APPENDIX

Mathematical formulas [1,2]

In the following formulas, m and n are integers, u and » can have any value.

Binomial theorem.

(1+x)" = (£1)™ " = Mxm, any x, n positive integer (1)

=0 m m:()m.(n—m)!

v EDT )
(1+x) = ";)mxm 0<|x|<1,ve—1,-2,-3, ... 2)
(14x)" Z D™, 0<|x| <1 3)
(1£x) (FD" (m+ )X, 0< x| <1 (@)
m=0
m mzz:o (—) 0< <1 )
Gamma function.
I'(n) =n!/n=(n-1)! (6)
I'(n+1) = nl'(n) = n! @)
= /xvefxdx (8)
0

r(2) = va ©)

Val(2n)  /7(2n)!

P +1/2) = 55y =~ 2o

(10)

675
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(—1)'r  (~1)'vm2*'D(n)

(—1)"/m2%n!

PEn+1/2) = w05 = T(2n)

Pochhammer symbol.

Hyperbolic formulas.

e* = cosh x + sinh x

e = coshx — sinh x
eX _"_efx

h =
cosh x B

ef—e

2

—X
sinh x =

cosh jx = cosx
sinh jx = jsinx

1

sechx =
cosh x
1
cosechx = —
sinh x
sinh x
tanh x =
cosh x
cosh x
cothx = —
sinh x

cosh? x — sinh> x = 1

(2n)!

(11)

12)

13)

(14)

15)

(16)

7)

(18)

19)

(20)

21

(22)

(23)

(24)

(25)
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cosh? x + sinh?y = cosh(x + y) cosh(x — y) (26)
cosh (x & jy) = cosh x cosh jy + sinh x sinh jy = cosh x cos y & sinh x sin y 27)
sinh (x & jy) = sinh x cosh jy & cosh x sinh jy = sinh x cos y £ j cosh x sin y (28)
1 h 2
cosh? x = L cosh 2 (29)
2
h 2x — 1
sinh? x = X 0 (30)
2
d .
o cosh x = sinh x 31
X
d .
I sinh x = cosh x (32)
by

Trigonometric formulas.

Definitions
) © i’x)k
+ix ( J
= (33)
k=0
e’ = cos x +jsin x (34)
e = cos x —jsin x (335)
Jx —jx
cosx = &€ (36)
2
ejx — ei.]x 3
N e 7
sin x 3 (37)
cos jx = cosh x (38)
sin jx = jsinhx 39)
secx = (40)
cos x
1
cosecx = —— (41)

sin x
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. oo 2
tanx = ot — 3" > 42)
cosx = 1
k+=) w2 —x2
2
COS X Z1 (2 — O )x
tx = = —_— 43
N = Sinx ]Z:Oxz — k2w 43)
Formulas
cos? x+sin’x = 1 (44)
cos® x — sin® y = cos(x + y) cos(x — y) (45)
cos(x £y) = cosxcosyFsinxsiny (46)
sin(x £ y) = sinx cosy & cos x sin y 47)
t +t
tan(x £ y) = o =AY 48)
1+tan x tan y
1 2
Coszx = w (49)
2
1- 2
sin’x = ST Ax (50)
2
n—=1
2
sin nx = sinx Z cos(2kx) (51
k= 1-n
2
X—=y
arctan x — arctan y = arctan 52)
1+ xy
arctan x + arctan y = arctan ( Xty ) (53)
1 —xy
Derivatives
d
— cosx = —sinx 54

dx



— sinx = cosx

dx
Integrals

2w

/ i — 0, m¥+n
J COS(m¢) COS(n¢) - (1 _|_6n0)71-7 m=n
2w

/ ‘ ‘ io 0, m¥+n
J sin(me) sin(ng)d¢ = (1 = 6,0) m=n

Oblique-angled triangle (Fig. All.1).

