s~

(2) condensation rate per unit mass;

(3) specific heat of the surface layer
(Chapters 6 and 10, Table 10.1)

conductive capacity of the surface layer
three-dimensional wind velocity = (u, v, w)

three-dimensional velocity vector in non-rotating absolute
frame

specific heat of snow/ice
specific heat of land surface
specific heat of ocean water (4187 J kg 'K~

atmospheric specific heat at constant pressure

(=1004]kg 'K~
speed of sound (~300m s~

atmospheric specific heat at constant volume
(=717Jkg7'K™Y

curl operator
day

sun—earth distance (Chapter 6)

xxvii



XXVt LIST OF SYMBOLS AND DEFINITIONS

d, mean sun—earth distance
dA4 area element
div divergence operator
dm mass element
ds surface element
d.s transfer of entropy across boundaries of open system
ds entropy produced within a system
v volume element
dyn 1 dyne = 107°N (1 dyne cm "2 = 10~ Pa)
e (1) evaporation rate per unit mass;
(2) water vapor pressure (Chapter 10)
saturation water vapor pressure
f (1) Coriolis parameter = 2() sin ¢
(=1.03x107%s™ " at 45° latitude);
(2) frequency;
(3) feedback of a system (Chapter 2);
(4) ratio real and potential evaporation = E/E,, (Chapter 10)
f’ =2Qcos ¢
n Nyquist frequency = | At
g acceleration due to gravity ( = 9.81 m s~ ? at sea level;
=9.75 m s~ ? at 20 km altitude)
g apparent gravity vector
gpm geopotential meter (1 gpm~1 m)
grad gradient vector
h hour
h (1) Planck constant ( = 6.626 X 107 >* ] s);
(2) hour angle of sun (Chapter 6);
(3) enthalpy of oceans = (p/p + I) (Chapter 14)
h(x) depth of ocean bottom
h, enthalpy reference state ocean
k (1) von Karman constant ( = 0.4);
(2) Boltzmann constant (= 1.380 X 10" **J K~
(3) wavenumber = 27R cos ¢/L (Appendix A)
ki k, extinction coefficient for radiation at wavelength A, frequency v
ki absorption coefficient for radiation at wavelength A
ks scattering coefficient for radiation at wavelength 4

l mixing length



K

b4

Po

Deis Pwi
P:

Po

Poo

PsL

q

'8

s(q)

Sr

uag) v,g

LIST OF SYMBOLS AND DEFINITIONS

mass of the atmosphere (~5.136 X 10'® kg)
molecular weight of dry air (= 28.9x 107> kg mol ™ ")
mass of the earth (=~5.98 X 10?* kg)

molecular weight of water vapor (= 18.0X 10> kg mol ')
millibar (1 mb = 10? Pa = 1 hPa= 10’ dyne cm~2)
wavenumber

unit vector (directed outward of volume)

number of moles for dissolved component ¢
pressure

bottom pressure at depth D in ocean

pressure at east, west sides of /th mountain range
reference pressure

surface pressure

reference level pressure (=~ 1000 mb)

pressure at mean sea level (Chapter 7)

specific humidity (in g/kg moist air)

specific humidity of saturated air

correlation coefficient

radius vector

position vector of a point in rotating system
reflectivity for radiation at wavelength A =1, /1,
second

(1) entropy per unit mass;
(2) path length

sources and sinks of water vapor
static stability in oceans
( _L _ L)
p d ¢’
steradian
time
(1) eastward wind component;
(2) optical depth or optical path length = (k, p ds;
(3) wind velocity
friction velocity = { — 7/p

ageostrophic eastward, northward component of the wind

xxix
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LIST OF SYMBOLS AND DEFINITIONS

U,y D

8> g

Uy U

[z];

We

yr

4 sfc
AU

COADS

geostrophic eastward, northward component of the wind
northward wind component

meridional velocity of liquid, solid water suspended in air
indirectly computed [7] from angular momentum balance
horizontal wind vector = (u,)

upward wind component

Ekman vertical velocity

year

(1) geometric height;
(2) geopotential height

(E 1 gdz in MKS system ~geometric height)
9.80 Jo

(3) zenith angle (Chapter 6)

(1) surface height;
(2) surface roughness length (Chapter 10)

height of pressure level in standard atmosphere

(1) area of integration;

(2) albedo;

(3) arbitrary parameter;

(4) constant Wien’s law (Chapter 6)

surface albedo

astronomical unit, mean earth—sun distance
(=1.4960x10"'" m)

symbol for atmosphere

(1) Bowen ratio = F {;;/F |
(2) rate of production of turbulent kinetic energy by buoyancy
forces = —gp'w’

black body radiation at wavelength 4, frequency v
symbol for biosphere

continental torque

rate of energy conversion from form 4 into form B
bulk drag coefficient (~0.0013 over ocean)

heat transfer coefficient (bulk)

water vapor transfer coefficient (bulk)
Comprehensive Ocean-Atmosphere Data Set

symbol for cryosphere; continental torque (Chapter 11)



EBM
ENSO
EOF

LIST OF SYMBOLS AND DEFINITIONS

(1) turbulent diffusion rate of water vapor into a unit volume
= —adiv]?;
(2) rate of viscous dissipation (Chapter 10)

dissipation rate of kinetic energy in atmosphere
= —far gradcdm

mechanical energy input into oceans = { (wz — 7y-c)ds
December-February
rate of dissipation of kinetic energy

(1) rate of evaporation (includes sublimation);
(2) total energy

Eliassen—Palm flux (Chapter 14)
evaporation power of air

rate of evaporation at the surface

potential evaporation or potential evapotranspiration
rate of sublimation at surface

energy balance model (Chapter 17)

El Nino—Southern Oscillation phenomenon
empirical orthogonal function

Eurasian Oscillation

symbol for environment

upward, downward fluxes of radiant energy

(1) frictional force = (F,, F,, F,) = (F;, F4, F,) = —adivr
(2) Eliassen—Palm flux vector (F ¢, F *) (Chapter 14)

downward flux of energy at bottom of atmosphere
upward (geothermal) heat flux at ocean bottom
downward heat flux into ground

meridional flux of water across wall in liquid phase
(Chapter 12)

upward flux of latent heat at surface
horizontal flux of latent heat

longwave radiation flux, downward flux, upward flux

latent heat flux involved in melting and freezing
=F'_F'
net flow of ocean water across latitudinal wall

radiation flux at top of atmosphere
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LIST OF SYMBOLS AND DEFINITIONS

Fi
F,

riv

F,

downward radiation flux at surface
northward transport of water in rivers across latitudinal wall

(1) freezing rate of water;
(2) meridional flux of water across wall in solid phase
(Chapter 12)

upward flux of sensible heat at surface

shortwave radiation flux (irradiance)

downward flux, upward flux of shortwave radiation
net energy flux at top of atmosphere

flux across latitudinal wall

meridional flux of water across wall in vapor phase
=F. +Fy +Ji +7e

gain or transfer function of a system (Chapter 2)
generation rate of P

net latent heat flux across boundaries

net radiative flux across boundaries

net sensible heat flux across boundaries

general circulation model

(1) total heating = fQ dm + . Fs,;ds;

(2) maximum depth ocean basin;

(3) hour angle at sunrise and sunset (Chapter 6);
(4) feedback factor (Chapter 2)

hertz

symbol for hydrosphere

internal energy

moment of inertia of atmosphere

moment of inertia of solid earth (~8.04 X 10*” kg m?)

intensity at wavelength A (power per unit area per unit solid an-
gle per unit wavelength per unit time)

intertropical convergence zone

joule

angular momentum transport density vector = ( ¥;, 74,.5,)
total energy transport density vector = ( Fg,, Frs5F5,)
enthalpy transport density vector = ( Fy15 Frgs S np)

heat flux due to molecular and turbulent eddy diffusion
mechanical energy transport density vector = ( Fxa Fxgsxp)

water vapor transport density vector = (.15 F s> J,p)
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na

K
K,
K
Ky
K,
Ky

X

o

v

MBT

NAO
NMC

LIST OF SYMBOLS AND DEFINITIONS

water vapor flux due to molecular and turbulent eddy diffusion
June-August
degree Kelvin

(1) (total) kinetic energy;

(2) thermal conductivity of surface layer (Chapter 10);
(3) large-scale eddy diffusion coefficient for momentum
(Chapter 17)

thermal diffusivity = K/pc (Chapter 10)

large-scale eddy diffusion coefficient for heat (Chapter 17)
eddy kinetic energy

eddy diffusion coefficient for enthalpy;

horizontal kinetic energy = (z* + 27)/2

(1) eddy diffusion coefficient for momentum;
(2) mean kinetic energy

stationary eddy kinetic energy

kinetic energy in turbulent motions

transient eddy kinetic energy

eddy diffusion coefficient for water vapor

latent heat of evaporation, melting or sublimation
latent heat of evaporation (= 2501 ] g~

latent heat of melting (=334 g™ ")

(1) latent heat of sublimation ( = 2835] g~
(2) wavelength

latent heat energy
symbol for lithosphere

(1) mass of a given volume
(2) absolute angular momentum (Chapter 12)

angular momentum vector

Ekman mass transport vector = (Mg, , Mg,)
relative angular momentum

melting rate of snow and ice

Q-angular momentum

mechanical bathythermograph (ocean data)
baroclinicity vector (Chapter 3)
Brunt-Viisila frequency

North Atlantic Oscillation

National Meteorological Center (Washington, D.C.)
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LIST OF SYMBOLS AND DEFINITIONS

NPC
NPO
NwP

RCM

north polar cap

North Pacific Oscillation
numerical weather prediction
symbol for oceans

(1) precipitation rate in liquid or solid form;
(2) total potential energy (Chapter 12);
(3) available potential energy (Chapter 14)

pascal (= 10 dyne cm™

rate of precipitation in liquid form

eddy available potential energy

mean available potential energy

available potential energy in the oceans, atmosphere

rate of precipitation in solid form

stationary eddy available potential energy

transient eddy available potential energy

Pacific-North American oscillation

pressure torque

pressure torque over land

net horizontal flux vector of water in vapor phase = (0,, Q,)
net horizontal flux vector of water in condensed phase
={(Qer> Qco)

diabatic heating rate

rate of diabatic heating by friction

rate of diabatic heating by energy fluxes across boundaries
integrated daily value of solar radiation at top of atmosphere
quasibiennial oscillation

mean radius of the earth (~6.371 X 10° m)

gas constant for dry air (= 287 ] kg7 'K~

Reynolds number = uL/v

Richardson number

(1) Rossby number = u/fL;
(2) surface runoff

underground runoff

radiative-convective model (Chapter 17)



S(W), S(W.),
S(W.)

Sa

S 1§ Sl. > S o
SLHI

S,

SDM
SPC

SST

S

T

§X ~NQ
~

LIST OF SYMBOLS AND DEFINITIONS

(1) salinity (in °/..);

(2) solar constant (~1360 W m ™~

(3) line intensity (Chapter 6);

(4) rate of production of turbulent kinetic energy
= — p V'w'-dv/3z (Chapter 10);

(5) total entropy of the system (Chapter 15)

source of water in liquid, solid and
vapor phase

rate of energy storage in atmosphere

rate of heat storage in snow and ice, land, oceans
rate of latent heat storage in snow and ice
Sverdrup = 10°m> s~

statistical dynamical model (Chapter 17)

south polar cap

sea surface temperature

symbol for climate system

(1) temperature;

(2) period;

(3) rate of transfer of kinetic energy to turbulent eddies from
other eddies

reference or equivalent temperature (Chapter 15)

northward energy transport in atmosphere across latitudinal
wall

(1) equivalent temperature = T'(1 + Lg/c,T);
(2) radiative equilibrium temperature

northward energy transport in oceans across latitudinal wall

transport of sensible plus latent energy into oceanic polar cap in
form of snow and ice

sea surface temperature

temperature in standard atmosphere

virtual temperature = T (1 + 0.61q)

surface temperature

friction torque

friction torque over land, ocean

relative humidity = e/e;

volume of integration

portion of output signal that is fed back, input signal

precipitable water in vertical column (in vapor form)
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! precipitable water in vertical column (in condensed form)
W, W, energy states of an atom or molecule
w,W,,W, precipitable water in liquid, solid, vapor phase
XBT expendable bathythermograph (ocean data)
VA zenith angle of sun
ZPS triangle zenith—pole-sun triangle
a (1) specific volume = 1/p;
(2) half width of spectral line
ay molecular diffusivity for water vapor
B variation of Coriolis parameter with latitude = df/Rd¢
(= 1.62X107"" m~'s™! at 45° latitude)
¥ (1) environmental lapse rate = — dT/dz;
(2) Bowen constant ( = 0.61 mb °C~'; Chapter 10)
Ya dry adiabatic lapse rate = g/c,
é declination of the sun
oém mass element
114 volume element
5p stability measure ocean = p(z + §) — pg, (2)
£ (1) infrared emissivity surface;
(2) quantum of energy
£ weighted band emissivity
£; emissivity at wavelength A =1, /B(A,T)
4 (1) vertical component of the vorticity

(2) displacement in 2-direction

7 (1) absolute vorticity;
(2) height of sea level (Chapter 11);
(3) efficiency heat engine (Chapter 14)

K =R,/c,( = 0.286)
A (1) longitude;
(2) wavelength
n dynamic coefficient of viscosity
i chemical potential of element ¢
pum micrometer
v (1) kinematic coefficient of viscosity = u/p;

(2) frequency =c/A
p density

PrsPs density of liquid, solid water suspended in air



PeoL

Ogis> TLH>
Orads IsH

0,

T 7o

LIST OF SYMBOLS AND DEFINITIONS

local potential density

(1) Stefan-Boltzmann constant
(=5.6701X10"*Wm~ 2K~ *;
(2) measure of ocean density (in kg m~*) = p(T}S, p) — 1000;
(3) rate of generation of entropy;
(4) sigma coordinate = p/p, (Chapter 17)

rate of entropy generation associated with kinetic energy
dissipation, latent heat release, radiational heating,
sensible heating

measure of ocean density (in kg m ) = p(T, S, p,) — 1000,
where p,, is pressure at ocean surface

(1) surface stress;
(2) transmissivity (Chapter 6);
(3) time period

diffuse transmissivity

surface stress vector (positive if momentum is transferred up-
ward)

3-dimensional stress tensor = p ¢'c’
transmissivity at wavelength A =1, /I,

(1) latitude;
(2) geopotential = ¢, — Q%

earth’s gravitational potential
streamfunction for mass
streamfunction for energy
streamfunction for angular momentum
streamfunction for water vapor

