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Abstract

Digital filtering structures have recently been applied toward the numerical simulation of distributed
physical systems. In particular, they have been used to numerically integrate systems of partial
differential equations (PDEs), which are time-dependent, and of hyperbolic type (implying wave-
like solutions, with a finite propagation velocity). Two such methods, the multidimensional wave
digital filtering and digital waveguide network approaches both rely heavily on the classical theory of
electrical networks, and make use of wave variables, which are reflected and transmitted throughout
a grid of scattering junctions as a means of simulating the behavior of a given model system. These
methods possess many good numerical properties which are carried over from digital filter design; in
particular, they are numerically robust in the sense that stability may be maintained even in finite
arithmetic. As such, these methods are potentially useful candidates for implementation in special

purpose hardware.

In this thesis, the subtext is that such scattering-based methods can and should be treated as
finite difference schemes, for purposes of analysis and comparison with standard differencing forms.
In many cases, these methods can be shown to be equivalent to well-known differencing approaches—
we pay close attention to the relationship between digital waveguide networks and finite difference
time domain (FDTD) methods. For this reason, it is probably most useful to think of scattering
forms as alternative realizations of these schemes with good numerical properties, in direct analogy
with ladder, lattice and orthogonal digital filter realizations of direct form filters. We make use of this
correspondence in order to import (from the finite difference setting) two techniques for approaching
problems with irregular boundaries, namely coordinate changes, and a means of designing interfaces
between grids of different densities and/or geometries. We also make use of the finite difference
formulation in order to examine initial and boundary conditions, parasitic modes, and take an
extended look at the numerical properties of all the commonly encountered forms of the waveguide

network in two and three spatial dimensions.

Another question is of the relationship between wave digital and waveguide network schemes.
Although they are quite similar from the standpoint of the programmer, in that the main operation,
scattering, is the same in either case, conceptually they are very different. A multidimensional

wave digital network is derived from a compact circuit representation of model system of PDEs.



The numerical routine is itself a discrete time and space image of the original network. Waveguide
meshes, however, are usually formulated as collection of lumped scattering junctions which span the
problem domain, connected by bidirectional delay lines. Lacking a multidimensional representation,
then, it is not straightforward to design a mesh which numerically solves a given problem. A useful
result is that waveguide meshes can be obtained directly from a system by almost exactly the same
means as a wave digital network. This unification of the two methods opens the door to a larger
class of methods which are of neither type, and yet which consist of the same numerically robust
basic building blocks.

On the applied side, special attention is paid to problems in beam, plate and shell dynamics;
though these systems are in general much more complex than the transmission line and parallel-plate
problems which have been discussed extensively in the literature, they can be dealt with using both
wave digital filters and waveguide networks, though several new techniques must be introduced.

Several simulations are presented.
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Preface

This thesis is, if anything, long; there have been a few reasons for this. At the beginning stages
of research, the focus was on the digital synthesis of musical sound through the use of physical
modeling techniques. Since all physical models of vibration in acoustic instruments can be framed
in terms of coupled sets of partial differential equations, the problem, then, is one of the numerical
integration of these equations, subject to initial and boundary conditions and external excitations.
There are, of course, many ways of designing such simulation algorithms. We began by looking at
digital waveguide networks, which have been used successfully for this purpose for some time, but
soon turned to multidimensional wave digital filtering methods, which are based on some similar
ideas, yet within a powerful framework for attacking a much more general (and not necessarily
musical) class of problems. Wave digital filters, even for filtering applications, are hardly as well-
known here in the U.S. as they are in Europe, so it would not have been particularly helpful to
anyone (or wise) to present a few results with only passing nods to the literature. Some rather
extensive background information was thus compiled, in the form of a summary of most of the work
that has gone on in this field to date (to this author’s knowledge)?. Because of their fundamental
similarities to these wave digital filtering simulation methods, waveguide networks were always slated
for a (presumed cursory) second look; upon this reexamination, however, they seemed deserving of
an in-depth parallel development all their own, requiring yet more background material.
Traditional approaches to numerical integration usually involve the direct discretization of a given
set of equations by a variety of techniques, such as finite difference, finite element and spectral or
collocation methods. The methods we will discuss, however, have their roots elsewhere, in electrical
network theory, digital filtering and scattering theory. The most general goal of this author has been
to provide a unified treatment of wave digital filtering and digital waveguide network simulation
techniques, and also to answer, or at least pose some questions about how they fit into the larger
picture of numerical integration methods as a whole. As might be expected, this thesis suffers

in certain respects (notation among them) from the mismatch between the points of view of the

It is worth stating, for the record, that the single best reference on this subject is Gunnar Nitsche’s doctoral
dissertation [131]; T have referred to and borrowed from it quite a bit, and in fact, several topics in this thesis have
appeared there, in a somewhat more compact form. Unfortunately, it is only available in German, and this was
another reason for attempting a comprehensive review in English.
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electrical engineer and the specialist in numerical methods. Needless to say, there is much insight
to be gained in the attempt to resolve some of the many outstanding distinctions.

Looking back, one of the few regrets of this author has been the erosion of the emphasis on
musical sound synthesis applications. Although we will spend a good deal of time later on looking
at ways of extending these techniques to simulate the vibration of stiff systems such as beams, plates,
and shells, which are the sound-producing mechanisms (resonators) in many musical instruments,
we have not done the hard work of optimizing the algorithms for the audio frequency range—the
computer program one writes in order to listen to a struck xylophone bar will assuredly be very
different from one designed to check the modal frequencies of an I beam under stress. We have tried
to lay down the basic principles, however, and nothing would be more rewarding than listening to a

real-time waveguide or wave digital chime based on a cylindrical shell model.
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Chapter 1

Introduction

The subject of this thesis is the numerical simulation of physical systems. In particular, we look at
systems which are dynamic and distributed. By dynamic, we mean that the system’s state evolves
as time progresses, and by distributed, that the system is defined over some region in space, called
the problem domain. The systems of interest here, always described mathematically by sets of
partial differential equations (PDEs) complemented by initial and boundary conditions and possibly
external excitations, span a large range of physical scenarios, including electromagnetics, acoustics,
transmission lines, the vibration of elastic systems such as strings, membranes, beams, plates and
shells, and even nonlinear fluid dynamics.

The simulation techniques that we will discuss are based on analogies between the systems
mentioned above and electrical networks, and make use of scattering principles. The time-evolution
of the state of a system is modeled as the movement of energy as it is reflected, transmitted and
propagated throughout an electrical network; the energy is carried by waves. The chief benefit of
a network formulation is that there is direct access to a measure of the system energy, which can
be used to bound the size of the solution of the system as it evolves over time. Because many
physical systems, in the absence of external excitations, are inherently passive (i.e., they do not
produce energy on their own), a network model for a system of PDEs is useful in that this passivity
is reflected in an obvious way; a simple positivity condition on all the circuit element values is all
that is required. When such a network model is transferred to a discrete setting in an appropriate
way (where it will eventually be implemented as a computer program, operating as a recursion over
a numerical grid), this passivity condition becomes a sufficient and trivially verifiable condition for
the numerical stability of the resulting simulation. It is interesting that these numerical methods
have their roots in digital filter design techniques, which were, in turn, based on discrete physical
models of mechanical or electrical circuit elements and the connections between them. In a sense,
then, simulation is a more “natural” use for these structures than filtering. Many important ideas

regarding the good behavior of these methods in finite machine arithmetic, however, were first



2 CHAPTER 1. INTRODUCTION

introduced in the filtering context—these also result from passivity in the network model.

We will be primarily concerned with two such methods. The first is based on wave digital filtering,
a filter design technique which was initially intended as a means of translating a lumped analog
electrical filtering network into discrete time, while preserving its topology and energetic properties
(passivity in particular). Because the voltages and currents in a closed analog electrical network will
evolve according to a set of ordinary differential equations (ODEs), these digital filter networks can
also be viewed as numerical integration methods. The extension of wave digital filters to multiple
dimensions, in which case they are referred to as muliidimensional wave digital filters (MDWDFs),
is direct and makes use of a distributed network formulation of a given system as a means of arriving
at a simulation routine. Here there is a compact (though quite abstract) multidimensional circuit
representation of the model system of PDEs, just as a lumped network is a representation of a system
of ODEs. Despite the sometimes abstruse formalism underlying the construction of MDWDFs for
simulation (invoking various coordinate changes, spectral mappings, and the use of non-physical
“circuit elements” which are distributed, and may have a directional character), these numerical
methods always involve the scattering of digital signals over a numerical grid of nodes which fills the

problem domain, and are straightforward to program.

The second method, though very similar to the first from the standpoint of the programmer,
in that the basic signal processing operation is the scattering of wave variables, is of a seemingly
different origin. Here, the network is composed of a large number of connected elements, which are
essentially transmission lines, or waveguides, so as to fill the problem domain. Wave propagation
along a given waveguide is modeled, in discrete time, by a pair of digital delay lines which transport
wave signals in opposite directions. A digital waveguide network (DWN), then, is usually thought of
as a large network of lumped elements; there is traditionally not a multidimensional representation,
as there is for MDWDFs. We will spend some time looking at the relationship between DWNs and
the MDWD networks mentioned above.

These network approaches are relative newcomers in the field of numerical simulation. There
are, of course, many other, older ways of designing a simulation method; the most well-established
and straightforward tack makes use of finite difference approzimations to the model system of PDEs.
Partial derivatives are replaced by differences between quantities on a numerical grid, and a recursion
(or difference scheme) results. These methods are simpler to program, but the wave/scattering
interpretation is lost, and the verification of numerical stability can be very involved, especially in
the presence of boundary conditions. Because the electrical network models mentioned above also
operate, ultimately, as recursions on grids, it is reasonable to ask how scattering methods fit into
the finite difference picture. The eventual identification of scattering methods with standard finite
difference methods may come as something of a disappointment to anyone who feels that these
methods are completely novel. It is best, however, to think of these methods as a different way

of organizing calculation, which leads to more robust numerical behavior. As might be expected,
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an analogous situation exists in filter design between direct form and ladder/lattice/orthogonal
structures.

The most general goal of this thesis is to provide a unified picture of how these scattering methods
are related to each other and to finite differences. It is possible to rephrase this goal as an attempt
to answer a basic set of questions; we will pose these questions in §1.2. Before we get to that stage,

however, it is useful to outline the basics of these methods in a little more detail.

1.1 An Overview of Scattering Methods

In all of the next chapter and in large parts of the following two, we will be forced to make a long
detour in order to fully lay out the details of how scattering-based numerical simulation methods
are designed. In this section, we take a brief and informal look at many of the relevant ideas, while
putting aside the full development until later. The reader who has some familiarity with wave digital

filters and digital waveguide networks may safely skip this section.

1.1.1 Case Study: The Kelly-Lochbaum Digital Speech Synthesis Model

As we mentioned above, all the numerical methods to be discussed in this thesis have their origin
in digital filter design, even though they are intended, ultimately, for use in simulation, and not
filtering. Though these two goals may seem to be at cross purposes, there is a very early instance
of an engineering problem which straddles both worlds.

Kelly and Lochbaum [104] developed a digital speech synthesis model by treating the vocal
tract as a slowly time-varying circular one-dimensional acoustic tube of variable cross-sectional
area, excited at one end (periodically by the glottis, or by turbulent noise), and radiating a speech
waveform at the other—see Figure 1.1(a). At any given time ¢, the shape of the tube as a function
of the spatial coordinate z determines the system resonances, or formants [145], which serve as
important perceptual cues for the listener in distinguishing among various voiced and unvoiced vocal
sounds. The problem, then, is to develop a numerical method, suitable for computer implementation,
which somehow simulates the time-evolution of the acoustic “state” of the vocal tract, i.e., the
pressure and velocity distributions in the interior. We follow the standard exposition of the Kelly—

Lochbaum model here, as per [30, 145].

Concatenated Acoustic Tube Model of the Vocal Tract

The first step towards a digital model is in representing the tube as a series of N concatenated
tubes of constant cross-sectional areas, as in Figure 1.1(b) (where N=8). The tubes are assumed
to be of equal length A; if L is the total length of the vocal tract, we have NA = L. In the limit
as A becomes small, the shape of the approximation of the series of tubes will converge to that of

continuous vocal tract shown in Figure 1.1(a).
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(a) (b)

Figure 1.1: (a) The vocal tract, modeled as a single one-dimensional acoustic tube of varying cross-
sectional area and (b) an eight tube model suitable for discretization.

Wave Propagation in a Tube of Constant Cross-Sectional Area

The concatenated tube model is useful because the acoustic behavior of a single tube of constant
cross-sectional area A is quite simple to describe, in terms of a volume velocity u(z,t), and a pressure
deviation p(z,t) from the mean tube pressure. Provided wavelengths are long in comparison with
the tube radius, and that pressures do not become too large (both these requirements are easily
satisfied in the speech context), the time-evolution of the acoustic state of any single tube, such as

that shown in Figure 1.2(a), will be described completely by

pOu  Op
A Op Ou

subject, of course, to initial conditions, and the effect of the boundary terminations on adjacent
tubes. Given that the cross-sectional tube area A, the air density p and the sound-speed 7 are

constant, the general solution to (1.1) can be written as

plet) = plt+a/y)+p"(t—2/7) (1.2a)
u(et) = Ypllt+a/y) —YP'(t—2/7) (1.2b)

Here the physical pressure p has been decomposed into a sum of a leftward-traveling wave p' and
a rightward-traveling wave p”; both are arbitrary functions of one variable. The volume velocity u,
which is dual to p in the system (1.1), can be similarly expressed as a sum of leftward- and rightward-

traveling velocity waves u! and u”. But these velocity waves are simply the pressure waves, scaled
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by the tube admittance, defined by

A

Y
/

y 2

)

In addition, the rightward-traveling wave component of the velocity is sign-inverted with respect to
the corresponding pressure wave.
System (1.1) can be simplified to a single second-order PDE in pressure alone,

p 0%
o2 =T 552 (1.3)

from which the traveling pressure wave solution is more easily extracted. The volume velocity
satisfies an identical equation.

Cousider one of the tube segments of length A from Figure 1.1(b). It should be clear that we
can represent the pressure traveling-wave solution to (1.1) by using two delay lines, each of duration
A/~; see Figure 1.2. We can obtain the physical pressure at either ends of the tube by summing
the leftward- and rightward-traveling components, as per (1.2a). (The physical volume velocity can
be obtained, from (1.2b), by taking the difference of p! and p”, and scaling the result by Y.) The
discrete-time implementation of this single isolated acoustic tube is immediate. Taking

T: A (1.4)

8%
/

as the unit delay, or sampling period for our discrete-time system, we can see that there is no loss
in generality in treating the paired shifts as digital delay lines, accepting and shifting discrete-time
pressure wave signals, at intervals of T seconds. The discrete-time model of the acoustic tube will
still calculate an exact solution to system (1.1), at times which are integer multiples of 7. (This
solution can be considered to be exact at all time instants as long as all signals in the network are
assumed to be bandlimited to half of the sampling rate, Fs = 1/T.)

Also note that because the traveling pressure and volume velocity waves are simply related to
one another by a scaling, then in a computer implementation, it is only necessary to propagate one
of the two types of wave in a given discrete tube section—we will assume, then, that pressure waves

are our signal variables.

Junctions Between Two Uniform Acoustic Tubes

Consider now a junction between two of the uniform acoustic tubes in the concatenated tube model
shown in Figure 1.1(b). The wave speeds in all the tubes are assumed to be constant, and equal to
v, so that the discrete-time representation of any single tube will have the form of the pair of digital
delay lines shown in Figure 1.2(b). At the junction between the ith and (i + 1)th tubes (of cross-
sectional areas A; = A(iA) and Aip1 = A(({ +1)A) respectively), for i = 1,..., N — 1, we will then
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Pt = r =3y [ G
p(z,t) 4@ @* plz+ At)
pr(t — x/’y) ? Tlflz(?y ? = p(t—(z+A)/v)
x x4+ A x x+ A

(a) (b)

Figure 1.2: (a) An acoustic tube and (b) a representation of the traveling wave solution; traveling
pressure waves can be added together at either end of the tube to give the physical pressure, as per

(1.2a).

have a pressure and a velocity on either side; we will write these pressure/velocity pairs as (p;, u;),
and (pit1, wit1) respectively—see Figure 1.3(a). Continuity arguments (or conservation laws) dictate
that these quantities should remain unchanged as we pass through the boundary between the two

tubes, and thus

Pi = Pit+1 Ui = Uiy (1.5)

Note that we have dropped the arguments ¢ and x, since the relationships of (1.5) hold instanta-

neously, and only at the tube boundaries.

R | ! |
! | I | 1
| ! D — — Dit1
! Di = pir1 ! :
Area A; ! Pi = Pit ' Area A;41 ! i
| + |
| Ui = Uip1 ! | !
i ! e L,
! i P — ™ Pit1

Figure 1.3: (a) The junction between the ith and (i+1)th acoustic tubes in the Kelly-Lochbaum vocal
tract model, and (b) the resulting scattering junction for pressure waves.
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As per (1.2a) and (1.2b), the pressures and velocities can be split into leftward- and rightward-

traveling waves as

pi = pi+p} ui = Yi (pf — pf) (1.6a)
Pit1 = Pi‘+1 +Pit Uit1 = Yip1 (P£'+1 _P§+1) (1.6b)
where Y;, the admittance of the 7th tube, is defined by

A
v, &2 1.7
PY (L7

It is then possible, using (1.6) to rewrite (1.5) purely in terms of the wave variables, as

pi = R} + (1-Ri)pig (1.8a)
Piq1 = (1+Ri)p; — 72ipi’+1 (1.8b)
where R; is defined by
R Iy K — Y;+1
R A

Here we have written a formula for calculating the pressure waves pl and p! 11 leaving the junction in
terms of the waves p} and pﬁ 41 entering the junction—see Figure 1.3(b) for the resulting signal-flow
diagram. In particular, (1.8) can be viewed as a scattering operation; incident waves on either side
of an interface are reflected and transmitted according to the mismatch in the admittances between
the two tubes. The mismatch is characterized by the reflection parameter R; which is bounded in
magnitude by 1, as long as the admittances of the two tubes are positive. (If Y; = Y;,, for instance,
then R; = 0, and there is no reflection at the interface.) As we mentioned before, the calculations
(1.8) should be viewed as occurring pointwise at the junction interface itself, which does not occupy

physical space.