FIG. All.1 Oblique-angled triangle.
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(55)

(56)

(57)

a* = b> +c* —2bccos A
- a2+cz—2accosB

? = a*+b*>—2abcos C

Legendre functions.

Definitions
D" dr .
P.(z) = (Z”n)! d_z”(l — 2%)" Rodrigues’ formula
L
1 & 2n—2k) ok
L kzok' 1(n —2k)!"
m m 2\m/2 ar
Pl(z) = (=1)"(1 = 7)== Py(z)

dz7"

(58)

(59)

(60)

(61)

(62)

(63)
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Recursion formulas

(n+ 1)Pui1(z) + nPy—1(z) = (2n+ 1)zPy(2) (64)
5 d
D (Prcs(2) — Pai(2)) = 20+ DE = 1) L2 63)
Integrals
™
/P (cos )P, (cos )sin 6 df = 20 (66)
" " C2n+1
0
0 52
/Pm(cos 6)sin 0 df = = 0—0 (67)
0
(sin® @) /2, n=20
o
j— 3 =
/Pn(cos f)cos 6 sin 6 df = (1= cos™ )/3, 1 n=1 (63)
) in? aP”(cos o) + cot o Py (cos a)’ N0
(n—1)(n+2)
o
/P,,(cos f)sin § df = sin a P, ' (cos ) (69)
0
Uy
/Pn(cos 6)Pp,(cos 6) sin 6 d6
o
sin a(P,(cos a)P), (cos a) — Pyy(cos &) Pl (cos a))
, m¥*n (70)
mm+1)—nn+1)
= 2 m—1
1+ (Pm(cos &))" cos a+2 > Pj(cos a) (Pj(cos a)cos a — Pji(cos a))
j=1 _
2m+ 1 e
Bessel functions.
Definitions
J(z) = (E)V z“’: i(i) " Bessel function (71)
v 2/ Aml(m+v)I\2/ 7
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_cos v Jy(z) —Jy(2)
B sin vmr

Yu(z) = %ln(z)Jn z_: m— k—l (2)2k—n

, Neumann function (72)

(73)
T = k!'(k + n)! 2

HSI)(Z) Jy(z) +jY,(z), Hankel function (74)
HY(z) = J,(z) — jY,(z), Hankel function (75)

Integral representations )

e

Ju(2) = % / el Sin¢_"¢)d¢) (76)

0

| 2w
Ju(z) = > / cos(z sing — n¢) d¢p (77)
0

g
L(iz) = ——m /smd) cos(z cos¢p) do (78)
TEHTORE

2
Relations

Jon(z) = (=1)" Ju(2) (79)
You(z) = (1) Y(2) (80)
Yo i@ = (=1)" Jis(2) (81)
Yn+ %(Z) = (_ 1 )"*1 anf %(Z) (82)

Recursion formulas
Zoo1(a2) + Zus1 (az) = i_; Z,(a2) (83)

2 d

Zy1(az) — Zyt1(az) = P Z,(az) (84)

where Z can represent J, Y, HY or H?,
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Limiting forms for small arguments

1 Z\V
Moln = (@ ot
2
Yo(2)|;o = —Inz (86)
T v
Yi(2)], o0 = %@ ; v#0 (87)

Forms for large arguments

h(z) = \/Z[COS(Z_VTQF_D i": (_1)k+vr(2k—V+%)F<2k+v+%)

P m(2k)1(22)%
(88)
(_1)k+vr<2k—v—1)F(Zk+V—l>
—sin(Z—VZ_E>§: i 2
7 ) 2 m(2k — 1)1(22)%!
D[ 2k 1 ' 2k :
Vol = 2 T © (=1) < _V+§> ( +V+§)
(2) = - SIH(Z_VE_Z),;) m(2k)!(22)*
(89)

Zoo: (—1)k+vF<2k—v—%)l“(%—i—v—%)

+cos(z—v7—r—z) T
2 4 m(2k — 1)!(22)