(1) vertical velocity in (x, 9, p,t) system = dp/dr;
(2) solid angle (element dw = cos ¢ d¢ dA)

vertical velocity in (x, y, p,t) system for condensed water in air

mean stability parameter = — (x6/pT ) (38/3p)~
=/T)rn -1
circulation of velocity field around boundary contour

slope of saturation vapor pressure versus temperature
curve = de /0T

(1) potential temperature;
(2) angle between incoming solar beam and vertical

availability = (@ + 1) — (P + 1),
product

summation
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P potential energy
Q angular velocity of the earth (7.292x 10 * rad s~
Q angular velocity vector

Special Symbols Used in Appendices A and B

@y, by5 Fourier cosine, sine, complex coefficients

{e;] set of orthogonal base vectors

e transpose vector e;
fu data vector
S function in A-space }

Fourier pair

F(k) function in wave number (k)-space

F (&), F,(k) real, imaginary parts of F(k)

f’(k) complex conjugate of F(k)

F ) Fourier transform of 4

SfA)eid) convolution of f () and g(4) = J-‘=c fA =8 gde
& phase angle for wave number &

6,(),0,(s)  phase angles

P, () covariance spectrum (co-spectrum) of f(4) and g(1) = ?“( NG
(N variance spectrum of F(4) = ?7( NFE)

Mathematical Operators
A=, — t,)"f "Adr  time average of 4

A=A4A-4 departure from time average of 4
2

[dl=@m"'"| A4di zonal average of 4

(]

A*=A4 —[A] departure from zonal average of A
4> (1) mass-weighted “vertical” average of 4
~p—p) [ aap
(2) ensemble avepxl'age (Chapter 2)

A"=4-4)> departure from vertical average
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{4} areal average of 4 over a region, polar cap, hemi-
sphere or the globe

A global mean of 4 over a constant z, p, 0 or p surface
(Chapter 14)

A (1) departure from areal average =A4 — {4}
(2) A — A (Chapter 14)
AuB union of sets 4 and B
AnB intersection of sets 4 and B
AXxB vector product of vectors A and B
AB inner product of vectors A and B
a:b inner product of tensors @ and b
94 a4 dA4 dA, 94 a4
curlA=( E_ 2 = 2 ')
¥ dz Ox dz ~ Ox ¥
94 04 a4
divA=— 424 =
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grad4 = (a_A ’% ’2{1_)
dx “dy dz

V°F = Laplacian operator of F = div grad F

Example of Nomenclature

Lodly =<[ 741> +<[za*]> +<[7][4]>

(4] vertical average of northward (meridional) transport of 4 due to
all motions

Ava)y vertical average of northward transport of 4 resulting from tran-
sient eddies

[#4 1> vertical average of northward transport of 4 resulting from sta-
tionary eddies

[3][4)> vertical average of northward transport of A4 resulting from mean
meridional circulations
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CHAPTER 1
Introduction

Historically, the study of the atmosphere and oceans, our human environment,
together with the study of our broader celestial environment of the sun, moon, and
planets, provided the initial impetus to develop the field of physics. In more recent
times astronomy, with its new discoveries, has expanded the scope of physics into its
modern breadth. However, the earth sciences of meteorology and oceanography
have had comparatively little influence on modern developments, and have often
been regarded as old, antiquated, and “solved” branches of physics with little intellec-
tual challenge.

Lately a change in view has taken place, and many physicists have become aware of
the new and, in our view, exciting developments in the earth sciences. For example,
the study of simple nonlinear systems first developed by Lorenz (1963, 1969) for the
study of climate has started a boom in this field among applied mathematicians and
physicists.

Since no single comprehensive book appears to have been published so far on the
physics of climate, our goal has been to create such a book dealing with the earth’s
climate as a physical system. The emphasis in this monograph is on a general but
concise description of what we consider to be the most important features of the
climate system consisting of the atmosphere, oceans, and cryosphere (snow and ice
fields) as its principal components.

1.1 SCOPE AND BACKGROUND

We will regard the climate in a very broad sense in terms of the mean physical state
0}' the climatic system. The climate can then be defined as a set of averaged quanti-
ties completed with higher moment statistics (such as variances, covariances, correla-
tions, etc.) that characterize the structure and behavior of the atmosphere, hydro-
sphere, and cryosphere over a period of time. This definition of climate includes the
Mmore narrow traditional concept of climate based on the mean atmospheric condi-
tons at the earth’s surface.

WF know that climate has undergone many changes in the past and that it will
Continue to change in the future. In other words, the climate is always evolving and it
must be regarded as a living entity. Thus we should avoid the misleading concept of
the constant nature of climate.

Thfollghout the text an effort will be made to focus on the various components of

€ climate system in an integrated way rather than to consider them independently

1
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and to stress the importance of physics for understanding the complex interactions
between them. Since the atmosphere is the part of the climate system in which we
live, the primary focus of attention will be on this component of the climate system.
Moreover, the rise of climatology as a science is closely related to the progress and
rapid development of meteorology as well as to the increase in our capacity to obtain
more and better observations of the atmosphere.

We, of course, accept that the processes occurring in the climate system obey the
laws of physics and that these laws must be applied in an appropriate way. Since these
laws are expressed in mathematical terms, a basic knowledge of mathematics is also
needed. Further, since changes in atmospheric composition, such as the increase in
carbon dioxide and the depletion of ozone, are observed facts it is now evident that
chemistry is becoming increasingly important. Thus the understanding of climate
requires some knowledge of the three basic sciences of physics, mathematics, and
chemistry.

Itis true that most of the climatic features can be described and interpreted without
referring to physics or mathematics. This has been the traditional approach used in
descriptive climatology. However, we think that the concepts in climatology should
be built within a physics framework in order to get the proper meaning and interpreta-
tion of the results. In fact, studies of the climatic phenomena and processes in the
light of physics during the last few decades have greatly improved our understanding
of the atmosphere, oceans, and cryosphere.

We must keep in mind that climatology is an observational science so that the
growth in understanding strongly depends on the improvement of the measurements
and observing systems. The recentimprovements come from an expansion and better
quality of the classic observing networks and the application of new technologies
(radar, laser, lidar, infrared radiometers, scatterometers, acoustic tomography, etc.).
For example, satellite-based observations have transformed our perspective of the
earth’s climate, leading us to regard it both as an integrated global system and as a
three-dimensional entity. It can be expected that these improvements will continue
in the near future.

The progress in both physical insight and in the observations is reflected in the
rapid development of comprehensive mathematical models. These models tend not
only to improve our insight into the processes that make up the climate but may also
enable us to predict future climate conditions.

The observations provide the basis for monitoring the climate and are essential to
test any theory of climate. An understanding of the climate can be gained from
diagnostic studies based on the observations analyzed in the light of the physical laws
as well as from mathematical models. In our book we will be concerned with the
trilogy formed by the monitoring of climate, diagnostic studies, and mathematical
modeling, but our main focus will be on the diagnostic studies. As indicated in Fig.
1.1, this trilogy must be decisive for the development of a theory of climate. Such a
theory would contain a broad understanding and the potential to predict climatic
change.

This last possibility to predict the climate would have strong socio-economic impli-
cations. As we know in the past, climate has been a determining factor in, e.g., the
patterns of food production and the distribution of populations. It is also clear that
climatic fluctuations, such as the pronounced droughts in the Sahel region, episodes
of El Nino, and failing monsoon rains, have had tremendous social and economic
consequences, causing hardships on millions of people, and that such fluctuations
have exerted profound stress on the biosphere in general. Furthermore, the evidence
is growing that humans have been influencing the climate through their activities, so



INTRODUCTION

Satellites
Remote Sensing

Lidar
New Laser
Computers Technologies Acoustics
etc.
In Situ Observations Physics
Networks . o Mathematics
of Climate System Chemistry
Monitoring ‘
of Climate
THEORY

OF CLIMATE

Diagnostics
of Climate

Modeling of
Climate and
Prediction

/4
C

..
teens aneane

.

Applications
Social, Economic, Ecological

FIGURE 1.1. Schematic diagram showing the scope of the book.



PHYSICS OF CLIMATE

and to stress the importance of physics for understanding the complex interactions
between them. Since the atmosphere is the part of the climate system in which we
live, the primary focus of attention will be on this component of the climate system.
Moreover, the rise of climatology as a science is closely related to the progress and
rapid development of meteorology as well as to the increase in our capacity to obtain
more and better observations of the atmosphere.

We, of course, accept that the processes occurring in the climate system obey the
laws of physics and that these laws must be applied in an appropriate way. Since these
laws are expressed in mathematical terms, a basic knowledge of mathematics is also
needed. Further, since changes in atmospheric composition, such as the increase in
carbon dioxide and the depletion of ozone, are observed facts it is now evident that
chemistry is becoming increasingly important. Thus the understanding of climate
requires some knowledge of the three basic sciences of physics, mathematics, and
chemistry.

Itis true that most of the climatic features can be described and interpreted without
referring to physics or mathematics. This has been the traditional approach used in
descriptive climatology. However, we think that the concepts in climatology should
be built within a physics framework in order to get the proper meaning and interpreta-
tion of the results. In fact, studies of the climatic phenomena and processes in the
light of physics during the last few decades have greatly improved our understanding
of the atmosphere, oceans, and cryosphere.

We must keep in mind that climatology is an observational science so that the
growth in understanding strongly depends on the improvement of the measurements
and observing systems. The recentimprovements come from an expansion and better
quality of the classic observing networks and the application of new technologies
(radar, laser, lidar, infrared radiometers, scatterometers, acoustic tomography, etc.).
For example, satellite-based observations have transformed our perspective of the
earth’s climate, leading us to regard it both as an integrated global system and as a
three-dimensional entity. It can be expected that these improvements will continue
in the near future.

The progress in both physical insight and in the observations is reflected in the
rapid development of comprehensive mathematical models. These models tend not
only to improve our insight into the processes that make up the climate but may also
enable us to predict future climate conditions.

The observations provide the basis for monitoring the climate and are essential to
test any theory of climate. An understanding of the climate can be gained from
diagnostic studies based on the observations analyzed in the light of the physical laws
as well as from mathematical models. In our book we will be concerned with the
trilogy formed by the monitoring of climate, diagnostic studies, and mathematical
modeling, but our main focus will be on the diagnostic studies. As indicated in Fig.
1.1, this trilogy must be decisive for the development of a theory of climate. Such a
theory would contain a broad understanding and the potential to predict climatic
change.

This last possibility to predict the climate would have strong socio-economic impli-
cations. As we know in the past, climate has been a determining factor in, e.g., the
patterns of food production and the distribution of populations. It is also clear that
climatic fluctuations, such as the pronounced droughts in the Sahel region, episodes
of El Nifio, and failing monsoon rains, have had tremendous social and economic
consequences, causing hardships on millions of people, and that such fluctuations
have exerted profound stress on the biosphere in general. Furthermore, the evidence
is growing that humans have been influencing the climate through their activities, so
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that it is of utmost importance to be able to know in advance the implications of any
new actions, which is only possible through a better theory and understanding of
climate and climate change.

1.2 LAYOUT OF THE BOOK

The material presented is based largely on direct, in situ observations complement-
ed with some satellite observations, and is chosen to best convey to the reader our
knowledge and understanding of the physical processes that maintain the present
climate. We concentrate on the discussion of the large-scale, long-term mean climate
over the globe, its annual cycle, and its fluctuations with time scales up to several
decades.

Following the schematic outline of the book shown in Fig. 1.2 we first describe in
Chap. 2 the state and behavior of the total climate system composed of the atmo-
sphere, oceans, cryosphere, lithosphere, and biosphere, each one with a different
range of time and space scales. We further discuss why the climate system is such a
highly interactive and complex system with many feedbacks. We will see that
changes in one part of a subsystem may eventually affect all other parts of the climate
system and that feedback processes from the slower subsystems, such as the oceans
and glaciers, can initiate fluctuations with a long time scale in the faster subsystems,
such as the atmosphere. In fact, this feedback process can lead to what we may call
climatic cycles and climate trends. For example, during El Nifo the predictability of
the behavior of the atmosphere may increase substantially.

The basic equations, as presented and explained in Chap. 3 and the averaging
schemes used to synthesize the various properties of the general circulations in the
atmosphere and oceans as given in Chap. 4, lay the theoretical basis for the later
chapters. The observational foundations are given in Chap. 5 where the original
observations, the reduction of the observations into representative statistics, and
various objective analysis techniques are discussed. Chapter 5 is supplemented by a
set of Appendices dealing with various techniques of data reduction and analysis. We
may note here that only since World War II has the systematic study of the atmo-
sphere and oceans become feasible on a global scale, mainly through the increase of in
situ observations. During the last one or two decades, global observing networks have
become available in which satellites play a central role not only as remote observing
platforms in space for homogeneous monitoring of the atmosphere and the earth’s
surface at regular time intervals, but also as collectors of more standard in sizu obser-
vations. Besides the atmospheric data, satellites provide us, for the first time, with
direct measurements of the fluxes of radiant energy entering and leaving the atmo-
sphere.

The radiation laws necessary to understand the transfer of radiant energy (solar
and terrestrial) through the atmosphere and the emission of long-wave radiation by
the various components of the climate system are presented in Chap. 6. This chapter
also contains a discussion of the observed planetary radiation balance. This balance
is, of course, of utmost importance because radiation forms the basic driving factor
for practically all processes occurring in the climate system and for all atmospheric
and oceanic motions. Essentially all the energy that enters the earth comes from the
sun.

The observed mean states of the three principal climatic components, i.e., the
atmosphere, oceans, and cryosphere, are given in Chaps. 7-9. Together with the later
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chapters on the balance equations they form the main bulk of this book. Next, the
exchange processes at the earth’s surface are formulated in Chap. 10. Because of the
lack of direct observations and the uncertainties in the transfer formulas used, thisisa
relatively weak spot in our understanding of the climate system.

) A more physical understanding of the climate system can be gained from the mate-
Nal given in Chaps. 11-14 on the angular momentum, water, and energy cycles.
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These cycles clearly show the relative importance of the atmosphere, oceans, cryos-
phere, and solid earth in maintaining the various balances and what processes transfer
angular momentum, water, and energy from one region of the globe to another or
between the different media. The energy generation, conversion, and dissipation
rates in the atmosphere and oceans, and estimates of the efficiency of the atmosphere
and oceans regarded as heat engines are discussed in Chap. 14. Chapter 15 addresses
the question of how entropy, a measure of the disorder in the climate system, is
generated and exported to outer space.

Some statistics on climatic fluctuations and trends observed in the atmosphere
ranging from intermonthly to interdecadal time scales are presented in Chap. 16.

In view of the paramount importance of mathematical climate models for simulat-
ing, understanding, and possibly predicting climate, we give in Chap. 17 an evaluation
of the foundations, structure, and status of the various models now in use. In general,
these models are based on physically sound formulations of the different processes
that occur and make up the climate. We stress the importance of simple models for
clarifying the mechanisms involved in the various atmospheric and oceanic processes
leading to a better understanding of the complex interactions between the various
components of the climate system. However, our main emphasis will be on the large-
scale general circulation models (GCM’s) of the atmosphere and ocean, since they
lead to the most realistic climate simulations. GCM’s have been playing an important
role in investigating the various physical factors that shape the climate, and in assess-
ing the possible impact of man’s activities on the climate.

