
Mathematical formulas [1,2]
APPENDIX
II

In the following formulas, m and n are integers, m and n can have any value.

Binomial theorem.

ð1� xÞn ¼
Xn
m¼ 0

ð�1Þm
 

n

m

!
xm ¼

Xn
m¼ 0

ð�1Þmn!
m!ðn� mÞ! x

m; any x; n positive integer (1)

ð1� xÞv ¼
XN
m¼ 0

ð�1ÞmGðvþ 1Þ
m!Gðv� mþ 1Þx

m; 0 � jxj < 1; vs� 1;�2;�3; . (2)

ð1� xÞ�1 ¼
XN
m¼ 0

ðH1Þmxm; 0 � jxj < 1 (3)

ð1� xÞ�2 ¼
XN
m¼ 0

ðH1Þm ðmþ 1Þxm; 0 � jxj < 1 (4)

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p ¼
XN
m¼ 0

ð2mÞ!
ðm!Þ2

�x
2

�2m
; 0 � jxj < 1 (5)

Gamma function.

GðnÞ ¼ n!=n ¼ ðn� 1Þ! (6)

Gðnþ 1Þ ¼ nGðnÞ ¼ n! (7)

Gðvþ 1Þ ¼
ZN
0

xve�xdx (8)

Gð1=2Þ ¼ ffiffiffi
p

p
(9)

Gðnþ 1=2Þ ¼
ffiffiffi
p

p
Gð2nÞ

22n�1GðnÞ ¼
ffiffiffi
p

p ð2nÞ!
22n n!

(10)
675
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Gð�nþ 1=2Þ ¼ ð�1Þnp
Gðnþ 1=2Þ ¼ ð�1Þn ffiffiffi

p
p

22n�1GðnÞ
Gð2nÞ ¼ ð�1Þn ffiffiffi

p
p

22nn!

ð2nÞ! (11)

Pochhammer symbol.

ðmÞv ¼ Gðmþ vÞ
GðmÞ (12)

Hyperbolic formulas.

ex ¼
XN
k¼ 0

xk

k!
(13)

e�x ¼
XN
k¼ 0

ð�1Þkxk
k!

(14)

ex ¼ cosh xþ sinh x (15)

e�x ¼ cosh x� sinh x (16)

cosh x ¼ ex þ e�x

2
(17)

sinh x ¼ ex � e�x

2
(18)

cosh jx ¼ cos x (19)

sinh jx ¼ j sin x (20)

sech x ¼ 1

cosh x
(21)

cosech x ¼ 1

sinh x
(22)

tanh x ¼ sinh x

cosh x
(23)

coth x ¼ cosh x

sinh x
(24)

cosh2 x� sinh2 x ¼ 1 (25)
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cosh2 xþ sinh2y ¼ coshðxþ yÞ coshðx� yÞ (26)

cosh ðx� jyÞ ¼ cosh x cosh jy� sinh x sinh jy ¼ cosh x cos y� j sinh x sin y (27)
sinh ðx� jyÞ ¼ sinh x cosh jy� cosh x sinh jy ¼ sinh x cos y� j cosh x sin y (28)

1þ cosh 2x

cosh2 x ¼

2
(29)

sinh2 x ¼ cosh 2x� 1

2
(30)

d

dx
cosh x ¼ sinh x (31)

d

dx
sinh x ¼ cosh x (32)

Trigonometric formulas.
Definitions

e� jx ¼
XN
k¼ 0

ð�jxÞk
k!

(33)

e jx ¼ cos xþ j sin x (34)

e�jx ¼ cos x� j sin x (35)

cos x ¼ e jx þ e�jx

2
(36)

sin x ¼ e jx � e�jx

2
(37)

cos jx ¼ cosh x (38)

sin jx ¼ j sinh x (39)

sec x ¼ 1

cos x
(40)

cosec x ¼ 1

sin x
(41)
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tan x ¼ sin x

cos x
¼
XN
k¼ 0

2x�
k þ 1

2

�2

p2 � x2

(42)

cot x ¼ cos x

sin x
¼
XN
k¼ 0

ð2� dokÞx
x2 � k2p2

(43)

Formulas

cos2 xþ sin2 x ¼ 1 (44)

cos2 x� sin2 y ¼ cosðxþ yÞ cosðx� yÞ (45)

cosðx� yÞ ¼ cos x cos yHsin x sin y (46)

sinðx� yÞ ¼ sin x cos y� cos x sin y (47)

tanðx� yÞ ¼ tan x� tan y

1Htan x tan y
(48)

cos2x ¼ 1þ cos 2x

2
(49)

sin2x ¼ 1� cos 2x

2
(50)

sin nx ¼ sin x
Xn�1
2

k¼ 1�n
2

cosð2kxÞ (51)

arctan x� arctan y ¼ arctan

�
x� y

1þ xy

�
(52)

arctan xþ arctan y ¼ arctan

�
xþ y

1� xy

�
(53)

