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A multiple-scattering theory is applied to study the homogenization of clusters of elastic cylinders
distributed in a isotropic lattice and embedded in a viscous fluid. Asymptotic relations are derived
and employed to obtain analytical formulas for the effective parameters of homogenized clusters in
which the underlying lattice has a low filling fraction. It is concluded that such clusters behave, in
the low frequency limit, as an effective elastic medium. Particularly, it is found that the effective
dynamical mass density follows the static estimate; i.e., the homogenization procedure does not
recover the non-linear behavior obtained for the inviscid case. Moreover, the longitudinal and trans-
versal sound speeds do not show any dependence on fluid viscosity. Numerical simulations
performed for clusters made of brass cylinders embedded in glycerin support the reliability of the

effective parameters resulting from the homogenization procedure reported here.
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. INTRODUCTION

The propagation of acoustic waves in inhomogeneous
media has attracted much attention over the years. Recently,
there has been a growing interest in a special type of inho-
mogeneous materials named phononic crystals, whose elas-
tic parameters vary periodically in space. The interest in
these materials arises from the possibility of having fre-
quency regions, known as absolute band gaps, where the
propagation of elastic waves is forbidden, whatever their
polarization and wave vector.'” In addition to their ability
to behave like perfect mirrors, these structures can prove
particularly useful for applications requiring a spatial con-
finement of acoustic waves and can hence be used as acous-
tic filters or very efficient waveguides.” A class of phononic
crystals where the solid background is replaced by a fluid or
a gas are usually called sonic crystals.®™®

The theoretical description of sonic and phononic crys-
tals has employed two main strategies. One consists of band
structure calculations' % of the corresponding infinite sys-
tem in order to match the gaps in the dispersion relation with
the attenuations found in the transmission spectra. The other
one calculates the transmission spectra by different algo-
rithms such as the transfer matrix method,9 finite differen-
ces,'®'2 or by multiple scattering.'>~'> The latter is the most
suitable for describing finite-size structures. Experimental
observations have recently demonstrated that phononic crys-
tals can also be employed in the frequency region well below
the bandgap as acoustic lenses for sound focusing as well
as acoustic interferometers that work similarly to their opti-
cal counterparts.'®!” Inspired by these findings, several
approaches have been presented in order to give a descrip-
tion of phononic crystals in the low frequency limit or long
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wavelengths.'™?® Kafesaki er al.'® analyzed the phenom-
enon of the sound speed of drops in mixtures by means of an
effective medium obtained by using the coherent potential
approximation. Krokhin er al.'® employed plane wave
expansions to derive analytical expressions for the speed of
sound valid for arbitrary filling fraction and different geome-
tries of the inclusions. More recently Mei e al.** and Torrent
et al.*>*° applied the multiple scattering method to develop
a homogenization theory to simultaneously obtain the effec-
tive sound speed as well as the effective density of finite
cluster of cylinders embedded in air. Kutsenko et al.?’ intro-
duced a new analytical approach based on the monodromy
matrix for the two dimensional case to derive the effective
shear speed in two dimensional phononic crystals. Finally,
the results of Wu and co-workers® are also of interest to this
work though they report an effective medium theory applied
to the case of elastic inclusions embedded in a different elas-
tic medium.

Despite of the extensive studies in sonic/phononic crys-
tals the effect of losses at low frequencies has been scarcely
considered. Only a few works have been devoted to this topic.
A related problem was firstly tackled by Einstein in his classi-
cal 1905 paper, where he studied the effective viscosity of
rigid spheres in a viscous medium.* Afterwards, Batchelor
and Green™® tried to determine the bulk stress in a suspension
of spherical particles up the second order in the filling frac-
tion and Sprik and Wegdam®' showed that shear viscosity in
the liquid constituent may lead to gap formation in solid-
liquid systems. For the case of periodic distributions, Psaro-
bas er al’** developed an on-shell multiple scattering
method in order to incorporate the effect of viscoelastic losses
in the band structure calculation by means of a complex and
dispersive Lamé’s constant. Hussein®*> introduced a modi-
fied finite element method (reduced Bloch mode expansion)
to calculate the dispersion relation using finite-number set of
Bloch mode eigenvectors at each wave-vector point.
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It was found that in sonic crystals the existence of com-
plete band gap is more difficult due to suppression of trans-
versal sound in the liquid background. However, viscosity in
liquids may lead to gap formation in solid-liquid systems.
Shear viscosity in the liquid introduces a new length scale
associated with the penetration of shear stress into the viscous
liquid. When the viscous penetration depth 6 = \/(2n/p,»)
becomes comparable to the structural length scale in the com-
posite, viscous effects cannot be ignored in describing the
acoustical properties.

In this work we analyze the scattering of acoustic waves
by clusters of elastic cylinders distributed in a periodic lat-
tice and immersed in a viscous medium. We are here inter-
ested in the homogenization of this type of systems and their
properties are obtained using an effective medium theory. In
other words, we are considering clusters interacting with
sound wavelengths much larger than the distance between
cylinders and larger also than the cylinder’s diameter size. In
terms of frequencies, we are dealing with very low frequen-
cies; i.e., in a frequency region very far from the frequency
at which the first acoustic band gap of the underlying lattice
appears. Asymptotic relations are derived and employed to
formulate a method of homogenization based on the scatter-
ing properties of the cluster. By using the multiple-scattering
method we have demonstrated that, in the long wavelength
limit, a distribution of elastic cylinders embedded in a vis-
cous fluid effectively behaves like a single elastic cylinder
with parameters that can be analytically obtained. Semi-
analytical formulas for the effective parameters (i.e., effec-
tive longitudinal sound speed, effective transversal sound
speed, and effective density) are obtained in the case of
dilute (low filling fraction) structures. We have obtained that
the effective mass density follows the linear static estimate,
that is, the homogenization procedure does not recover an
effective mass density with a non-linear dependence on the
filling fraction, as was the result for the inviscid case. More-
over, it is worth mentioning that there is no explicit depend-
ence on the fluid viscosity for the mass density or for the
longitudinal and transversal sound speeds. However, viscos-
ity effects are implicitly involved in the resulting effective
parameters through the boundary conditions employed in the
homogenization procedure.