As a final note, we may add that the development of the electronic computer and its
application to numerical weather forecasting (e.g., Smagorinsky, 1983) has enabled
meteorologists to give, for the first time, quantitative forecasts based on the basic
laws of physics. As mentioned earlier, similar numerical models with high spatial and
temporal resolutions now provide reasonably accurate simulations of the average
climatic conditions in the atmosphere and oceans, their seasonal climatology, their
regional structure, and, to some extent, their natural year-to-year variability.

In a sense, this development comes in the nick of time. Man’s impact on the local
environment is evident all around us and, as shown in Chap. 16, even globally there is
strong evidence of important changes due to human activity. We may mention the
measured steady rate of increase in atmospheric CO, since the beginning of the
industrial revolution and the first claims that the predicted rise in tropospheric tem-
perature is already detectable above the “climate noise.” General circulation models
are giving us tentative answers as to what to expect for regional changes in tempera-
ture and precipitation patterns as a function of CO, concentration. In the near
future, such predictions may affect national and international policy decisions re-
garding, e.g., the use of coal or thermonuclear fuel as alternative energy sources.

The selection of topics included in this book represents, of course, our personal
choice and is determined by what we consider to be most important as well as by our
areas of expertise. Thus we have excluded such topics as

(1) The classification of climate types (see, e.g., Trewartha, 1968).

(2) Atmospheric and oceanic tides and other diurnal variations, because they are
not thought to directly affect the large-scale circulations.

(3) Gravity waves, in spite of their apparent importance in determining some of the
vertical structure in the atmospheric winds.
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(4) Climatic effects of the atmosphere above the lower stratosphere (i.c., above
about 20-km height), because the data are sparse and also because it contains
less than 5% of the total atmospheric mass.

(5) Climatic variations longer than several decades, because of the lack of direct
observations and because our primary focus is on the present-day climate.
There are many excellent books that deal with the paleoclimatic records (e.g.,
Lamb, 1972; Lamb, 1977; Budyko, 1982; and Crowley and North, 1991).

Some other outstanding works have been published related to certain other aspects
of the earth’s climate. Among those we should refer to the monograph
The Nature and Theory of the General Circulation of the Atmosphere by Edward N.
Lorenz (1967), now considered to be a classic, and in dealing with yet larger systems,
such as the atmospheres of Jupiter and the Sun, we should mention the work Physics of
Negative Viscosity Phenomena by the late Victor P. Starr (1968).
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CHAPTER 2
Nature of the Problem

2.1 INTRODUCTION

In order to understand the mechanisms and the physical processes responsible for
the climate it is necessary to first have a clear picture of the characteristic features of
the structure and behavior of the climate.

Since the atmosphere is a thermo-hydrodynamical system, it can be characterized
by its composition, its thermodynamical state as specified by the thermodynamic
variables, and its mechanical state (motions). A complete description of the state of
the atmosphere should also include other variables, such as cloudiness, precipitation,
and diabatic heating which affect the large-scale behavior of the atmosphere. Tradi-
tionally, the most important elements of the climate are considered to be the tempera-
ture and precipitation. Itis on the basis of these elements that the climates are usually
classified. By and large their geographical distribution shows warm and moist cli-
mates in the low latitudes, warm and much drier climates in the subtropics, temperate
and moist climates in mid to high latitudes, and, finally, cold and dry climates in the
polar and subpolar regions. However, we know that this distribution does not give a
complete description of the local and regional climates. We have to also consider the
land-sea contrast and the moderating influence of the oceans on the temperature; the
effects of mountains on precipitation, cloudiness, and temperature; the influence of
the ice fields on the temperature; and other similar influences.

Itis well known that the climate is modulated by both external and internal factors.
The external factors may be grouped into (a) general factors such as the solar radi-
ation, the sphericity of the earth, the earth’s motion around the sun and its rotation,
the existence of continents and oceans; and (b) regional and local factors, such as
distance to the sea, topography, nature of the underlying surface, vegetation cover,
and proximity to lakes. Internal factors deal with the intrinsic properties of the
atmosphere, such as the atmospheric composition, various instabilities, and the gen-
cral circulation.

The atmosphere (), as a thermodynamic system, cannot be considered separately
from its neighboring systems (see Fig. 2.1). The adjoint systems are the hydrosphere
("), including the oceans (), lakes, and rivers, the cryosphere (¢') formed by the
snow and ice masses of the earth, the underlying lithosphere (.#”), and the marine and
terrestrial biosystems (). Although these natural systems are very different in their
composition, physical properties, structure, and behavior, they are all linked together
by fluxes of mass, energy, and momentum forming a world-wide system, the so-called

8
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NATURE OF THE PROBLEM

climatic system. As we will see, the total climatic system (%) is extremely complex
due to the nonlinear interactions of its components.

At this point, it is important to make clear the distinction between weather and
climate. Weather is concerned with detailed instantaneous states of the atmosphere
and with the day-to-day evolution of individual synoptic systems. The atmosphere is
characterized by relatively rapid random fluctuations in time and space so that the
weather, identified as the complete state of the atmosphere at a given instant, is
continuously changing. The climate, on the other hand, can be considered as the
“averaged weather,” completed with some measures of the variability of its elements
and with information on the occurrence of extreme events. Thus we may note that
the same variables that are relevant in the weather and in other branches of meteorol-
ogy are also those that are important in the characterization of climate. However,
what distinguishes the problem of climate from the problem of weather is the neglect
of details of the daily fluctuations in the state of the atmosphere. Instead, we include
in climate the various statistics produced by considering an ensemble or a sequence of
instantaneous states, so that the climate is independent and free from the statistical
fluctuations that would characterize any individual realization. Thus we see that the
thermo-hydrodynamical conservation laws for mass, momentum, and energy that
form the physical foundation for studying the instantaneous behavior of the atmo-
sphere, i.e., the weather, are essentially the same as those required for studying the
physics of climate.

To facilitate the later analyses it seems convenient to first review some general
concepts about systems.

2.2 BASIC CONCEPTS OF
THERMODYNAMIC SYSTEMS

We will define a system, within the framework of thermodynamics, as an arbitrary
geometric portion of the universe with fixed or movable boundaries (walls) which
may contain matter, energy, or both (Tisza, 1966). The whole universe will be divid-
ed into two parts: the system and the surroundings or the environment.

2.2.1 State of a system, extensive and intensive properties

] The state of a system is specified by a set of physical additive or extensive proper-
ties represented by the variables X, X,,..., X, necessary for a description of the
System. These variables are proportional to the size of the system. As examples we
have the volume, the masses of individual components, the internal energy, and the
entropy. A composite system is a union of spatially adjoint or nonoverlapping simple
Systems separated by conceptual or real partitions (walls) (see Fig. 2.2). The simple
Systems that form the composite system are called subsystems. The amount of the
Quantity X, for the global system is then the sum over all subsystems a of X7,i.e.,
X = 3, X! The set of all X; specifies the state of the composite system.

) The amount of X, transferred from system a to an adjacent system & during a
8lven interval of time is denoted by X“*. Such a transfer leads to a change of the state
of the system and the system is said to undergo a thermodynamic process (see Fig. 2.2).
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THE TOTAL CLIMATE SYSTEM AND ITS SUBSYSTEMS
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FIGURE 2.1. Schematic diagram of the total climate system and its subsystems, highlighting
some aspects of the hydrological cycle.
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When X, is conserved it obeys a continuity equation, so that the net increase AX?of
X, for the subsystem a is such that

AX? 4+ 3 X2 =0, 2.1
b

where the summation is taken over all subsystems b involved in the transfer of X,.

When X¢*#0 we will say that the systems a and b are interactive or coupled by
means of X, exchanges. If X** = 0, the systems a and 4 are uncoupled and the wall
anb is said to be restrictive for X.

The state of a system may also be specified in terms of intensive properties P;
which are local in character, independent of the size and total mass of the system, and
are defined at a given point and at a given instant. The intensive properties may vary
both in space and time and can be regarded as defining a field. As examples of
intensive properties we have temperature, pressure, forces, and velocities.

The size of a system may be characterized by a scale factor such as its volume or
its mass. We will define the density of a property X, as the ratio of the amount of X,
and the chosen scale factor. Where this scale factor is mass M, the densities are called
specific quantities (x;, = X,/M). The densities are also regarded as intensive prop-
erties.

In general, the intensive and extensive variables are paired (conjugate) in the
energy, which means that the product of P, and X, has the dimension of energy.

2.2.2 Classification of thermodynamic systems

A transfer of an extensive property across the boundary of a system, X, will
induce variations inside the system a in both its extensive and intensive properties.
For example, if we identify X, with energy, the entropy, pressure, and temperature in
system @ will change if energy is transferred across the boundary anb. When the
boundary is restrictive for all quantities X, so that the transfers vanish, the system is
said to be an isolated system. In a more limited sense an isolated system is one that
does not exchange energy with its surroundings. When a boundary is restrictive only

for matter (i.e., the boundary is an impermeable wall) the system is said to be closed.

A system in which the transfers of matter and energy are allowed is called an open
system. Most natural systems, such as the atmosphere, oceans, and biosphere, belong
to this group. Open systems are sustained by a continuous supply and removal of
matter and energy. They may attain a steady-state condition in which the properties
are invariant when averaged over a given time interval. However, the instantaneous
values of the open system may undergo oscillations due to the existence of net fluxes
across the boundaries.

Open systems can be classified into three main categories: decaying, cyclic, and
randomly fluctuating systems. Decaying or dissipative systems consume their own
™mass or energy, or both (e.g., river runoff during a dry season). Cyclic systems follow
animposed regular oscillatory behavior (e.g., systems forced by the diurnal or annual
cycles). Randomly fluctuating systems change in an irregular way with fluctuations
unpredictable in time and unpredictable as to their size (e.g., turbulent whirls in the
atmosphere).

Cascading systems are important in nature. A cascading system is a chain of open
subsystems which are dynamically linked by a cascade of matter or energy so that the
output of mass or energy from one subsystem becomes the input for the next subsys-
tem. Many of the processes observed in nature can be described in terms of cascading
Systems, such as the hydrological cycle and the cycle of incoming solar radiation. The
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input can be partially stored in one of the subsystems, which may then act as a
regulator, controlling the amounts of mass or energy available as output for the next
subsystem. However, the regulator may also be external to the system.

2.2.3 Forced and free behavior of open systems

The characteristics and physical behavior of the various subsystemsina compos-
ite system may differ substantially in space and time. It is then convenient to sepa-
rately consider one subsystem or a combination of subsystems with similar (but not
identical) behaviors (e.g., the oceans and the atmosphere). These form an internal
system that is embedded in an external system consisting of the remaining subsystems
(e.g., ice masses and land) and the environment. In general, we assume that the time
scale characterizing the behavior of the internal system is much shorter than that of
the external system, so that the external system can be considered to be in a steady
state. Through the boundary conditions the external system may influence the be-
havior of the internal system leading to a forced adjustment of the internal properties
of the system, the so-called external forcing.

To analyze the stability of the internal system, we will consider a small but finite
perturbation within one of the subsystems. The initial perturbation may die away
(stable case) or grow (unstable case). Inthe unstable case, the perturbation will result
in a completely different new state of the internal system, but when the perturbation
is caused by an almost periodic external forcing, it may lead to an oscillatory response
of the internal system.

We know that under certain conditions a system may undergo fluctuations of
various time scales. These variations may be caused by changes in the external forc-
ing, called forced variations (e.g., diurnal and seasonal variations), or they may be
independent of any external influences and due to internal feedbacks and instabili-
ties. It is clear that the latter variations, called free variations, are associated with
nonlinearities inside the system which may create the conditions for the growth of
small instabilities (e.g., generating cyclonic disturbances). Negative feedbacks will
have a stabilizing influence, whereas positive feedbacks can lead to pronounced
instabilities independent of any external forcings (see Sec. 2.5).

2.2.4 Random systems

Let us consider an open randomly fluctuating system subject to steady boundary
conditions, and let us assume that this system behaves in a “turbulent regime,” going
through many different physical states. The system may seem hopelessly complicat-
ed, but the complexity itself provides a basis for the successful analysis through a
statistical approach. Since we are not concerned with the detailed behavior of each
individual state we can apply statistical arguments, as long as the number of states is
sufficiently large, which is usually the case.

It is important to keep in mind that when we want to describe a situation from a
statistical point of view (using probabilities) it is always necessary to consider an
assembly of events. In the present case we will call it an ensemble, §ising the approach
of statistical mechanics. An ensemble consists of a large number N (in principle
N— ) of identically constructed systems each of which is in a state'that is indepen-
by an infinite number of mental reproductions or replicas of the state of the same
system. Anensemble is primarily a conceptual aid to get a better understanding of the
physical behavior of a system.
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The probability of occurrence of a certain event (state) is then defined with
respect to this particular ensemble and is given by the fraction of members in the
ensemble that are characterized by the occurrence of this specific event (state). The
properties of the ensemble are described by a probability distribution.

Since the state variables are random functions of time, we can use two types of
statistical averages (Reif, 1965). The first of these is the ensemble average of a state
variable y(¢) at a given instant of time, where the average is taken over all members of
the ensemble. The ensemble average, denoted by {y (z)), is given by

=t i oy 22)

where y*(¢) is the value of y (¢) in the kth member of the ensemble and N is the very
large number of members in the ensemble.

The second average of interest is the time average of y (r) for a given member of the
ensemble over some long-time interval 27 (where 7— ). The time average is denoted
by an overbar, so that for the kth member of the ensemble it is given by

T__L . k ’ ’
o=+ f Sty 23)

In more pictorial terms, if the member states are arranged in the vertical and time in
the horizontal direction, we can say that the ensemble average is taken vertically for a
given time ¢, whereas the time average is taken horizontally for a given member k. We
note that the time average and ensemble average operators commute:

G= b

Now consider a situation which is statistically stationary with respect to y. This
means that there is no preferred origin in time for the statistical description of y so
that the same ensemble results when all member functions y*(¢) of the ensemble are
shifted by an arbitrary amount in time. For such stationary ensembles there is a
connection between ensemble and time averages, if we assume that y*(¢) for each
member of the ensemble in the course of a sufficiently long time passes through all
different states accessible to it. This is the ergodic assumption. Under this assump-
tion the time average is equivalent to the ensemble average. Hence, in such a station-

ary ensemble the time average of y taken over some very long-time intervals must be
independent of time . Furthermore, the ergodic assumption implies that the time

average must be the same for essentially all systems of the ensemble: y*(r) =3 in-
dependent of k. Similarly in such a stationary ensemble the ensemble average of y
must be independent of time: <y (£)) = {y).