Derivatives

d

dx
cos x ¼ � sin x (54)
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d

dx
sin x ¼ cos x (55)

Integrals

Z2p
0

cosðmfÞ cosðnfÞdf ¼
(

0; msn

ð1þ dn0Þp; m ¼ n
(56)

Z2p
0

sinðmfÞ sinðnfÞdf ¼
(

0; msn

ð1� dn0Þp; m ¼ n
(57)

Oblique-angled triangle (Fig. AII.1).
A

BC

a

b
c

FIG. AII.1 Oblique-angled triangle.
a2 ¼ b2 þ c2 � 2bc cos A (58)

b2 ¼ a2 þ c2 � 2ac cos B (59)

c2 ¼ a2 þ b2 � 2ab cos C (60)

Legendre functions.
Definitions

PnðzÞ ¼ ð�1Þn
2nn!

dn

dzn
ð1� z2Þn Rodrigues0 formula (61)

PnðzÞ ¼ 1

2n

X��n2��
k¼ 0

ð�1Þk ð2n� 2kÞ!
k! ðn� kÞ!ðn� 2kÞ! z

n�2k (62)

Pm
v ðzÞ ¼ ð�1Þmð1� z2Þm=2 d

m

dzm
PvðzÞ (63)
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Recursion formulas

ðnþ 1ÞPnþ1ðzÞ þ nPn�1ðzÞ ¼ ð2nþ 1ÞzPnðzÞ (64)

nðnþ 1ÞðPnþ1ðzÞ � Pn�1ðzÞÞ ¼ ð2nþ 1Þðz2 � 1Þ d
dz

PnðzÞ (65)

Integrals

Zp
0

Pmðcos qÞPnðcos qÞsin q dq ¼ 2dmn
2nþ 1

(66)

Zd
0

Pmðcos qÞsin q dq ¼ d2

2
; d/0 (67)

Za
0

Pnðcos qÞcos q sin q dq ¼

8>>><
>>>:

ðsin2 aÞ=2; n ¼ 0

ð1� cos3 aÞ=3; n ¼ 1

�sin2 a
Pnðcos aÞ þ cot a P1

nðcos aÞ
ðn� 1Þðnþ 2Þ ; n � 2

(68)

Za
0

Pnðcos qÞsin q dq ¼ sin a P�1
n ðcos aÞ (69)

Zp
a

Pnðcos qÞPmðcos qÞ sin q dq

¼

8>>>>><
>>>>>:

sin aðPnðcos aÞP0
mðcos aÞ � Pmðcos aÞP0

nðcos aÞÞ
mðmþ 1Þ � nðnþ 1Þ ; msn

1þ ðPmðcos aÞÞ2 cos aþ 2
Pm�1

j¼ 1
Pjðcos aÞ

�
Pjðcos aÞcos a� Pjþ1ðcos aÞ

�
2mþ 1

; m ¼ n

(70)

Bessel functions.
Definitions

JvðzÞ ¼
�z
2

�v XN
m¼ 0

ð�1Þm
m!ðmþ vÞ!

�z
2

�2m
; Bessel function (71)
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YvðzÞ ¼ cos vp JvðzÞ � J�vðzÞ
sin vp

; Neumann function (72)

2 �z� 1 Xn�1 ðm� k � 1Þ!�z�2k�n

YnðzÞ ¼

p
ln

2
JnðzÞ �

p
k¼ 0

k! 2

� 1

p

XN
k¼ 0

ð�1Þkðjðk þ 1Þ þ jðk þ nþ 1ÞÞ
k!ðk þ nÞ!