Suppose that we define a set of power-normalized wave variables by
pi = VY Pl =Y} (1.9)
Then the scattering operation (1.8) can be written, in matrix form, as

pol_| R VISR (1.10)
"l VISR Ry ! '

Bi+1 ]—Ji-}—l
Because the R; are bounded in magnitude by 1, it is easy to see that scattering, in this case,

corresponds to an orthogonal matrix transformation applied to the input wave variables.
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Power Conservation at Scattering Junctions

At the junction between the ith and (i 4+ 1)th tubes, the continuity relations (1.5), when multiplied
together, imply that

Piti = Pi4+1Uit+1

This is simply a statement of conservation of power at the interface. Using the definitions of traveling

wave variables from (1.6), we then have that
(Pi + p5) Yi (pi — pf) = (Phsr +PFy1) Yirr (Phe — PPy
or, rearranging terms,
Yi (p})" + Yigr (0001)" =Y (0)” + Yier (0h11)”

In other words, the sum of the squares of the incident waves, weighted by their respective tube
admittances, is equal to the same weighted square sum of the reflected waves. Assuming that the
Y; are positive, then, a weighted Ly measure of the signal variables (pressure waves) is preserved
through the scattering operation. This reflects the inherent losslessness of the tube interface.

In terms of the power-normalized variables defined by (1.9), and scattered according to (1.10),

we will have (due to the orthogonality of the scattering matrix),

)+ () = )+ ()

Thus the Ly norms of the incident and reflected vectors of power-normalized wave variables are the

same.

Discrete-time Vocal Tract Model

Now that we have discussed both the digital delay line representation of wave propagation within a
single acoustic tube, as well as the scattering that occurs at any junction between adjacent tubes,
we are now ready to present the full discrete-time model of the vocal tract. For an N tube model
of the vocal tract, then, we will have the digital signal flow graph shown in Figure 1.4. Here, the
scattering junctions are indicated by rectangles, marked by S; (representing a matrix transformation
of the form of (1.8) or (1.10), which is parametrized by R;, which itself depends on the adjoining
tube admittances Y; and Yi11).

The structure is driven at the left end, by an input waveform (typically an impulse train, for
voiced speech or by white noise for unvoiced speech, or a combination of the two), and an output

speech waveform is emitted at the right end. The grey boxes, representing boundary conditions at
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Digital — Digital
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Figure 1.4: Signal flow graph for an N tube vocal tract model.

the glottis and lips, we leave unspecified—such terminations can be modeled in a variety of ways
[145].

Leaving aside a discussion of these boundaries, we can see that a single cycle in the recursive
structure shown in Figure 1.4 (one pass through the main loop of the computer program that it

implies) will involve two distinct steps:

o Wave variables incident on the junctions are scattered.

e The output waves are shifted to the inputs of the junctions immediately to

the left and right.

We have already seen that the scattering operation preserves a weighted L, norm of the signal
variables; it should be obvious that the shifting operation also does so, trivially (indeed, in the
computer program, shifting amounts to no more than a permutation of the set of pressure signals
stored in memory). Thus we have a simple positive definite measure of the state of the tube in
terms of signal values stored in the delay registers which remains constant as time progresses (again,
excepting the effect of the boundary conditions). What is more, this numerical stability property
of this structure is very easy to verify; we need only check that all the reflection coefficients R; are
bounded by 1 in magnitude, or equivalently, that all the admittances are positive. The excitation
at the left boundary will, of course, introduce energy into the system, but we can at least be sure
that signal energy is not being produced in the problem interior. The energy drain at the radiating
(right) boundary is similarly localized.

Several other features are worthy of comment. First, we have treated the vocal tract here as a
static or time-invariant linear (LTI) system. As we mentioned before, however, the configuration of
the vocal tract must necessarily change during any utterance—these variations are assumed to be
slow with respect to the frequency content of the excitation. The slow variation in the acoustic tube

profile will cause shifts in the system resonances (formants), and these shifts will be perceived, by
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the listener, as phoneme transitions. In our discussion of scattering and energy conservation in the
Kelly-Lochbaum model, we have not taken the time variation of the tube cross-sectional areas (and
thus the reflection coefficients) into account. It should be clear, though, that if we are using the
power-normalized signal variables defined by (1.9), then scattering defined by (1.10) at any junction
remains an orthogonal (and thus norm preserving) operation, even if the R; are functions of time®
[166]. Second, it is also simple to extend the model to include the nasal pathways (necessary for the
production of certain vocal sounds, and also modeled as acoustic tubes [30]), without compromising
overall losslessness. Third, we note that the stability of this model can be maintained even if the
reflection coefficients R; are quantized [166]—this will necessarily occur in any finite word-length
machine implementation. As long as the quantized coefficients remain bounded by 1, then we still
have a perfectly lossless system. Signal quantization can also be performed so as to maintain overall
stability, though the system will become more generally passive and not strictly lossless. Fourth,
although the acoustic tube of varying cross-sectional area is often considered to be analogous to
a lossless electrical transmission line of spatially-varying inductance and capacitance, it is better
thought of as a special case of the latter. For the acoustic tube, the local admittance varies directly
with the cross-sectional area, but the wave speed 7 remains constant; this is important, because
for a given tube length of A, the time delay is dependent on the wave speed, from (1.4). For a
transmission line, both the admittance and the wave speed may vary from point to point along its
length. We cannot then approximate the full transmission line by concatenated uniform transmission
line segments in the same way as for the acoustic tube without losing synchronization of the resulting
discrete-time structure (i.e., delay durations in the segments are not all the same). We will show

how to solve this problem in Chapter 4.

Relationship to Digital Filters

Discrete-time structures such as that shown in Figure 1.4 are also used in digital filtering applications
[134, 139], in which case, the notion of a spatial location associated with a particular junction or
delay element is often lost. For example, consider the digital filter structure shown in Figure 1.5(a).
With #(n) as a real discrete-time input sequence indexed by integer n, and y(n) as the output
sequence, this structure is called an all-pole lattice filter [134], when any of the types of section
shown in Figurel.5(b), (c) or (d) is used. T is the sample period, or unit delay, and the structure
is parameterized by the constants k;, ¢ = 1,...,N. It is possible to show that x(n) and y(n) are

related by the familiar all-pole difference equation

N

y(n) =z(n) + Z a;y(n — i) (1.11)

i=1

1t should be said, however, that a time-varying acoustic tube is not, strictly speaking, a lossless system—energy
is pumped into the system by the variations themselves. While the lossless time-varying concatenated acoustic tube
model may be a useful signal processing construct, it can not be said to correspond to the numerical solution of a
commonly-known system of PDEs. We will revisit the full time-varying system more rigorously in §6.2.7.
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w(n) =— ~—{T}— ~—{TH ce e -

Figure 1.5: (a) An all-pole lattice filter, and (b) a standard lattice junction, (c) a Kelly-Lochbaum
Junction and (d) a normalized lattice junction.

where the direct-form filter coefficients a;, + = 1,..., N can be derived from the k; through simple
recursive procedures [134]. While the direct-form filter implementation implied by (1.11) requires
fewer arithmetic operations than the lattice forms in Figure 1.5, the lattice implementation may be
preferable because (a) stability is guaranteed by the simple condition |k;| < 1, for all i, (determining
stability by direct examination of the a; is difficult, though it can of course be performed by finding
the equivalent set of k; parameters) and (b), pole locations are much less sensitive to coefficient
quantization when applied to the k; rather than the a;. We also mention that the same structure
also doubles as a useful all-pass filter design [134], when z(n) is taken as the input and w(n) as
the output. It is also possible to extend this filter design in order to implement any general stable
pole-zero filter by summing readout taps from the leftward signal path into the output [139].

The structure of Figure 1.5(a) is quite similar to the Kelly-Lochbaum discrete-time acoustic tube
model, but there are two minor differences. First, the Kelly-Lochbaum structure contains delay
elements in both the leftward and rightward signal paths, reflecting the traveling-wave nature of
the solution to the physical acoustic tube problem. In the lattice filter structure, however, the
delays all occur in the upper (leftward) signal path. It is possible to transform the Kelly-Lochbaum
structure into the lattice form by signal flow-graph manipulations involving pushing delays through
the junctions, combining them, and then downsampling by a factor of two this can be done provided
the acoustic tube model is terminated by a zero or infinite impedance at the right end [166]. (We
remark that this downsampling operation can also be applied to digital waveguide meshes in higher
dimensions, in which case we will refer to it as grid decimation; we will examine grid decimation for

a variety of mesh forms in Appendix A.) Second, the Kelly-Lochbaum and normalized junctions in
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our treatment of the acoustic tube model differ slightly from the signal flow graphs shown in Figure
1.5(c) and (d). This difference is due to our choice of pressure waves instead of velocity waves as our
signal set. While these quantities are dual in the one-dimensional acoustic tube, this symmetry is
lost when we move to acoustics problems in higher dimensions, and it is more natural to work with
pressure variables?.

The same lattice structure is also arrived at in the analysis context when linear predictive coding
(LPC) techniques are applied to a speech waveform [124]. The assumption underlying LPC is
that speech can be treated as a source signal (such as a glottal waveform), filtered by the vocal
tract, and the goal is to design an all-pole filter of the form of (1.11) which models the system
resonances (or formant structure). Though this filter is obtained through purely autoregressive
(i.e., non-physical) analysis of a given measured speech signal, the reflection coefficients k; (also
known as partial correlation or PARCOR coefficients) are calculated as a byproduct of the main
calculation of the direct form filter coefficients a;. The k; are identical to the R; in the acoustic
tube model, except for a sign inversion. This is not to say that the filter arrived at through LPC
immediately implies a particular vocal-tract shape; it is best thought of as the solution to a filter-
design or system identification problem, devoid of any physical interpretation [145]. We note, though,
that transmission-line models such as the concatenated acoustic tube model have long been used
for such system identification purposes in the inverse scattering context, in which case they are
sometimes referred to as “layer-peeling” or “layer-adjoining” methods [22, 23, 213]. Provided certain
assumptions are made about the glottal waveform and the effects of radiation on the measured speech

waveform, it is possible to make some inferences about the vocal tract shape [30].

1.1.2 Digital Waveguide Networks

The principal components of the Kelly-Lochbaum speech synthesis model, paired delay lines which
transport wave signals in opposite directions, and the scattering junctions to which they are con-
nected, are the basic building blocks of digital waveguide networks (DWNs) [166]. Keeping within
the acoustic tube framework, it should be clear that any interconnected network of uniform acoustic
tubes can be immediately transferred to discrete time by modeling each tube as a pair of digital
delay lines (or digital waveguide) with an admittance depending on its cross-sectional area’®. At a
junction where several tubes meet, these waves are scattered. See Figure 1.6 for a representation of
a portion of a network of acoustic tubes, and its DWN equivalent.

The scattering operation performed on wave variables must be generalized to the case of the

T Another reason for our choice of pressure waves is that when we transfer digital waveguide networks to the
electrical framework in Chapter 4, then pressure waves become wvoltage waves, which are also the signal variables in
the wave digital filtering literature.

"In order for the network to be synchronic, or realizable as a recursive computer program, all the delay durations
must be integer multiples of a common unit delay (the sampling period). Because the physical length of a digital wave-
guide is directly proportional to the delay (by a factor of v, the wave speed), a synchronic DWN always corresponds
to a network of acoustic tubes whose lengths are appropriately quantized.
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Figure 1.6: (a) A portion of a general network of one-dimensional acoustic tubes and (b) its discrete-
time realization using paired bidirectional delay lines and scattering junctions.

junction of M tubes, as shown in Figure 1.7. Though we will cover this operation in more detail in
Chapter 4, and in the wave digital context in Chapter 2, we note that as for the case of the junction
between two tubes, the scattering equations result from continuity requirements on the pressures
and volume velocities at the junction. That is, if the pressures in the M tubes at the junction are
pj, and the velocities are uj, j =1,..., M (we now fix the sign of u; to be positive if velocities are

in the direction of the junction), then the relations are

pL=pa=...=pu=p; (1.12a)
ur+us +... +uy =0 (1.12Db)

In other words, the pressures in all the tubes are assumed to be identical and equal to some junction
pressure py at the junction, and the flows must sum to zero, by conservation of mass. These are
the acoustic analogues of Kirchoft’s Laws for a parallel connection of M electrical circuit elements,

. .. 4
where pressures are interpreted as voltages, and velocities as currents’.

The pressures and velocities can be split into incident and reflected waves p;-" and p; as per (1.2a)
and (1.2b), by

pj =pj +pj uj =Yj (pf —pj)

where Y is the admittance of the jth tube. The scattering relation, which can then be derived from

TIn the electrical setting, there is of course a dual set of laws describing a series connection, but there is no simple
acoustic analogue for such a connection.
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(1.12), is
2 1M
p;:_pZ+Tyz:Yjpj k=1,....M (1.13)
Jj=1

Y=Y j=1

and can be represented graphically as per Figure 1.7(b).

Py / Par

Scattering
Junction

(a) (b)

Figure 1.7: (a) A junction of M acoustic tubes, indicating the pressures p; and volume velocities u;
in the jth tube, j =1,..., M at the junction and (b) a scattering junction relating outgoing pressure
waves p; to incoming waves p;', 7=1..., M.

It is worth examining this key operation in a little more detail. First note that the scattering

operation can be broken into two steps, as follows. First, calculate the junction pressure p;, by

2Y;

—= for j=1,...,M (1.14)
M s )
=1 Y]

M
ps= Zajp;r where Q; =
j=1
Then, calculate the outgoing waves from the incoming waves by

Pr = —Dpf +ps k=1,...,M

Although (1.13) produces M output waves from M input waves, and can thus be written as an
M x M matrix multiply, the number of operations is O(M) (M multiplies and 2M —1 adds). Also
note that the physical junction pressure is calculated, from (1.14), as a natural by-product of the
scattering operation; because in a numerical integration setting, this physical variable is always
what we are ultimately after, we may immediately suspect some link with standard differencing

methods, which operate exclusively using such physical “grid variables”. In Chapter 4, we examine
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the relationship between finite difference methods and DWNs in some detail.

It is simple to show that the scattering operation also ensures that
M M
DY) =3 Vi7)? (1.15)
j=1 j=1

which is, again, merely a restatement of the conservation of power at a scattering junction. Notice
that if all the admattances are positive, then a weighted L, norm of the wave variables is preserved
through the scattering operation. (If power-normalized variables are employed, then scattering is
again equivalent to an M x M orthogonal matrix transformation.) The network as a whole will
behave losslessly through the scattering and shifting operations which constitute a single step in the

global recursion that such a network implies.

Waveguide Meshes and the Wave Equation

The DWN shown in Figure 1.6(b) is unstructured; though the individual acoustic tubes are assumed
to have lengths proportional to the delays in the resulting digital waveguides, they do not fall in any
regular arrangement. In fact, although we have drawn what appears to be a network spanning two-
dimensional space, we have not associated any physical coordinates with the various tube endpoints;
it should be clear that losslessness of the digital structure is unaffected by the network topology.
At each step in the computer implementation of the DWN, signals are scattered, then shifted—the
notion of “where the signals are” is unimportant in this abstract setting.

Consider now a regular arrangement, or mesh [198] of acoustic tubes, as in Figure 1.8(a). The
tubes are all of length A and admittance Y, and intersections of four tubes occur at grid points in a
Cartesian coordinate system. The resulting DWN is shown in Figure 1.8(b); any scattering junction
is linked to its four neighbors to the north, south, east and west by bidirectional delay lines of delay
T = A/~. We have indicated the scattering operation by the letter S. Because the admittances of
all the tubes are identical, this scattering operation at any junction, from (1.13), has a particularly

simple form:

PN -1 1 1 1| |pk
< 111 -1 1 1 +
sl =3 bs (1.16)
Pg I 1 -1 1 |pg
P 11 1 =1 |p}
s

where pj and p; are the incident and reflected pressure waves from direction j, j = N, E, S, W.
Because the tube admittances are all identical, the scattering matrix S is orthogonal here, even if

we are not using power-normalized waves.
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Figure 1.8: (a) A regular mesh of acoustic tubes of equal admittances and (b) the associated digital
wavequide network.

Referring to Figure 1.8(b), suppose we initialize this structure with a single incident pressure wave
p} =1 at location P, the north port of some junction. After scattering, the energy of the incident
wave has been distributed among four reflected waves; from (1.16), we will have pg = pp = py, = 1/2
and py = —1/2. After a delay of T seconds, these reflected waves are then shifted to the inputs of
the four neighboring junctions, at points labeled ). This process is then repeated, and over many
time steps, signals will have propagated far from the original excitation at point P. At any time
step, however, it should be clear that the sum of the squares of the signals in all the delay registers
will be 1.

It is possible to view this propagation of signal energy (in a very rough sense) as a discrete
time and space version of Huygens’ Principle [35], an early description of diffraction phenomena:
the advance of a wave-front can be analyzed by considering each point on the wave-front to be the
generator of a secondary source of waves. A mesh of acoustic tubes, however, is far from a physical
medium supporting multidimensional wave propagation, and a basic question which then arises is:
is this network of one-dimensional acoustic tubes approximating the behavior of a two-dimensional

acoustic medium?

DWNs and Numerical Integration

To answer this question, let us consider the two-dimensional waveguide mesh at a junction with
coordinates z = iA and y = jA, for integer i and j. The discrete-time junction pressure pj; ;(n)
at time ¢ = nT, for integer n (recall that our digital waveguide network operates with a sampling

period of T'), can be written in terms of the four incident wave variables at the same location, from
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(1.14), as

1
paij(n) = 3 (p},i,j(") +P1+5,i,j(”) +p;,i,j(") +P¢V,i,j(”))

By tracing the propagation of the wave variables through the network backwards in time through

two time steps, it is in fact possible to write a recursion in terms of the junction pressures alone,

) ) 1
prijn)+prijn—2)=2 (pJ,iq,j(n =D +prit1jin=1)+pij1(n—1)+psij+i(n— 1))

2
(1.17)

Assume, for the moment, that these discrete time and space junction pressure signals are in fact
samples of a continuous function p(z,y, t) of z, y and ¢. Expanding the terms in the recursion above
in Taylor series about the location with coordinates z = 1A and y = jA, at time ¢t = (n — 1)T gives

T2 9%p A? <82p 82p>

gp 4y _ 27
a2 +0(T*) 5

oz ' a2 +0(a%)

z,y,t—T

z,y,t—T

Recalling that A = «T', where « is the speed of wave propagation in the one-dimensional tubes, and

discarding higher-order terms in T and A (they are assumed to be small), we get

9%p —y %p O%p
7 = y (@ + a_yz) (1.18)

This is simply the two-dimensional wave equation, with the wave speed 7 defined by

y=7/V2 (1.19)

-2

This equation describes wave propagation in a lossless two-dimensional acoustic medium, and
the DWN of Figure 1.8(b) can thus be considered to be a numerical integrator of this equation,
assuming the wave speeds in the tubes are set according to (1.19); the discrete Huygens’ principle
interpretation of the behavior of the mesh is justified, at least in the limit as 7" and A become small.
The recursion (1.17) in the junction pressures, however, can be seen as a simple finite difference
scheme which could have been derived directly from (1.18) by replacing the partial derivatives
by differences between values of a grid function p; j(n) on a numerical grid. Because the DWN
operates using wave variables, we can see that the DWN is simply a different organization of the
same calculation; in particular, it has been put into a form for which all operations (scattering, and
shifting) rigidly enforce conservation of energy, in a discrete sense.