In conclusion, for a stationary ergodic ensemble,

Gy =3y 249

!ﬂ other words, ensemble averages that are averages at a fixed time over all members
I an ensemble can be replaced by time averages over a single member.

2.3 COMPONENTS OF THE CLIMATE SYSTEM

We will discuss in more detail the various components of the climate system, such
as the atmosphere, hydrosphere, cryosphere, and lithosphere.
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2.3.1 Atmosphere

The earth’s atmosphere is a comparatively thin film of a gaseous mixture which is
distributed almost uniformly over the surface of the earth. In the vertical direction,
more than 99% of the mass of the atmosphere is found below an altitude of only 30
km. Incomparison, the horizontal dimensions of the atmosphere may be represented
by the distance between the north and south poles, and is on the order of 20 000 km.
If proportions were preserved, the thickness of the atmosphere would be represented
on an ordinary office globe by scarcely more than the thickness of a coat of paint.
However, in spite of its small relative mass and thickness, the atmosphere constitutes
the central component of the climatic system. It shows an impressive amount of
detail and great variability of its properties both in time and space.

The atmosphere can be divided into several layers which differ in composition,
temperature, stability, and energetics (see Fig. 2.3). Starting from the surface, the
main layers are the troposphere, stratosphere, mesosphere, and thermosphere, sepa-
rated by conceptual partitions called pauses (e.g., tropopause). The composition of
the atmosphere up to the mesopause is practically uniform with regard to the concen-
trations of nitrogen, oxygen, and other inert gases. Among the variable components,
water vapor is predominant in the lower troposphere and ozone in the middle strato-
sphere. Carbon dioxide is well mixed below the mesopause. The composition of the
atmosphere is further complicated by the presence of various substances in suspen-
sion, e.g., liquid and solid water (clouds), dust particles, sulfate aerosols, and volcanic
ash. The concentrations of these aerosols also vary in time and space.

The response time of the atmosphere to an imposed change is much shorter than
that of any other component of the climatic system. By response or relaxation time
we mean the time it takes for a system to re-equilibrate to a new state after a small
perturbation has been applied to its boundary conditions or forcing. The response
time of the atmosphere is on the order of days to weeks and is due to its relatively large
compressibility and low specific heat and density. These properties make the atmo-
sphere more fluid and more unstable. The troposphere shows a large-scale general
circulation with eddy motions in midlatitudes such as the weather systems and ran-
dom, turbulent motions mainly in the planetary boundary layer and near the jet
streams. Because of gravity, the atmosphere is stratified with the densest layers at the
surface, and the atmosphere is in a state of almost hydrostatic equilibrium in the
vertical.

The atmosphere is set into motion primarily through differential heating by the
sun. Thus the study of atmospheric motion is, basically, a problem in convection
under the influence of rotation. It is a complex process because the motions of the
atmosphere are influenced by many factors besides the rotation of the earth, such as
inhomogeneous thermodynamic and mechanical surface conditions. However, when
we disregard the irregular details of the flow, we find a pronounced tendency for the
motions of the atmosphere to be organized on a global scale.

Historically, the first important discovery of the interrelationships between the
behavior of the atmosphere in one area of the globe and that in other areas was made
by the early navigators who noted the existence of an extensive and persistent easterly
flow of air (i.e., the trade winds) at sea level in low latitudes. Later the discovery of
the meandering westerly currents which encircle the globe throughout most of the
depth of the atmosphere has given substance to the concept of the general circulation
asa planetary phenomenon, the behavior of which is governed by broad-scale condi-
tions rather than by the local vagaries of the weather.
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FIGURE 2.3. Idealized vertical temperature profile according to the U.S. Standard Atmosphere
(1976). Also shown are the names commonly used for the various layers and pauses in the atmo-
sphere from Wallace and Hobbs (1977).

To demonstrate the great variability of the processes occurring in the atmo-
Sphere and to show the relative importance of the different scales of motion we
Present a spectrum of the kinetic energy with periods between seconds and several
¥ears in Fig. 2.4. Most of the kinetic energy is concentrated in the low frequencies,
hamely, at 10, around 10 ~ ', and between 10 ~ 2and 10 ~ > day ~ '. The first and third
Peaks are associated with the diurnal and annual cycles, whereas the second maxi-
Mmum (days to weeks) is associated with large-scale transient disturbances that occur
In midlatitudes along the polar front. The relative maximum around 10° day ~'is
fiue to small-scale turbulent motions which, combined with molecular friction, are
Included in the internal energy. Thus we will not regard them as part of the kinetic
€nergy of the circulation, in spite of their importance in the boundary layers of the
tmosphere and oceans.
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FIGURE 24. Spectrum of atmospheric kinetic energy between 10 *and 10° days adapted from
Vinnichenko (1970). The kinetic energy spectrum is tentative and somewhat schematic since it is
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one, nevertheless, wants to preserve the area under the curve to be equal to the total variance
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2.3.2 Hydrosphere

The hydrosphere consists of all water in the liquid phase distributed on the earth.
Itincludes the oceans, interior seas, lakes, rivers, and subterranean waters. By far the
most important for climatic studies are the oceans. They cover approximately two-
thirds of the earth’s surface so that most of the solar radiation reaching the globe falls
on the oceans and is absorbed by them. Because of their large mass and specific heat
the oceans constitute an enormous reservoir to store energy. Energy absorbed by the
ocean results in a relatively small change of the surface temperature as compared to
the change that would occur over land. Due to their thermal inertia the oceans act as
buffers and regulators for the temperature. Since the oceans are more dense than the
atmosphere, they also have a larger mechanical inertia and a more pronounced strati-
fication. The upper part of the ocean is the most active. It contains a surface mixed
layer with a thickness on the order of 100 m.

The oceans show much slower circulations than the atmosphere. They form
large quasihorizontal circulation gyres with the familiar ocean currents and slow
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thermohaline overturnings (i.e., overturnings that are due to density variations asso-
ciated with changes in temperature and salinity). On a smaller scale the circulation
also shows eddies, but turbulence is much less pronounced than in the atmosphere.
The response or relaxation time for the ocean varies within a wide range that extends
from weeks to months in the upper mixed layer to seasons in the thermocline (found
at several hundred meters depth), to centuries or millenia in the deep ocean. The
ocean currents transport part of the heat stored in the oceans from the intertropical
regions where there is an excess of heat due to the more intense incident solar radi-
ation toward colder midlatitude and polar regions.

The atmosphere and oceans are strongly coupled. Air—sea interactions occur on
many scales in space and time through the exchange of energy, matter, and momen-
tum at the atmosphere—ocean interface as can be seen, e.g., from air masses modifica-
tions, such as from maritime to continental air. The exchange of water vapor through
evaporation into the atmosphere supplies the water vapor and part of the energy for
the hydrological cycle leading to condensation, precipitation, and runoff. On the
other hand, precipitation strongly influences the distribution of ocean salinity.

There are internal interactions in the atmosphere and oceans mainly when and
where the gradients of their intensive properties (e.g., temperature and salinity) are
large.

The lakes, rivers, and subterranean waters are essential elements of the terrestrial
branch of the hydrological cycle and thereby are an important factor in the global
climate. They also influence the climate on a regional or local scale. For example,
rivers are an important factor in the ocean salinity near the coasts.

2.3.3 Cryosphere

The cryosphere comprises the large masses of snow and ice of the earth’s surface.

It includes the extended ice fields of Greenland and Antarctica, other continental
glaciers and snow fields, sea ice, and permafrost. The cryosphere represents the
largest reservoir of fresh water on the earth, but its importance to the climatic system
results mainly from its high reflectivity (albedo) for solar radiation and its low ther-
mal conductivity. Since continental snow cover and sea ice change seasonally they
lead to large intra-annual and sometimes interannual variations in the energy budgets
of the continental regions and of the upper mixed layer of the ocean. In addition to
Seasonal variations of the cryosphere, large changes may occur over much longer
periods of time. Due to the high reflectivity of snow and ice for solar radiation (see
Table 6.1) and the low thermal diffusivity of sea ice compared to that of stirred water
(see Table 10.1), the snow and ice fields act at high latitudes as insulators for the
underlying land and waters, preventing them from losing heat to the atmosphere.
The strong cooling of the atmosphere near the earth’s surface stabilizes the atmo-
Sphere against convection and contributes to the occurrence of a colder local climate.
) The large continental ice sheets do not vary rapidly enough to influence the
climate on a seasonal or interannual basis. However, they play a major role in climatic
Char}ges on much longer time scales up to tens of thousands of years, such as the
glacnal and interglacial periods that have occurred during the Pleistocene. A glacia-
tion will lower sea level considerably, possibly on the order of 100 m or more, thus
affecting the shape and boundaries of the continents. Owing to their large mass and
Compactness, the ice sheets develop a dynamics of their own with very slow motions.
OCcasionally ice sheets over the oceans may break up, forming icebergs. Mountain
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glaciers move slowly downward under the action of gravity and may spread or disap-
pear in the course of centuries depending on local accumulation of snow and on the
temperature.

2.3.4 Lithosphere

The lithosphere includes the continents whose topography affects air motions,
and the ocean floor. Excluding the upper active layer, in which temperature and
water content can vary in response to atmospheric and oceanic phenomena, the lith-
osphere has the longest response time of all components of the climatic system. On
the time scales considered in this book, the lithosphere may be regarded as an almost
permanent feature of the climatic system.

There is a strong interaction of the lithosphere with the atmosphere through the
transfer of mass, angular momentum, and sensible heat, as well as through the dissi-
pation of kinetic energy by friction in the atmospheric boundary layer. The transfer
of mass occurs mainly in the form of water vapor, rain and snow, and, to a lesser
extent, in the form of other particles and dust. Volcanoes throw matter and energy
from the lithosphere into the atmosphere, thereby increasing the turbidity of the air.
The added particulate matter, as well as the ejected sulfur-bearing gases that may
condense in the stratosphere, together forming what is called aerosol, may have an
important effect on the radiation balance of the atmosphere and therefore on the
earth’s climate (e.g., Mass and Portman, 1989). There is also a large-scale transfer of
angular momentum between the lithosphere and the oceans presumably through the
action of torques between the oceans and the continents.

The soil moisture of the active layer in the continental lithosphere has a marked
influence on the local energy balance at the surface affecting the rate of evaporation,
the surface albedo, and the thermal conductivity of the soil.

2.3.5 Biosphere

The biosphere comprises the terrestrial vegetation, the continental fauna, and
the flora and fauna of the oceans. The vegetation alters the surface roughness,
surface albedo, evaporation, runoff, and field capacity of the soil. Furthermore, the
biosphere influences the carbon dioxide balance in the atmosphere and oceans
through photosynthesis and respiration. On the whole, the biosphere is sensitive to
changes in the atmospheric climate and it is through the signature of these changes in
fossils, tree rings, pollen, etc., during past ages that we obtain information on paleo-
climates of the earth.

At this point we may mention the human interaction with the climatic system
through such activities as agriculture, urbanization, industry, pollution, etc.

2.4 THE CLIMATE SYSTEM

In order to get a better understanding of the nature of the problems involved with
the climate system we will start by discussing the time scales involved and what we
mean by the state of the climate system and its variability.
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2.4.1 The nature of the climate system

As we have seen the climate system (%) is a composite system consisting of five
major interactive adjoint components: the atmosphere (.&/), the hydrosphere (%)
with the oceans (¢7), the cryosphere (¢'), the lithosphere (.¢”), and the biosphere
(A), 1.e.,

S =AdUFHVECVL VA (2.5)

As shown schematically before in Fig. 2.2, all the subsystems are open and noniso-
lated. The global climate system ./°, as a whole, is assumed to be a nonisolated
system for energy but a closed system for the exchange of matter with outer space.
The atmosphere, hydrosphere, cryosphere, and tiosphere act as a cascading system
linked by complex physical processes involving fluxes of energy, momentum, and
matter across the boundaries and generating numerous feedback mechanisms.

The components of the climatic system are heterogeneous thermo-hydrodynami-
cal systems, which can be characterized by their chemical composition and their
thermodynamic and mechanical states. The thermodynamic states are specified, in
general, by certain intensive variables (e.g., temperature, pressure, specific humidity,
specific energy, density, and salinity) whereas the mechanical state is defined by other
intensive variables that characterize the motions (e.g., forces and velocities).

The estimated time scales (which are proportional to the response time) for var-
ious components of the climatic system vary widely from one subsystem to another
and even within the same subsystem. The time scale for the atmospheric boundary
layer varies from minutes to hours; for the free atmosphere from weeks to possibly
months; for the upper mixed layer in the oceans it ranges from weeks to years; for the
deep ocean waters from decades to millenia; for sea ice from weeks to decades; for
inland waters and vegetation from months to centuries; for glaciers the time scale is on
the order of centuries; for ice sheets on the order of millenia and beyond; and for
tectonic phenomena on the order of tens of millions of years.

Due to the complexity of the internal climatic systems and on the basis of the
different response times, it is convenient to consider a hierarchy of internal systems
first taking the systems with the shortest response times so that all other components
are considered to be part of the external system. For example, for time scales of hours
to weeks the atmosphere can be regarded as the sole internal component of the climat-
ic system (../"=.c/) with the oceans, ice masses, land surfaces, and biosphere treated
as the external forcings or boundary conditions. For time scales of months to centur-
ies, the climatic internal system must include the atmosphere and the oceans
(/'=./Ur") as well as snow cover, sea ice, and the biosphere. For the study of the
variability of climate beyond centuries the entire cryosphere and the biosphere must
also be included in the internal system (*"=./U/7U'¢’U.4? ) considering the influence
of ..#” as an external forcing.

A schematic picture of the time scales for the various components of the climate
system is presented in Fig. 2.5. The figure also shows some of the external processes
that may cause fluctuations in the climate system. Thus the whole climate system
must be regarded as continuously evolving with parts of the system leading and others
lagging in time. The highly nonlinear interactions between the subsystems tend to
occur on many time and space scales. Therefore, the subsystems of the climate
System are not always in equilibrium with each other, and not even in internal equilib-
rium. The subsystems also have feedback loops that we will describe later.

The climatic system is subject to two main external forcings that condition its
global behavior, namely, solar radiation and the action of gravity. Among these exter-
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nal forcings we must consider the solar radiation as the primary factor since it pro-
vides almost all the energy that drives the climate system. The solar radiation reach-
ing the top of the atmosphere is partially transferred, partially transformed into other
forms of energy that are eventually dissipated by the general circulations of the
atmosphere and oceans, and partially used in chemical and biological processes.
Within the climate system energy occurs in a variety of forms, such as heat, potential
energy, kinetic energy, chemical energy, and short-wave solar and long-wave terres-
trial radiation. Of all the forms of energy, we may disregard the electric and magnetic
energies since they are only of importance in the very high atmosphere.