This article is organized as follows. In Sec. II the mathe-
matical formulation for a single elastic cylinder in a viscous
background is introduced and the generalization to the case
of a cluster by using the multiple scattering method is also
briefly described. In Sec. III the concept of effective t matrix
is introduced and the effective parameters are obtained for a
general elastic-viscous fluid composite. Numerical results
for a single and a cluster of elastic cylinders embedded in a
viscous fluid are reported and discussed in Sec. IV, where
the limit of wavelength to reach homogenization behavior in
these systems is also studied as a function of the frequency.
Finally, the work is summarized in Sec. V.

Il. MATHEMATICAL FORMULATION

There are a wide variety of models in the literature that
deal with viscous effects in acoustic wave propagation. The
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model most commonly used, which is also followed here, is
based on the solution of the mechanical equations; i.e., all
the terms in the linearized Navier—Stokes equations are taken
into account. This particular treatment of viscosity compli-
cates the analysis because the fluid medium can uphold shear
and compressional modes; both must be accounted for satis-
fying the boundary conditions at the interfaces. First, we
theoretically examine the two-dimensional (2D) scattered
acoustic field produced by an impinging plane wave on a sin-
gle elastic solid cylinder in order to obtain the ¢ matrix. We
assume, without loss of generality, that the cylinder has a
circular cross-section and that it is infinitely long along the
z-axis. We also consider that the incident wave propagates
normally to the cylinder axis. Then we generalize the result
to the case of multiple scatterers of arbitrary cross section.

A. t matrix of an elastic cylinder embedded
in a viscous medium

Let us consider the standard acoustic equations for lin-
ear flows in a homogeneous viscous fluid medium; i.e., the
equation of continuity

dp

E‘FP},V'V:O, (1)

the momentum equation
0 1
Vp+pbgj=W2V+ <é+§n>V(V~V), )

and the equation of state

d
iy = 3)
in which v is the complex fluid velocity vector, p, is the am-
bient fluid density, p is the density perturbation, p is the fluid
pressure, ¢, is the sound speed, and 7 and ¢ are the shear and
bulk viscosities, respectively.

Equations (1)—(3) can be combined to obtain the equa-
tion for the velocity vector v:

*v 5 5OV 1 ov

P op ™ prcpV(V-v)=nV ot (f+§71) \Y <V 5) .
“)

The velocity field can be expressed as a superposition of lon-

gitudinal and transversal vector components by using the
Helmholtz decomposition theorem,

v=-Vo+Vxi, o)

where ¢ and  are the scalar and vector potentials, respec-
tively. For 2D periodicity the vector potential has only
z-component, Y = (0, 0, ). Now, substituting this decom-
position into Eq. (4), we get the following two equations:

(V> +k)p =0,
(V> + k) =0, (6)

Reyes-Ayona et al.: Homogenization of rods in a viscous fluid 2897



where k; and k; are the longitudinal and transversal wave
numbers, respectively, in the viscous fluid and are given by

w ) 4
kk=—11+i——=|=
! Cb[ +12phcz(3n+5>},

w
kt:(1+i) Py

2 7)

The solutions of Eq. (6) are obtained by expanding the longi-
tudinal and transversal vector components in series of Bessel
(Hankel) functions as follows:

Pext = § ATy (ker)e'®”, (8)

g=—00
and
(pscatt = E BéHq(kér)eiqe’
T ©
lpscatt = § B;H(](klr)eiqe'
g=—00

The field ¢, represents the incident (external) field over the
cylinder while ¢, and ¥, are the respective components
of the scattered fields. The expansion over Hankel functions
only guarantees that the scattered waves are outgoing. We
also assume that the external field is pure longitudinal; i.e.,
the background considered here is a viscous fluid that, in ab-
sence of scatterers, supports propagation of longitudinal
waves only.

On the other hand, sound wave in the elastic cylinder is
described by the equation for the displacement vector (Nav-
ier’s equation of elasticity):

Pu 5

Pagn = (Fa+ 1) V(V -0) + 1, V7w, (10)
where p,, A4, and p, are the density and the Lamé’s con-
stants of the cylinder, respectively. The displacement vector
is related to the velocity vector by means of the temporal de-
rivative, v = du/0r = —iwu. Introducing scalar and vector
potential for velocity v, we obtain

N IRES
o= ’w( aﬁ%ae)’

(199 oL
vy = lm(;%—ka—’) (11)

Here the potentials ¢ and ¢ can be analogously expanded
over Bessel functions

Pine = E Colq(kir)e ™,

q=—00
Cine = E ClJq(kir)e ™, (12)
q=—00
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where k{ = w/c, and k{ = w/c, are the longitudinal and
transversal wave vectors, respectively, and ¢, and c; their
corresponding velocities, which are given in terms of mass
density and Lamé’s constants.