‘We can also reconsider the Kelly-Lochbaum model in this light; forgetting, for the moment, about

the approximation of the tube by a series of concatenated uniform tubes, it is possible to write the

TWhat we have done, in the jargon of numerical integration methods, is to show the consistency [176] of the
waveguide mesh with the two-dimensional wave equation.
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equations of motion for the gas in the tube directly [145] as

p Ou . 9 _
it = O (1.20a)
A(z)0p Ou ,
— 4+ — = 1.20b
py? Ot + Ox 0 (1.20b)

subject to initial conditions and boundary conditions at the glottis and lips. This system is identical
in form to (1.1) for a uniform tube, except for the variation in  of the cross-sectional area. It can

be condensed to a single second-order equation in the pressure alone,

p 0 dp
5 = A(x)ow (A(I)G_x) (1.21)

which is sometimes called Webster’s horn equation [15, 30, 66]. Due to the variation in the cross-

sectional area, it is not equivalent to the one-dimensional wave equation (1.3), and does not possess
a simple solution in terms of traveling waves (which is why we needed a concatenated uniform tube
model in the first place). Returning now to the DWN of Figure 1.4, it can be shown that the
junction pressures p;;(n) (at spatial locations x = ¢A and at time t = nT for ¢ and n integer) satisfy

a recursion of the form

psi(n)+pri(n—2) (Yipia(n — 1)+ Yitipii(n — 1)) (1.22)

- Yi+Yin
where Y; is the admittance of the ith acoustic tube, running from = (i — 1)A to z = iA. With
the Y; set according to (1.7), it is again possible to show that (1.22) is a finite difference scheme for
(1.21), with A = ~T.

1.1.3 A General Approach: Multidimensional Circuit Representations
and Wave Digital Filters

For the Kelly-Lochbaum vocal tract model, it is straightforward to arrive at a numerical scattering
formulation of the problem; the approximation of a smoothly-varying tube by a series of concate-
nated tubes is intuitively satisfying, and leads immediately to a wave variable numerical solution
to Webster’s equation. The identification of the mesh of one-dimensional tubes of Figure 1.8(a)
as a numerical solver for the two-dimensional wave equation is more difficult, because it is by no
means clear that such a mesh behaves like a two-dimensional acoustic medium (say). Although as
we have seen, it is possible to prove (through a finite difference treatment) that the tube network is
indeed solving the right equation, we have not shown a way of deducing such a structure from the
original defining PDE system. If one wants to develop a DWN for a more complex system (such as

a stiff vibrating plate of variable density and thickness, for example), then guesswork and attempts
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at invoking Huygens’ principle will be of limited use.

The scattering operation we introduced in §1.1.1 and §1.1.2 is at the heart of all the numerical
methods we will discuss in this thesis, whether they are based on digital waveguide networks or wave
digital filters, which we will shortly introduce. A given system of PDEs is numerically solved by
filling the problem domain with scattering nodes, or junctions, such as that shown in Figure 1.7(b),
which calculate reflected waves from incident waves according to (1.13) (or its series dual form).
The topology of the network of interconnected junctions will be dependent on the particulars of the
system we wish to solve. As we have seen, these scattering junctions act as power-conserving signal
processing blocks, and in a DWN, they are linked by discrete-time acoustic tubes, or transmission
lines, which are also power-conserving, and serve to transport energy from one part of the network
to another. The key concept here is the losslessness of the network components, which is dependent
on the positivity of the various circuit element values (admittances); as we have seen, this positivity
condition ensures that some squared norm of the signals in the discrete-time network will remain
constant as time progresses. In other words, the simulation routine that such a network implies is
guaranteed stable by enforcing this condition.

Wave digital filters (WDFs) are also based on the idea of preserving losslessness (and more gen-
erally passivity) in a discrete-time simulation of a physical system, though the approach is somewhat
different from what we have just seen. As they were originally intended to transfer analog electrical
filter (RLC) networks to discrete time, it is best to begin by looking briefly at lumped circuit ele-
ments. A one-port element, such as that shown at left in Figure 1.9 is characterized by a voltage v,
and a current ¢, both of which are functions of time ¢. In the time domain, the one-port generally
relates v(t) and i(t) through some combination of differential or integral operators. If the one-port
(or more generally, N-port) is linear and time-invariant, then there is a simple description of its
behavior in the frequency domain, but we will wait until Chapter 2 before entering into the details.
An analog filter is simply an interconnected network of such elements; it is operated by applying
a voltage at one pair of free terminals, and then reading the filtered output at another pair. In
particular, if the network is made up of passive elements such as resistors, capacitors, inductors etc.,
then it must behave as a stable filter.

Fettweis [46] developed a procedure for mimicking the energetic behavior of an analog filtering
network in discrete time. The input and filtered output become digital signals, and the filtering
network becomes a recursion, to be realized as a computer program. Most importantly, the digital
network has the same topology as the analog network, and can be thought of as its discrete-time

“image.” Omne-ports (or more generally N-ports) are first characterized in terms of wave variables,

a = v+1iR
b = v—1iR

where R is some arbitrary positive constant, assigned to the particular one-port, called a port
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Figure 1.9: Wawve digital discretization of a one-port circuit element.

resistance. The continuous-time element, described by differential operators, is then replaced by a
discrete-time element operating on digital signals, and composed of algebraic operations and delay
operators or shifts. The signal a(n) is called the input wave, and b(n) is the output wave; both
are discrete-time sequences indexed by integer n. If the discretization procedure is carried out in
an appropriate way (to be more precise, differentiation is approximated by the trapezoid rule of
numerical integration), then the resulting wave digital one-port has energetic properties very similar
to the continuous element from which it is derived. In particular, if the analog element is passive
(lossless), then the wave digital element can be considered to passive (lossless) in a similar sense.
In fact, if a wave digital circuit element is composed of delay operators (hence requiring memory),
then a weighted sum of the squares of the signal values stored in the element’s delay registers is
the direct counterpart to the physical energy stored in the electric and magnetic fields surrounding
the corresponding analog element. The passivity property is contingent on the positivity of the port
resistance; given this constraint, it can often be chosen such that there is no delay-free path from the
input a(n) to the output b(n). We will see the importance of making the correct choice of R shortly

in an example.

Cousider a parallel connection of two one-port circuit elements, as shown in Figure 1.10(a). The

i1 \ ! ig a;="b} bh=as

OO0 <0~ 2o

I

I /
One-port| v : Parallgl i |va | One-port WD R, Parallel R, WD

. connection one-port adaptor one-port
—O+—————0—|

X | bi=a) ab="by

(a) (b)

Figure 1.10: (a) Parallel connection of two continuous-time one-ports and (b) its wave digital coun-
terpart.
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one-ports are defined by some relationship between their respective voltages and currents, which we

will write as vy, ¢; and vs, i5. For such a parallel connection, Kirchoff s Laws dictate that
V1 = Uy il +Zz =0 (123)

(We could equally well treat this as a series connection, by reversing the directions of the arrows
which define v» and 25 in Figure 1.10(a).) We can now define two sets of wave variables at the two

one-ports by

ap = v+l ay = vy + 12l

b1 = U — ilRl b2 = Uy — isz

In the scattering formulation, the Kirchoff connection is treated as a separate two-port element, with
inputs a} and aj and outputs b} and by. These are simply the outputs and inputs, respectively, of

the one-ports, as shown in Figure 1.10(b).

Kirchoff’s Laws for the parallel connection can then be rewritten in terms of the wave variables

as

by Ra) + (1 —R)d, (1.24a)

b, (14 R)a) — Rah (1.24b)

where the reflection coefficient ‘R is defined by

Ry — R,
R2_—~———
Ry + Ry

Equations (1.24) define a wave digital two-port parallel adaptor. They are identical in form to the
equations defining a parallel junction of two acoustic tubes, from (1.8)—this is to be expected,
since Kirchoff’s Laws (1.23) are equivalent to the pointwise continuity equations (1.5) at an acoustic
junction. Thus all comments we made about scattering junctions in §1.1.1 hold for the wave digital
adaptor as well; in particular, if we define power-normalized waves, then the scattering operation
again is equivalent to an orthogonal (i.e., Ly norm-preserving) transformation, as long as the port

resistances Ry and Ry are chosen positive (implying, again, that |R| < 1).

WDFs and the Numerical Integration of ODEs

In the closed network of Figure 1.10, we have left the two one-ports unspecified. Suppose we
connect an inductor, of constant inductance L > 0 at the left-hand port, and a capacitor of constant

capacitance C' > 0 at the right-hand port, as shown in Figure 1.11(a). Then the voltage-current
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relations are defined by

dil dvz
v dt ? dt
When these relations are closed by Kirchoff’s parallel connection rules (1.23), it is possible to write

a single second-order ODE describing the time-evolution of the circuit state,

d?w 1

a ~ T Ic”

where w(t) stands for any of the voltages or currents in the network. This network thus behaves as a
harmonic oscillator, of frequency 1/v LC; the voltages and currents, assumed real, evolve according

to
w(t) = Acos(t/\/ﬁ) + Bsin(t/\/L_C)

for some arbitrary constants A and B determined by the initial voltages and currents in the network.

The network is also lossless; if we define the total stored energy of this network E(t) by

. 1 . 1
A .
E(t) & ng{ + 5&;3 (1.25)
——— N———r’
Energy stored in magnetic field Energy stored in electric field
surrounding inductor surrounding capacitor
then
dE . dil dvz . .
ar = L“E + CUZE =101 F19v9 =0 = E(t) = constant

In other words, energy is traded back and forth between the two circuit elements, but is not dissi-
pated.

Though we have not explicitly derived the forms of the wave digital inductor and capacitor, this
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Figure 1.11: The LC harmonic oscillator—(a) a parallel connection of an inductor, of inductance L
and a capacitor of capacitance C, and (b) the corresponding wave digital network.
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is a good opportunity to see what these elements look like—the wave digital network corresponding
to the LC harmonic oscillator circuit is shown in Figure 1.11(b). (The reader may glance ahead
to §2.3.4 for a glimpse of how these forms are arrived at.) We have a parallel adaptor, which is
a digital signal processing block defined by equations (1.24), terminated on delay elements (one of
which incorporates a sign inversion). Special choices of the port resistances Ry and Ry (marked in
the figure) were chosen in order to obtain these simple signal-flow graphs. This diagram implies
a recursion, which, like the digital waveguide network methods consists of a scattering step, and
a delay step (possibly with sign inversion). Because it makes use of only two delay operators, it
should be obvious that this simple network must behave as a two-pole resonator—the discrete-time
counterpart to the continuous-time harmonic oscillator. The wave digital network thus behaves as
a numerical integrator.

We can define the total discrete-time stored energy of this network by
( ) - ( ( ))2 - ( ( ))2
Ewp(n) = ai(n + as(n
V‘ D Rl ! R2 2

which is simply a weighted sum of the squares of the signal values stored in the delay registers at
time step n. Clearly, this quantity remains unchanged after undergoing delays and the scattering

operation, i.e., we have
Ew p(n) = constant

It is simple to identify this quantity with the energy (1.25) of the continuous-time LC network.
Although this example is very simple, the same ideas can be applied to large networks, and the

result is always an explicitly recursible structure for which passivity can be simply guaranteed.

Multidimensional WDFs as PDE Simulators

Wave digital filter networks are derived from lumped analog circuits, and we have seen that they
can be interpreted as numerical ODE integrators. Most importantly, we saw that a given analog
circuit immediately implies a corresponding WDF structure; if the original circuit is lossless, then
the WDF network, which is its discrete-time image, will be lossless as well. It is easy to extend
the maintenance of losslessness to the more general case of passivity (i.e., we allow our networks to
dissipate energy, as well as recirculate it).

Fettweis and Nitsche [62] found a way of directly extending this simulation technique to dis-
tributed systems. First, it is necessary to generalize the definition of a circuit element to multiple
dimensions, in which case it is called an MD circuit element; an MD one-port is shown at left in Fig-
ure 1.12. The one-port is still defined in terms of a voltage v and current ¢ across its terminals, but
these quantities are now more generally functions of an n-dimensional spatial coordinate x as well as

time ¢. In particular, v and ¢ will be in general related by partial differential operators. Though the
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representation is the same as in the lumped case, this circuit element is itself a distributed object,

occupying physical space. Such a distributed circuit element is merely a generalization of a lumped

T v(x,t) b(n) a(n)

i(x,t)
R
one-port circuit Transformation to wave digital

Distributed . Multidimensional
wave variables and

element - var one-port
application of MD
trapezoid rule
Defined by partial Defined by
differential operators multidimensional

shift operators

Figure 1.12: Multidimensional wave digital discretization of a distributed one-port circuit element.

one-port circuit element; it should not be conceived of as a physical entity. The rules of classical
network theory, however (and in particular Kirchoff’s connection rules), can still be applied in order
to form combinations of such objects.

It is also possible to extend the notions of passivity and losslessness to multiple dimensions, and
to introduce wave variables, which, like the voltages and currents, will also be distributed quantities.
Finally, it is also possible to discretize these elements in such a way that this passivity is retained in
the discrete time and space domain (through the use of the trapezoid rule in multiple dimensions).
the result is the multidimensional wave digital (MDWD) element shown at right in Figure 1.12. Just
as for the lumped case, where differential operators are mapped to delays, here partial differential
operators are mapped to shifts in the discrete multidimensional problem space. We again have an
input wave a and an output wave b, which take on values at a discrete set of locations; these are to

be interpreted as grid functions over a set of points, indexed by an integer-valued vector n.
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Figure 1.13: Steps in the construction of a multidimensional wave digital filtering simulation routine.

Though we will discuss the MDWD discretization procedure in much more detail in Chapter 3, we

outline the basic steps in Figure 1.13. Beginning from a given passive physical system, we first model
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it with a suitable system of PDEs. It may be possible, then, to interpret the individual equations
as loop equations in a closed multidimensional Kirchoff circuit (MDKC) made up of elements of
the form shown at left in Figure 1.12. Typically, the currents flowing through the “wires” in such
a network will be the dependent, or state variables describing the physical system; all the partial
differential operators are then consolidated in the various elements. For a first-order system of
PDEs, it will usually be true that the number of equations is equal to the number of loops in the
circuit. It is important, at this stage, to ensure that such a network representation is composed of
multidimensional circuit elements which are individually passive—this can generally be determined
by a cursory examination of the circuit element values (such as inductances, capacitances, etc.,
which may be functions of several variables). Once the work of manipulating the system into a
suitable circuit form is complete, the discretization step is immediate, and a multidimensional wave
digital network results; if the MDKC is made up of passive elements, then the discrete network
will be as well. It can then be interpreted as a stable explicit numerical integration scheme for the
original defining system of PDEs. The basic operations will be, just as for DWNs, the scattering and
shifting of wave variables through a numerical grid of nodes. The resulting structures, however, differ
markedly from DWNs in many ways, though they can still be viewed as finite difference schemes.
We note that each of the various steps (i.e., the arrows in Figure 1.13) involves a good deal
of choice (and experience) on the part of the algorithm designer. For a given system, there is
almost always a variety of PDE systems which could serve as adequate models; not all are suitable
for circuit-based discretization. It is also true that for a given system of PDEs, there is not a
unique network representation (though they should all be related by equivalence transformations
from classical network theory). Finally, though Fettweis et al. make use of the MD trapezoid rule as
a means of arriving at a passive discrete network, this is by no means the only way of proceeding—
many integration rules possess the desired passivity-preserving properties. We will explore the

consequences of these choices extensively throughout the rest of this thesis.

1.2 Questions

Before launching into a full technical summary and listing results in the next section, it is worthwhile
to take a step back and view the underlying motivations for writing this thesis. The general goal of
this project can be expressed as an attempt to answer, or at least address several general questions

about wave digital filter and digital waveguide network numerical simulation algorithms:

o To what types of systems can wave digital and digital waveguide network simulation approaches

be applied?
o What features do these two methods share, and what distinguishes them?

o What are their relative advantages?
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o Can they be unified in a formal way?
o What extensions and improvements can be made to the existing forms of these methods?

These were the guiding questions that the author had in mind throughout this project; all the
results have some bearing on their answers. The impatient reader can flip to §6.1 for these answers—

some clear-cut, some much less so.

1.3 Summary and Results

The typical thesis paradigm consists of a single isolated problem statement, followed by a develop-
ment culminating in a main result. Because this thesis is intended not only as an exposition of results
but as a review of and introduction to scattering methods, it would have been somewhat unnatural
and probably detrimental to arrange the material in this way. We have thus attempted to interleave
review, problems and results in a more natural order. Because of this, it might be a little difficult
for the reader to tell what the principal new results were. We here provide a chapter-by-chapter

summary, with results appearing in the sections indicated by bold-faced numbers.

Chapter 2: Wave Digital Filters

Chapter 2 is intended as a review of lumped wave digital filters, minus any discussion of filtering
applications, since we will only be looking at simulation applications in the remainder of the thesis.
Because these concepts are used extensively throughout the sequel, the reader is advised to begin
here, even though discussion of numerical methods for PDE solving does not begin in earnest until
the next chapter. We follow the standard development (as in, say, Fettweis’s comprehensive review
paper [46] which is the chief reference for this chapter) and begin with a brief introduction to
the theory of electrical N-port devices [12], and, in particular, the key concept of passivity, which
later plays a pivotal role as the stability criterion for multidimensional simulation networks. We
then review the basics of the lumped wave digital discretization procedure, involving the use of a
passivity-preserving continuous-to-discrete spectral bilinear transformation (the trapezoid rule in
the time domain) and the transformation to wave variables. The wave digital counterparts of the
standard circuit elements (capacitors, inductors, resistors, transformers, etc.) are then introduced,
as are adaptors, which are simply the wave variable counterparts to Kirchoff’s series and parallel
connection rules. The chapter is concluded with a brief description of finite word-length arithmetic
properties of WDF's, and a look at some specialized vector elements that will later come in handy
(and are in fact necessary) for the simulation of some elastic dynamic systems. It is important to
keep in mind that though we only discuss lumped elements and networks in Chapter 2, the basic
set of construction rules (essentially classical electrical network theory) remains unchanged when we

move to a multidimensional setting in the next chapter.
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Chapter 3: Multidimensional Wave Digital Filters

Chapter 3 begins with a review of some of the basics of symmetric hyperbolic systems of partial differ-
ential equations, and then proceeds to the generalization of electrical network passivity into multiple
dimensions, where it has been called MD-passivity [48, 85]; this can be done in a straightforward
way through the application of coordinate transformations [62, 122]. Next, we introduce multidi-
mensional circuit elements [45], which are similar to their lumped counterparts, except that they are
distributed objects and may have particular directions associated with them. The transformation to
wave variables and discretization proceeds as in the lumped case, but now the trapezoid rule must
be interpreted in a directional sense, as must be the associated MD spectral bilinear transformations.
We then proceed through some treatments of typical model problems, namely the advection equa-
tion [176], the transmission line system [107], and its extension to two spatial dimensions, in which
case it is called the parallel-plate system [60, 61]. We write down maultidimensional Kirchoff circuit
representations (MDKCs) and show the discrete time and space counterparts (MDWDF's) for all
these systems. We then spend some time in §3.9.1 examining MDWD structures as finite difference
schemes and make some comments about modal behavior, paying particular attention in §3.9.2 to
parasitic modes. In §3.10 we present a new treatment of the initialization of MDWD methods, and
then give a brief overview of methods for setting boundary conditions. Balanced forms are intro-
duced in §3.12 as a means of increasing the computational efficiency of MDWD methods; to date
they have been notoriously sub-optimal in that the maximum allowable time step can be a great deal
smaller than that of conventional finite difference methods (such as, for example, the finite-difference
time domain (FDTD) method [184, 214] and, by extension, DWNs). Finally, in §3.13 we turn to a
means of incorporating higher-order spatially accurate [176] methods into a circuit framework; this
is surprising, because it had long been assumed that MDWD methods, traditionally based on the
use of the trapezoid rule could be no better than second-order accurate [130]. We circumvent this
problem by applying an alternative integration rule, which is also passivity-preserving (and which

will also serve as a “back-door” into the realm of digital waveguide networks).