The short-wave radiation is unequally distributed over the various parts of the
climate system due to the sphericity of the earth, the orbital motion, and the tilt of the
earth’s axis. More radiation reaches and is absorbed in the tropical regions than at
polar latitudes. Taken over the globe as a whole, observations show that the system
loses about the same amount of energy through infrared radiation as it gains from the
incoming solar radiation. However, small currently unmeasurable imbalances could
occur for both short and long periods (Saltzman, 1977).

Due to the observed range of temperature between the equator and the poles, the
decrease of emitted terrestrial radiation with latitude is much less pronounced than
the decrease in absorbed solar radiation, leading to a net excess of energy in the
tropics and a net deficit poleward of 40° latitude. This source and sink distribution
provides the basic impetus for almost all thermodynamic, in general irreversible,
processes occurring:inside the climate system, including the general circulations of
the atmosphere and oceans.

As a final comment, it may be of interest to note that the entropy of the incoming
solar energy is much lower than the entropy exported by the system through long-
wave radiation. The reason for this difference is that the solar radiation originates
with a temperature on the order of 6000 K, whereas the terrestrial radiation is emitted
at a temperature of about 250 K. The change of entropy As is given by

As = AQ/T,

where AQ is the heat transferred at the temperature 7. Since the earth is, on the
average, in radiative equilibrium at the top of the atmosphere, the generation of
entropy for all internal processes in the climate system is 20 to 30 times larger than the
amount of imported entropy, as we will show later in Chap. 15. Furthermore, in view
of the importance of the frictional, diffusive, and other irreversible processes, the
climate system must be regarded as a highly dissipative system.

2.4.2 The climate state

Even under steady external forcing the internal system is always subject to ran-
dom fluctuations in time and space. We may then consider a large ensemble of
climate states corresponding to the same external forcing and apply the ideas givenin
Sec. 2.2.4 and define climate in terms of the ensemble of internal states and in terms
of a probability distribution. For fixed external forcings we assume the uniqueness of
the limiting set of statistics and accept the ergodic hypothesis so that we can replace
the ensemble averages by time averages. Then we can define a climate state as a set of
'averages over the ensemble completed with higher moment statistics, such as var-
lances, correlations, etc., together with a description of the state of the external
System (Leith, 1978).

If we consider the traditional case of the atmosphere as the internal system we can
define the climate in terms of the atmospheric state together with the mean condi-
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tions of the oceans, cryosphere, land, and other external forcings. Thus for the
atmosphere the averaging interval of time must, at least, exceed the average life span
of the synoptic weather systems in the atmosphere. We can then define climatic
states for a month, a season, a year, a decade, and so on. The traditional 30-year
averaging interval (determined by the International Meteorological Organization) to
define the climate through its mean values and the higher moments is a particular case
for the atmosphere and is still a useful concept.

For a different set of the complete external conditions we may obtain a different
climate state of the internal system so we can define a climate change as the difference
between two climate states of the same kind, such as the difference between the
climate states of two typical August months, two typical decades, etc. This difference
should include the differences between the averages and moments of higher order. A
climate anomaly will then be defined as a departure of a particular climate state for a
given interval of time from the ensemble of the equivalent states.

In our earlier discussion of weather and climate, we mentioned that the physical
laws that govern their evolution are basically the same. However, the applications of
the equations to these problems are different. In climate studies it is necessary to
consider not only the internal effects but also the complex interactions between the
atmosphere and its external system. For weather prediction, the atmosphere be-
haves almost inertially, so that slowly acting boundary conditions can be ignored. For
example, the fluctuations of the sea surface temperature and snow and ice cover can
be disregarded in weather forecasts for up to one or two weeks. Nevertheless, these
changes gradually affect the lower atmosphere, and become important when we want
to study the climate.

Starting with a given initial state, the solutions of the equations that govern the
dynamics of a nonlinear system, such as the atmosphere, result for an infinite interval
of time in a set of infinitely long-term statistics. For different initial conditions the
limiting solutions may or may not be unique (see Fig. 2.6). If all initial states ultimate-
ly lead to the same set of statistical properties, the system is ergodic or transitive. If
instead there are two or more different sets of statistical properties, where some initial
states lead to one set while the other initial states lead to another, the system is called
intransitive. If there are different sets of statistics that a transitive system may as-
sume in its evolution from different initial states through a long, but finite, period of
time, the system is called almost intransitive (Lorenz, 1969; Saltzman, 1983). In the
transitive case, the equilibrium climate statistics are both stable and unique, whereas
in the almost-intransitive case the system in the course of its evolution will show finite
periods during which distinctly different climatic regimes prevail. This may be due
to internal feedbacks or instabilities involving the different components of the climat-
icsystem. The glacial and interglacial periods in the earth’s history may be manifesta-
tions of an almost intransitive system. However, the present geological and historical
information is not yet sufficient to conclusively decide what type of solution applies
to the climate. Of course, the issues of uniqueness and stability of the solutions are
very important in the analysis of the determinism of climate (Lorenz, 1969).

2.4.3 Climate variability

The terrestrial climate has varied significantly and continuously on time scales
ranging from years to glacial periods and to the age of the earth. The variability of
climate can be expressed in terms of two basic modes: the forced variations which are
the response of the climatic system to changes in the external forcing and the free
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FIGURE 2.6. Phase diagrams showing the behavior of transitive (a), intransitive (b), and almost
intransitive (c) climate systems starting from an initial state 4. In a transitive system two different
initial states 4 and A4’ evolve into the same equilibrium state B. An intransitive system will have two
or more alternative equilibrium states 4 and B for the same boundary conditions. An almost intran-
sitive system may behave as if it were intransitive for a given period of time, shifting (e.g., at time ¢,)
to an alternative climate state B where it may remain until a time ¢,. Then after returning to climate
state 4 it may remain there or undergo further shifts.

variations due to internal instabilities and feedbacks, leading to nonlinear interactions
among the various components of the climatic system.

The changes in the purely external factors that affect the climatic system, but are
notinfluenced by the climatic variables themselves, constitute what may be called the
€xternal causes of climatic changes, whereas those changes that are related to nonlin-
¢arinteractions among the various physical processes in the internal system are called
internal causes. The distinction between the two classes of causes is not always very
clear

The external causes comprise variations in both astronomical and terrestrial forc-
“188 The astronomical factors would include changes (a) in the intensity of solar
l"l'ildlance, (b) in the orbital parameters of the earth (eccentricity of the orbit, axial
Precession and obliquity of the ecliptic); and (c) in the rate of rotation of the earth.

Among the terrestrial forcings we must consider: (a) variations in atmospheric
€omposition (mixing ratios of carbon dioxide and ozone, aerosol loading, etc.) due to
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volcanic eruptions and human activity; (b) variations of the land surface due to land
use (deforestation, desertification, etc.); (c) long-term changes of tectonic factors
such as continental drift, mountain-building processes, polar wandering, etc. Some
other possible terrestrial and astronomical forcing mechanisms have been suggested,
such as changes in solar output, the collision of the earth with interplanetary matter,
changes in volcanic activity, and changes in the geothermal flux.

The internal causes are associated with many positive and negative feedback
mechanisms and other strong interactions between the atmosphere, oceans, and
cryosphere. These processes can lead to instabilities or oscillations of the system
which can either operate independently or introduce strong modifications on the
external forcings. Let us show by some examples what we mean by the difference
between an externally forced variation and an internally free change. The seasonal or
diurnal variations of the climate are clearly related to the external astronomical forc-
ing. Butthere are day-to-day weather variations that take place independently of any
changes in external forcing. These irregular fluctuations with time scales of several
days to a week may be connected with the passage of migratory atmospheric pertur-
bations (highs and lows on the weather map) or with the passage of a frontal system.
They are to be considered free, because they result from the internal baroclinic
instability of the zonal current (see Secs. 3.5.3 and 13.3.3.5) which depends only on
the critical value of the latitudinal gradient of the temperature.

To further illustrate the large range in variability in time for the atmosphere we
present here a spectrum for the temperature (internal energy) near the earth’s sur-
face. Figure 2.7 shows an idealized variance spectrum of the atmospheric tempera-
ture during its past history as evaluated by Mitchell (1976). The analysis of the
spectrum shows several spikes and broader peaks. The spikes are astronomically
dictated, strictly periodic components of climate variation, such as the diurnal and
annual variations and their harmonics, whereas the broad peaks represent variations
that are, according to Mitchell, either quasiperiodic or aperiodic—however, with a
preferred time scale of energization. Many of these broad peaks cannot be directly
explained by the known external forcings. They indicate the existence of a strong
free variability within the system.

The peak at three to seven days is associated with the synoptic disturbances
mainly at midlatitudes. The slightly raised region of the spectrum at 100400 years is
associated with the “little ice age” that began near the early 17th Century with rapid
expansion of the mountain glaciers in Europe. The peak near 2500 years is perhaps
due to the cooling observed after the “climatic optimum,” about 5000 years ago,
which predominated during the great ancient civilizations. The next three peaks are
perhaps related to deterministic astronomical variations of the orbital parameters of
the earth, which are supposed to be responsible for the ice ages (Milankovitch,
1941): (a)the eccentricity of the orbit of the earth with a cycle of about 100 000 years,
(b) the axial precession with a cycle of around 22 000 years, and (c) the change in the
obliquity of the ecliptic or the axial tilt with a period of about 41 000 years. Finally,
the peaks near 45 and 350 million years may, according to Mitchell (1976), be related
to glaciations due to orogenic and tectonic effects and to continental drift.

For a linear system the externally forced variations would lead to a simple rela-
tionship of cause and effect: if the forcing is an oscillatory process the response of the
system would have exactly the same frequency. As we have seen, thisis not always the
case, since the internal climatic system is inherently unstable and never reaches the
equilibrium state.

In conclusion, climate variability results from complex interactions of forced
and free variations because the climate system is a dissipative, highly nonlinear sys-
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tem with many sources of instabilities. The interactive and often nonlinear nature of
the instabilities and the feedback mechanisms of the climatic system make it very
difficult to obtain a straightforward interpretation of cause and effect.

2.5 FEEDBACK PROCESSES IN
THE CLIMATE SYSTEM

Of particular importance in open systems such as the components of the climatic
system is feedback, a concept often used in electrical engineering. The feedback
mechanisms act as internal controls of the system and result from a special coupling
or mutual adjustment among two or more subsystems. Part of the output returns to
serve as an input again, so that the net response of the system is altered; the feedback
mechanism may act either to amplify the final output (positive feedback) or to dam-
pen it (negative feedback). There is a large number of such mechanisms operating
within the various components of the climatic system and between the subsystems.

2.5.1 Feedback concepts

Because of the importance and the increasing use of the feedback concept in
numerical simulations, we will give here an elementary formulation of it, using an
approach similar to that used in electrical engineering (Smith, 1987). As shown in
Fig. 2.8, the basic idea is to use a portion of the output signal to modify the input
signal. We will define the gain or transfer function of a system, G, as the ratio of the
output signal V, to the input signal V:

G=V,/V,. (2.6)
If V;: denotes the portion of the output signal that is fed back we can define a feedback
factor H:

H="V./V, .7

Therefore, the inputsignal V|, = V5 + Vr,where Vj is the initial input signal. Then
we can write [see Fig. 2.8(a)]

V=GV, =G(Vs + V) = G(Vs + HV,) = GV + GHV,. (2.8)
Let us now relate the signal input Vg to the final output ¥, by introducing an effec-
tive transfer function G which includes the feedback [Fig. 2.8(b)] so that

Gy = V,/Vs. (2.9)

Solving for V, from Eq. (2.8) and substituting ¥, into Eq. (2.9), we obtain for the gain
with feedback the following expression:

G G

= == 2.10

FETCGH 1 f (2.10)
where f = GH is the feedback of the system. Thus
G G

V,= Vs = Vs. 2.11

2 l— GH S 1 —‘f S ( )
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FIGURE 2.8. Schematic diagrams of a simple feedback loop often used in electrical engineering,
where V, is the initial input signal and V, the output signal. G, H, and G represent the gain,

feedback factor, and effective gain of the system, respectively.

If the system has several feedback mechanisms linked in series (a cascading system)
the final transfer function will be the product of the individual gains:
Ge =11,Gg;.
since, e.g.,
VilVs = (Vo Vs) (V/V3) (Vi V).
If the feedback processes are in parallel, i.e., independent of each other, the response
is linear and the feedbacks are additive so that the final gain is given by
_ G G
1-G=,H, 1-3f

Let us again consider the single feedback case given in Eq. (2.10). In the case of
zero feedback, f= 0 and Gy = G. For a negative feedback, f<0 and 0< Gy <G.
ésf becomes larger and larger negative, G tends asymptotically to zero. For posi-
tive feedbacks with 0 <f< 1, we find Gy > G. However, as f approaches unity, Gg

Pecomcs infinite. For f> 1, G would become negative, which is a physically unreal-
istic case.

Gy (2.12)

2.5.2 Applications to the climate system

Let us apply the previous concepts to the climate system. Under equilibrium
conditions, the net radiation (solar minus terrestrial) at the top of the atmosphere F.,
18zero. The mean surface temperature of the earth T, can then be regarded as one of
the responses of the climatic system to the imposed external forcings, taking into
Consideration all possible internal feedbacks.

Any external perturbations due, e.g., to changes in solar output, atmospheric
Water vapor, clouds, carbon dioxide, volcanic eruptions, etc., will induce an imbal-
ance in the net radiation at the top of the atmosphere, AFy, .If the system is damped,
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the variables of the climate system, including T ,will change in order to adjust to the
new equilibrium state. Thus we will regard AF,, as the signal input Vg for the
climate system and AT, as the output V, (see Fig. 2.9). We can then write

AT, = Gy AFy,, (2.13)

sfc
where, in this context, G is a sensitivity factor that is sometimes denoted as the gain.
Basically, it is a transfer function as we discussed above.

The transfer function G, incorporates all feedback processes that take place in
response to the externally imposed AF,. For the feedback mechanisms the input
signal is now AT, and each of the processes is characterized by a transfer function,
H;. Assuming that the feedback processes are independent (see Fig. 2.9) we can write
for the final input

APy = AFry + (3 H AT, (2.14)

Added to the external forcing AF;, is a net effect given by the second term on the
right-hand side of Eq. (2.14) resulting from internal feedback processes, acting by
themselves. Then we can write

G G
AT, =|——— | AF;, = AF. 2.15
(o) (e a9
where G is the gain without feedback and f; represents the feedbacks of the different

processes.
Without feedbacks (Z.f; = 0) the temperature response, denoted by ATE,
would, of course, be very different from AT, . The ratio of the gain with and without

feedbacks is then given by
GF AT‘sfc _ 1

(2.16)

G ATx: 1 —Z2f,
We should note that these analyses have some limitations because they do not permit
interactions among the various processes or nonlinear responses.
Since

dGe _ G
o  a-3)7

we see that Gy is sensitive to small fluctuations in f; which means that f, must be
evaluated with high precision. We see that the approach discussed here, simple as it
may be, permits us to get some insight into the corplex feedback mechanisms in the
climate system.