The coefficients of expansions (9) and (12) are obtained
by imposing the continuity of the normal and tangential
components of the velocity and stresses, respectively, at the
cylinder surface. After some algebra, we get the # matrix that
relates the coefficients A} to B, and BY, is (see Appendix A)

t, = —[Q, — RqO,'Ng| '[Py — RGO, 'M,]. (13)

In general the -matrix is a block diagonal matrix whose di-
agonal elements t, are 2 X 2 matrices

4 )
ot
t, = ; (14)
4
t; t;f

where ¢ and Z‘Zf involved Bessel and Hankel functions, and
zf; and lZ are equal to zero (see Appendix A). Note that even
when determinant of the -matrix is zero the flux conserva-
tion is satisfied. Elasticity involves the existence of two
polarization modes so that the conservation of flux implies
the conservation of the total flux; i.e., the addition of the lon-
gitudinal and transversal fluxes instead of conservation of
individual components.

Let us recall that the problem of a single elastic cylinder
in a viscous fluid has been already considered in Refs. 36 and
37 for circular and elliptic cross sections, respectively. In these
studies the coefficients Bfl and B; are obtained from Afl by
solving a system of linear equations. However, here we have
developed a ¢ matrix formalism in order to tackle the problem
of multiple elastic cylinders in a cluster. For a comprehensive
description of this formalism and its application to problems
of multiple scattering the readers are addressed to the book by
Varadan and Vauradan,38 and the references therein.

B. Sound scattering by a cluster of elastic cylinders
embedded in a viscous medium

Now, let us consider a cluster of N cylinders located at
positions Rg (B =1, 2,...,N), Ry is a vector in the XY plane.
The cylinders will be assumed of arbitrary cross section. The
geometry of the problem and the definitions of the variable
employed are shown in Fig. 1.

If an external wave @' with temporal dependence e~/
impinges the cluster, the total field around a cylinder o is a
superposition of the external field and the radiation scattered
by the rest of the cylinders f:

N
@y(r, 0) = ™(r, 0) + E o (r, 0),

P

N
l//“(l‘, 9) = Z l//sﬁcatt(r’ 0)3 (15)

p#o

where @if*" and ;™" are the fields scattered by the f3 cylin-
der. Without loss of generality, those fields can be expanded
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FIG. 1. Coordinate systems and definition of variables employed in the
equations of the multiple-scattering.

as a combination of Bessel and Hankel functions centered at
the cylinder position. If the expansion coefficients are (Ca)g,
(A)r (Bp)ys (Co)l. and (Bp)!. for ¢,. ™, ¢, . and
1//S°a“ respectively, the expressions (15) can be cast into the

following relations between the coefficients:

(€= A+ Y ) (Goplha)), (B,

7 5=
Z Z Gapk)), (B (16)
(Gup(k:)),s being the propagator from f3 to o whose compo-
nents are
(Gaup(ki) g = (1= 0up) e~V Hy_(kirp), (17)
for k; = k¢, k.

Note that coefficients (A,)" , in Eq. (16) are known, but
(Ca)é, (Bﬂ)f[, (C, ) and (B,;) are not. To reduce the com-
plexity of the followmg calculatlons it is convenient to
express Eq. (16) in a more compact way, i.e.,

(cx), = (ax) +ZZ Gup) s (bp), (18)

=1 s=—00

with

and
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Guplk))y O
(Gap) s = . (19)
0 (Guplk),e

As in the case of a single cylinder, the boundary conditions
at the cylinder surface allow us to calculate the ¢ matrix
whose components (t,),, relate the coefficients (c,), and

(bp),:
(), = > (ta),s(e), o)

Introducing the coefficients (20) in Eq. (18), after straight-
forward calculation we get

— XN: ZOO: (t:G) 45 (bp), =

[}:1 §=—00

qs

(t,a,),. 1)

By truncating the sum over s within |s| < ¢max, this equation
is reduced to a linear equation where the dimension of the
relevant matrix is 2N(2¢max + 1) X 2N(2¢max + 1). Thus, in
matrix form MB =S, where B and S are column block
matrices with elements (bl)q, (bz)q, , (bN)q, and (tlal)q,
(tzaz)q,..., (tNaN)q, respectively. M is a N x N block matrix
where each element is a matrix of dimension 2(2¢m.x + 1)

X 2(2¢max + 1). In short, the matrix elements can be
expressed by
(Mxﬁ)qs = 59‘,35431 - (t%Gaﬁ)qs‘ (22)

Finally, the unknown coefficients BB can be easily obtained
by a matrix inversion, B = MLS:

ZZ

=1 s=—00

qs t[;aﬁ (23)

Thus the solution for a given cluster is obtained in terms of
the block matrix (M;/}) ;s and the 7 matrix of the individual
cylinders. As explained before, the ¢ matrix is diagonal as in
the inviscid case but now has a higher dimensionality since
involves two different modes of propagation. This result is
very general and valid for cylinders of any cross section, any
filling fraction and any frequency. However, it is worth to
mention that the above statement must be restricted, in the
case of complex cross sections, to the possibility of evaluat-
ing the ¢ matrix correctly and efficiently. Despite that we can
assume that it is valid in general and it is particularly valid
for low frequencies, which is the regime studied in the next
section.

lll. HOMOGENIZATION OF A CLUSTER OF ELASTIC
CYLINDERS EMBEDDED IN A VISCOUS MEDIUM

The purpose here is to introduce the effective # matrix of
a cluster. This #-matrix will relate the coefficients of the inci-
dent field to the coefficients of the field scattered by the clus-
ter. The total scattered field around the cluster will be a
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superposition of the fields scattered by all the cylinders, that
is,

PrCh
Pscatt(r’ 0) _ b bv . Vscatt(r7 0)
L
N 0

=P, Z Z (Bo)yHq(kery)e ™™, (24)

a=1 g=—00

where H,(-) is the g-th order Hankel function of first kind
and (ry, 0,) are the polar coordinates with the origin trans-
lated to the center of the a-cylinder, ie., r, =r —R,, as
shown in Fig. 1.