Chapter 4: Digital Waveguide Networks

Chapter 4, which is concerned with digital waveguide networks, is rather large, and can be conve-
niently divided into three principal parts.

The first part of the chapter, from §4.1 to §4.5, deals with the relationship between digital
waveguide networks and finite difference methods of the FDTD variety; we showed a very simple
example of such a correspondence in §1.1.2. We reintroduce digital waveguide networks, now in the
electrical context, so as to make easier the eventual comparison with the wave digital networks of
Chapters 2 and 3—the acoustic tubes in the Kelly-Lochbaum model of §1.1.1 and the waveguide
mesh of §1.1.2 are thus replaced by transmission line sections, and pressures and velocities become

voltages and currents. After a brief review of the fundamentals, we reexamine the transmission line
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and parallel-plate test problems in §4.3 and §4.4. Here, DWN structures that numerically integrate
these systems are built “the hard way” (i.e., by association with finite difference methods and FDTD,
without the benefit of a multidimensional representation), and we uncover several distinct families
of such networks, in §4.3.6 and §4.4.2, with different passivity properties. We also examine the
initialization of these networks in §4.5, and the implementation of boundary conditions in §4.3.9

and §4.4.4.

The next part of Chapter 4, from §4.6 to §4.9 is of a more applied nature—here we discuss several
variations on the DWN form, specifically for the transmission line and parallel-plate problems. First,
we take a cursory look at some other recently proposed two- and three-dimensional DWN structures
in §4.6 and §4.7, extending them to the variable-coefficient case where necessary. (The spectral
analysis of these DWNss is postponed until Appendix A.) We then introduce some generalized DWNs
which may be useful in “real-world” problems, in particular those involving irregular boundary
configurations and sharp variations in material parameters. We look at DWNs in the important
special case of polar coordinates in §4.6.2, and then extend the same technique to general curvilinear
coordinate systems in §4.8. Another means of tackling such irregularities, with an eye towards
computational efficiency considerations, involves the use of multigrid DWNs; a “fine” DWN can be
used over any part of the problem domain where greater detail is required, and may be interfaced to
a “coarse” DWN operating over the remainder of the domain. The interface between such DWNs can
be designed so as to maintain perfect losslessness, while introducing minimal numerical reflection.
We look at several types of such layers, in two and three spatial dimensions, as well as a way
of interfacing grids in different coordinate systems, in §4.9. Several simulations are presented, in

§4.6.2, §4.9.1, and §4.9.4.

Up until this point in Chapter 4, we treat digital waveguide networks as large collections of scat-
tering junctions connected by paired delay lines, just like the Kelly-Lochbaum model of §1.1.1 and
the mesh of §1.1.2. While this is a useful vantage point, especially when it comes to constructing
irregular networks such as those discussed in §4.9, and for finding proper passive boundary termi-
nations, it is somewhat lacking in that it does not allow the algorithm designer any guidance in the
construction of these methods for more complex systems. Indeed, when faced with a many-variable
system (such as, for example, the thirteen-variable system of PDEs which models vibration in a stiff
cylindrical shell, to be discussed in §5.5.2), it becomes difficult to proceed as was done for the com-
paratively simple transmission line test problems in §4.3 and §4.4. A MDWD-based method does
not fall prey to these design difficulties because it follows directly from a multidimensional circuit
representation of a given defining system of PDEs; in other words, a passive numerical method can
be automatically generated from the model system, regardless of its complexity. It is true, however,
that this circuit representation is highly non-unique—we have all of classical network theory at our
disposal in order to manipulate it. What is more, while WDF discretization is based on the use of

the trapezoid rule (or bilinear transform), in multiple dimensions, the family of passive integration
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rules is much more general. The most important result in this thesis is presented in §4.10; we use
the flexibilities mentioned above in order to show that a DWN also can be viewed as the discrete
image of an MDKC. As such, it can be directly incorporated into the same family as the WDF-based
methods; the relationship is shown in Figure 1.14. The range of physical systems to which the DWN
can be applied as a simulation method is thus considerably enlarged to include any system that has
been dealt with using MDWDFs. MDWDFs and DWNs are now on an equal footing, (and we will
emphasize the fraternal relationship between the two methods repeatedly in Chapter 5). We develop
alternative network representations suitable for DWN discretization for the transmission line and
parallel-plate systems in §4.10.3 and §4.10.4, then continue our previously postponed treatment of
higher-order spatially accurate DWNs in §4.10.5, and finally conclude with a DWN for Maxwell’s
Equations in §4.10.6. The DWN for this last system, in that it is equivalent to Yee’s original FDTD

formulation completes the circle of ideas begun in the first part of the chapter.
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Figure 1.14: Steps in the construction of multidimensional wave digital filtering and digital waveguide
network simulation routines, viewed as part of a generalized family of passive numerical methods.

Chapter 5: Applications in Vibrational Mechanics

In Chapters 3 and 4, scattering structures are developed to numerically integrate certain simple
systems of PDEs, in particular the transmission line equations and the parallel-plate system. In
this chapter, we show how the same ideas can be applied to another set of systems, namely those

describing the mechanical vibrations of elastic solid media under various conditions. These systems
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can become quite complex, compared with the simple transmission-line test problems, but as we
will see, circuit representations can be developed as before, though several new techniques must
be introduced. We look at such systems in order of increasing dimensionality, loosely following
the organisation of the text by Graff [77]. Liberal use is made of the unifying result of §4.10 in
order to develop wave digital and digital waveguide simulation networks in a parallel fashion for these
systems. We first examine the simplest stiff distributed system, the classical, or ideal Euler-Bernoulli
beam in §5.1, mainly in order to indicate the difficulties inherent in designing scattering methods for
systems which are not symmetric hyperbolic (though we show that it is indeed possible). We then
turn to the modern (and much more suitable, in the scattering context) Timoshenko beam theory,
which was first treated by Nitsche in [131], and present a variety of distinct scattering methods in
§5.2, while indicating the relevant differences, especially with respect to stability. We also apply
the system balancing approach (introduced in §3.12) to the Timoshenko beam in §5.2.6 in order to
show that it is possible to drastically reduce the computational requirements in certain cases, and
take an extended look at boundary conditions in §5.2.4. Then follows a look at stiff plate theory,
and in particular the two-dimensional analogue of the Timoshenko beam, called the Mindlin plate,
in §5.4. Here, due to the couplings between the variables, we are forced to make use of vector
scattering elements, which were introduced in §2.3.7 for this very purpose. Boundary conditions
for waveguide networks for the Mindlin plate are dealt with in detail in §5.4.2. We next spend
some time examining network representations for two cylindrical shell models, first the membrane
shell in §5.5.1, and then the more modern model of Naghdi and Cooper in §5.5.2. Finally, for
completeness sake, we revisit in §5.6 Nitsche’s MDKC for the full three-dimensional elastic solid
dynamic system [131]; as for all the systems in this chapter, we show the alternative network form
suitable for DWN discretization in §5.6.1. In keeping with the more applied flavor of this chapter,
we also present simulation results for Timoshenko’s beam system and the Mindlin plate in §5.2.5

and §5.4.3, respectively, under both uniform and spatially-varying material parameter conditions.

Chapter 6: Conclusions and Future Directions

In Chapter 6 we address the general questions of the last section, and then make some suggestions
for future research; in particular, we mention some partial results that could not be easily fit into
the main chapter development, namely the application of circuit methods to time-varying systems
in §6.2.7 (and an application to time-varying vocal tract modeling is indicated), and a possible

foundation for a theory of the boundary termination of passive distributed networks in §6.2.3.

Appendix A: Finite Difference Schemes for the Wave Equation

Appendix A serves a dual purpose. First, it is intended as a review of the basics of the spectral
or Von Neumann analysis of finite difference schemes; this analysis is quite powerful and revealing

if the underlying physical model problem is linear and shift-invariant. We pay close attention to
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the numerical stability conditions that can be arrived at through a straightforward application of
these spectral methods. For this review portion of the appendix, we depend primarily on the
excellent text by Strikwerda [176]. (For the reader with no prior exposure to the analysis of finite
difference methods, §A.1 could well serve as point of departure, before jumping directly into network
and scattering theory in Chapter 2.) We then systematically revisit all of the large variety of
forms of DWN for the two- and three-dimensional wave equation, applying this spectral analysis
to the equivalent difference schemes. The comparison of the Von Neumann numerical stability
conditions with the passivity conditions on the associated mesh structures yields somewhat surprising
results, for the so-called triangular (§A.2.3) and interpolated meshes (§A.2.2, §A.3.3) structures;
indeed, the conditions do not coincide in these cases, leaving us with some fundamental and puzzling
questions about the nature of this discrepancy. In addition, we also introduce some techniques
for rigorously analyzing certain vector-type schemes (the hexagonal scheme, in §A.2.4 and the
tetrahedral scheme, in §A.3.4), and look at a theoretical means of obtaining optimally direction-
independent numerical dispersion properties for certain schemes for which we have free parameters
at our disposal (the interpolated schemes in §A.2.2 and §A.3.3). Throughout the appendix we pay
particular attention to evaluating the relative memory requirements and computational efficiency of

the various schemes, and provide numerical dispersion error plots for all the schemes.

Appendix B: Applications in Fluid Dynamics

In Appendix B, we summarize some of the interesting new developments in applying wave digital
filtering methods to strongly nonlinear problems in fluid dynamics. Though there are no significant
new results in this appendix, we take the opportunity to elucidate some connections to current
trends in the analysis of such systems involving so-called skew self-adjoint forms; in doing so, we
highlight certain unforeseen shortcomings of Fettweis’s MDKC and MDWD network representations
of these systems, and indicate a possible way of avoiding these difficulties in §B.3.3 by making use
of entropy variables. In keeping with the overall goal of unifying wave digital and digital waveguide
network approaches to numerical integration, we also show in §B.3.2 how the methods of §4.10 can

be applied to the one-dimensional gas dynamics system in order to yield a DWN-like structure.
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Chapter 2

Wave Digital Filters

2.1 Introductory Remarks

The entry point, for any study of numerical methods based on wave and scattering ideas, must
necessarily be a review of wave digital filters (WDFs) [41, 46]. This filter design technique, proposed
by Alfred Fettweis in the early 1970s, was an attempt at translating analog filters into the digital
realm with a pointed emphasis on preserving as much of the underlying physics as possible. In
particular, a digital filter structure arrived at through Fettweis’s procedure has the same precise
network topology and energetic properties as the lumped analog electrical circuit (called the reference
circuit) from which it is derived.

The theory is straightforward; analog circuit components (IN-port devices or elements), usually
defined by a voltage-current relation, are first given an equivalent characterization in terms of wave
variables. While this is merely a change of variables, it has the advantage of allowing an alternate
description of the dynamic behavior of the network: energy incident on a circuit element (incident
from the rest of the network to which it is connected through a port) may be reflected back from the
element through the same port, or transmitted through to another part of the network through a dif-
ferent port. The incident, reflected and transmitted energies are carried by waves’. The reflectances
and transmittances themselves are determined by arbitrary positive constants called port resistances
which are assigned to individual wave ports. An important result of using wave variables is that
the entire network may then be parametrized by these reflection and transmission coefficients which
are, at least for passive networks, bounded independently of the numerical circuit element values
themselves (inductances, capacitances and resistances etc.), which may vary over a wide range.

The true advantage of using wave variables becomes much more tangible when we seek to obtain,

TThough it is perhaps difficult to conceive of wave motion in a lumped system (i.e., one with negligible spatial
extent) such as an analog electrical network, it should be mentioned that so-called wave variables may be interpreted
as traveling waves in a network whose components are connected by transmission lines of vanishing length [161].

33
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from a given analog filter design, a digital filter structure. This is usually done in the WDF context at
steady state via a particular type of bilinear transformation or spectral mapping [41] from continuous
to discrete frequency variables. Unless wave variables are employed, the resulting filter structure
will usually not be recursively computable, and hence not directly implementable as a computer
program. In addition, because the reflectances and transmittances of the network (which become
the filter multiplier values) are bounded in a simple way, a host of desirable filter properties result
which are especially valuable in a fixed-point computer implementation: complete elimination of
certain types of limit cycles or parasitic oscillations and very low sensitivity of the filter response
to coefficient truncation are the most frequently mentioned [46]. A further advantage stems from
the fact that because the network topology of the reference circuit has been inherited by the digital
filter structure, we have convenient access to a simple energy measure for the discrete dynamical
system; this energy, which is a direct analogue of the energy stored in the electrical and magnetic
fields surrounding the reference circuit, may be used as a discrete-time Lyapunov function [37, 42]
in order to provide further rules for dealing with the inevitable truncation of the filter state in a

fixed-point implementation.

Many of the underlying ideas, however, had existed for some time before they coalesced into
Fettweis’s digital filter design technique. In fact, it is perhaps best to describe wave digital filtering
not as an unprecedented invention, but as the successful synthesis of two principal preexistent ideas.
The crucial wave variable and scattering concepts were borrowed from microwave filter design [11, 12],
and digital structures based on the reflection and transmission of waves had appeared previously,
especially in “layer-peeling” and “layer-adjoining” methods for solving inverse problems that arise
in geophysics [22, 23, 213], and in models of the human vocal tract used in the analysis and synthesis
of speech [104, 145], as we saw in §1.1.1. Many other digital filter structures make use of similar
ideas, and have similar useful properties—among these are digital ladder and lattice forms [79],
normalized filters [80] and orthogonal filters. This last type of structure has been formally unified
with WDF's in [192]. The other cornerstone of wave digital filtering, the concept of a continuous-
to-discrete spectral mapping which is, in some-sense, energy preserving, was not new to circuit
discretization approaches. It appeared in the 1960s in the numerical analysis community which was
concerned with the stability of the discretization of sets of ordinary differential equations (ODEs);
indeed, wave digital filtering can be thought of as an A-stable [32, 65, 75] numerical method which

discretizes the defining differential equations of an analog electrical network.

Wave digital filtering has, since its inception, developed in many directions, and has become a
large subfield of the vast expanse of digital filter design. Because this thesis is devoted to the use of
wave digital filters for simulation purposes, and not for filtering, this introductory chapter is intended
merely to motivate material in the sequel, and to provide enough basic information for the reader
to understand the WDF symbology (which is, unfortunately, somewhat idiosyncratic and takes a

bit of getting used to). Indeed, many filtering issues do not arise at all in a simulation setting, at
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least from the point of view of traditional numerical analysis’. The single best WDF review paper
is certainly [46], which is filled with practical filter design information and references. We briefly
mention that some of the recent lines of development have been in the areas of multi-rate systems
and filter banks [54, 117, 186], cochlear modelling [76], vocal tract modelling [177], the modelling
of nonlinear circuit components [39] such as transistors [36], switching elements [151] as well as
applications to nonlinear transmission lines [40, 126]. The concept of a generalized adaptor (see
§2.3.5) with memory, as another means of approaching nonlinear circuit elements has been explored
in [154]. Another important direction has been the generalization of WDF's to the multidimensional

case [62], and we will discuss this in detail in the next chapter.

2.2 Classical Network Theory

2.2.1 N-ports

Classical network theory [12] is partly concerned with the properties of connections of N-port devices.
In the abstract, an N-port is a mathematical entity whose internal behavior is only accessible through
its N ports. With the jth port is associated a current i}, a voltage v;, and two terminals (see Figure
2.1). The two terminals of any port must always be connected to the terminals of another port. A

network is simply a collection of N-ports connected such that no port is left freeff,

l’1* iy * ‘ N
— — —

U1 V2 UN

Figure 2.1: N-port.

For lumped networks, the voltages, currents and possibly element values in the networks are
allowed to be real-valued functions of a sole real parameter ¢ which is usually interpreted as physical
time. Multidimensional networks [208] are more general in the sense that the voltages, currents and
port resistances may be functions of one or many other parameters, which may represent spatial

dimensions. In this introductory chapter, we will be concerned only with lumped networks, but

TA good example of such a concern presents itself when we look into spectral analysis of difference schemes in
Appendix A. Simulation people are usually interested in the convergence of approximate numerical schemes, in the
limit as a grid spacing or time step becomes small; digital filtering people would think of this as matching a digital
frequency response to that of the analog response (of the physical system) near the spatial or temporal DC frequency;
for musical sound synthesis, however, these grid spacings or time steps are generally fixed (by the sampling rate), so
it might be worthwhile to look at a measure of the spectral fit over the entire spectrum.

tTMore generally, network theory treats so-called t-terminal or multi-pole networks [206], for which terminals are
not necessarily associated in pairs.
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it should be kept in mind that Chapter 3 and parts of Chapters 4 and 5 are devoted chiefly to
a particular class of multidimensional network which can represent the behavior of a distributed
physical system.

If an N-port is linear and time-invariant (LTI), then the port quantities may exhibit a purely
exponential time-dependence at a single complex frequency s. For such an ezponential state [12], it
is also useful to define, for any port with voltage v(¢) and current i(t), the complex amplitudes &

and i. We can then write
u(t) = best i(t) = et

Under certain conditions [12], a LTI network will possess an N x N impedance matriz’ Z, so that

the steady-state voltages and currents are related by
v=17i (2.1)

where ¥ and i are the column N-vectors containing the amplitudes 01,...,0xy and 21 ey ZN respec-
tively. In general, if the N-port contains elements which behave as differential or integral operators,

then we will have Z = Z(s). The admittance of such an N-port is defined as
Y=Z"

at frequencies s for which Z is invertible, and as infinity otherwise.