In general, the transfer functions can be expressed in terms of partial derivatives.
In the present case we can assume that F, depends on external variables x,, internal
variables x;, and, explicitly, on the surface temperature T, . Furthermore,
x; = x;(T,.) so that we can write the following expression for the total variation:

OF{, Ox; JF{,

OF |, ( )
AF, = Ax AT, . 2.18
TA Z;' ax. .+ Z g, I, + aT.. fi (2.18)

(2.17)

Comparing this equation with Eq. (2.14) we see that

OF{, Ox;
i S H
Z;’ dx; dT, Z '

sfc i

represents the contributions of the internal feedbacks.
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FIGURE 2.9. Example of a set of possible feedback loops in the climate system, where the input is
animbalance in the net radiation at the top of the atmosphere AF ., and the output is the change in
surface temperature of the earth. The symbols G, H,, H,,... and G represent the gain, feedback
factors, and effective gain of the climate system, respectively.

This type of analysis or some other variations of it (Schlesinger and Mitchell,
1987) are being used frequently in assessing the behavior of numerical climate mod-
els.

2.5.3 Some examples

The reflectivity (albedo) for solar radiation is a very important factor in the
energy balance. The high albedo values of snow and ice make them a dominant factor
Inthe climate mainly in the polar regions. The extent of ice and snow depends largely
on the near-surface temperature of the air. If the temperature decreases for some
Teason the amount of snow and ice will generally increase or last longer, which will
lead to an increase of the planetary albedo. Then more solar radiation will be reflect-
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ed and less energy will be available to heat the atmosphere, and the temperature of the
atmosphere—snow/ice system will further decrease.

On the other hand, suppose that the snow or ice cover decreases in extent, then
because of the decreased albedo less solar radiation will be reflected and the tempera-
ture will increase leading to a further decrease of snow or ice cover. These snow/ice~
albedo—temperature interactions are examples of positive feedbacks (see Fig. 2.9).

Changes in vegetation cover can also cause variations in the surface albedo lead-
ing to important local feedback effects, such as exemplified by progressive desertifi-
cation (Charney et al., 1977).

As another example of a positive feedback mechanism we can mention the water
vapor—greenhouse effect. Anincrease in surface temperature, in the absence of other
changes, will cause the evaporation at the earth’s surface and the amount of water
vapor in the atmosphere to increase as well. Since water vapor is a strong absorber of
long-wave radiation more terrestrial radiation will be trapped, heating the lower at-
mosphere and leading to a further increase of the temperature. If on the other hand,
the temperature becomes lower due to some other reasons (e.g., ice—albedo feedback),
the amount of water vapor decreases and the greenhouse effect becomes less effec-
tive.

Another way of expressing this same feedback mechanism is to accept that the
time-mean relative humidity at a particular altitude tends to remain almost constant
within a relatively large range of temperatures in the lower atmosphere. However,
while the relative humidity remains practically the same, the absolute humidity in-
creases rapidly with temperature. Thus an increase of temperature at constant rela-
tive humidity increases the amount of water vapor in the air leading through the
absorption of long-wave radiation to a further increase in the temperature. We
should note that the name water vapor-greenhouse effect is actually a misnomer
since heating in the usual greenhouse is due to the reduction of convection, whereas
in the case of water vapor the heating is due to the trapping of infrared radiation.
Other gases, such as carbon dioxide, can also contribute to the greenhouse effect.

As an example of a negative internal feedback, we can consider the temperature—
long-wave radiation coupling in the atmosphere. If the temperature increases, the
atmosphere will generally lose more long-wave radiation to space, thus reducing the
temperature and attenuating the initial perturbation.

Sometimes the cloudiness—temperature interaction is given as an example oﬂ a
simple feedback system. However, clouds can lead to many different feedback pro-
cesses because they are both excellent absorbers of infrared radiation and effective
reflectors of solar radiation. These two opposing effects make the clouds an essential
but very complex modulating factor in the radiation balance of the earth. The
amount of infrared radiation emitted to space depends on the temperature of the
cooler cloud tops and is generally lower than the amount of radiation emitted by the
warmer clear atmosphere and warmer earth’s surface. Thus the net amount of outgo-
ing terrestrial radiation to space is reduced by the presence of clouds and some
radiation is trapped, augmenting the water vapor—greenhouse effect. It seems that
the influence of the high reflectivity for solar radiation predominates for low and
middle clouds leading to a cooling with increased cloudiness, whereas high cirrus
clouds are more transparent to short-wave than to long-wave radiation leading to a
reinforced greenhouse effect. Itis clear that the final outcome of the various possible
cloud feedbacks is difficult to assess because it depends not only on changes in the
amount but also on changes in the type of clouds, the cloud heights, the cloud liquid
and ice water content, and the size of the cloud particles (e.g., Ramanathan er al,,
1989, and Cess et al., 1989).
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The extreme complexity of the multiple feedback interactions in the climatic
system also becomes apparent in the case of air-sea exchange. In this case, sea sur-
face temperature anomalies tend to strongly affect the thermal structure of the lower
atmosphere and eventually, through the atmospheric general circulation, they also
affect the surface wind stresses. These anomalous wind stresses form the feedback
mechanism from the atmosphere back to the oceans by generating changes in the
general circulation in the oceans that, in turn, modify the sea surface temperature
anomalies, closing the loop.

As we have seen there are in nature many positive and negative feedback pro-
cesses. However, it must be noted that a positive feedback process cannot proceed
indefinitely because it would lead to runaway situations that have not been observed
on earth but may have happened in the case of Venus. Therefore, a compensation
between positive and negative feedback processes must prevail in the mean. There is
some geological evidence (Crowley, 1983) for catastrophic changes in the climatic
state (e.g., at the end of the Cretaceous and during the sudden glaciations of the
Pleistocene) that could involve some runaway process and in which a change to a new
and different climatic state occurred.



CHAPTER 3

Basic Equations for the
Atmosphere and Oceans

Our discussion will be organized around the governing equations of the atmo-
sphere taken as one of the internal subsystems of the climatic system. These equa-
tions express the principles of conservation of mass, momentum (Newton’s second
law of motion), and energy following the approach advocated by Starr (1951). We
will assume that the atmosphere behaves as a homogeneous gaseous system that obeys
the ideal gas law when unsaturated. We will further assume conservation of water
substance in the various phases for the entire climatic system. Thus we must also
include the laws governing evaporation, condensation, and the conversion of cloud
droplets into precipitation (raindrops and snow crystals). The radiation laws express-
ing short-wave absorption, reflection, scattering, and infrared radiative transfer will
be discussed extensively in Chap. 6. We will consider here the fluid components of
the climatic system as a continuum and a thermo-hydrodynamical system. Usually a
local Cartesian coordinate system (x,y, 2, t) is used with x parallel to the latitude
circle (positive to the east), y parallel to the meridian circle (positive to th{ north), and
2 in the vertical direction (positive upward), and ¢ denoting time.

3.1 EQUATION OF CONTINUITY

The principle of conservation of mass for a given element of mass §m = péV is
given by d(p6V)/dt = 0, which leads to the equation of continuity. In fact, if we
expand the previous derivative we obtain

p dt 6V dr

>

where the right-hand side represents the relative rate of expansion of the volume
element. This expansion rate is just the three-dimensional divergence of the wind
velocity vector

_ L’ _give, 3.1)

p dt
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where c is the three-dimensional wind velocity with components u (positive if east-
ward), v (northward), and » (upward), and p is the density.
Another form of the continuity equation is given by

42 _ o dive, (3.2)

dr
where @ = p ' is the specific volume.

The time derivatives in these equations are material or substantial derivatives,
expressing the rate of change seen by an observer moving with the flow. Since the
density is a function of space and time we can expand the total derivative dp/dr as
follows:

d_p—a_p+ua_p+va_p+wa_p=a—p+c-gradp,

dr or Ox dy dz Jr

where dp/dt is the local, Eulerian time derivative, and c-grad p represents the advec-
tion of mass. Thus the equation of continuity can be written in a local form as

P _ _ div pe, (3.3)
ar
since div p ¢ = p div ¢ + c-grad p.

Under hydrostatic equilibrium, the vertical pressure gradient dp/dz balances the
gravity force pg, ordp = — pg dz. As the atmosphere is almost always in hydrostatic
equilibrium (with the exception of small-scale phenomena, such as cumulus convec-
tion), the geometrical (x, y, 2, t) coordinate system can be replaced by the (x,,,t)
system, where the pressure p is used to specify the position in the vertical rather than
the geometrical height z. In this new system the continuity equation can be written,
noting that m = — 8x5y8p/g, as

i5m=0
dr
or
1 d
—_— — (6x6 ——6
omad 5x6 d( )+ 5o a O =
or
. dw
divv+—=0, 34)
a

Wwhere v is the horizontal component of the wind vector and @ = dp/dr. The quantity
@ can be thought of as the component of velocity along the p axis. In fact, since

dp

P _% | eradp+ vl 35
2

d ot

and since gp/Jr and v-grad p are, in general, much smaller than the last term we find
that

w~w
9z
Or assuming quasihydrostatic equilibrium

o= —pgw.
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It must be pointed out that in this form of the continuity equation we are dealing with
the two-dimensional horizontal divergence, and that the equation does not explicitly
contain the density and time derivatives.

Using the longitude A and latitude ¢ instead of x and y we may define a new (1,4,p,t)
system in which the continuity equation becomes

du dvcosd | dw _
Rcos¢dh Rcos¢gdd Ip
where R is the mean radius of the earth.

0, (3.6)

3.2 EQUATIONS OF MOTION

The equations of motion are an expression of Newton’s second law, i.e., the law of
conservation of momentum. They state that, in an absolute nonaccelerating coordi-
nate system, the mass in a given volume can gain or lose momentum in three ways.
The first way is through body forces acting upon the mass, such as gravity, the second
through surface forces acting at the boundaries, such as pressure forces, and, finally
through the exchange of mass possessing different amounts of momentum across the
boundaries of the volume. The effects of friction are included. Sometimes it is
convenient to express the friction force F as a shear stress acting at the boundaries of
the volume. These stresses are important where the atmosphere and oceans are in
contact with the lithosphere or in contact with each other.

The body force for a unit mass can be expressed as the gradient of the earth’s
gravitational potential — grad ¢, . The net force per unit volume due to changes of
pressure is — grad p so that the force per unit mass is given by — (1/p)grad.p.

Now the equations of motion can be written per unit mass as

dc ‘
—4 _ —_(gradp) —grad ¢y + F, 3.7
dt P e

where ¢, is the three-dimensional velocity vector measured in a nonrotating, absolute
reference frame and F is the friction force. For a frame of reference that rotates with
the earth with an angular velocity €, the equations have to be adjusted. Let the
subscript 4 refer to quantities measured with respect to the fixed or absolute system
and the subscript r refers to quantities measured relative to the rotating frame. Thus
a point with a fixed position in the rotating system r, has a velocity Q Xr,.When the
point is moving with respect to the rotating frame its velocity relative to the fixed
frame is now given by

\

dr =di+ Qxr
&t dr '
or
¢y =c+ QXr,.

Applying this operation twice we obtain for the acceleration
dc,
dr

=%(c+ﬂ><r,)+ Qx(c+ Qxr,)

or
de
A _d saxe+ Qx(Qxr,).
dt dt
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Thus the acceleration in the inertial frame dc, /dt is expressed as the sum of the
acceleration observed in the rotating frame (the so-called apparent acceleration)
dc/dt, the Coriolis acceleration 2(2 X ¢, and the centripetal acceleration Q X (2 Xr,),
which acts inward at right angles to the axis of rotation. This last term can be written
in the form

QX (QXr)=0XQXr)= — Q°r,
where r is the radius vector of the latitude circle (jtf = R cos ¢), and it can also be
written in the form of the gradient of a scalar quantity:
Q’r = grad § (A Xr)%
The equations of motion (3.7) in the relative framework can now be written in the
form
de
- +2QXe= — (gradp)/p —grad ¢ + F,
3
where ¢ is the geopotential defined by
b= by —— VR cos’ 4,

i.e., the sum of the gravitational potential and the centripetal potential.

Finally, introducing the apparent gravity vector g = — grad ¢, we find
‘;—: = —2Q0Xc—(gradp)/p+ g+ F. (3.8)

The word “apparent” gravity implies that the centripetal force does not appear expli-
citly in the equations of motion, but is absorbed in the geopotential.

In writing the Coriolis term — 22 X ¢, on the right-hand side, Eq. (3.8) becomes
formally equivalent with Eq. (3.7). However, it includes a new apparent force which,
as the centripetal force, arises from the motion of the air with respect to the ground.
This force is the well-known Coriolis force, given in vector formby — 2Q X ¢. Itacts
normal to the velocity vector and is everywhere at right angles to the earth’s rotation
axis, or, in other words, parallel to the plane of the equator. In general, the horizontal
components of the Coriolis force have a greater significance than the vertical compo-
nent because the latter is usually negligible compared with gravity and the vertical
component of the pressure gradient force. The horizontal componentsin the A and ¢
directions are given by fv — f'w and — fu, respectively, where f = 2() sin ¢, the so-
called Coriolis parameter, and f' =2 cos . The value of f at 45° latitude is
1.03x10 *s !

The equations of motion (3.8) can be rewritten for the three individual components
in a spherical coordinate system (A,#,2,t) since we may assume, for our purposes, that
the geoid can be approximated by a sphere. For a derivation see, e.g., Holton (1972):

du tang uw . 1 op
—==—w——+fo—fw———"—4F, 3.9a
&R TR T Reosgar T (3:92)
dv tang , ovw 1
dv _ _w L 1% g 3.9b
ar R TR T R ¢20)
dw _u?  o? 1 dp
et 4 fu——"E _g4+F, 3.9¢
dt R+R+fu p 9z o @5

Where u = R cos ¢ dA/dt, v = Rdg/dr, and w = dz/dt.
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The first two terms on the right-hand side of Egs. (3.9a)—(3.9¢) are of the form &, /R
and show the influence of the geometry of the earth on the motion field. Itisinterest-
ing to point out that these terms, when multiplied by the corresponding velocity
components, do not “perform work” (generate Kkinetic energy) since
uf,/R + v€,/R + w&/R = 0. Also, the Coriolis terms involving f and f" satisfy a
similar invariance relationship, i.e., they do not generate kinetic energy.