The last equation can be also expressed as a function of
coordinates centered at the cluster origin using the Graf’s

addition theorem™ as

o0

Pscatt(’,7 0) = P, Z BIS:HP (kér)eip97 (25)
p=—0c
where
N 00
B =D Y kg, eo

a=1 g=—o0

These coefficients are related to (A/;)i,, or more precisely to
(ap),, through the expression in Eq. (23) since <B°‘)2 is the

- S . ¢
longitudinal projection of (b,),, i.e., (By),=/¢-(by),.
Therefore,

BE =1 ) Y dy (bR (M), (),

of qr

q’

27)

The relationship between coefficients (ag), and those of the
external field a, can be obtained as follows. First, we assume
a generic incident field that can be expanded as a sum of
Bessel functions

o0

PeXt(l’, 0) = PO Z anq(kﬂ‘)eiqg, (28)

q=—

which can be expressed in terms of coordinates with origin
at the o cylinder as follows:

o0 o0
P (r,, 0,) = P E g Jys(keRy )= %a,

§=—00 \g=—00

x Jy(kry) e, (29)
and, therefore, the coefficients (a,), are
(a,), = E Tg-s(kiRy)e" ™% a,. (30)
g=—00

Now, the elements of the effective ¢t matrix can be obtained
in the following form:
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B=1) ) g kR)T(M),,

o f gt
x (tg),Jo—e(keRp)e =%, 31)

which can also be cast as

E=) ) 00, 4,0, ()

o f gt
where

(Jo()pq — Jp_q(kgR%)ei(qip)q)“,
'p)y = Jsi(keRp)e' =% (33)

When the underlying lattice of the cluster is isotropic (square
or hexagonal) the cluster behaves, in the long wavelength
limit, as a single homogeneous and isotropic cylinder.**~*
Moreover, it also has been shown that the homogenization
condition for a cluster of cylinders immersed in a inviscid
fluid is given by*>*°

g = oy VP 4. (34)
where 7,, are the k-independent coefficients of the lower
order terms in the k-expansion of the corresponding f-matrix
elements. It is straightforward to show that, due to the form
of the effective # matrix in Eq. (32), the homogenization pro-
cedure in our case of elastic cylinder in a viscous medium
also leads to Eq. (34). However, as will be seen below, the
effective parameters are quite different from those obtained
for inviscid case.

Following the procedure employed for the inviscid
case,”® the effective parameters for a cluster of elastic cylin-
ders embedded in a viscous fluid and distributed in a lattice
with a low filling fraction are (see Appendix B):

Pett :fpa + (1 7f)pb7 (353)
1 1 1

Bu :fB—a+ (1 _f)B_;,’ (35b)

Hegr = S lys (35¢)

where f is the fraction of volume occupied by the cylinders
in the clusters and B, = 4, + y, is the 2D bulk modulus of
the elastic cylinder. Note that the effective parameters do not
show any explicit dependence on the viscosity for the case
here considered of clusters with low f. However, the expres-
sions have embedded the viscosity through the boundary
conditions employed in their derivation. It is remarkable that
the expression for p. in Eq. (38) is similar to that obtained
from the homogenization of composites consisting of elastic
inclusions embedded in another elastic medium.”® This is an
interesting result indicating that, though the boundary condi-
tions in our system are slightly different to that of two elastic
media, we arrive to similar expressions for pg.

Let us remark that our homogenization procedure cannot
recover the effective mass density obtained for the inviscid
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case, which for the case of dilute systems iS p.p = pp
(Pa(1H+£) + p(1 =)/ (0a(1 =) = py (1 +£)).2*7 This
can be explained as due to the fact that the inviscid case
(n — 0) is a singular limit in the sense of the asymptotic
expressions derived for the viscous medium. In order to
recover the results for the inviscid case we have to return to
the equation and apply the corresponding boundary conditions
at the cylinders’ surface. It can be concluded that the suppres-
sion of the non-linear behavior of the mass density in compo-
sites made of elastic inclusions in an elastic background and
elastic bodies in a viscous background is directly related with
the boundary conditions at the corresponding interfaces.

From Eq. (35) we conclude that the homogenized cylin-
der behaves as an effective elastic medium. Their effective
longitudinal and transversal phase velocities are derived by
using 2D elasticity; i.e., ¢z ef = \/(Beft + Hefr)/Pere and

Creft = \/ Hefr/ Perr- Their expressions are

2o Ba L emN (1
Coeff = <(1—f)3a+f+f3b) <;5af+(1 —f)>’ (36a)

) f Uy / By,

Choeff = (paf+ (a —f))’ (36b)
where the bar symbols indicate that the magnitudes are nor-
malized to the corresponding values of the background. In
other words, the velocities are divided by c¢;, and the bulk
modulus and density by B, and p,, respectively. As it is
shown later, these simple expressions are valid for values f
as large as 0.6. A similar conclusion was reported by Parnell
et al.*® who analyzed the validity of dilute estimates in a va-
riety of homogenization schemes applied to elastic compo-
sites. Note that an explicit dependence on the viscosity will
appear for the case (not studied here) of larger f values,
through the terms containing the cylinders’ interaction. The
case of highly compact clusters will be the object of a future
work that will be published elsewhere.