�z
2

�2kþn

(73)

Hð1Þ
v ðzÞ ¼ JvðzÞ þ jYvðzÞ; Hankel function (74)

Hð2Þ
v ðzÞ ¼ JvðzÞ � jYvðzÞ; Hankel function (75)

Integral representations

JnðzÞ ¼ 1

2p

Z2p
0

e jðz sinf�nfÞdf (76)

1
Z2p
JnðzÞ ¼
2p

0

cosðz sinf� nfÞ df (77)

2 �z�vZp2

JvðzÞ ¼

G

�
vþ 1

2

�
G

�
1

2

�
2

0

ðsin fÞ2v cosðz cosfÞ df (78)

Relations

J�nðzÞ ¼ ð�1Þn JnðzÞ (79)

Y ðzÞ ¼ ð�1Þn Y ðzÞ (80)
�n n

Y 1ðzÞ ¼ ð�1Þn J 1ðzÞ (81)
�n�
2

nþ
2

n�1
Ynþ 1
2
ðzÞ ¼ ð�1Þ J�n� 1

2
ðzÞ (82)

Recursion formulas

Zv�1ðazÞ þ Zvþ1ðazÞ ¼ 2v

az
ZvðazÞ (83)

2 d

Zv�1ðazÞ � Zvþ1ðazÞ ¼

a
$
dz

ZvðazÞ (84)

where Z can represent J, Y, H(1) or H(2).
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Limiting forms for small arguments

JvðzÞjz/0 ¼ 1

Gðvþ 1Þ
�z
2

�v
; vs� 1;�2;�3; $$$ (85)

Y0ðzÞjz/0 ¼ 2

p
ln z (86)

YvðzÞjz/0 ¼ GðvÞ
p

�z
2

�v
; vs0 (87)

Forms for large arguments

JvðzÞ ¼
ffiffiffiffiffi
2

pz

r "
cos
�
z� v

p

2
� p

4

�XN
k¼ 0

ð�1ÞkþvG

�
2k � vþ 1

2

�
G

�
2k þ vþ 1

2

�
pð2kÞ!ð2zÞ2k

� sin
�
z� v

p

2
� p

4

�XN
k¼ 1

ð�1ÞkþvG

�
2k � v� 1

2

�
G

�
2k þ v� 1

2

�
pð2k � 1Þ!ð2zÞ2k�1

3
75

(88)

YvðzÞ ¼
ffiffiffiffiffi
2

pz

r "
sin
�
z� v

p

2
� p

4

�XN
k¼ 0

ð�1ÞkþvG

�
2k � vþ 1

2

�
G

�
2k þ vþ 1

2

�
pð2kÞ!ð2zÞ2k

þ cos
�
z� v

p

2
� p

4

�XN
k¼ 1

ð�1ÞkþvG

�
2k � v� 1

2

�
G

�
2k þ v� 1

2

�
pð2k � 1Þ!ð2zÞ2k�1

3
75

(89)

Asymptotic forms for very large arguments

JvðzÞjz/N ¼
ffiffiffiffiffi
2

pz

r
cos
�
z� v

p

2
� p

4

�
(90)

YvðzÞjz/N ¼
ffiffiffiffiffi
2

pz

r
sin
�
z� v

p

2
� p

4

�
(91)

Hð1Þ
v ðzÞ

���
z/N

¼
ffiffiffiffiffi
2

pz

r
e
j

�
z�vp2 � p

4

�
(92)
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Hð2Þ
v ðzÞ

���
z/N

¼
ffiffiffiffiffi
2

pz

r
e
�j

�
z�vp2 � p

4

�
(93)

Integrals

Za
0

J0ðbxÞdx ¼ a
n
J0ðabÞ þ p

2
ðJ1ðabÞH0ðabÞ � J0ðabÞH1ðabÞÞ

o
(94)

Za
0

J0ðbxÞxdx ¼ a

b
J1ðabÞ (95)

Za
0

�
1� x2

a2

�mþ1
2

J0ðbxÞxdx ¼ a2

2
G

�
mþ 3

2

��
2

ab

�mþ3
2

J
mþ 3

2
ðabÞ; Sonine0s Integral (96)

ZN
a

�
x2

a2
� 1

�mþ1
2

J0ðbxÞxdx ¼ a2

2
G

�
mþ 3

2

��
2

ab

�mþ3
2

J�m� 3
2
ðabÞ; Pritchard0s Integral (97)

ZN
0

�
1� x2

a2

�mþ1
2

J0ðbxÞxdx ¼ a2

2
G

�
mþ 3

2

��
2

ab

�mþ3
2

H
ð2Þ
mþ 3

2

ðabÞ (98)

Za
0

�
1� x2

a2

�mþ1
2

JvðbxÞxdx ¼ ffiffiffi
p

p a2

2

�
ab

4

�v G

�
mþ 3

2

�

G

�
v

2
þ 1

2

�
G

�
v

2
þ mþ 5

2

�

�1 F2

�
v

2
þ 1;

v

2
þ mþ 5

2
; vþ 1;�a2b2

4

�
(99)