Asymptotic forms for very large arguments

2 ™ ™
JV(Z)lz—>oo = \/;;COS(Z—VE_Z) (90)
! - \/7 . -3 91
V(Z)|z—>oo - W_ZSIH(Z_VE_Z) ( )
) - \/Z J (Z*VE—Z) o)
7— ® Vivd
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HYG)| = \/ze" (-5-3) (93)
7> @ Tz
Integrals
/ Jo(bx)dx = a{]g(ab) +g(11 (ab)Ho (ab) —Jo(ab)Hl(ab))} (94)
0
/ Jo(bx)xdx = %Jl (ab) 95)

(=)

[/ 2\ e 3\ [/ 2\
/(1 - a—z) Jo(bx)xdx = > F(u + 5) (%) J’H %(ab)7 Sonine’s Integral (96)
0

< x2 m+% a2 3 2 m+%
~ -1 Jo(bx)xdx = —T(m+=|(— J  3(ab), Pritchard’s Integral ~ (97)
a? 2 —m—35

a

’ x2 mts a? 3 2 mt3 )
O/ (1 - E) Jo(bx)xdx = > F(m —|—§> (E) Her%(ab) (98)

4 2\ M3 2 /ab\ Y F(M+>
2
-5 Jy(bx)xdx = ﬁa— £
@ AN (e Dy
0 272 2R (99)

% 5 a?b?
F 1; = — 1

X1 2<2+ ) 2+/~L+25V+ ) 4 >

X\ & a? ab\"’ 1
/(5> Holbr)xdy = v+u+2<2> T(v+1)
0 (100)

212

Voou vV o ab

F — _ 1._ M 2 1.__
X1 2(2+2+ ,2+2+ , v+ 1 4)
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; 0, Qg Uy
/Jk(akmx/a)Jk(aknx/a)xdx =9 2p , Jr(agm) = 0 (101)
0 Jk+1(akn)/2 U = Qgn
/Jk (tpgmx/a) i (onx/a)xdx
0
20m T (a:zn) = ZZJk(akm)Jkﬂ (%)7 . (102)
= 5 fm fn , Jk(akn)qto
2Tk (tin) — Ti—1 (0n) T+ 1 (k) _
a > y Qg = kg
J? J1(2
o [Jik) o N2 (103)
J xV1 —x2 Z
IR H (2
o [ i), W) (104)
V1 —x2 Z
[ 3
/ 1(zx )\/ 2dx = 1—1F2(2 52 ZZ) (105)
0
[ 4(1 2 3.5
2/ 1Y) g = 42 (113022 2 (106)
X mlz 3 2772
1
Expansions
Jo( 1—|—t2) = Z 12,1 )Jon(zt), Gegenbauer summation theorem (107)
= Jn ..
Jo (z 1— t2)2 Z (2) (E>nt2", Lommel addition theorem (108)
=4 n! \2

v u 2n
<% az) (% bz> w (—1)" (% az) b2
Jv(az)Ju(bz) = > 2F1(—n,—n—vm+ l;a—z) (109)

nT(n+v+1)
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0

eBEeos o) ¢ Zjik cos(kO)Jy(x) (110)
k=1
Wronskian
2
() ¥r11(2) = Hr1(D)Vo(z) = — nz a

Hyperbholic Bessel functions.