Figures 2—4 depict the effective parameters (normal-
ized to the background) as a function of filling fraction.
They are obtained by analyzing clusters of N cylinders
made of brass, iron (Fe), and aluminum (Al), respectively,
in three different fluid backgrounds: water in Fig. 2, olive
oil in Fig. 3, and glycerin in Fig. 4. We have taken N = 151
cylinders as representative volume element necessary to
guarantee that the homogenization method produces reli-
able effective parameters, as it was demonstrated in the
inviscid case.”>°?° The acoustic parameters of the three
backgrounds employed in the calculations are given in
Table I. The material parameters of elastic cylinders are taken
to be p, = 8500 Kg/m3, ¢y = 4305 m/s, ¢, = 2152 m/s for
brass; p, = 7870 Kg/m3, cy = 5778 m/s, ¢; = 3137 m/s
for iron; p, = 2699 kg/m3, ¢y = 6507 m/s, ¢; = 3044 m/s for
aluminum.*’” Numerical calculations are made by using these
parameters normalized to that of the background, and they
are summarized in Table II. The cylinders in the cluster were
distributed in a hexagonal lattice whose filling fraction
foex = (21/3/3)(Ra/a)*, where a is the lattice constant. The
hexagonal lattice was selected because is an isotropic lattice
(like the square lattice) and for comparison purposes with the
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FIG. 2. (Color online) Effective parameters of composites made of cylinders
of brass (continuous lines), iron (dashed lines) and aluminum (dotted lines),
respectively, embedded in water as function of the filling fraction. The pa-
rameters are normalized to those of water (see Table I). The shadowed
regions defined the filling fraction where the values obtained from Eqgs. (35)
and (36) are not reliable.

inviscid case, where results were obtained using this lat-
tice.”>?** For the calculations we have taken a = 794 um
while the cylinders’ radius have been changed from R, = 0
to R, = 0.5a, which corresponds to 0 < fiex < 0.907 (close
packing condition). The radius R of the homogenized cylin-
der is calculated by imposing the condition

N (nRi)
T[Rgff

f;:ls -

= fhex, (37)

where fs is the fraction of volume occupied by the N
cylinders in the cluster. For the structure under study R.g

=1/ (Nv/3/2n)a = 6.452a.

Figures 2—4 show that ¢ . is always larger than ¢; o
and that for f — 0 the background properties are recovered,
i.e., Cleff — Cp and Ct eff — 0.

Figure 5 shows an alternative representation of the
phase velocities given in Figs. 2—4. Each point in the dia-
gram corresponds to a filling fraction of the underlaying hex-
agonal lattice fiex. It is observed that the effective media
have ratios between longitudinal and transversal phase
velocities ¢y/c, that are not approximately equal or greater
than 2 as in ordinary solids.* In fact, the ratios ce/c are
lower than 2 and can be tailored by adjusting fiex. With these
new materials it is possible to get Poisson’s ratios higher
than 1/2 for filling fractions small enough. Recall that
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FIG. 3. (Color online) Effective parameters, as in Fig. 2, with olive oil as a
background. The effective parameters are normalized to the properties of
the fluid background.
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FIG. 4. (Color online) Effective parameters, as in Fig. 2, with glycerin as a
fluid background. The effective parameters are normalized to the properties
of the fluid background.
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TABLE I. Parameters of the fluids used in the calculations. They are taken
from Ref. 46.

Water Olive oil Glycerine
pp (Kg/m?) 998 920 1259
¢p (m/s) 1486 1430 1909
n(Pa-s) 0.001 0.084 0.95

Poisson’s ratio is = 1 — 2(c;/c¢;)* for 2D systems and that
values ¢ larger than 0.5 corresponds to a modulus of rigidity
that is small compared with the compression modulus. Val-
ues to the right of the arrows correspond to /' > 0.6, where
Eq. (36) is not reliable. The velocities of the material cylin-
ders are represented by symbols. Note that, despite of the
dilute medium approach, the effective velocities shown in
Fig. 5 tend to that of their material constituents as f — 0.9,
the close packing condition of the hexagonal lattice. Note
that effective elastic media with ratios ¢;/c, not found in
ordinary solids is direct a consequence of the background
viscosity here considered.

Although effective parameters in Eq. (35) do not show
any explicit dependence on viscosity #, the next section will
show that viscosity produces observable effects in the result-
ing effective medium.

IV. VISCOSITY EFFECTS: RESULTS
AND DISCUSSION

Here, we study two selected structures: a single elastic
cylinder with circular cross-section and a cluster made of cir-
cular elastic cylinders having an external circular shape. Both
structures are considered to be immersed in a viscous fluid.
First, in Sec. IV A, we analyze the angular distribution of the
scattered pressure at the far field for the case in which the vis-
cous fluid is glycerin. Afterwards, in Sec. IV B, we analyze
the relative difference of the forward fields by the effective
medium and the circular cluster, respectively, in order to
establish the homogenization limit. We conclude that viscos-
ity produces observable effects at the far field as well as in
the frequency cutoff determining the homogenization limit.

A. Viscosity effects at the far field

The scattered field by a cluster of cylinders is

PS (. 0) = Py Z Z(Bx)qu(kgrz)eiqﬁz, (38)

TABLE II. Material properties of the elastic cylinders used in the numerical
examples. The elastic parameters are normalized to the corresponding fluid
background properties.