Za
0

�x
a

�m
JvðbxÞxdx ¼ a2

vþ mþ 2

�
ab

2

�v 1

Gðvþ 1Þ

�1F2

�
v

2
þ m

2
þ 1;

v

2
þ m

2
þ 2; vþ 1;�a2b2

4

� (100)
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Za
0

Jkðakmx=aÞJkðaknx=aÞxdx ¼
(

0; akmnakn

a2J2kþ1ðaknÞ=2 akm ¼ akn
; JkðakmÞ ¼ 0 (101)

Za
0

Jkðakmx=aÞJkðaknx=aÞxdx

¼

8>>><
>>>:

a2
amJkðaknÞJkþ1ðakmÞ � anJkðakmÞJkþ1ðaknÞ

a2km � a2kn
; akmsakn

a2
J2k ðaknÞ � Jk�1ðaknÞJkþ1ðaknÞ

2
; akm ¼ akn

; JkðaknÞs0

(102)

2

Z1
0

J21ðz xÞ
x
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx ¼ 1� J1ð2zÞ
z

(103)

2

ZN
1

J21ðz xÞ
x
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx ¼ H1ð2zÞ
z

(104)

2

Z1
0

J21ðz xÞ
x

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
dx ¼ 1�1F2

�
1

2
;
3

2
; 2;�z2

�
(105)

2

ZN
1

J21ðz xÞ
x

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
dx ¼ 4

p

�
1

z
þ z

3
2F3

�
1; 1;

3

2
; 2;

5

2
;�z2

�	
(106)

Expansions

J0

�
z
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ t2

p �
¼ 2

XN
n¼ 0

ð�1Þn
1þ dn0

J2nðzÞJ2nðztÞ; Gegenbauer summation theorem (107)

J0

�
z
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p �
2
XN
n¼ 0

JnðzÞ
n!

�z
2

�n
t 2n; Lommel addition theorem (108)

JvðazÞJmðbzÞ ¼

�
1
2 az

�v�
1
2 bz

�m

Gðmþ 1Þ
XN
n¼ 0

ð�1Þn
�
1
2 az

�2n

n!Gðnþ vþ 1Þ 2F1

�
� n;�n� v;mþ 1;

b2

a2

�
(109)
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e� jx cos q ¼ J0ðxÞ þ
XN
k¼ 1

j�k cosðkqÞJkðxÞ (110)

Wronskian

JvðzÞYvþ1ðzÞ � Jvþ1ðzÞYvðzÞ ¼ � 2

pz
(111)

Hyperbolic Bessel functions.
Definitions

IvðzÞ ¼ j�vJvð jzÞ; Hyperbolic Bessel function (112)

IvðzÞ ¼
�z
2

�v XN
m¼ 0

1

m!ðmþ vÞ!
�z
2

�2m
(113)

KvðzÞ ¼ p

2
j vþ1 Hð1Þ

v ð jzÞ; Hyperbolic Neumann function (114)

KvðzÞ ¼ p

2
ð�jÞvþ1 Hð2Þ

v ð�jzÞ (115)

KnðzÞ ¼ ð�1Þnþ1 ln
�z
2

�
InðzÞ þ 1

2

Xn�1

k¼ 0

ð�1Þkðn� k � 1Þ!
k!

�z
2

�2k�n

þ ð�1Þn
2

XN
k¼ 0

jðk þ 1Þ þ jðk þ nþ 1Þ
k!ðk þ nÞ!

�z
2

�2kþn

(116)

Recursion formulas

Iv�1ðzÞ � Ivþ1ðzÞ ¼ 2v

z
IvðzÞ (117)

Iv�1ðzÞ þ Ivþ1ðzÞ ¼ 2
d

dz
IvðzÞ (118)

Kv�1ðzÞ � Kvþ1ðzÞ ¼ � 2v

z
KvðzÞ (119)

Kv�1ðzÞ þ Kvþ1ðzÞ ¼ � 2
d

dz
KvðzÞ (120)

Limiting forms for small arguments

IvðzÞjz/0 ¼ 1

Gðvþ 1Þ
�z
2

�v
; vs� 1;�2;�3; $$$ (121)
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K0ðzÞjz/0 ¼ �ln z (122)

KvðzÞjz/0 ¼ GðvÞ
2

�
2

z

�v

(123)

Wronskian

IvðzÞKvþ1ðzÞ þ Ivþ1ðzÞKvðzÞ ¼ 1

z
(124)

Struve function.
Definitions

HvðzÞ ¼
�z
2

�vþ1 XN
m¼ 0

1

G

�
mþ 3

2

�
G

�
mþ vþ 3

2

��z
2

�2m
; Struve function (125)