In most cases of interest, the entries of Z(s) will be rational functions of s. An N-port so defined
is called real if the coefficients of these rational functions are real numbers. In this case, there is no
loss in generality [12] in considering the port voltages and currents to be real-valued functions of ¢,

in which case we may write, for an exponential state,
v(t) = Re (o) i(t) = Re (ze‘”)

Now v(t) and i(t) are referred to as the real instantaneous port voltage and current respectively.

2.2.2 Power and Passivity

The total instantaneous power absorbed by a real N-port is defined by

Winst(t) = Z vj(t)ij (1) (2.2)

J=1

TA linear and time-invariant N-port need not have an impedance; the ideal transformer, for example, does not. In
such cases, a more general “hybrid” matrix [12], from which all relevant properties may be deduced, can be defined.
We will make special use of hybrid forms in §4.10.
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where v;(t) and ij(t) are the real instantaneous voltage and current at port j. In general, for an
N-port which contains stored energy E(t), which dissipates energy at rate wgq(t), and which contains

sources which provide energy at rate wy(t), then the energy balance

/ " (winst + w5 — wa) dt = B(ts) — E(t) (2.3)

must hold over any interval [t1,¢2]. Such an N-port is called passive if we have
to
/ Wingedt > E(ty) — E(t) (2.4)
t

over any time interval; the increase in stored energy must be less than the energy delivered through

the ports. The N-port is called lossless if (2.4) holds with equality over any interval.

For a linear time-invariant N-port, in an exponential state of complex frequency s, we can define

the total complex power absorbed to be the inner product

and the average or active power as
w = Re(i*V)

where * denotes transpose conjugation. For an N-port defined by an impedance relationship, we

may immediately write, in terms of the voltage and current amplitudes,

N 1 /., /s w14 .
@ =Re (iv) = 5 (o +91) = 5 (izi+1z1) = = (i z+2)i)

For such a real LTT N-port, passivity may be defined in the following way. If the total active
power absorbed by an N-port is always greater than or equal to zero for frequencies s such that

Re(s) > 0, then it is called passive. This implies that
Z+7Z>0 for Re(s) >0 (2.5)

A matrix Z with such a property is called a positive matrix. In the present case of a real N-port,
Z is called positive real (though in general, positivity is all that is required for passivity). If the

average power absorbed is identically zero for Re(s) = 0, or, in terms of impedances, if
Z+7Z =0 for Re(s) =0

then the N-port is called lossless.
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2.2.3 Kirchoff’s Laws

Connections between individual ports can be made through an appeal to Kirchoff’s Laws, which
specify two important connection rules. Kirchoff’s Voltage Law (KVL) states that for a series
connection, as pictured in Figure 2.2(a), the currents will be equal in all ports to be connected, and
that the sum of the voltages at all ports is zero, or, in other words, if we have a series connection of

M ports,

=1y =...=1y

vitvys + ... +oy =0

Kirchoff s Current Law (KCL) specifies the dual relationship among the voltages and currents in

the case of a parallel connection of M ports, as per Figure 2.2(b), as

V) =0V =...=0Upm

iitiz+ ... +inr =0

U2

12 ¥

X of

3]

(a) (b)
Figure 2.2: Kirchoff connections of M ports, in (a) series and (b) parallel.

Both sets of constraints hold instantaneously and can be thought of as M-ports in their own
right. In addition, both types of M-port are passive, and in fact lossless. For example, in the case
of a series connection of M ports where the currents at every port are the same and equal to 7, we

have, from (2.2), that

M

M
Winst = E 1jUj =1 E v; =0
j=1

i=1
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Losslessness of the parallel connection can be similarly demonstrated. It is possible to show, through
the use of Tellegen’s Theorem [136] that a network made up of Kirchoff connections of passive N-ports

will behave passively as a whole.

2.2.4 Circuit Elements

The most commonly encountered linear one-ports are the inductor of inductance L, the resistor of

resistance Ry and capacitor of capacitance C; their schematic representations are shown in Figure
2.3.

v L v Ry v —_—_C

(a) (b) ()

Figure 2.3: One-port elements— (a) an inductor of inductance L, (b) a resistor of resistance Ry
and (c) a capacitor of capacitance C'.

The equations relating voltage and current in the three one-ports, as well as their associated

impedances are as follows:

di
Inductor : v = d—z Z =1Ls (2.6)
Resistor : v = Ry Z = Ry (2.7)
dv 1 )
itor : ) = (C'— = — 2.
Capacitor ) Cdt s (2.8)

Each of these circuit elements is passive as long as its element value (L, C' or Ry) is positive';
the inductor and capacitor are easily shown to be lossless as well. The inductor and capacitor are
examples of reactive circuits elements—all power instantaneously absorbed by either one will be
stored and eventually be returned to the network to which it is connected. The resistor is passive,

but not lossless.

In addition to the one-ports mentioned above, we can also define the short-circuit, open-circuit,

TMore generally, we allow these values to be zero as well. In these cases, the inductor and resistor are interpreted
as short-circuits, and the capacitor as an open-circuit.
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) ) ) )
v v v C)e v f
[ ) o
—0

(a) (b) () (d)

Figure 2.4: Other one-ports— (a) short-circuit, (b) open-circuit, (c) voltage source and (d) current
source. Dots adjacent to the sources indicate polarity.

current source and voltage source (see Figure 2.4) by

Short-circuit : v=_0
Open-circuit : 1 =0
Voltage source : v = e(t)
Current source : i= f(t)

The impedances of the short- and open-circuit one-ports are zero and infinity, respectively. Both
are lossless.

The two-ports which will occur most frequently in this thesis are the transformer and gyrator,
both shown in Figure 2.5. Each of these two-ports has two voltage/current pairs, one for each port.
The transformer has associated with it one free parameter n, called the turns ratio, and the gyrator
is defined with respect to a parameter Rg > 0, as well as a direction, represented graphically by an

arrow. The relation among the port variables in each case is given by

Transformer : Vg = Nnuy 11 = —Niy (2.9)

Gyrator : v = —Rgis ve = Rgiy (2.10)

It is easily checked that both the transformer and gyrator are lossless two-ports. The gyrator is
the first example we have seen so far of a non-reciprocal element that is, its impedance matrix is
not Hermitian; while we will not make nearly as much use of it here as the other elements, it will
find a place in certain parts of this work, especially in dealing with physical systems which have a
certain type of asymmetric coupling (see Chapter 5), in optimizing certain wave digital structures
for simulation (see §3.12), and will play a pivotal role in linking digital waveguide networks to wave
digital networks (see §4.10).

There are other N-ports of interest in network theory, many of which have been applied success-
fully in wave digital filter designs, such as circulators as well as time-varying [178] and non-linear

elements [36, 39, 64, 151], which have been used to study the propagation of nonlinear waves in
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i iz
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—
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(a) (b)

Figure 2.5: Two-ports— (a) a transformer, of turns ratio n and (b) a gyrator, of gyration coefficient

Rg.

lumped circuits [126]. For numerical integration purposes, however, the above set of elements proves
to be an amply sufficient set of basic tools. An exception will be the non-linear distributed elements
which appear in the circuit-based approach to fluid-dynamical problems; we mention these elements

briefly in Appendix B.

2.3 Wave Digital Elements and Connections

2.3.1 The Bilinear Transform

Wave digital filters result from the mapping of a lumped analog electrical network (usually made
up of the elements mentioned in the previous section connected using Kirchoff’s Laws, and which
is intended for use as a filter) into the discrete-time domain. In the linear time-invariant case, this
translation is carried out using a particular type of spectral mapping between the analog frequency
variable s and a new discrete frequency variable v which will be a rational function of 27! = e =57
which is interpreted as a unit delay, of duration T'; the mapping affects only reactive N-ports, i.e.,
those whose behavior is frequency-dependent, such as the inductor and capacitor. Memoryless el-
ements, such as the transformer, gyrator and resistor (as well as the parallel or series connection,
interpreted as an N-port) are frequency-independent, and will be unaffected by such a transforma-

tion.
The frequency mapping proposed by Fettweis' in [41] is a particular type of bilinear transform,
given by

1

—_
<

A21—e5T -

2
— = _ [—
i Tl4esT T14z2"1

(2.11)

TFettweis in fact proposes the mapping s — (1 — 2~1)/(1 + z~1), which is similar to (2.11) except for the factor
of 2/T. Although this factor is of little importance in filtering applications, it is necessary here for the interpretation
of such mapping as an integration rule. This should become clear in Chapter 3.
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We can then write

21— 2Re@&T 9 1 _|z]72

Re(y) = = = —
W) =T Hxe T T ThTs P

so clearly

Re(s) > 0 = Re(y) >0 = || > 1
Re(s) <0 = Re(y) <0 = |2] <1
Re(s) =0 = Re(y) =0 = |z =1

This implies that stable, causal transfer functions in s will be mapped to stable causal transfer

Im(s) lz] =1 Im(z)

Re(s) \

Figure 2.6: Spectral mapping corresponding to the trapezoid rule.

functions in the discrete variable z~!, and moreover that positive real functions will be mapped to
functions which are positive real in the outer disk[162]. Such functions are often called pseudopassive
[42], and have an energetic interpretation similar to that of their counterparts in the analog domain.
(Indeed, Fettweis views pseudopassivity as simply passivity using a warped frequency variable ¢

[46].)

In particular, for a harmonic state—that is, for real frequencies w such that s = jw and z = /7,

we have that

2 T
w = T tan <%> (2.12)

so that the entire analog frequency spectrum is mapped to the discrete frequency spectrum exactly
once. In particular, we have that the analog DC frequency s = 0 is mapped to discrete DC z = 1,
and that analog infinite frequency is mapped to the Nyquist frequency. It should be clear that there

will be significant warping of the spectrum away from either extreme.

It is also worthwhile examining the mapping (2.11) on the unit circle in the low-frequency limit,
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in which case we can expand the right side of the mapping about w = 0, to get

2 (TN T
Tan D) =w 12w

The mapping (2.12) can be rewritten as
w = w+ O(w*T?)

The frequency mapping thus becomes more accurate near w = 0 in the limit as 7' — 0. The order
of this approximation (namely to T?) will play an important role in numerical integration methods,
because it defines the accuracy of a numerical scheme [65, 131, 176].

It is important to mention that the time-domain interpretation of the bilinear mapping (2.11)

is called the trapezoid rule for numerical integration. That is, treating z=!

as the unit delay, the
right-hand side of (2.11) serves as an approximation to the derivative in a discrete-time setting.
For example, in the case of the inductor, application of the mapping yields the following difference

equation relating the voltage and current:

o(n) +v(n— 1) = %(i(n) ~i(n—1)) (2.13)

It should be understood here that v(n) and i(n) in (2.13) now represent discrete approximations to
the voltage and current of (2.7) at time t = nT, for integer n'. Generalizations of the WDF approach
to cases in which the N-port of interest is time-varying or non-linear are based on this time-domain
formulation, because in these cases, we no longer have a well-defined notion of frequency.

For the rest of this section, so as to avoid unnecessary extra notation, we will assume that we
have discrete time voltages and currents. Thus v and 7 now refer to sequences v(n) and i(n), for n
integer, and the steady state quantities ¢ and i are complex amplitudes of a sequence at the discrete

frequency z.

2.3.2 Wave Variables

At this point, one may assume that we have finished; indeed, we can derive a discrete-time equivalent
to any LTI N-port (graphically represented by a signal flow diagram involving shifts and arithmetic
operations), and such elements can be connected using Kirchoff’s Laws, which remain unchanged by
the mapping (2.11). In particular, a network consisting of a collection of connected passive N-ports

will possess a discrete equivalent of the passivity property, which has been called pseudopassivity

TSince the two systems are assumed to be the same, modulo a spectral warping, we will not use a special notation
to distinguish a discrete variable from a continuous one; the type of variable should be clear from context, and in cases
where confusion may arise, we will always explicitly note the argument. In Chapter 4, however, we will use capital
letters to distinguish discrete from continuous variables; this notational switch is unfortunate, but is a compromise
necessary in order to remain coherent with the different literatures.
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[42]. The problem, however, is that a simple application of the bilinear transform to a given N-port
usually leaves us with port variables which are not related to each other in a strictly causal way.
For example, the difference equation (2.13) that results in the case of the inductor relates v(n) to
i(n) at every time step n so that if we try to connect such a discrete-time one-port to another which
has the same property (using Kirchoff’s Laws, which are memoryless), we necessarily end up with
non-realizable delay-free loops [46] in our resulting signal flow diagram. In other words, we will not
be able to explicitly update all the port variables in our algorithm using only past values stored in
the delay registers.

The problem of these delay-free loops was solved by Fettweis [41] with the introduction of wave
variables, a concept with a long history borrowed from microwave electronics [11, 12]. For a port

with voltage v and current i, voltage waves are defined by

a=v+iR Input voltage wave (2.14a)
b=v—iR Output voltage wave (2.14Db)

a and b are referred to as wave variables, and in particular, a is called an input wave and b an output
wave; the significance of these names will become clear in the examples of §2.3.4. This definition
holds instantaneously, and will also be true for continuous v and :, though we will almost never have
occasion to refer to analog wave variables in this thesis. The parameter R > 0 is a free parameter
known as the port resistance—its choice is governed by the character of the element itself. We also

can define the port conductance G by
(2.15)

at a port with port resistance R.
It is also possible to define power-normalized waves [46] a and b at any port with port resistance

R by

v+ 1R
a=—— Input power wave 2.16a
a= s put p (2.16a)
v—1R )
b= —— Output power wave (2.16D)

2VR

The two types of waves are simply related to each other by

a = 2VRa (2.17a)
b = 2VRb (2.17b)

but power-normalized quantities have certain advantages in cases for which a port resistance is time-

varying or signal dependent (indeed, in these cases, power-normalized waves must be employed if
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passivity in the digital simulation is to be maintained). In general, however, in view of (2.17), it
should be assumed that we are using voltage waves unless otherwise indicated.
The steady state quantities @ and b are defined in a manner identical to (2.14), where we replace

v and ¢ by ¢ and i.

2.3.3 Pseudopower and Pseudopassivity

Fettweis [42] defines the instantancous pseudopower absorbed by a port with port resistance R (real)

at time step n in terms of the discrete input and output wave quantities as
wmﬂmy:é(ﬁou_b%m)=4@%m_@%m) (2.18)
which, when the transformation (2.14) is inverted, gives
Winst(n) = 4v(n)i(n)

This discrete power definition coincides with the standard definition of power in classical network
theory from (2.2), aside from the factor of 4, which is of no consequence if definition (2.18) is applied
consistently throughout a wave digital network.

For a real LTT N-port, in an exponential state of complex frequency z, the steady-state average
pseudopower may be written in terms of the N x 1 vectors a and E which contain the power-

normalized complex amplitudes @; and éj, for 3 =1,...,N as
@ = 4(aa-b'b)

The steady-state reflectance S(z!) is defined by

b=S

|R>

and gives
w=4(a"(Iy —8"S)a)

where Iy is the N X N identity matrix. For pseudopassivity [42], we require, then (recalling that
the bilinear transform (2.11) maps the right half s-plane to the exterior of the unit circle in the z
plane) that

S*(>7HS8(z7) < Iy for |z| > 1 (2.19)

S(z71) is sometimes called a bounded real matrix. If (2.19) holds with equality for |z| = 1, then
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it is called lossless bounded real (LBR) [193]. In general, to bounded real matrix reflectances there
correspond positive real matrix impedances, and vice versa. In terms of voltage wave quantities, we

have for a wave digital N-port, that

a=2RIa b =2Rzb
where R? is the diagonal square root of the matrix containing the IV port resistances R;,..., Ry
on its diagonal. We then have
S=R:SR:

for the voltage wave scattering matrix S and thus we require
S*:"HR7IS:"H <R! for || >1 (2.20)

for passivity. For one-ports, the requirements (2.20) and (2.19) are the same.

Also note that we have, by applying the power wave variable definitions (2.16), and the discrete
impedance relation v = Zi (which is identical to the analog relation from (2.1), except that we now
have Z = Z(z"1)), that

S=(ZR'+I)"(ZR' - 1) (2.21)
If the N-port is not LTI, then it is possible to apply a similar idea to the expression for the

instantaneous pseudopower, from (2.18) in order to derive a passivity condition [46]; In this case,

pseudopassivity has also been called incremental pseudopassivity [125].

2.3.4 Wave Digital Elements

We will now present the wave digital equivalents of all the circuit elements mentioned in §2.2.4.

Under the bilinear transform (2.11), the steady-state equation for an inductor becomes

L (1-21 .
T \1x1)!

or, in the discrete-time domain,

v(n)+v(n—1)= % (z(n) —i(n— 1))
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Applying the definition of wave variables (2.14), we get, in the time domain,

a(n) +b(n) +a(n —1) +b(n— 1) = % (a(n) —b(n) —a(n — 1) +b(n — 1)) (2.22)

If we make the choice

then (2.22) simplifies to
b(n) = —a(n —1) (2.23)

Thus the input wave a must undergo a delay and sign-inversion before it is output as b. In terms of

steady-state quantities, we have
b=—z"'a = S(z7l) = —271 (2.24)

The reflectance S(z71) is, as expected, LBR (see previous section). The resulting wave digital
one-port is shown in Figure 2.7(a).

The derivations of the wave digital one-ports corresponding to the resistor and capacitor are
similar; their signal-flow graphs also appear in Figure 2.7. We note that the same choice of the port
resistance R should be made in the case of power-normalized wave variables. We also note in passing

that we have used here the symbol T to represent a unit delay in a wave digital filter?.

(a) (b) (c)

Figure 2.7: Wave digital one-ports corresponding to the classical one-ports of Figure 2.3— (a) the
wave digital inductor, (b) resistor, and (c) capacitor.

The short-circuit and open-circuit one-ports are, for any choice of the port resistance R, perfectly
reflecting (with or without sign inversion, respectively). The appearance of the factor R in the

definition of the wave digital current source results from our choice of using voltage waves (as

In this chapter, because all elements are LTI, we could equally well use the symbol 2~ for the unit delay (as is
commonplace in the digital filtering literature). In the next chapter, however, when we will be making use of shifts in
multiple dimensions for systems which are not, in general, shift-invariant, then frequency domain signal-flow diagrams
may only be used in special cases.
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opposed to current waves). In all the wave digital one-ports of Figure 2.8, there is an instantaneous
dependence of the output wave b on the input wave a, and we may expect delay-free loops to appear
when these elements are connected with others. On the other hand, the form of these one-ports does
not depend on a particular choice of the port resistance R (except in a very minor way for a current

source), and remains a free parameter, which can be used, in many cases, to remove delay-free loops.

a —m— a —s— a a
0O-1 2e - 2Rf
b —-—- b —-— b b

(a) (b) () (d)

Figure 2.8: Wave digital one-ports corresponding to the classical one-ports of Figure 2.4— (a) short-
circuit, (b) open-circuit, (c) wvoltage source and (d) current source.

