
Frequency-response shapes
for loudspeakers [1]
APPENDIX
I

In the following high-pass filter functions G(s), the order of the function is denoted by N and the
frequency at which the magnitude of the response is 1=

ffiffiffi
2

p
(that is, 3 dB below the pass-band level) is

denoted by u3dB.

Synchronous.

GðsÞ ¼
�

s

sþ u0

�N

where

u0 ¼ u3dB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
21=N � 1

p
Bessel. The Bessel polynomials are generated from the following power series in s:

BnðsÞ ¼
Xn
k¼ 0

aks
k

where s¼ ju and

ak ¼ ð2n� kÞ!
2n�k k!ðn� kÞ!

Also, we define a frequency scaling factor g such that

jBnð jgÞj ¼ a0
ffiffiffi
2

p
¼ 2n!

2n�1=2n!

Bessel polynomials

1st-order: B1(s)¼ s + 1
2nd-order: B2(s)¼ s2 + 3s + 3
3rd-order: B3(s)¼ s3 + 6s2 + 15s + 15
4th-order: B4(s)¼ s4 + 10s3 + 45s2 + 105s + 105
5th-order: B5(s)¼ s5 + 15s4 + 105s3 + 420s2 + 945s + 945
6th-order: B6(s)¼ s6 + 21s5 + 210s4 + 1260s3 + 4725s2 10395s + 10395

If the real parts of the roots or poles are a1, a2,.aN and the imaginary parts of the roots or poles are
b1, b2,.bN, then
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un ¼ gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2n þ b2n

q

Qn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2n þ b2n

q
2an

Odd order

GðsÞ ¼ sN�
s2 þ u1

Q1
sþ u2

1

��
s2 þ u2

Q2
sþ u2

2

�
$$$

 
s2 þ uðN�1Þ=2

QðN�1Þ=2
sþ u2

ðN�1Þ=2

!�
sþ uðNþ1Þ=2

�
Even order

GðsÞ ¼ sN�
s2 þ u1

Q1
sþ u2

1

��
s2 þ u2

Q2
sþ u2

2

�
$$$

 
s2 þ uN=2

QN=2
sþ u2

N=2

!

Butterworth.
Odd order

GðsÞ ¼ sN�
s2 þ u3dB

Q1
sþ u2

3dB

��
s2 þ u3dB

Q2
sþ u2

3dB

�
$$$

 
s2 þ u3dB

QðN�1Þ=2
sþ u2

3dB

!
ðsþ u3dBÞ

The poles lie on a circle of radius u3dB, each at an angle of qn to the real axis, where

Qn ¼ 1

2 cos qn

and

qn ¼ � n

N
p; n ¼ 1; 2; $$$ðN � 1Þ=2

Even order

GðsÞ ¼ sN�
s2 þ u3dB

Q1
sþ u2

3dB

��
s2 þ u3dB

Q2
sþ u2

3dB

�
$$$

 
s2 þ u3dB

QN=2
sþ u2

3dB

!

where

qn ¼ � 2n� 1

2N
p; n ¼ 1; 2; $$$N=2
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Chebyshev. Chebyshev polynomials

1st-order: C1(U)¼U
2nd-order: C2(U)¼ 2U2� 1
3rd-order: C3(U)¼ 4U3� 3U
4th-order: C4(U)¼ 8U4� 8U2 + 1
5th-order: C5(U)¼ 16U5� 20U3 + 5U
6th-order: C6(U)¼ 32U6� 48U4 + 18U2� 1

where

U ¼ u

uP

and uP is the pass-band limit which is defined as the frequency at which the final 0 dB crossing occurs
before roll-off. Let R be the maximum permitted magnitude of the pass band ripples in dB. Thus we
define a ripple factor by

ε ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
100:1 R � 1

p

Also, we define a frequency scaling factor g by

g ¼ u3dB

up
¼ cosh

�
1

N
arccosh

�
1

ε

��

and then find the roots of the polynomial

1þ ε
2C2

N

so that the imaginary parts of the roots a1, a2,.aN give the real parts of the poles and the real parts of
the roots b1, b2,.bN give the imaginary parts of the poles. Then

un ¼ gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2n þ b2n

q

Qn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2n þ b2n

q
2an

Odd order

GðsÞ ¼ sN�
s2 þ u1

Q1
sþ u2
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s2 þ u2

Q2
sþ u2

2

�
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s2 þ uðN�1Þ=2

QðN�1Þ=2
sþ u2

ðN�1Þ=2
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sþ uðNþ1Þ=2
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Even order

GðsÞ ¼ sN�
s2 þ u1

Q1
sþ u2

1
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Q2
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