3.2.1 Frictional effects

The friction force, which was symbolically written as F=(F,,F,,F,)
= (F,, F,, F,), is equal to the divergence of a stress tensor 7:
F= —adivr. (3.10)
The stress tensor can be written as a time covariance of the microscopic velocity
fluctuations 7 = pc'c’, where the bar indicates a time average (say for the period of an
hour) and the prime a departure from the time average. The method of notation for
the various components of the stress tensor 7 is illustrated in Fig. 3.1. Not only
molecular-scale processes but also those scales of motion that are not explicitly re-
solved in calculating the advection of momentum are lumped into the stress; it is a
kind of residual term. The friction force can be neglected except close to the earth’s
surface, the ocean bottom, and in regions of strong wind shear near the jet streams.
The “eddy friction” due to cumulus momentum mixing and breaking gravity waves
may also be important in other parts of the atmosphere.

The zonal (eastward) component of the friction force consists of three parts:

F - 1 (31‘,, 4 ar,. " ar,, )
¥ p\dx  dy 9z /

Near the earth’s surface the strongest wind shears are in the vertical direction, so
that one can neglect the first two terms in F,.Further, a flux-gradient relationship
7., = ( — 1/p)(0u/dz) (Newton’s law of viscosity) holds very well for 7, near the
surface. Thus

Fo_ Y9, 15puw  duw
¥ p dz p dz dz
dz\p dz dz\ dz

where y = dynamic coefficient of viscosity and v = u/p = kinematic coefficient of
viscosity ~1.2X 10" °m?s ™'

Since small-scale turbulent eddies in the atmospheric boundary layer are much
more efficient than viscous effects for transferring momentum, the kinematic coeffi-
cient of viscosity has to be replaced by a much larger coefficient of eddy viscosity Ky
in order to obtain realistic results:

J du
F, az(KM az)' (3.12)
For example, to include all effects of eddies up to scales of roughly 10 m an eddy
coefficient of K,y =10 'm®s ' must be used (see also Sec. 10.4). Expressions
similar to Egs. (3.11) and (3.12) can be established for F, and F,.

For the oceans, the characteristic values of the molecular and eddy kinematic
viscosities are 1.9X 10 ®m?s 'and 0.0002 — 0.75 m?s ~ ', respectively. Whereas
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the molecular viscosity is constant with depth and depends only slightly on tempera-
ture, the eddy viscosity changes with the density stratification and with the other
characteristics of the shear flow.

3.2.2 Filtering of the basic equations for the atmosphere

Equations (3.9a)—(3.9¢) can be specialized, or filtered, in order to exclude certain
phenomena, such as sound waves, that are not thought to be important for the large-
scale climate in the atmosphere and oceans. Further, because the vertical extent of
the atmosphere is small compared with its horizontal dimensions, there is the tenden-
cy for the circulations to be predominantly horizontal and in quasihydrostatic equilib-
rium. These assumptions can be incorporated into Egs. (3.9a)—(3.9¢) by selecting the
dominant terms using scale analysis (Charney, 1948). Scale analysis is basically a
technique for estimating the orders of magnitude of the various terms in the govern-
ing equations for a particular class of motions. Itis based on dimensional analysis and
on an adequate choice of the characteristic values of, e.g., the length, depth, and time
scales for the fluctuations. These characteristic values are used as basic units to
measure the various terms in the governing equations.

For the typical scales of motion in the atmosphere we assume the following
characteristic values as being representative of the observed values:

horizontal length scale L ~10°m;

depth scale H=10"m;

horizontal velocity scale #~10ms

vertical velocity scale w~10"*ms"
horizontal pressure scale Ap=~10 mb = 10° Pa;
time scale L/u=10%s.

Since 2 =7.29X 105 s~ ', the Coriolis parameter f = 2(Q sin ¢ is approximately
10~%s~ ' in middle latitudes, and we have

(ﬂ,d—v)'vu—-: 10-* ms~
dt " dt L

(d;w)~ﬂ= 10" ms
dt L

(fu,fv)~10" ms
(f'w)~10"°m s

(ﬂ ,...)~ 10 ms

R
(-i‘-’-—,...)qo-’ms*
pRI$

(LQ)~10ms‘

p dz

(Fi, F)~10"*t0 10"  ms™3

(F,)~10"°t0 10 "ms™
and

(g)~10ms~ .
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v

FIGURE 3.1. Schematic diagram showing the three stress components 7,,, 7,,and 7., on the

z = constant plane in the x, y, and z directions, respectively. The friction force is given by the
divergence of the three-dimensional stress tensor F = — a div 7.

Frictional effects can be generally neglected for synoptic-scale meotions above the
planetary boundary layer.

The filtering of the third equation of motion (3.9¢) leads to a quasibalance be-
tween the vertical pressure gradient force and gravity:

92~ —ps, (3.13)
dz

which is the condition of hydrostatic equilibrium. As mentioned earlier, it is conven-

ient, at times, to use pressure as the vertical coordinate leading to the so-called

(x,, p, t) system since pressure and height are related through Eq. (3.13).

In small-scale turbulence, cumulus convection, and meso-scale phenomena, the
vertical velocities may be of the same order of magnitude as the horizontal velocities,
and hydrostatic equilibrium conditions are not observed. However, the departures
from hydrostatic equilibrium are of short duration and confined to small regions.

If we keep only the terms of the order 10 ~ > m s ~ ?in the horizontal equations of
motion (3.9a) and (3.9b), we find an approximate balance between the horizontal
pressure gradient and the Coriolis force, the so-called geostrophic balance:

1 ap
fo,=———"% 3.14a
® pRcosgdd (3.142)

1 dp
-_L1 9r 3.14b
fig = = (3.145)

or

4

v, = R kX grad p, (3.15)
pf



BASIC EQUATIONS FOR THE ATMOSPHERE AND OCEANS

where u, and v, indicate the horizontal components of the geostrophic wind v, . The
geostrophic solutions show that the winds tend to blow parallel to the isobars with
high pressure on the rightin the Northern Hemisphere and on the left in the Southern

Hemisphere.
In the (x,y,p) system the same filtering would lead to

gz
=— 3.16

foe Rcos¢d A (3-162)

gdz
= — » 3.16b
o= — A2 G.160)

or

Vg =%kx grad g. 3.17)

The geostrophic approximation applies when the acceleration is much smaller
than the Coriolis force. The nondimensional quantity R~ (dv/dt)/ fu~u/fL,the so-
called Rossby number, sets a criterion for the validity of the geostrophic approxima-
tion. In the atmosphere, R,~ 10~ ', whereas for the oceans, R, =10 ~ > implying a
much stronger geostrophic constraint for the ocean circulations.

In Egs. (3.92) and (3.9b), u and v can be regarded as the sum of the geostrophic
components %, and 7, and the corresponding ageostrophic components u,, and v,,,
ie,u=u, +u, and v = v, + v,,. The horizontal divergence of mass is largely due
to the ageostrophic component of the flow. Of course, the geostrophic conditions are
not valid near the equator where f becomes very small. Also, close to the earth’s
surface frictional effects have to be included leading to a cross-isobaric flow and a
reduction in intensity of the wind. As in the case of the hydrostatic equation, the
geostrophic approximation is not valid for small-scale circulations.

) If we use a filter of 10 * m s ~ ? the horizontal equations (3.9a) and (3.9b) can be
written

du 1 ap

—=fo - ———+ F,, 3.18
dr fo p R cos $dd o (3-18a)
dv 1

—=—fu————+F 3.18b
di p R to (3.18b)

If We want to study global-scale circulations with length scales on the order of the
l'?dm§ of the earth, such as the quasistationary waves or the mean meridional circula-
tons in the Hadley and Ferrel cells (see Sec. 7.4.3), we have to also include some of
the metric terms so that Egs. (3.9a) and (3.9b) become

du tang 1 4
= 27 ———* _+F, 3.18¢
dt R uo+fo p Rcos ¢dA * ¢ )
dv tangd 1

f_ _ —fu —— —— +F,. 3.18d
& R ‘T e T G159

These €quations are more general than the geostrophic equations because they in-
°_|“de the accelerations and friction. They therefore become prognostic equations
(l.e.,'they contain time derivatives), whereas the geostrophic equations are only diag-
Rostic equations (i.e., they do not contain time derivatives).

39



40

PHYSICS OF CLIMATE
Assuming hydrostatic equilibrium, dp/dz = — pg, and using the mathematical
expressions for derivatives, such as
a gz a.
(i) - _ (_z) (_) = pg(_z) , (3.19)
dx /. Ix/p ap ox/,

we can rewrite the horizontal equations of motion (3.18¢c) and (3.18d) in the (4,4,
system in the following form:

du tang g0z
au _g - 8% .F, 3.20
dr R wo +fo R cos ¢ * (3.202)
dv tangd g0z
dv_ _ —fu— %% L F,, 3.20b
dr R “ " Rag T (3.200)
where
d _4d J J a
=t 0——  >— 3.21
% o “Reosgor "oz “a (3.2
and w = dp/dk.

3.2.3 Filtering of the basic equations for the oceans

For large-scale oceanic circulations we have the following characteristic values:

horizontal length scale L=10°m;
depth scale H=4X10"m;
horizontal velocity scale u~10"'ms™
vertical velocity scale w=~10"*ms™ Y
horizontal pressure scale Ap =10 mb;
time scale =~107s.

The Rossby number for the oceans is then

Ry=u/fL =10~

Therefore, the advective terms can be neglected except possibly in strong boundary
currents, such as the Gulf Stream and Kuroshio, and in the equatorial undercurrents.

For the oceans, we can use a similar procedure as in the atmosphere to filter the
equations of motion. The results are formally the same as Egs. (3.18a) and (3.18b):

du 1 ap
—=f— —————*F——+F
dr o p R cos ¢di 2
dv 1 dp
—= —fu————+F,,
a- T Rag T
where
a
F i~ — 1 97 :i (KM ﬁ)
p Oz Oz dz
and
Fom - L3 9 (g, ),
p Oz Oz 2z

In oceanography, it is more common to define the stress with respect to the
oceans rather than with respect to the atmosphere or, in other words, to use the
opposite sign for the stress. However, to avoid confusion we will keep the same sign
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convention as for the atmosphere, and use a positive sign for 7., and 7,, when momen-
tum is transferred from the ocean to the atmosphere.
Hydrostatic equilibrium is also observed:
'é’; = — P8
oz
where p is almost constant.
The steady-state equations for the oceans can be reduced to

9 — zx
p Rcosgddl p 9z

Ju= _ii_,_.lu, (3.22)
p R3p p oz
since the advection terms are very small.
The velocity can then be separated into two parts, one part driven by the pressure
gradient (the geostrophic components #, and v,) and the other part driven by the
gradient of the stress (the Ekman components u and v ):

1 g
Uy = ————,
of R3¢
1 ap
Vg = — ————
pof R cos ¢ad
and
14
Uy = p—fa (=7 (3.23a)
10
= ———(- 3.23b
vE pf&z( sz) ( )

The Ekman components are mainly important in the boundary layers.

The vertical integration of Egs. (3.23a) and(3.23b) from a depth z = — §, where
is deep enough (on the order of 10 to 20 m) that 7,, ( — §)and 7,,( — &)are practical-
ly zero, to the ocean surface at 2z = 0 leads to a mass transport:

Mg, = f pug dz = %( — Toy)s (3.24a)

M, =f pog dz= — %( — Top)- (3.24b)

&
Here 7, and Toy are the components of the surface wind stress. These equations
Sffow that the mass transport vector Mg = (Mg, , My, )is atright angles to the surface
wind stress vector 7, defined by

7y =i, + iTO_y'
In vector form, Eq. (3.24) becomes

Mg = — % roXk. (3.25)

I_f we differentiate the two components of Eq. (3.24) with respect to x and y, respec-
tively, and add we find

a a

— Mg, +— Mg, = curl (— 7/f).

ax E. &y Ey ( [t} f)
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Using conservation of mass within the Ekman layer the left-hand side of this equation
reduces to pwg ( — ), the vertical mass flux at the bottom of the Ekman layer:

pwg( — 6) = curl ( — 7,/f). (3.26)
Here wg ( — 6) is usually called the “Ekman pumping” vertical velocity.

Using the observed fact that the flow is generally geostrophic below the surface
Ekman layer and away from the boundaries, we can now derive an expression for the
net meridional flow in the interior of the ocean. We will use the (x,y,2,) system for
simplicity. First we eliminate the pressure by cross differentiation of the steady-state
equations (3.22):

_ _ l 3p l a(_ 2:)
fo= - p ax p 9
_ ap l a(_sz)
fu= P %

which yields (assuming p = constant)

Z’v (g: curl[— (— r)]
or
Fu 37)) 1 4

Bv-{—f(&y N =;£curl(—r),

where 3 = df/dy = 2{} cos ¢/R. At 45° latitude S =1.62X10""m 's Inte-
gration with respect to 2 from the ocean bottom ( — H), where the flow is assumed to
be zero, up to the height of sea level 7 leads to

,Bf vdz+fJ- (—+—)dz=;curl(—rﬁ)

Because of conservation of mass the second term on the left-hand side of the equation
vanishes so that we can write for the northward mass flow M, :

7
M, =J pv dz=M. (3.27)
H B
This is the expression for the net meridional flow of mass in the interior of the ocean
gyres away from the lateral boundaries, the so-called Sverdrup transport. Thus one
would expect to find a general equatorward flow in the subtropical gyres where
curl( — ) < 0. The poleward return flow is found to occur in narrow western bound-
ary currents such as the Gulf Stream and Kuroshio (see also discussions in Chap. 8).

3.3 VORTICITY EQUATION

3.3.1 Some definitions of vorticity

The vorticity is defined as the curl (rotational part) of the velocity field:
¢ =curle. (3.28)
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Thus, in a Cartesian coordinate system (x,y,2) the vorticity components are related to
the velocity components (#,,w) as follows:

5= g T (3.29a)
_9u_ow

[ % o’ (3.29b)
_9v _ou

;= = o (3.29¢)

For a fluid in uniform rotation (rotating as a solid body) with constant angular veloc-
ity Q2,, the linear velocity is given by
c=Q,Xr,
so that
curl ¢ = curl(Q2, Xr) = 29},
i.e., the vorticity is twice the angular velocity. Using the Stokes and mean-value

theorems, we will obtain a generalization of this same result, i.e., the average vorticity
of each fluid element is twice the average angular velocity of the fluid. In fact, by

Stokes theorem,
ffg-n dA = § cdr=l,,

A
the normal component of vorticity passing through an open surface 4 is equal to the
circulation I', of the velocity field around the boundary contour. For a surface
element 84, application of the mean-value theorem leads immediately to

Z, =¢,1/84,

where C, is the mean tangential velocity around the contour /. If we take for the
elementary area a circle of radius r, then

¢, =t 22‘
n t 777'(2) 7o >
50 that the average vorticity E,,‘ is twice the angular velocity ¢, /7.