It is also possible to combine resistances and sources [46]; a resistive voltage source, shown in
Figure 2.9(a), consists of a voltage source e in series with a resistor of resistance Ry. If the port
resistance of the combined one-port is chosen to be Ry, then the wave digital one-port [46] is as

shown in Figure 2.9(b). A wave digital resistive current source can be similarly defined.

Ry

(a) (b)

Figure 2.9: (a) A resistive voltage source, and (b) the associated wave digital one-port.

The classical transformer and gyrator two-ports can be treated in the same way. For example,
the gyrator accepts two input waves a; and ay, and yields two output waves b; and by. There are two
port resistances, Ry and R,. The instantaneous equations (2.10) relating the voltages and currents
in a gyrator become, upon substitution of wave variables,

by
ba

1
o RZG + R Ry

RL —R/Ry, —2RgR,
2RGR, R%L — R\R,

“1] (2.25)

a3
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which simplifies, under the choice of Ry = Rg and Ry = Rg to
b1 = —ay bg = ax (226)

If we are using power-normalized wave variables, then the scattering equation for the gyrator becomes

bl . 1 RZG — Rle —2RG V RIRZ a, (2 27)
bz R%; + R R, 2RV Ri1Rs R2G —RiRy ay .

In this case, any choice of the port resistances such that Ry Ry = R% gives
by = —a, by =a, (2.28)

The ideal transformer also can take on various forms, depending on the choices of the port
resistances and on the type of wave variable employed. Under a choice of port resistances Ry and

R, such that R» = n?R;, the equations (2.9) for the ideal transformer of turns ratio n become

1
b2 = nap b1 = ECLZ (229)

For the transformer and gyrator WD two-ports, we adopt general symbols that do not reflect a
particular choice of the port resistances. If simplifying choices can be made in either case, than we
can write the signal flow graph explicitly (see Figure 2.10). There may be occasions when it is not be
possible to make these simplifying choices of the port resistances which yield (2.26) and (2.29). For
example, when we approach the numerical integration of beam and plate systems in Chapter 5, as
well as certain balanced forms (see §3.12) the WD networks contain gyrators whose port resistances
are constrained, forcing us to use (2.25). We also mention that these two-ports are both lossless,
and in fact non-energic [42] (i.e., we have w;ns(n) = 0, for all n).

Numerous other wave digital elements have been proposed, namely circulators, quasi-reciprocal

n
ay; —— —»—by a;——O——by a;—— —»—by a;——»— by
R1 l/n R2 R1 RG R2
—
by —-— - ay b —.-QO-=-ay b —-— -y b 40O —-=- ay
L -1

n

(a) (b)

Figure 2.10: Wave digital two-ports— (a) a transformer with turns ratio n and its simpler form for
Ry = n’Ry and (b) a gyrator of gyration coefficient Rg and its simpler form for Ry = Ry = Rg.
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lines (QUARLS), as well as unit clements [46]. All have been applied fruitfully to filter design

problems, but the unit element deserves a special treatment.

The Unit Element

One wave digital two-port, called the unit element, is usually defined in the discrete-time domain,
without reference to an analog counterpart; this wave digital two-port is shown in Figure 2.11(a). It
was considered by Fettweis to be the “most important two-port element” [46], and was used exten-
sively for realizability reasons in early wave digital filter designs, especially before the appearance
of reflection-free ports [57]. It behaves exactly like a transmission line, and is in fact identical to the
waveguide or bidirectional delay line which is the key component of the digital waveguide network
[166], as we saw in §1.1.2. The unit element is time-invariant, and obviously lossless, though it is

reactive (able to store energy). It should be clear, however, that we may simply apply the bilin-

11 _1/1 19
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(a) (b) ()

Figure 2.11: The unit element and its continuous-time counterparts  (a) a unit element, with port
resistances R and delays T, (b) its analog lattice form and (c) Jaumann form reference two-ports,

withL:%andC:%.

ear transform backwards in order to obtain a representation in the continuous time domain. The

scattering relation for the unit element is

=l

and transforming from wave variables back to voltages and currents via (2.14) gives

)

2,71 14 272
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where R is the port resistance at either port. The bilinear transform (2.11) may be inverted by

SN 2—3sT
2+ sT

and we obtain, finally, a relationship between the continuous-time steady-state voltages and currents,

with an impedance matrix (dependent on the time step T, assumed constant) given by

bt g
Lo Ly sl
This defining equation for a two-port may be written as a lattice [55] (or Jaumann [132] equivalent)
connection of an inductor and capacitor, each of whose values is now dependent on the choice of the
time step, T. See Figures 2.11(b) and (c).

‘We mention this representation because in the distributed case, it will be possible to define mul-
tidimensional unit elements which will be very helpful in integrating digital waveguide networks (see
Chapter 4) into the multidimensional wave digital filter framework (see Chapter 3). The necessary

manipulations, which are quite similar to the ones performed above, are carried out in §4.10.

2.3.5 Adaptors
Consider now a series connection of M ports, where we have a port resistance R; >0, j =1,..., M,
associated with each port. In terms of instantaneous quantities, we have

M

or, in terms of wave variables, using the inverse of the transformation (2.14),

M

> (aj+b;)=0

=1
Since the currents at all ports are all equal to ¢, this implies, using b; = a; — 2R, that

M
> (—2Rji+2a;) =0

i=1
and thus
M

i:——L—Eyj (2.30)

M
Zj:l R; j=1
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By applying similar manipulations in the case of a parallel connection of M ports, we can then write
down the equations relating the input and output wave variables at the kth port for both types of

connection as

br=ar— ——— Z aj, k=1,....M Series connection (2.31)
E R] j=1
b = —ak + 55— Z Gja;, k=1,....M Parallel connection (2.32)
E G] j=1

where we recall from (2.15) that G; is defined as the reciprocal of the port resistance R;. For

power-normalized wave variables, we thus have, applying (2.17),

b, = ay, — Z Vv Rja;, k=1,....M Series connection (2.33)
E ] j=1
2V/Gi
b, = —a; + Z VGja;, k=1,....M Parallel connection (2.34)
E] IC] j=1

The operator which performs this calculation on the wave variables is called a series adaptor or a
parallel adaptor [46], depending on the type of connection. The graphical representations of three-

port adaptors, for either voltage or power-normalized waves, are shown in Figure 2.12.

bg —- b2 —- b2 —- b2 ——
+ + Ay —»—] H g —»—| H

ag —»— ag —»—

Figure 2.12: Three-port adaptors  (a) a general three-port series adaptor and one for which port 3 is
reflection-free and (b) a general three-port parallel adaptor and one for which port 3 is reflection-free.

A useful simplification occurs when we can choose, for a particular port g (called a reflection-free

port [57]) of an M-port adaptor,

R, = Z R; Series reflection-free port resistance (2.35a)
J=1,j7#q
Gy = Z G; Parallel reflection-free port conductance (2.35Db)

J=1j#q
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in which case the scattering equations (2.31) yield, for the output wave at port g,

M

by =— Z aj Series reflection-free port (2.36a)
j=1,j#4q
M

2 : ‘

by = —r— Z Gja; Parallel reflection-free port (2.36Db)
2= G =1

Thus, at a reflection-free port g, the output wave b, is independent of the input wave a,; such a
port can be connected to any other without risk of a resulting delay-free loop. The same choices of

port resistances (2.35) will also give a reflection-free port if power wave variables are employed.

Scattering Matrices for Adaptors

The adaptor equations for a connection of M ports, in either the series (2.31) or parallel (2.32) case,

may be written as

b = Sa (2.37)

where b = [by,...,by|T and a = [ay,...,an]T, and where we have
S= Iy-—a’ Series adaptor (voltage waves) (2.38)
S=—-1Iy+ lag Parallel adaptor (voltage waves) (2.39)

Here 1 is an M x 1 vector containing all ones, I5s is the M x M identity matrix, and o, and «,
are defined by

-2 IR Ru]" -2 (¢ Gul"
s = 1 R[ 1seos Rl Op = 37 G[ 1o Gl
zj:l J Ej:l J
The sum of the elements of either a5 or ay is 2. For power wave variables, we have a similar

relationship,

o
I
(2]
I

(2.40)
where

S= Iy- ./asw/aST Series adaptor (power-normalized waves)
S=—-1Iy+ ,/ap,/apT Parallel adaptor (power-normalized waves)
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Here the square root sign indicates an entry-by-entry square root of a vector (all entries of a5 and
o, are non-negative).

Defining the Euclidean norm of a column vector x as ||x||2 = VxTx, it is easy to show that a
power normalized scattering matrix S is norm-preserving in either the series or parallel case, i.e., we

have
bll2 = llall» (2.41)
For voltage waves, we have the preservation of a weighted L, norm, i.e.,

[blle2 = [lallp 2 (2.42)

where ||« ||p2 = \/W, in this case, P is an M x M positive definite diagonal matrix simply
given by diag(Gy,...,Gp). It should be clear that (2.41) and (2.42) are merely re-statements of
power conservation at a memoryless, lossless M-port.

Note that multiplying S or S by a vector requires, in either the series of parallel case, O(M)

adds and multiplies; in particular, it is cheaper than a full M x M matrix multiply.

2.3.6 Signal and Coefficient Quantization

In a machine implementation of a wave digital filter, the signals and coefficients must necessarily be
represented with a finite number of bits. As such, it is not immediately obvious that the passivity
properties for a given WDF, which are framed in terms of real-valued signals (waves) and filter
multipliers (related to the port resistances) will hold in a finite word-length computer implementa-
tion. All digital filter implementations are vulnerable to a host of undesirable effects which result
from signal and coefficient quantization; among them are parasitic oscillations and high sensitivity
of filter pole and zero locations (and thus the frequency response). WDFs, however, offer a number
of means of combating these problems. The exploration of these means has produced a large body
of literature [43, 46, 58, 125, 179, 204]. We give only a brief outline here, for completeness sake.
From the discussion of wave digital elements, it is easy to see that in most cases, the only
arithmetic operations in a WDF will occur as signals are scattered from adaptors'; the wave digital
inductor, capacitor and unit element involve only shifts and possibly sign inversion, and the wave
digital resistor, which behaves as a sink, can essentially be ignored by the programmer once its
port resistance has been absorbed into the adaptor to which it is connected. Simple quantization
procedures [56, 201] were first proposed, and later the concept of incremental pseudopassivity [125]
was developed for ensuring that a finite word-length implementation of a wave digital adaptor

behaves passively under signal truncation. The most straightforward scheme appears in Figure 2.13,

TReferring to Figure 2.10, it is easy to see that the transformer with n = 41 and Ry = Ra, and the gyrator with
Ri1 = Ry = Rg (their most common forms) also are arithmetic-free. Otherwise, a more detailed treatment is required.



2.3. WAVE DIGITAL ELEMENTS AND CONNECTIONS 55

for the case of a three-port adaptor (either series or parallel).

| Exact i
| Arithmetic !

o] Lo

Figure 2.13: Signal truncation at a three-port adaptor.

a; are the input waves (assumed voltage waves) to the junction, for j = 1,..., M (we have M =3
in Figure 2.13), and are assumed to be of some finite word-length. Extended precision is used within
the adaptor in order exactly calculate the output waves b;, from (2.37). We have assumed that
the multiplier coefficients within the junction are of finite word-length as well—we will discuss this
presently. The output waves b; thus satisfy (2.42), where a is replaced by &, with a = [a1,...,aum]".
Scattering is lossless. In general, however, the number of bits required to represent b; will now
be greater than the number required for a;; in order to reduce the size of the output word-length,
we may apply magnitude truncation (represented graphically in Figure 2.13 by boxes labelled “Q”,
which are not wave digital one-ports. Magnitude truncation may be incorporated formally into the
scattering picture through the use of circulators [125]). A reduced word-length wave I;j is obtained

from b; by truncating it in any way as long as magnitude is decreased. In other words, for any port

Js
72 2
This implies, then, that
[bllp.> < [[bllp2 = l|a]lp,

so that passivity is maintained even considering the finite word-length wave variables. In this way
(by ensuring a decrease in the overall energy measure of the WD network), both large- and small-
scale parasitic oscillations can be completely eliminated, at least the zero-input case [46]. Various
types of overflow characteristics have been examined in [56, 125]. Such a quantization rule has also

appeared in other contexts [193], and applies equally well to digital waveguide networks [166], which
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are the subject of Chapter 4.

The quantization of coefficients in WDF's [42, 43, 46, 111] as well as other similar filter structures
[193] has been shown to have a minimal effect on the filter response. That is, in many lossless
configurations [46], variations in the values of the multiplier coefficients (which are usually the
reflection and transmission parameters oz or o, at an adaptor) can be shown to have a second-
order effect on the filter response. In contrast, when such variations occur in direct-form filter
structures, large changes in pole locations can result, and a stable filter may even become unstable
[133]. This robustness property of scattering-based filter structures is sometimes called structural
passivity [147, 169, 193]. As a simple example, consider the scattering equations (2.38) for a series
adaptor; as mentioned above, the parameters in the vector a; are the filter multiplier coefficients,
and recall also that the sum of the elements in a; is exactly 2, in infinite-precision arithmetic.
Suppose that the elements of s are truncated to some finite word-length values, which can be
written as the vector as. If they are truncated such that all elements of o are positive, and their
sum is still exactly 2, then it is easy to show that there must correspond a set of non-negative
port resistances, and thus the quantized adaptor can still be considered as exactly lossless. More
generally, it is possible to ensure passivity if the sum of the elements of & is less than or equal to
2; this has been discussed in the waveguide filter context in [169].

While most of the approaches to quantization have been concerned with fixed-point implemen-
tations, many of the same ideas can be applied in floating-point as well. Floating-point signal
truncation rules were proposed in [34], and an early study of coefficient sensitivity and roundoff
noise appeared in [111]. More recent developments include a generalized WDF which is simply re-
alized using multiply /accumulate operations [53], and a description of passive coefficient-truncation

rules [121] based on scattering matrix factorization.

2.3.7 Vector Wave Variables

It is straightforward to extend wave digital filtering principles to the vector case (this has been

outlined in [131]; the same idea has apeared in the context of digital waveguide networks in [166,

169]). For a g-component vector one-port element with voltage v = [v1,...,v,]" and current i =
[i1,...,ig]T, it is posible to define wave variables a and b by

= v+Ri (2.43a)

b = v—Ri (2.43D)

for a ¢ X ¢ symmetric positive definite matrix R; power-normalized quantities may be defined by

a = % (R’T/Zv + RI/%’) (2.44a)
_ Lo 1 1/2, o 44N
b = (R v-R z) (2.44D)
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where R!/? is some right square root of R, and R”/2 is its transpose. The power absorbed by the

vector one-port will be

) = 4vTi (2.45)

Kirchoff’s Laws, for a series or parallel connection of M g-component vector elements with

voltages v; and i, j =1,..., M can be written as
h=h=...=iy Vi+Vve+...+vy =0 Series connection (2.46a)
Vi=Vy=...=Vu i+ +...+iy =0 Parallel connection (2.46D)

and the resulting scattering equations will be

M M
by = ap — 2Ry, Z R; Z aj, k=1,....M Series connection (2.47a)
j=1 j=1

1
M M
br=-a;+2|Y R;'| Y Rj'a;, k=1...,M  Parallel connection  (2.47h)
j=1 j=1

in terms of the wave variables aj, by defined as per (2.43) and the port resistance matrices Ry,
k=1,...,M. These are the defining equations of a vector adaptor; their schematics are essentially
the same as those of Figure 2.12, except that they are drawn in bold—see Figure 2.14. As before,

we use the same representation for power-normalized waves.

b2+ b2+
az + az H

Figure 2.14: Three-port vector adaptors— (a) a vector series adaptor and (b) a vector parallel
adaptor.
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Coupled Inductances and Capacitances

Coupled inductances and capacitances defined, in vector form, by

di dv
LA i—cW 9.48
V=V V=M (2.48)

for symmetric positive definite matrices L and C were first introduced in the WDF context by
Nitsche [131]; they turn out to be essential to the construction of WDF-based numerical simulation
algorithms for stiff distributed systems such as plates (see §5.4) and shells (see §5.5), as well for
full three-dimensional elastic solid dynamics (see §5.6). Though these are best thought of as vector
elements, they appear within larger scalar circuits, and it is convenient to have a representation for
which the vectors of port quantities are separated out into scalar port-wise components.

We show an inductive coupling of ¢ loops in Figure 2.15(a); self-inductances are indicated by
directed arrows, accompanied by an inductance L;;, j = 1,...,q (these are the diagonal elements
of L), and a mutual inductance between loops j and k, j # k is represented by an arrow and the
associated inductance Ly (which is the (k, j)th or (j, k)th element of L, and is not constrained to
be positive). A coupled capacitance is shown in Figure 2.15(b).

A coupled inductance can be discretized through the use of the trapezoid rule applied directly
to the vector equations of (2.48); in terms of wave variables defined by (2.43), we get

b(n) = —a(n—1) R =2L/T
which is a direct vector generalization of (2.23). Similarly, for a capacitor, we get
b(n) =a(n—1) R=T(2C)"!

In practice, if a coupled inductance (or capacitance) appears in a circuit which is to be discretized
using WDF's, we may treat it as a g¢-vector two-port made up of a series (or parallel) junction

terminated on a vector wave digital inductor (or capacitor) of port resistance 2L/T (or T(2C)™ ).