Integral representation

HvðzÞ ¼ 2

G

�
vþ 1

2

�
G

�
1

2

��z
2

�v Zp2
0

ðsin fÞ2v sinðz cos fÞdf (126)

Recursion formulas

Hv�1ðzÞ þHvþ1ðzÞ ¼ 2v

z
HvðzÞ þ

�
1

2
z

�v

ffiffiffi
p

p
G

�
vþ 3

2

� (127)

Hv�1ðzÞ �Hvþ1ðzÞ ¼ 2
d

dz
HvðzÞ �

�
1

2
z

�v

ffiffiffi
p

p
G

�
vþ 3

2

� (128)

Integrals

Za
0

H0ðbxÞdx ¼ a2
b

p
2F3

�
1; 1;

3

2
;
3

2
; 2;� a2b2

4

�
(129)

Spherical Bessel functions.
Definitions

jnðzÞ ¼
ffiffiffiffiffi
p

2z

r
J
nþ 1

2
ðzÞ; Spherical Bessel function (130)
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ynðzÞ ¼
ffiffiffiffiffi
p

2z

r
Y
nþ 1

2
ðzÞ; Spherical Neumann function (131)

hð1Þn ðzÞ ¼ jnðzÞ þ jynðzÞ; Spherical Hankel function (132)

hð2Þn ðzÞ ¼ jnðzÞ � jynðzÞ; Spherical Hankel function (133)

jnðzÞ ¼ ð�1Þn zn
�
1

z

d

dz

�n sin z

z
; Rayleigh0s formula (134)

ynðzÞ ¼ �ð�1Þn zn
�
1

z

d

dz

�n cos z

z
; Rayleigh0s formula (135)

j0ðzÞ ¼ sin z

z
(136)

j1ðzÞ ¼ �z
1

z

d

dz

sin z

z
¼ sin z

z2
� cos z

z
(137)

j2ðzÞ ¼ z2
1

z

d

dz

�
1

z

d

dz

sin z

z

�
¼
�
3

z3
� 1

z

�
sin z� 2

z2
cos z (138)

y0ðzÞ ¼ � cos z

z
(139)

y1ðzÞ ¼ z
1

z

d

dz

cos z

z
¼ � cos z

z2
� sin z

z
(140)

y2ðzÞ ¼ �z2
1

z

d

dz

�
1

z

d

dz

cos z

z

�
¼
�
� 3

z3
þ 1

z

�
cos z� 3

z2
sin z (141)

Recursion formulas

fn�1ðzÞ þ fnþ1ðzÞ ¼ 2nþ 1

z
fnðzÞ (142)

nfn�1ðzÞ � ðnþ 1Þfnþ1ðzÞ ¼ ð2nþ 1Þ d
dz

fnðzÞ (143)

where f can represent j, y, h(1) or h(2).

Limiting forms for small arguments

jvðzÞjz/0 ¼
ffiffiffi
p

p

2G

�
vþ 3

2

��z
2

�v
; vs� 1;�2;�3; $$$ (144)
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yvðzÞjz/0 ¼ �
G

�
vþ 1

2

�
2
ffiffiffi
p

p
�
2

z

�vþ1

(145)

Asymptotic forms for large arguments

jvðzÞjz/N ¼
sin
�
z� v

p

2

�
z

(146)

yvðzÞjz/N ¼ �
cos
�
z� v

p

2

�
z

(147)

hð1Þv ðzÞ
���
z/N

¼ �j
e
j

�
z�v

p

2

�
z

(148)

hð2Þv ðzÞ
���
z/N

¼ j
e
�j

�
z�v

p

2

�
z

(149)

Hypergeometric function.

pFqða1; a2; $$$ap; b1; b2; $$$bq; zÞ ¼ Gðb1ÞGðb2Þ$$$ðbqÞ
Gða1ÞGða2Þ$$$ðapÞ

� PN
n¼ 0

Gðnþ a1ÞGðnþ a2Þ$$$ðnþ apÞ
Gðnþ b1ÞGðnþ b2Þ$$$ðnþ bqÞ

zn

n!

(150)

Dirac delta function.

dðz� aÞ ¼
(

0; z s a

Indeterminate; z ¼ a
(151)

dðzÞ ¼ e�x2=a2

a
ffiffiffi
p

p
�����
a/0

(152)

ZN
�N

dðzÞdz ¼ 1 (153)
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ZN
�N

FðzÞdðz� aÞdz ¼ FðaÞ (154)

Miscellaneous functions.

dmn

(
0; msn

1; m ¼ n
;Kronecker delta function (155)

ðmÞv ¼ Gðmþ vÞ
GðmÞ ; Pochhammer symbol (156)
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