Water Olive oil Glycerine

Brass Fe Al Brass Fe Al Brass Fe Al

852 7.89 270 924 855 293 675 625 214
290 3.89 438 225 404 455 226 3.03 341
145 211 205 151 219 213 113 1.64 159

o o I
ST S
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FIG. 5. (Color online) Phase diagram of the effective phase velocities. The
velocities are calculated using expressions obtained for the case of diluted
structures (low filling fractions). Values to the right of the downward arrows
correspond to filling fractions higher that 0.6, where the calculated values
are not reliable. The symbols represent the values of the materials employed
in the different structures.

By using the asymptotic form of the Hankel functions for
large arguments,®” the acoustic pressure at the far field is
a(k, 0) = lim |\/rP**(r, 0)]

r—00

N 00
- Z Z (_i)q(Bx)[q‘ef""f&cos(ﬂf@)eiqe .
a=1 g=-o0

(39)

For the case of a single cylinder this expression is simplified
36
to

o0

ok, 0) = Z (—i)'BLe""). (40)

q=—00

Numerical simulations are performed by considering the
case of (i) a brass cylinder with circular cross section and ra-
dius R, = 794 ym immersed in glycerin and (ii) a circular
cluster of 151 brass cylinders distributed in a hexagonal lat-
tice with parameter a = 794 um and with radii R, = 0.3a
The cluster radius is R.s = 6.452a, which is obtained by
using Eq. (37).

Figure 6 represents the pressure at the far field of both
cases for several frequencies. For the single cylinder case it
is observed that viscosity only modifies the forward and
backward pressure patterns of the pressure when the fre-
quency of the incident wave is increased. A similar result
was previously reported by Lin and Raptis.*® However, note
that our result at frequency kR, = 5 slightly differs from that

150 150
0.01 0.004
0.00-/180 0.000 180
0.01 0.004 -
210 210
0.6] 0.3-.
{ 150 150
0.2
0.4
0.2 0.1
0.0-1180 0.0-180
0.2 4 0.1
0.4 |
{1 210 02+ 210
0.6 1
0.3
3 / 7 ’a
0180 0180
14
3

FIG. 6. (Color online) The scattered far field for a brass cylinder immerse in a glycerin background for different frequencies: (a) kR, = 0.1, (b) kR, = 1, and
(c) kR, = 5, and the scattered far field for a cluster of 151 cylinders of brass in glycerin (d) kRs = 0.1, (e) kR.s = 1, and (f) kR = 5; red line (viscous result)

and black line (inviscid result).
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in Fig. 2(c) of Ref. 36. We attribute this difference to better
convergence of data obtained here. In our calculations, we
have determined that convergence is achieved by including
angular momenta up to a certain ¢max, Which is obtained
from the following relationship:

N
k } :
4max = 40 +N R;, (41)
i=1

with N and R; being the number of cylinders and their radii,
respectively. For the frequencies employed in this study it
has been found that ¢y = 3 ensures good convergence. Then,
for the case of a single cylinder N =1 and kR, =5 the
resulting gmax = 9.

Regarding the pressure behavior at the far field for the
cluster [see Figs. 6(d)-6(f)], the strongest effect of the vis-
cosity is due to additive contributions of losses produced at
the surfaces of cylinders.*” For the frequencies used in the
calculation we get a significant viscous penetration depth 9.
We can conclude that viscosity plays non-negligible role in
the modification of the pressure at the far field, especially
along the backward and forward directions. This result is
expected since the main amount of energy is essentially con-
centrated in both directions and, therefore, they are more
sensitive to quantify the losses due to viscosity. We have
employed this result to consider the forward direction as a
reference in order to establish the condition determining the
long wavelength limit (homogenization limit) of a circular
cluster of elastic cylinders.

B. Homogenization limit for a cluster of elastic
cylinders in viscous medium

A wavelength of around four times the lattice parameter
has been found as a minimum wavelength in order to reach
the homogenization of a cluster of rigid cylinders in an invis-
cid background.?>~® However, due to the presence of viscos-
ity in the background as well as the elastic properties of the

12 =

-

.
P

Ly
..............................
...........

Ma

FIG. 7. (Color online) The relative difference between the forward scatter-
ing cross section calculated for a cluster of 151 brass cylinders G5 and its
corresponding homogenized cylinder o¢ for three filling fraction: f = 0.2
(dotted line), f = 0.4 (continuous line), and f = 0.6 (dashed line).
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TABLE III. Effective parameters of hexagonal distributions of brass
cylinders embedded in glycerin for several values of filling fraction. They
are normalized to the corresponding values of glycerin (see also Fig. 4).

f Pest Cyeff Creff
0.2 2.15 1.172 0.8934
0.4 3.30 1.239 1.0198
0.6 4.45 1.301 1.0755

cylinders it is expected that this cutoff could be slightly dif-
ferent. In fact, it has been shown above how the background
viscosity modifies the pressure at the far field at different
frequencies.