In the atmosphere, the large-scale flow is quasi-horizontal with the horizontal
velocity several orders of magnitude larger than the vertical velocity. Because of this
asymmetry, the vertical component of vorticity turns out to be the most relevant one,
and we only have to consider the horizontal wind velocity v. The vertical component
of vorticity is ¢, = k-curl v. In spherical coordinates, it takes the form

1 dv 1 du wutang (3.30)

° Rcos¢g A R 3¢ R

. Foran inertial nonrotating frame, the vorticity of a fluid is called absolute vorti-
ity £, and is the curl of the absolute velocity:

$, =curl(c+ QO Xr,)=¢+ 20, (3.31)

Where & is the relative vorticity. Thus, the absolute vorticity of a fluid element is the
$um of the relative vorticity and the planetary vorticity 2.
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For the quasihorizontal motions of the atmosphere, the component of the plan-
etary vorticity normal to the earth’s surface, 2k-Q, is the Coriolis parameter
f =28 sin ¢. The vertical component of the absolute vorticity % = k-, is then given
by
n=f+¢& (332)
If we consider the geostrophic wind [Eq. (3.15)] and assume that derivatives of
f are negligible, the vorticity takes the form

1 _»
,=— P+ 3.33
) prp f (3.33)

because
curl(k X grad p) = k div grad p=ky’p.
In the (x,y,p) coordinate system the expression would be

N = ff Vz+f, (3.34)

where z is the altitude.

3.3.2 General vorticity equation

To derive the equation of vorticity which gives the time rate of change of { we will
apply the curl operation to the equation of motion (3.8):
d_c_ —ZQXc——gradp grad ¢ + F.
dr p
However, the operation will be facilitated if we write this equation under the so-
called Webber formulation. For this, we note that the material derivative

dc | de
— = — + (c-grad)c
dt| ot (c-grad)

can be written in the equivalent form
de  de
—=—+4 rad—c +{Xe
d o & 2 ¢
using the vector identity
(c-grad)c = (curl ¢) X ¢ + grad } ¢?
so that finally the equation of motion (3.8) can be written as
de

= —grad(2 +¢) — [(¢ +29)Xc]

_1 gradp + F. (3.35)
p

Before taking the curl of this equation, we may note several facts that will simplify
the process. First, the curl operation is commutative with the partial derivative with
respect to time. Second, it may be recalled that for any scalar function B:

curlgrad B=0,

and third, that
curl (a grad p) = grad a X grad p,

since curl grad p = 0.
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Now we can write the resulting vorticity equation

% _ _ curl({, X¢) — grad @ X grad p + curl F. (3.36)

ar
To put this equation in a more useful form, we begin by expanding the first term on
the right-hand side. For two vectors A and B:

curl(AXB) = A div B + (B-grad)A — B div A
— (A-grad)B,
so that
curl(, X¢) = ¢, dive + (c-grad){, — (£, -grad)c,

since &, has zero divergence. Additionally, because () is constant in time, we can
substitute d&, /dt for 3/ ar.
Accordingly, the general vorticity equation can be written in the form

% = ({,-grad)e — {, dive — grad a X grad p + curl F. (3.37)
This is a more useful form of the general vorticity equation than Eq. (3.36). It shows
that the rate of change of the absolute vorticity following a fluid particle is equal to
the sum of four terms. The first term is due to the variations of the velocity along a
vortex line, and is called the tipping or stretching term. In fact, let us consider a
vortex line associated with &,. If the velocity varies along the vortex line, it will
change its length and direction. The change in direction comes from the component
of 8¢ normal to £, the tipping or tilting term, and the change in magnitude from the
component of §c parallel to £, the stretching term.

The second term, the divergence term, accounts for changes in the vorticity due
to changes in the density of the fluid. Ifdiv ¢ > 0 the fluid element expands, resulting
in a decrease of its absolute vorticity (due to conservation of angular momentum).
Similarly, if div ¢ < 0, the fluid element contracts leading to an increase of vorticity.

The third term, the solenoidal term, exists only in baroclinic conditions, i.e.,
yhen the fluid density is not a sole function of pressure. For a baroclinic fluid the
1s0steric (constant volume) surfaces intersect the isobaric surfaces and the solenoidal
termis a measure of their relative slope. The variation of the density along an isobaric
Sl{rface will lead to a horizontal wind shear and will tend to produce an adjustment
with vertical motions, thus generating rotation or vorticity. For a barotropic fluid,
Wwhere a depends only on the pressure, the isobaric and the isosteric surfaces are
Parallel and the solenoidal term is zero.

Finally, the last term gives the contribution of the diffusive effects of friction to
the time rate of change of vorticity.

3.3.3 Vorticity equation of the horizontal motion

As mentioned before, the large-scale motions in the atmosphere and oceans are
Predominantly horizontal, with the vertical velocity several orders of magnitude
8maller than the horizontal velocity. Thus, the vertical component of vorticity be-
comes of principal importance.

. We obtain the corresponding vorticity equation by taking the inner product of k
With the general equation (3.37). Recalling that the Coriolis parameter f = 2() sin ¢
183 measure of the local vertical planetary vorticity 2€) and thatf’ = 2(} cos ¢ is the
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corresponding meridional component, we can write the vorticity equation for the
vertical component as follows:

9.
S +u—(§z +f)+vg(§ +h +w~(§ +5
— (. + f) d1v ¢ — k-(grad a X grad p) + k~curl F. (3.38)

After some simple mathematical manipulations, disregarding the very small term
f'0w/dy, dropping the subscript z in §, and taking into consideration expressions
(3.29) of ¢ in terms of the velocity components, we may write the equation in its usual
and more compact form:

2 ¢+n+ e +N + wIE2D

— (G +NHdivy — k-(grad wxa—)
oz

— k-(grad a X grad p) + k-curl F, (3.39)

where the left-hand side is equal to d({ + f)/dt and the twisting term is expressed
explicitly in terms of the horizontal gradient of w and the vertical wind shear dv/dz.

Most applications of the vorticity equation involve further simplifications which
can be justified by the judicious use of scale analysis. The final result of the filtering
would be the same as when we assume that the fluid is barotropic (dv/dz = 0) and
frictionless, namely

%@4./): ~ (& +Ndivy, (3.40)

which is one of the most frequently used versions of the vorticity equation in plan-
etary fluid dynamics.
If we assume as we did above that the fluid is incompressible, so that

divv = — dw/Jz, the previous equation can be reduced to the form
d Jw
—+H—-EC+H—=0. (3.41)
dt dz

3.4 THERMODYNAMIC ENERGY EQUATION AND
SOME APPLICATIONS

3.4.1 First law of thermodynamics

The equation of conservation of energy can be expressed by the first law of
thermodynamics. Assuming that the air behaves like an ideal gas (pa = R, T, where
R, is the gas constant for dry air; see Sec. 3.5.1.1), the first law can be written

T _0+d® (3.42)
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where ¢, is the specific heat of the air at constant pressure, Q equals the net heating
rate per unit mass, and c,, is assumed to be constant, independent of the temperature.
The heating term Q includes various diabatic effects, namely radiative heating (solar
and infrared), latent heating, frictional heating, and turbulent and conductive heating
near the earth’s surface.

Again, using the ideal gas assumption, Eq. (3.42) takes the form

dinT dinp

—R = Q/T. 343
G —R—F =0 (3.43)
Since the rate of change of entropy per unit mass is given by
o _ Q/T, (3.44)
dt

we see that

%:4’3? —Rdd:‘”. (3.45)
An adiabatic process is defined as a process in which there is no exchange of heat
between the system and its environment, so that Eq. (3.43) reduces to
<, din T =R, dinp .
dt de
The integration of this equation between an initial state (p,,7,) and a final state
(p,T ) leads to Poisson’s equation

(T/To) = /o) (3.46)

where x = R, /c,,.

At this point, it is important to introduce the concept of potential temperature 6.
This is the temperature that a parcel of air would attain in a reversible, adiabatic
process if the parcel were displaced to a reference level p,(=~1000 mb):

6 =T (poo/P)" (3.47)

With the concept of a parcel we mean an infinitesimal material element small enough
to be regarded mathematically infinitely small and large enough to contain an ample
number of molecules of air and dissolved materials to be physically representative of
the environment.

By logarithmic differentiation of Eq. (3.47) with respect to time and using Eq.
(345), we can express the entropy in terms of the potential temperature &:

s=c, In 6 4 const, (3.48)

Wwhere s is again the specific entropy.

Using the logarithmic differentiation of Eq. (3.47) with time, the first law of
thermodynamics for the atmosphere (3.43) can also be written in terms of potential
temperature in the form

=22 = 0. (3.49)

. An adiabatic (Q = 0) reversible process is isentropic (ds/d¢ = 0), and the poten-
Yial temperature is also constant (d6/dr = 0).

The potential temperature implicitly takes into account the effects of the com-
P"essi.bility of the air. It is used in order to remove the cooling (warming) effects
a5sociated with the adiabatic expansion (compression), allowing the comparison of

€ temperature of air parcels at various levels in the atmosphere. This enables us to
€asily determine the state of hydrostatic equilibrium observed in the atmosphere.

47



48

PHYSICS OF CLIMATE

3.4.2 Static stability

The static stability for dry air or moist unsaturated air (without phase transitions)
will be discussed using the parcel method. In this method, a parcel is regarded as an
individual system that does not mix with the surrounding air when it moves. The
surrounding air is supposed to be in hydrostatic equilibrium.

The motion of the parcel can be regarded as adiabatic because it is very rapid and
the heat conduction in air is relatively slow. Thus, the first law for the parcel can be
written as

¢,dT = adp,
which under the hydrostatic assumption leads to a dry adiabatic lapse rate:

- _ LT_) _£
Yd (dz ad C’

4
i.e., approximately 1 °C/100 m.

If, after a small displacement in the vertical, the parcel tends to return to its initial
position, the equilibrium is said to be szable. On the other hand, if it accelerates away
from the initial position, the atmosphere is in an unstable equilibrium. Finally, the
equilibrium is neutral when the net restoring force is zero.

The parcel in its motion is subject to gravity and pressure gradient forces, i.e.,

dw 1
dw_ _ 1

de p o’
whereas the surrounding air satisfies the hydrostatic equilibrium condition
1
0- _g_ L&
Pa Oz

where p and p, are the density of the parcel and the environmental air, respectively.
Itis assumed that at each instant the pressure acting on the parcel is the same as the
pressure of the environment at the same level (p = p, ). Thus, combining the two
equations, we obtain

w
&= —p)p,
" g(pa —p)p

where g (ps — p) is the buoyancy force.
In terms of temperature, assuming again that the air is an ideal gas, the equation
can be written

2 (T =TT,
dt

If the parcel starts from a level z,, where its temperature is equal to the environ-
mental temperature T, (2,), the final temperature after moving a small distance 2
becomes

T (2) = Ta(20) — Va2
where 7, is again the dry adiabatic lapse rate. On the other hand, the temperature of
the environmental air is

Ta(2) =Ta(z0) — 72,
where ¥y = — dT, /3z is the environmental lapse rate.
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Thus, the above equation becomes

2 sy~ 7V Ta. (3.50)

From this equation, we conclude that for upward (z > 0) or downward (2 < 0)

displacements the equilibrium is stable when ¥ < ¥,, neutral when y = 7,4, and un-

stable when 7> 7,. This criterion can also be expressed in terms of the vertical

gradient of potential temperature. In fact, differentiating Eq. (3.47) logarithmically
with respect to z and using T = T, Eq. (3.47) becomes

or using the definitions for ¥ and y,:

T,
a9 iy, (3.51)

Thus, when € increases with height (96/8z > 0), the atmosphere is in a statically stable
equilibrium (warm air over cold air). When 96/dz <0, the atmosphere is unstable
(cold air on top of warm air), and when d6/dz = 0 the atmosphere is in neutral
equilibrium. It is also convenient to define the static stability as the quantity
(1/6)36/J= because in a stable atmosphere the restoring force acting on the parcel
moving vertically is given simply by
g~ r)/Ta = e 22) / 0.
dz

Using the hydrostatic approximation and the (x,y,p,f) coordinate system, expression
(3.51) for the static stability converts into

T 99 _9Th  Tn
6 dp Op ?
= % & — Ya)- (3.52)

When in a stably stratified atmosphere a parcel is displaced from its equilibrium level,
an oscillatory motion about this level will result. In fact, the restoring force is propor-
tional to the vertical displacement so that

dz (g 30) _

art * ( 0 z)" 0
The solution of this equation leads to a sinusoidal variation in 2 with a frequency (in
units of rad s ') given by

N= (% %)V (3.53)

called the Brunt-Viisala frequency.

3.4.3 Potential vorticity

Let us assume that the motion is adiabatic. Then a parcel of air remains on the
Same Potential temperature surface and any isentropic surface is a material surface.
,ae au’.contained between two isentropic surfaces remains confined to the same
1sentropic layer, which nevertheless can expand or contract. The thickness of this
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layer may be evaluated in terms of the pressure difference between the boundary
isentropic surfaces. On the other hand, since on isentropic surfaces the pressure p
and the specific volume a are related through the expression ap'~* = const
(grad a X grad p = 0), the isentropic surfaces do not intersect any isosteric—isobaric
solenoids. Therefore, by Bjerknes theorem the motions along isentropic surfaces do
not change the circulation I', on these surfaces. A solenoid tube is a tube limited by
two isobaric and two isosteric surfaces (see Sec. 3.5.3).

Now, if we combine the vorticity equation (3.40) with the continuity equation
in the p system written in the form

divv = —iitSp,
Op dr
we obtain
1 d 1 d
—— ¢+ H———58p=0
(§+/)d¢@ b)) 5 d p =0,
or
4 (ﬂ) =0. (3.54)
da\ 6p

The quantity in parentheses is called potential vorticity. This equation shows that for
adiabatic and frictionless motion the potential vorticity of a fluid is conserved, i.e.,
£+ const. (3.55)
o

The “thickness” of the column &p limited by the surfaces 6 and 6 + 56 can be ex-
pressed in terms of 56, since

9% 56
a6
so that the potential vorticity as §6 remains invariant becomes

&p =

<+ j)% = const. (3.56)

This expression stresses the importance of the static stability (96/dp) in the dynamics
of the atmosphere. According to this equation, the absolute vorticity as measured on
a @ surface must increase if the stability decreases, and vice versa.

For a homogeneous fluid the potential vorticity reduces to

C+hH_ const.
oz

As we can see the potential vorticity assumes different forms but none of them
has even the dimension of vorticity. In essence, it constitutes a measure of the ratio of
absolute vorticity to the effective depth of the vortex.

The last equation can illustrate the effect of vortex stretching or shrinking on the
absolute vorticity. When a rotating atmospheric column remains at the same latitude
(i.e., f remains the same), only changes in the height 8z of the column can affect the
relative vorticity. Inthe Northern Hemisphere, shrinking of the column (subsidence)
is then associated with divergent flow at low levels, which the Coriolis force trans-
forms into a clockwise rotation, i.e., negative relative vorticity. Vertical stretching of
the column causes inward motion at low levels, which the Coriolis force transforms
into counterclockwise circulation, i.e., a positive relative vorticity. For example,













































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