Figure 2.15: (a) g coupled inductances and (b) q coupled capacitances.
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See Figure 2.16 for the signal flow diagrams for these objects and the simplified representations that
we will use. The port resistance at the opposing port will in general be diagonal, so that the vector
wave variables entering and leaving the junction may be decomposed into scalar wave variables; this
diagonal port resistance will be determined by the rest of the network to which the g-vector two-port
is connected. See §4.2.6 for more information on this decomposition in the DWN context; we will
return to vector/scalar connections in Chapter 5. We note that in the representations in Figure
2.16, we have not explicitly indicated the order in which the ¢ scalar incoming and outgoing vectors
should be “packed” and “unpacked” from the vector wave variables at the lower ports of the vector
junctions. In the applications in Chapter 5, for a given coupled inductance (say), self-inductances
will all be identical, as will all mutual inductances; thus any ordering will do, as long as the jth

elements of both a and b correspond to wave variables at the jth scalar port.

ab mb T gl N A

(a) (b)

Figure 2.16: (a) Signal flow graph for a wave digital coupled inductance and a simplified representa-
tion. Here the qx q port resistance R = 2L /T, and Ry is a ¢ X q diagonal matriz; the diagonal entries
specify the port resistances at the g scalar ports to which the element is connected. (b) The signal
flow graph for a wave digital coupled capacitance (vector port resistance R = T(2C)~"'), and its
simplified representation. In either case, the wave variables at the lower port of the vector junction
are simply defined by ag = [a1,...,a,]" and by = [by,...,b,]".
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Chapter 3

Multidimensional Wave Digital
Filters

3.1 Introductory Remarks

The last chapter was concerned with techniques for deriving a digital filter design from an analog
network. It should be clear that such a digital filter structure can also be considered to be an explicit
numerical solver for the system of of ordinary differential equations (ODEs) defined by the analog
network which performs the filtering on continuous-time signals. This is perhaps an obvious point,
but was apparently first noted in the literature in [65]. It is interesting that this link was not made
immediately in the multidimensional case, which is the subject of this chapter.

A multidimensional generalization of wave digital filters (MDWDZF?s) first appeared rather early
on [44], and most of the initial work involved applications to 2D filter design [118, 119]. Tt is itself an
outgrowth of earlier work in the area of multidimensional circuits and systems [20, 105, 135] where
the emphasis was on the synthesis of so-called variable networks (i.e., lumped passive networks with
variable elements). The procedure for deriving a wave digital filter is largely the same in multiple
dimensions as for the lumped case: to a given reference circuit, made up of elements connected either
in series or parallel, various transformations are applied, specifically a change to wave variables, and
spectral mappings. The end product is a wave digital network which has nearly all of the same
desirable properties as lumped WD networks, especially recursive computability, and insensitivity
to signal and coefficient truncation. The difference in MD, however, is that the reference circuit,
usually called a multidimensional Kirchoff circuit or MDKC is now far more of a mathematical
abstraction than a lumped circuit; the circuit state is a function of several variables, which may or
may not include time, and the circuit elements (as well as the connections between them) must be

interpreted in a distributed sense. In particular, it is not a circuit which can be “built” (except in

61
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the case of the variable networks mentioned previously). As such, the major problem confronting the
designer of a MDWDF is the construction of this reference circuit [45, 44]. Various techniques were
put forth, some involving MD circuits obtained by rotation of a known lumped reference network [46].
A good deal of work went into the related synthesis problem for general multidimensional reactance
two-ports [8, 9, 52], which is much more difficult than in the lumped case (and not possible in
general).

The first paper to consider MDWDF's from a simulation perspective appeared in 1990 [59], though
it was foreshadowed much earlier in [178]. That is to say, in analogy with the lumped case, a closed
MDWD network could be considered to be a simulator of a distributed system which is defined
by a system of partial differential equations (PDEs) and represented by an MDKC. Here, unlike for
filtering, there is a clear interpretation of the reference circuit, which is simply a symbolic restatement
of the defining equations of a particular model system. The wave digital numerical integration
approach is applicable to a wide variety of physical systems, including electromagnetics [50], coupled
transmission lines [63, 106] and elastic solid and beam dynamics [131]. Most surprisingly, the method
can be applied to highly nonlinear systems [127] such as those of fluid dynamics [16, 49, 70], as well as
even more complex hybrids, such as the magnetohydrodynamic system [191]. The method requires
that the propagation speeds in the problem to be modeled be bounded; this is equivalent to saying
that the system should be of hyperbolic typef[176]. This requirement is important because numerical
methods derived in this way from this approach can be interpreted as explicit finite difference schemes
[82]; as such, they must obey a requirement (the Courant-Friedrichs-Lewy criterion [176]) relating
the physical region of dependence for the model problem to a similar region on a numerical grid.
We would also like to note that a related approach to numerical integration, based on a transfer
function formulation has been taken in [108, 141, 143, 144].

Although this chapter is intended in part as an extended review and compendium of the work
to date in the field of numerical integration through the use of wave digital filters, the subtext
is certainly that these methods can and should be treated as a particular class of finite difference
methods endowed with a special property, namely passivity. This point has not been explored in any
depth in the literature, except in the lumped case [131]. Such a treatment will also make it easier to
compare wave digital methods to digital waveguide networks (DWNs)[166, 198, 200], which can also
be used for numerical integration purposes in a very similar way. Chapter 4, which is devoted to
DWNs, will return to the subject of MDWDPF's for such a comparison, and eventually, a unification

of the two methods. In Chapter 5, we will apply the concepts discussed here to a variety of more

Tt is possible to extend the MDWD approach to cover parabolic systems [176] as well; parabolic systems may not
have a bounded propagation velocity, but they can be approximated by hyperbolic systems. This is essentially the
path taken by Fettweis in the modeling of the full Navier-Stokes Equations [112] which describe the behavior of a
general viscous fluid [49]; we remark that a similar idea, termed “second-sound theory,” [26, 205] has been used to
hyperbolicize parabolic problems (indeed, all time-dependent systems obeying the laws of classical physics must be
hyperbolic, even if certain models do not reflect this). Elliptic problems, which typically occur in describing steady
state potential distributions in both electrostatics and fluid dynamics can be dealt with using MDWDFs using a
relaxation-type approach [47].
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complex systems, in particular those describing the vibration of beams, plates, shells and elastic

solids.

We refer to §1.3 for a full technical summary of this chapter.

3.2 Symmetric Hyperbolic Systems

In the previous chapter, we examined the discretization of lumped analog circuits; by lumped, we
mean that the voltages and currents in these circuits are functions of only one independent variable:
time. Although the described procedure was originally intended as a means of developing robust
digital filtering structures, an equivalent point of view is that such structures in fact numerically
integrate the set of ordinary differential equations describing the time evolution of these currents
and voltages.

In a distributed problem, the dependent variables are functions not only of time ¢, but also
of location within an n-dimensional spatial domain D, with coordinates x = [z1,...,2,]". Such
a problem is referred to as an (n + 1)D problem in the WDF literature [131]. Problems without
spatial dependence will be called lumped problems. If the equations which define the problem include
differential operators, we are faced with solving a set of partial differential equations (PDEs).

A particularly important family of PDE systems are the symmetric hyperbolic [74, 82] systems

of the form
ow - ow .
P— A,— +B f=0 3.1
o +; t5p TBW (3.1)

Here, w, the state, is a g-element column vector defined over coordinates x € D C R"™ and ¢t > 0.
P and Ay, k = 1,...,n, are real symmetric ¢ X ¢ matrices’; in particular, P is assumed to be
positive definite. B is a real ¢ X ¢ matrix (not necessarily symmetric) whose symmetric part models
energy loss or growth, and the g-element real column vector f is a forcing function or excitation.
For all the systems to be discussed in this thesis (except the fluid dynamic systems of Appendix B),
the matrices A are assumed to be constant, though P and B are allowed to depend on x. These
systems are thus linear and time-invariant, but not generally shift-invariant, so that we cannot apply
spatial Fourier transforms directly to analyze them. System (3.1) must be complemented by initial
and boundary conditions [82], in order for the solution to exist and be unique.

Though it is possible to extend this definition to include cases where the matrices A, may depend
on X, t or even w (in which case system (3.1) is nonlinear), this simpler form describes a wide variety
of physical systems, from electromagnetics to string, membrane, beam, plate, shell, and elastic solid

dynamics, to transmission line systems, to linear acoustics, etc. Symmetric hyperbolic systems are

TWe will always choose 1 =z, £9 = y, 3 = 2, so the matrices Aj, As and A3 will refer to the matrix coefficients
of the partial derivatives in these three directions in (3.1).
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important because they form a subclass of strongly hyperbolic systems, for which the initial-value
problem is well-posed [176]. Roughly speaking, to say that a system is well-posed is to say that the
growth of its solution is bounded in a well-defined way; growth in an L, norm cannot be faster than
exponential. This concept is elaborated in detail in [82, 176]. We can examine this growth in the

present case as follows.

First, assume that the problem is defined over an unbounded spatial domain D = R", so that we
can drop any consideration of boundary conditions, and also that the forcing function f = 0. We

now take the inner product of w’' (the transpose of w) with (3.1) to get

- ow 1 )
A — 4+ -wI'(B+B")w= 2
—|—;W k@mk+2w (B+B" )w=0 (3.2)

ow
T _—
w Pat

where we have replaced B by its symmetric part % (B + BT). Due to the symmetry of P and the

A, we can then write
10 -

T
55 (W Pw) +

1 1
3 8;; (wlA,w) + §WT B+BT)w=0 (3.3)
k=1

Now, integrate (3.3) over R”, to get

d 1, ! 0, r 1 - . B
.. 5 (W'Pw)dl +2/”;6$k (w! Agw) dV + v (B+BT)wdV =0  (3.4)

where dV = dzidzs ... dz, is the nD differential volume element. The expression 22:1 % (WTAkW)
is easily seen to be the divergence of a vector field, and by the Divergence Theorem [174], the integral
of this quantity can be replaced by a surface integral over the problem boundary—because we have

assumed no boundary, this integral vanishes, and we are left with

d 1 1
— S (w'Pw)dV + = wl(B+B)wdV =0 (3.5)
dt R» 2 2 Rn )
The quantity
1 :
E(t) = / S (w'Pw) av (3.6)

can be interpreted as the total energy of system (3.1) at time ¢. Note that due to the positivity
requirement on P, it is a positive definite function of the state, w. If B+B7 is positive semi-definite,

then we must have, from (3.5), that
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which implies that
E(tz) S E(tl) for t2 2 t1 (37)

In other words, the energy of the system must decrease as time progresses.

In the MD circuit models that we will discuss, what we will be doing, in essence, is dividing this
energy up among various reactive MD circuit elements. We will elaborate on this in the sections on
the (1+1)D transmission line and (2+1)D parallel-plate system. The passivity condition is essentially
equivalent to (3.7). Also, the symmetric nature of the systems will be reflected, in the circuit models,
by the use of mainly reciprocal [12] circuit elements, though non-reciprocal elements (gyrators) will
come into play if B is not symmetric (it is not required to be, and note that system (3.1) is well-posed
regardless of the form of B [82]). We have not explored the application of passive circuit methods
to systems which are more generally strongly hyperbolic, for which energy estimates such as (3.7)

can also be derived [82]. This would appear to be a worthy direction of future research.

Note on Boundary Conditions

In the analysis above, the spatial domain is assumed unbounded (i.e., we took D = R"). It is useful

to examine the energetic behavior of (3.1) if this is not the case. Integrating (3.3) over D, we get

d 1 1
— | = (w'Pw) dV—|—/ v-bdv+—/ w!(B+B")wdV =0
where V £ [8%1, ceey % T and where we have defined

1
b2 i[wTAlw, coowl AL w] T
If the boundary of D is sufficently smooth, then upon applying the Divergence Theorem, we get

d 1(wTPw) dV+/

1
— b npdo + = T(B+Bh)wdV =0
i /2 o np U+2AW( + Jw

where 0D is the boundary of D, np is defined as the unit outward normal (assumed unique every-
where on D except over a set of measure zero), and do is a surface element of D. If we define the

total energy by
E(t) £ ! (w'Pw) dV
D 2
then we have

d 1 . .
—FE = —/ b'npds — —/ w! (B + B)wdV
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If B + BT is positive semi-definite, then a simple condition for passivity is
b'np >0 (3.8)

and the system is lossless if B is antisymmetric and (3.8) holds with equality.

This analysis is grossly incomplete, however, because we have not said anything about which
boundary conditions ensure the existence and uniqueness of a solution; this analysis is rather in-
volved, and we refer the reader to [82] for an introduction. The basic issue is the over- or under-
specification of b on the boundary. We will consider only lossless, memoryless boundary conditions

in this thesis.

Phase and Group Velocity

Because the stability of an explicit numerical method (such as those that we will examine in the rest
of this thesis) which solves a system of hyperbolic equations is dependent on propagation velocities,
it is worthwhile to spend a few moments here to define phase and group velocities [35, 101] for a
system such as (3.1).

Let us return to the unbounded domain problem with D = R". Suppose that the matrices P, B
and Ay, k=1,...,n which define system (3.1) are real constants; in particular, we assume that the
driving term f is zero, and that B is anti-symmetric, so that system (3.1) is lossless. This is then a
linear and shift-invariant system, and the solution can be written as a superposition of plane wave

solutions of the form
W(x,t) = woelWITAx

where wy is a constant vector, w is a real frequency variable, and 8 = [3i,...,3,]" is the n-
component vector wavenumber defining the direction of propagation of the plane wave. Substituting

this plane wave solution into the constant-coefficient system (3.1) gives

<ij + ) iBkAk + B) w=0 (3.9)
k=1
Non-trivial solutions to (3.9) can only occur when
x(w,B) £ det (ij + ZjﬁkAk + B) =0 (3.10)
k=1

The n solutions to this equation,

wi(B), k=1,...,n (3.11)
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(which are not necessarily distinct) define dispersion relations, from which we can derive much useful
information.

All the linear systems to be examined in this thesis are isotropic; propagation characteristics are
independent of direction (though not necessarily of location, or frequency). For LSI systems, this
implies that the dispersion relations (3.11) can be written as functions of ||3||2 alone, where ||3]|2
is simply the Euclidean norm of the vector 8. In this case, we may define the phase and group

velocities for the kth relation by

Wk

181

a dwy,

d|| Bl

g2 . (3.12)
(For non-isotropic systems, we will need to resort to vector generalizations of these quantities [101,
190].) Phase velocities define the speeds of single sinusoidal plane wave solutions, and the group
velocities can be interpreted as the speeds of propagation of a wave packet; from the point of view of
the stability of numerical methods, it is the group velocities which are of most importance, because
they define the speeds of information or energy transfer [35]. It is interesting to note that if B
is non-zero, phase velocities may become unbounded in the limit as 8 becomes small—this occurs
in several of the systems that will be discussed in Chapter 5, though for all these systems, the
group velocities will be bounded. This is related to the fact that the system characteristics [74] are
independent of B.

In the interest of extending these ideas to spatially inhomogeneous systems (of the form of (3.1)
where P and B may exhibit a smooth functional dependence on x € D), we note that about any
location x = xo € D, solutions to system (3.1) behave locally as solutions to the frozen-coefficient
system [82] defined by P(x¢) and B(xg). We may then define local group velocities ~; (||8||2, %),
k=1,...,nin the same way as in (3.12). A quantity which will appear frequently in our subsequent

treatment of the stability of numerical methods for these systems will be the maximum global group

velocity, defined as

Tas £ max Vi (18ll25%0) (3.13)
kE = 1,..., n
xg € D
1Bl > 0

which, more simply stated, is the maximum propagation velocity over all system modes, wavenum-
bers, and throughout the entire spatial problem domain.

3.3 Coordinate Changes and Grid Generation

Before looking directly at circuits and signal flow diagrams in multiple dimensions, it is useful to

introduce coordinate changes, which were first applied in the context of multidimensional wave
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digital filters in [122]. One might add that it is useful, but not strictly necessary, since it is possible
to develop numerical integration algorithms along the same lines without any explicit reference to
new coordinates [61]. It is, however, a very convenient way of understanding causality and grid

generation issues, as well as generalizing the passivity concept to MD [48, 85, 131].

Some of the lumped circuit elements we have discussed so far we have seen to be passive—that
is, they dissipate energy as time progresses, as do Kirchoff networks composed of connections of such
elements (by Tellegen’s Theorem [136]). In the multidimensional setting, many systems possess a
similar property; some measure of energy decreases as a function of time. For example, the amplitude
of the vibrations in a struck string or membrane will gradually decrease (or at least not increase)
as a function of time. We have also seen that, for lumped circuits, application of the trapezoid rule
translates this passivity property to a discrete equivalent. When attempting a discretization of a set
of PDEs, however, we have to cope not only with the time direction but spatial ones as well, and
passivity (usually a result of the conservative nature of the laws from which a system of equations

is derived) does not in general hold with respect to space [51].

The idea of Fettweis and Nitsche [62] was to perform a coordinate transformation such that
the new coordinates, generally a mixture of time and space, all contain a part of the physical time
variable. Traveling in the positive direction along any of the new coordinates implies that one is

also moving forward in time (as well as in some spatial direction). More specifically, if

(tlv- .. 7tn+1) = f(.Z'l, - ,.Z'n,t')

are the new coordinates, the authors provide the following conditions:

Any positive change At in the variable ¢ must be reflected by a similar positive (3.14a)
14a

change At; in all the new coordinates t;, j =1,...,n+ 1.

Conversely, any positive change At; in any of the new coordinates must produce a (3.14D)
positive change in the old variable ¢. -

As aresult, all the new coordinates have a time-like character; the practical implications of this will

become apparent in the next section, when we introduce multidimensional circuit elements.

3.3.1 Structure of Coordinate Changes

These same authors provide some more detailed guidelines as to what types of coordinate changes

are of interest [62]. In particular, they describe transformations of the form:

u = V7 Ht (3.15a)
= H 'Vu (3.15b)
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wheret = [t1,...,t,+1]T are the new coordinatesand u = [zy,...,zn, ]! are theold. V is prescribed
to be diag(1,1,...,1,vp) and can be thought of as a simple scaling of the original coordinates u to a
non-dimensional (or rather, “all-spatial”) form. vy thus plays an important role, as we shall see later
in a discrete setting, as the space step/time step ratio on a numerical grid. Its magnitude will be
governed by a stability bound [176], sometimes called the Courant-Friedrichs-Lewy (CFL) criterion,
as in conventional explicit finite difference methods (although the manifestation of the condition in
the networks we will derive is of a quite different character). The invertible matrix H is usually

chosen to be orthogonal [62].

Here, we can see that the requirement (3.14a) will be satisfied if the elements in the rightmost
column of H™! are positive; if H is orthogonal, we have H™! = H?. The bottom row of H
then consists of positive elements (often chosen equal, so as to give equal contributions from all

components ¢; to t), in order to satisfy requirement (3.14b).

The differential operators Vi = [%, ey %]T and V, = [8%1, ceey %, %]T are related by:
Ve=H'V~ly, V.=VH "V, (3.16)

Also, we introduce the scaled time variable
t' = vt (3.17)

which will necessitate a special treatment in the circuit models to follow. See §3.5.1 for more details.

3.3.2 Coordinate Changes in (14+1)D

Solving a set of PDEs numerically nearly always involves sampling the problem domain, and at-
tempting to approximate the solution to the problem at the finite collection of points. Coordinate
sampling in the MDWDF context was first examined in [122], and was subsequently addressed in
[62] and [7]. In (141)D, there is essentially only one useful type of regular grid; it is shown, in
the (1+1)D case, in Figure 3.1(a), where the grid spacings or step sizes are assumed equal to A
in the scaled time (i.e., t' = vgt) and space directions. Note that the use of the scaled coordinates
allows this uniform sampling, without implying any restriction on the relative grid spacings in the

unstretched coordinates, since we have introduced the (as yet) free parameter vy.