In order to establish the new limit of homogenization
for the viscous-elastic structures under study here we ana-
lyze the pressure field distributions produced by a cluster of
brass cylinders and its corresponding homogenized cylinder.
Particularly, we calculate the forward scattering cross sec-
tions as a function of the frequency by using the expressions
in Egs. (39) and (40). Figure 7 reports the relative difference
between the forward scattering cross section calculated for
the cluster and the corresponding homogenized cylinder o
for three different filling fractions; f = 0.2, 0.4, and 0.6. The

20

1.50

1.41

1.31
1.22
1.13
1.03
0.94
0.84
0.75

-20 -10 0 10 20
x/a

FIG. 8. (Color online) Pressure map (amplitude) representing the scattering
of a sound plane wave of wavelength / = 4q interacting with (a) a cluster
made of 151 brass cylinders arranged in a hexagonal lattice with filling frac-
tion f = 0.2 and embedded in glycerin and (b) the corresponding homoge-
nized cylinder also embedded in glycerin.
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FIG. 9. (Color online) Similar to Fig. 7 but for an impinging wavelength
/ = 6a. Note the good agreement between both pressure maps.

values of effective parameters employed to calculate o are
given in Table III. Results in this figure establish that the
new homogenization cutoff is around A = 6a, where a rela-
tive error less than 6% is obtained within the homogeniza-
tion region for the lower filling fractions.

To support our previous finding, Figs. 8 and 9 depict
pressure maps of the scattering of a plane sound wave by a
circular cluster of brass cylinders distributed in a hexagonal
lattice with fiex = 0.2 and the corresponding homogenized
cylinder for 2 = 4a and /. = 6a, respectively. From Fig. 7 it
is observed that the wavelength . = 4a (the homogenization
limit in an inviscid background) is not enough to get a good
agreement between both pressure patterns. Unlike this, maps
in Fig. 8, which correspond to / = 6a, show a fairly good
agreement.

Based on these results we conclude that viscosity
increases the wavelength cutoff above which the homogeni-
zation is achieved.

V. SUMMARY

We have employed the multiple scattering method to
analyze the scattering of acoustic waves by a cluster of elas-
tic inclusions embedded in a viscous fluid host. Particularly,
we have obtained asymptotic relations of the corresponding
¢t matrix elements in the long wavelengths limit. They are
used to derive analytical formulas for the parameters of the
effective homogeneous solid representing the cluster in such

J. Acoust. Soc. Am., Vol. 132, No. 4, Pt. 2, October 2012

a limit. We demonstrated that the effective mass density as
well as the effective longitudinal and transversal sound
speed depend on the structural distribution of the cylinders,
their physical parameters, and the embedded medium. The
resulting effective homogenized solid is a kind of elastic
metamaterial whose elastic properties can be tailored by
changing the cylinders’ filling fraction in the cluster. We
reported numerical simulations for several elastic-viscous
fluid composites that support the validity of the formulas
obtained for the effective parameters. It is also found that
viscosity produces an increase of minimum wavelength for
which the homogenization is achieved in comparison with
the case of an inviscid host. We concluded that artificial elas-
tic materials with parameters not found in nature can be
obtained by homogenization of clusters made of solid cylin-
ders in a viscous host.

ACKNOWLEDGMENTS

This work was partially supported by the U.S. Office of
Naval Research (Award No. N000140910554) and by the
Spanish Ministry of Science and Innovation under Contracts
Nos. TEC2010-19751 and CSD2008-66 (CONSOLIDER
program). D.T. acknowledges a research grant provided by
the program “Campus de Excelencia 2010 UPV.”

APPENDIX A: +MATRIX

From Eq. (5), the components of the velocity in the vis-
cous fluid can be expresses in terms of their associated
potentials as

v = —g—(f %g—lg, (Ala)
and those corresponding to the elastic scatterers are
o= iof120 ) o

These components satisfy the following boundary
conditions:

v/ (Ra) = v (Ra),

vy (Ra) = v (Ra),

7 (Ra) = 0, (Ry),

a5 (Ry) = 0,y(R.), (A3)

where R, is the radius of the elastic cylinder.

By introducing the expansions of @y, Pscatt> Vscatts Pints
and (i, in the velocity and after applying the boundary con-
ditions to the resulting expressions, we obtain from the first
two conditions in Eq. (A3) that
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i
—k (Aff’ (KeRq) + BYH, (kiR,) ) + R—" (BH,(KR.))
) <

KICLT (KER,) + ;;’c;Jq(kfRa)>,
(&,

iq
- (A Jo(kiR,) + BLH, (KR, )) K qH;(k,Ra))
. lq a a a
= —iw <— R—aCfIJq(k[R,,) — K CLT (K Ra)> : (A4)
which can be cast in matrix form as
M,a, + N,b, = O,c,, (AS)
where
1 [ (kiR (keRy) O
Mq((’;”)"(“) ) (A6)
R igJy(keRy) O

, k
A{—k,%(Aé];’(kgRa)+BZH;’(k,;Ra)) Z’(B’H’ (kR ))

—iqH,(kiR,)

N, — 1 (kéRa)Hé(kZRa) A7
"R, (kiR)H, (kiR,) |’ (A7)

iqH g (keRq)

o _ i (R ER) il (R \
R, iqly(kiRa)  (K{Ro)J(k{R,) )’
and
¢ ‘
Af; B, ¢,
A = ; by = o €= (A9)
0 BfI !