Definitions
I,(z) = j"Jy(jz), Hyperbolic Bessel function (112)
Z v had l z 2m
_ (% (2 11
(2) Z ml(m + v)!<2) (113)
m=0
Ko(z) = ng“ HV(jz), Hyperbolic Neumann function (114)
™, )
Ki(z) = S(=)""" HP (=72) (115)
i (e o LS D =k = DLy 2
K@) = (-1 In(3)n(2) + 5 Z: )
(116)
i’: +y(k+n+ )(5)2k+ﬂ
P k' k+n)! 2
Recursion formulas
2v
Li-1(2) = L (2) = " 1,(z) (117)
d
L1(z) + 1 (2) = 2 p 1,(2) (118)
2v
val(z) - Kv+1<z) = - 7 Kv(z) (119)
d
K, 1(2) +Kyy1(z) = — 2d—z K,(z) (120)
Limiting forms for small arguments
1 Z\V
L(2)], 50 = (—) #—1,-2,-3,- 121
H(Dl~o Tv+1)\2 Y (121
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Wronskian
1
L(2)Kyy1(2) + Ly1(2)K(2) = -
Struve function.
Definitions
vl &2 1 2m
H,(z) = (£> Z ( ) , Struve function
2 — 3\ \2
m=0"\m+-|T m—i—v—i—i

Recursion formulas

Hv—l(z) +HV+1(Z) = — Hv( )+
\/7‘1'1—‘(1)4‘5)
1 v
d (E Z)
Hyo1(2) = Hyii(2) = 22 By(2) = ———"—¢
Integrals
/ b 33 2p?
_ 270 D
/Ho(bx)dx =aqa 7T2F3(1,1,2,2,2, 1 )

0

Spherical Bessel functions.

Definitions
Jn(z) = 4 /21Z I %(Z), Spherical Bessel function

(122)

(123)

(124)

(125)

(126)

(127)

(128)

(129)

(130)
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yn(z) = 111 Y  1(z), Spherical Neumann function (131)
27 n+§
hfll)(z) = jn(z) +jyn(z), Spherical Hankel function (132)
h2)(z) = ju(z) — jya(z), Spherical Hankel function (133)
. a af1 d\" sinz oy
Jn(z) = (-1)"z"| - — | ——, Rayleigh's formula (134)
z dz b4
2 a1 d\" cosz oy
yu(z) = —=(=1)"z"{- — ] ——, Rayleigh’s formula (135)
z dz Z
. sin z
Jo(z) = T (136)
1 d sinz sinz cosz
= —z- 2 _ sz 137
Ji@) z dz 2 22 4 (137)
1 d /(1 d singz 3 1). 2
. 2
222222y (2 _Z -= 138
23 =z z dz (z dz z ) <z3 z) SNZT g 8k (138)
cos z
yo(z) = — (139)
b4
1d cosz cosz sing
) === = - - 140
nG) zdz z z? z (140)
1 d (1 d cosz 3 1 3
2 .
7)) =-2 - —\|- = = | ——%+-]cosz—— sinz 141
»2() zdz(z dz z) ( 7 z) Z (141)
Recursion formulas _—
n-+
foo1(2) +fur1(z) = Z fu(2) (142)
d
nfu-1(2) = (n+ Dfpy1(z) = 2n+ l)d_ZﬁI(Z) (143)
where f can represent j, y, K" or .
Limiting forms for small arguments
T v
jv(z)‘z—»() = \/_ E) 9 v#E — 17_27 _37 (144)
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F(V-‘r%) 2\
W@l mo = — W(E)
Asymptotic forms for large arguments
sin(z — vz)
@ ne = %
COS(Z—VE)
WDl =~
(=3)
LI — AN
> ® Z
3
W), =i ’

Hypergeometric function.

pFolar,az, - ap;bi,bo, - wbyiz) = ?Ez ;?E ; Ezz
% i 'ln+a)T

Dirac delta function.

5( ) 0, zZFa
z—a) =
Indeterminate, z = a
efxz/a2
6(z) =
a\/m o

)
)

)P(n+a)---
n=olT(n+b))T(n+by)---

(145)

(146)

(147)

(148)

(149)

(150)

(151)

(152)

(153)



©

/F(z)é(z —a)dz = F(a)

—

Miscellaneous functions.

0, m#n i
Omn , Kronecker delta function
1, m=n

)

_ De+v)
(H)V = W

, Pochhammer symbol
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(154)

(155)

(156)
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