Similarly, from the last two boundary conditions in Eq. (A3)
we obtain

(i)

Y (¢ (0 ¢ - / tqp oy iq
‘e {R_a (Aqu(kgRa) + Bqu(kgRa)> — igh, (B;Hq(k,Ra)) ks (quq(/qRa) n Bqu(kgRa)) o (B;Hq(k,Ra))

o .
_ Aa{(k;)chijg(kzlea) + <’q LT (KIR,) — o T, (KR

R,

and

iqky ,
n{— 12 (B;H;(k,Ra)) ! (A’J’ (kiRy) + BgH;(/qRa))

a

1

iqks
~wPey R, - (4 R)

a

||
IS

. a a a a i a
{2 coruam,) - ikt kiR) — KC kiR + 1 05R) |

__ { 2 (B;Hq(k,Ra)) + igky (Aﬁ.l;(sza) + Bf]H;(kgRa)) —k (B;H;(k,Ra)) _

2
q a - ga/l a a a
{R_a ClTy(kir) + igk{CLT, (kiRs) — K{ClJ!(K(Ry) —

(A10)

_q2 (A(J (keRa) + BEHQ(kZRa))

s e e

19, a /
. ﬁJq(sza)) c,

c’ J, (KSR, )} (A11)

where

iB

+_ Y:A—z’% Aa:/la_kzluav

(A12)

4
A=¢E+-
é+3

with n, &, 44, u,, and B, being the viscosity constants, the
Lamé’s coefficients, and the bulk modulus, respectively.

. L A(kfRa)ZJg (kZRa) =+ Y[(kéRa)J:] (kéRa)
“ 2ing[(keRa)T} (keRa) — T (keRy))]
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— ¢y (kiR,)] o)

Equations (A10) and (All) can also be cast in matrix
form as

P,a; +Q, b, = Ryey, (A13)
where

Al4

0 (Al4)
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ZiWQ[(kkRa)H:] (k/fRa) - Hq (kl{Ra)]

R — 1 (Aa(kéaRa)z‘]g(kZRa)+)~u[(k?Ra)J¢;(k?Ra)_qz‘lq(k?Ra)]

q_R(Z,

2iptq[(kiRa)TG (K Ra) = T4 (k{Rq)]

1 (A(kgRa)zH;’(kgRa) + Y[(keR)H, (keRa) — *Hy (kiR ,))

—2ing[(kiRa)H,, (kiRs) — Hy(kiR4)]
n[(ktRa)zH;l(ktRa) _ (k;Ra)H;(ktRa) +q2Hq(kth)] )

(A15)
—2ip,q[k¢RaT} (K{R4) — T4 (KR,)] )
1ol (KER)2T! (KR y) — (KSR (KSR4) + ¢2T 4 (K¢R,)]
(A16)
N g
tqqzmﬁ, g=0,1,2. (B4)

It is straightforward to obtain the -matrix, which relates the
coefficients b, to a,, as
t, = —[Q, — RqO,'Ng| ' [Py — R0, "M, (A17)

where [-- ]! means matrix inversion. Note that 7, is a 2 x 2
matrix that has the following form:

2o
ty = . (A18)
¢
t, 0
Let us point out that the inverse matrix [---] " in Eq. (A17)

presents singularities associated to its functional dependence
on the Hankel functions, which can take values close to zero
for certain parameters and frequency regions, where the
t — matrix cannot be obtained.

APPENDIX B: LOWER ORDER ELEMENTS OF THE
k-EXPANSION OF THE +-SCATTERING MATRIX

The previous appendix has shown that the elements of
the #-matrix can be calculated by using the matrix expression
(A17), where ty, = t,,0,,. Now, by using the power series
expansions of Hankel and Bessel functions for small argu-
ments, is tedious but straightforward to show that the lower
order terms of this matrix are

. /j/_i”Riw » M 2
im0 =~ 5 1+leB%Ba—Bng ‘
. R2 _
lim = "aP = Parp, iopg] i 4 9(kY), (B2)
0 4 py
y _ng By + 2icka| , 4
tim 4, — [ T L] (B3)

where B, = A, + p, and o = 3 + &

In the expressions above we have only considered the
longitudinal projection of the ty, matrix (i.e., 7. ty,), which
will be compared with the effective matrix of a cluster of
cylinders.

The k-independent factors of lower terms in the power
expansion are defined by
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If we consider clusters of low filling fractions of the inclu-
sions (i.e., the volume occupied by the cylinders is small)
the diagonal terms of the effective r— matrix representing
the homogenized cluster accomplish that

ANty q=0,1,2, (B5)

where N is the number of cylinder and 0. qu are the lower
terms in the power expansion mentioned above. This result
is independent of the external shape of the cluster. It is well
known that for a cylinder of arbitrary shape, the isotropic
element tf)(y)l is given by

Ayt [ B
oy Il Y ) B
0= (B6)

This expression is employed here to describe the isotropic
term of an arbitrarily shaped cylinder representing the ho-
mogenized cluster with area A, and bulk modulus Beg. In
other words, it is possible to write Eq. (BS) as

iAer [ Bp inR? [By,
— 1| =N—2|2—-1 B7
| R S ®)

by introducing the filling fraction f as

N(nR?)

f= Aetr

(B8)

and after some simplifications, the effective bulk modulus of
the homogenized cluster is finally obtained as

1 f 1-f

Bt B, B,

(B9)

In what follows we determine p i by using the next diagonal
term in the power expansion, which is easily obtained from
Egs. (34) and (B2):

P2
feff _ IR Py — Pest

~ NI -t
11 4 0 11

(B10)

Now, inserting the definition of f [see Eq. (B8)] allows one
to merge the last equation in
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Pb — Peft :f<Pb —Pa). (B11)
Pb Pp
Solving for p. we get
Pett =FPa + (1 =1F)pp- (B12)

Finally, for the third diagonal term, the low filling fraction
limit implies

~eff

iyy NI -1y, (B13)
and from Eq. (B3) it is clear that
Hett :f:ua' (B14)
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