Suppose we now change coordinates by:

t = (vot + ) ty = (vot — ) (3.18)

N
-
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’U()t tg ’U()t tl

Figure 3.1: Sampling grids, (a) in rectangular coordinates (x,vot) and (b) in the new coordinates
(t1,t2) defined by (3.18).

which corresponds to a transformation of type (3.15) with

1 ]1 -1
H= ﬁ L 1] (3.19)

If we now sample the plane in the (¢1,%2) coordinates, with equal spacings along the two axes, using
a step size of Ty = T,, we obtain the grid in Figure 31(b) Notice that if we choose T} =T, = \/§A,
then our grid aligns perfectly with exactly half of the grid points sampled uniformly along the (z, vgt)
axes, as in Figure 3.1(a). In fact, the grid of Figure 3.1(a) can be decomposed into two grids of the
form in Figure 3.1(b), where one of the grids is shifted by (A, A) with respect to the other, in the
(z,vot) plane. It will be possible in some instances to exploit this decomposition so as to achieve a
gain in computational efficiency; the key idea here is that if we begin with a grid such as shown in
Figure 3.1(a), and then are able to develop an algorithm such that only one of the two subdomains is
used, then we will have halved the amount of computation, at the expense of a decrease in accuracy
by a factor of /2 (the step size in the (t1,t;) plane is T} = Ty = V2A versus A in the (z,vgt)
plane). We will mention this offset sampling [61, 211] when we look at the (1+1)D transmission
line problem in §3.7, and will examine subgrid decompositions extensively in §4.4.3 and Appendix
A. It is important to point out that regardless of the coordinate change, updating in any of the
WDF-based algorithms that will subsequently be developed will be done with respect to the time
variable alone (the direction of data flow is still in the time direction), as per standard explicit finite

difference methods for hyperbolic problems.

3.3.3 Coordinate Changes in Higher Dimensions

There are more choices for the type of coordinate transformation (and hence the type of grid) that

are available when we move to higher dimensional problems. As an example, let us look at the
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transformation defined by:

1 1
VY] 0 10 0
H = L £ _ 2 ~ = 0 1 O (3 20)
\/6_ \/6 3 ’
1 1 1
\/g \/5 \/§ 0 0 o

which is discussed in [62] and [211]. Uniform sampling in the (¢, #2,%3) coordinates yields the grid
arrangement shown in Figure 3.2(a), flattened onto the (z,y) plane. This is, effectively, a cubic

lattice of points viewed along its main diagonal. At any given time step, one of three different grids

Y Y
o o o o O O O O O O
@ ° [}
O O O O O O
° ° ° °
O O O
x é x
@ () () e
t O O © O O 0O,
° ° ° a A
o o o o O O © o o of
-~ VEa——~ = 4=

(a) (b)

Figure 3.2: (2+1)D sampling grids, (a) in hezagonal and (b) rectangular coordinates.

(in Figure 3.2(a) the different grids are marked by grey, white or black points) which are simple
translations of each other, is used. In a discrete setting, it is sometimes possible (depending on
the system at hand) to design an algorithm such that they are used cyclically—grid variables at
white grid points can be updated with reference to variables at the grey points, which in turn were
updated using stored variables at the black points, etc. If the separation of the points is as indicated

in Figure 3.2(&), then we have used sample steps of T} = T5 = T3 = \/gA.

Embeddings

In order to obtain a standard rectilinear grid in higher dimensions, it is possible to proceed in the
same fashion, but it is in fact more convenient to extend the class of coordinate transformations so
as to embed the problem domain in a higher dimensional space. In [62], the following generalization

of (3.15) has been put forth:

u = V7 IHt (3.21a)
= H fvu (3.21h)



72 CHAPTER 3. MULTIDIMENSIONAL WAVE DIGITAL FILTERS

Here, u is still the n 4+ 1-dimensional vector [z1,..., 2,1, but t is k-dimensional, with k& > n + 1.
H must be chosen such that the elements in its bottom row are positive. H™# is a k x (n+ 1) right
pseudo-inverse [92] of H—in order to satisfy a generalization of the first of conditions (3.14), it must
be chosen so that the elements in its rightmost column are all positive. For example, for a (24+1)D
problem with u = [z,y,#]7, in order to generate a rectilinear grid, the following choice is usually

made:

1 0-1 0 0
H=1{0 1 0 -1 0 (3.22)
11 1 1 1

H projects five-dimensional coordinates t = [t;,t2,¢3,%4,t5]7 back to the three-dimensional space of

u. One choice [62] for this right pseudo-inverse is
—r_ Ller. 2
H "= §H diag(1,1,2) (3.23)

Uniform sampling in the t coordinates, with step sizes of T; = A, j = 1,...,5 yields the standard
rectangular grid shown in Figure 3.2(b), which is a pattern equivalent to what one would get by
sampling uniformly (see comment below) in the (z,y,vot) coordinates, with a spacing of A in all
three untransformed variables. It should be clear that to every grid point in the u coordinates
corresponds a two-parameter family of points in the t coordinates; this fact will not influence the
resulting difference schemes. This embedding of the problem domain in a higher dimensional space
is simply a means to an end; in particular, we will not be solving a system numerically over a higher-
dimensional grid (which would be computationally infeasible). The new coordinate directions are
chosen so that they define a grid, and they will also serve as directions of energy flow for the MD
circuit elements which we will define presently. In effect, the total energy flow in a physical system
is broken up among these new coordinate directions; it will sometimes be true (as in the case of a
rectilinear grid in (2+1)D) that energy can approach a particular grid location from a number of
neighbors which is greater than the dimensionality of the problem (for the (24+1)D parallel-plate
problem on a rectilinear grid, at least four: north, south, east and west). We will take a closer a

look at this particular transformation, its suitability for calculation on a rectilinear grid in §3.8.

In (34+1)D, in order to obtain a standard rectilinear sampling pattern, Nitsche has proposed

seven-dimensional coordinates [62] defined by

100-10 0 0
010 0 -110 0

H= (3.24)
001 0 0 —10
111 1 1 11
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It is easy to verify that shifts of distance A along the coordinates ¢;, 7 = 1,...,6 correspond to
shifts of A along the positive and negative z, y, z, —z, —y and —z directions accompanied by a shift
of T = A /vy in the time direction. We will make of this coordinate transformation when developing
scattering methods for Maxwell’s Equations (see §4.10.6) and for the system describing elastic solid
dynamics (see §5.6).

The embedding technique has some tricky aspects. We will make some comments here, in
order to complement the information provided in [62]. The two relationships given in (3.21) are
not equivalent for general rectangular matrices H. (3.21a) serves to define t, but the definition of

directional derivatives in the t coordinates will be given by
Ve=H'V'v, (3.25)

and depends only on H. The question of how sampling in the new coordinates is to be carried
out is not well-addressed in the literature. Suppose, for example, that we wish to use embedding
(3.22). Grid definition proceeds by letting t = A[ni, no,ns, na,ns|t, where nj, j = 1,...,5 are
integers. Clearly, then, using (3.21a), grid points in the original coordinates are given by u = [A(n; —
ns3), A(ng—ny), UA—U(nl +ny+nz+ns+n;5)]7, and thus any point of the form u = [Am;, Ams, ;}A—Umg]T,
for integer my, my and my is in the range of V™'H for some choice of the n;. This defines the
rectilinear grid in the untransformed coordinates. Note, however, that not all of these points can be
mapped back to some t with t = A[ny,n2,n3,n4,n5]" under (3.21b). This is worthy of note, but
will not influence the numerical methods which will depend on discretizing directional derivatives in
the t coordinates, which, as mentioned above, are defined in terms of H and not H~*. We remark

that the inverse relationship for (3.25) will be given by
Va.=VH vy, (3.26)

where H™®T is the transpose of H™E,

We don’t wish to go too much into the formalism of these coordinate transformations here; it
seems excessive since the associated circuit manipulations which we will review are quite straight-
forward. As mentioned earlier, the coordinate changes in this section are introduced in order to
aid in understanding the method and MD-passivity, and are not necessary for deriving WDF-based
algorithms for numerical integration, though it would appear that some types of reference circuits

can only be derived via the transformation approach [130].

3.4 MD-passivity

In dealing with networks and circuit elements in multiple dimensions, we must have a means of

generalizing their energetic properties accordingly. In particular, the notion of passivity, which in
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the lumped case played an important role in developing stable digital filters directly from an analog
network, must be expanded to include the distributed character of the system to be modeled. The
definition of MD-passivity was given in [48], and more basic results are provided in [85] and [131].
The idea is nearly the same as in the lumped case a passive N-port cannot produce energy on its
own, and hence a well-defined [12] network made up of Kirchoff connections of such passive N-ports
recirculates and possibly dissipates energy. The difference is that in MD, we would like to be able
to take into account that for most physical systems, conservation of energy is a property holding
with respect to time alone. We will need to make use of the coordinates defined in §3.3, so as to
ensure that passivity holds with respect to all coordinates in the problem. In this section, we recap

the main points of the definitions and derivations in [48].

Figure 3.3: k-dimensional domain G.

We begin by defining a domain G in the vector space defined by the new coordinates t =
[t1,...,tx]! under a transformation of the type (3.21) (which may be an embedding). Consider an
N-port defined over the domain G, with port voltages v;(t) and currents 7;(t), for j = 1,...,N.

The instantaneous absorbed power density, at any point in the interior of G is defined by

N
wmst(t) = Z vjij

i=1

and the stored energy flow as a vector field
E=[E,....E]"

In addition, we can define the source and dissipated power densities within G' to be ws(t) and wa(t).
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The energy balance of the N-port can then be generalized directly from (2.3):

/ (Winst + ws — wq) dV = ngEdo (3.27)
G G

where ng is the k-element row vector outward unit normal to the surface of G, do is a surface element
of G, and dV is a volume element internal to G. See Figure 3.3" for a graphical representation of
some of the relevant quantities. The N-port is called MD-passive if there is a stored energy vector
field E, which is a positive semi-definite function of the state of the N-port (i.e., all components of

E are non-negative, everywhere in G') such that

/wmsthZ/ ngEdo (3.28)
G oG

and MD-lossless if (3.28) holds with equality. The total stored energy lost through the boundary
of G must be less than the energy supplied through the ports in G this is equivalent, from (3.27)
to saying that the energy dissipated in G must be greater than the energy coming from the source.
The previous definition of MD-passivity has been more precisely called integral MD-passivity (with

respect to a domain G) [85]. A corresponding differential (pointwise) definition is
Winst > Vi - E in G (3.29)

An N-port which is differentially MD-passive everywhere throughout a domain G will also be inte-
grally MD-passive with respect to G. The converse is not necessarily true.

It is also useful to define, for an N-port, a scalar total energy [85] by
E(t) = / e Edz dxs ... dz, (3.30)
Gy

Here G; a spatial region defined as the cross-section of G at time ¢, and e; is a column unit vector
in the time direction; note that this definition is framed in terms of the untransformed coordinates
u, and E has been projected onto these coordinates under (3.21a). It can also be used as a measure
of the total energy at time ¢ in a given circuit, as we will see in §3.7.4.

Fettweis [44] looks at an extension of the idea of positive realness (see §2.2.2) to two dimen-
sions, for the case of a real linear and shift-invariant N-port. This idea generalizes easily to higher
dimensions, as per some very early work in MD system theory [135]. Consider a real linear and
shift-invariant (LSI) k-dimensional N-port, where the port quantities are in an exponential state of

frequency s¢, where

St = [Sl,...,Sk]T

tAdapted from Figure 2 of [85] and Figure 1 of [48].
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are the frequency variables conjugate to t. Thus we have the real instantaneous voltages and currents
. - s Tt L 2 Tt i
v;(t) =Re (vje° ) 1j(t) =Re (Zje" ) j=1...,N

where ¢; and i ;j are complex amplitudes. If there is an impedance relation between the voltages and

currents, then we can write

v = Z(St)i

where v = [¢1,...,0y]" and i= [i1,...,in]". The total complex MD power density at frequency

s; can be defined as
w(sy) =1V
and the average or active power density as
@(s¢) = Re (IV)

The positive realness condition on Z for MD-passivity follows immediately, and is similar to (2.5),

except that we now must have
Z(st) +Z%(s¢) >0 for Re(s;) >0 j=1,...,k (3.31)

Thus the impedance must be positive real in all the new coordinates. The N-port is MD-lossless
if (3.31) holds with equality for Re(s;) =0, j = 1,...,k. It is important to note that because of
(3.26) and (3.25), we have

sy = VH FTg, s = H'V™ls, (3.32)

where 8, = [$4,,...,52,,5:]] is the vector of frequencies in the untransformed coordinates u. Thus,
due to the positivity condition on the elements of the last row of H™®T and the last column of HT,

we will have that
Re(s;) >0 for j=1,....k <= Re(s))>0
so that for an MD-passive N-port,
Z+7Z >0 for Re(s:) >0 (3.33)

It is thus seen that MD-passivity can be interpreted as passivity, but spread over a new system of
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coordinates (regardless of whether the new coordinates number more than the old).

3.5 MD Circuit Elements

Beginning from the perspective of the one-port circuit elements described in the last chapter, it is
not difficult to see how such elements can be generalized to a multidimensional setting. Consider

again the inductance and its WD one-port equivalent, shown in Figure 3.4. The voltage across the

a

v L RZ%

Figure 3.4: Inductor and its wave digital one-port.

inductor is integrated and scaled by a factor 1/L to yield a current. The fact that the signal flow
graph for the WD one-port equivalent is causal indicates that the inductor one-port is associated
with the forward time direction. In the multidimensional case, the concepts of a direction associated

with a circuit element and causality become crucial.

3.5.1 The MD Inductor

Consider the following (partial) differential equation:

o1
y=L— 3.34
=Ly (3.34)
where L is a positive constant, and ¢;, for any j, j = 1,...,k is a coordinate defined by transformation

(3.21). We now have v = v(t) and 7 = i(t). Considered as an MD one-port, the instantaneous applied

power will be
g (1
inst — )} = — —L.2 =V;-E
Winst = VI at; <2 z) t

if we also define the stored energy flux E to be

1
E = JLi%e; (3.35)

where e; is a column unit vector in the ¢; direction. If L > 0, this is indeed a positive semi-definite
vector function of the current across the one port. (3.34) defines a passive (in fact lossless) element

in the sense of (3.29), henceforth called an MD-inductor, of inductance L and direction t;.
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This equation resembles that which defines the voltage/current relation in an inductor with
inductance L, the exception being that the integration variable is no longer time, but ¢;, a mixed
space-time variable. In fact, the discretization procedure is identical to that of the lumped case, as
we shall see, but for illustrative purposes, we will derive the multidimensional wave digital one-port.
The important thing to note here is that even though (3.34) is defined over a k-dimensional domain
with coordinates t, it is solved (given v, say) as a series of one-dimensional integrations (since (3.34)

must hold for all values of t).

We can immediately approximate (3.34) by the MD trapezoid rule [62] as

w _ %(i(t) —i(t=T;)) +O(T?) (3.36)

where T; = Tje;. T} is interpreted as the step-size. Assuming that we have uniformly sampled
the t plane as in §3.3, with grid spacings Ti,...,T), we now define the grid functions v(n) and
i(n) where n = [ny,...,n|T is an integer-valued vector. We intend to use them to approximate
o(t = [T, ..., neTE)?) and i(t = [0y T4, ... nkTk]T), so we can immediately write the recursion

v(n) + v2(1’1 —ej) _ T£] (Z(n) —i(n— ej)> (3.37)

which approximates (3.34) to O(T7}).

We can now introduce the wave variables,

a(n)

b(n)

v(n) + Ri(n)
v(n) — Ri(n)

which are also grid functions defined over n. As in the lumped case, R is an arbitrary positive
number (here assumed constant). Inserting these wave variables into (3.37) yields, with the choice

R=2L/Ty,
b(n) = —a(n—e;) (3.38)

In terms of the untransformed coordinates (where we will perform the updating in a simulation),

(3.36) becomes

v(u— V~'HT;) + v(u)
2

L . . —1
= T] (z(u) —i(u—-V HT]-)) (3.39)

again to second order in the transformed spacing. The quantity V" 'HT j is the vector corresponding

to the same shift, in the untransformed coordinates.

Take, for example the case of an inductor of direction ¢; under the coordinate change defined
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by (3.19). A shift of Ty = Tie; of T} in direction ¢; corresponds to a shift in the old coordinates
of (Tl/\/i)[l, 1/vo]T. Referring to Figure 3.1(b), where we have chosen T} = V2A, the instance of
the wave variable a entering the MD-inductor at point P exits, sign-inverted, as b at point (). From
this standpoint, MD-losslessness is obvious, since the MD-inductor merely shifts and sign-inverts an

array of numbers.

One point requires some clarification; the MD inductor as defined by (3.34) is MD-passive for
constant L > 0, and for a transformed coordinate t;, j = 1,...,k. In problems for which material
parameters have some spatial variation, some of the MD circuit elements that we will require will, as
a rule, have some spatial dependence. If L in (3.34) is a function of t, then in general the equation
does not describe an MD-passive one-port. More precisely, if L does not commute with aitj’ then
the application of the trapezoid rule to (3.34) does not yield the simple wave relationship (3.38).
This begs the question, then, of how the trapezoid rule can be applied to circuit elements which
are not LSI (which we will require in order to numerically integrate systems with spatial material

parameter variation).

For almost all the systems of interest in this thesis, it will be possible to consolidate any material
parameter variation in circuit elements defined with respect to the pure time direction (recall that
in our general symmetric hyperbolic system (3.1), such variation is confined to the coefficients of the

time derivative term). For example, consider an inductor described by

v = L% (3.40)
in the (1+1)D coordinates defined by (3.18). Here, L is strictly positive, but may be a function of
z, and note that ¢’ is not among the new coordinates defined by (3.18). Because L does commute
with %, it is still possible to apply the trapezoid rule, in the time direction, in order to get a wave
relationship of the form of (3.38). The directional shift will then be along the time direction, and we
need to be sure that the shift does in fact refer to another grid point from Figure 3.1(b), we can see
that this is in fact true (it is true for any of the coordinate systems discussed in §3.3). It is of course
possible to include a pure time derivative among the new coordinates; this is done, for example, in
the case of the embedding defined by coordinates (3.22), for which ¢5 is simply ¢ multiplied by a

scaling factor. Nitsche [62] has called this the generalized trapezoid rule. Note, however, that if we
write (3.40) as

L [ o
v=—=|=—+ — (3.41)
V2 \ 0t Oty
it is mot permissible to treat this as a series connection of two MD inductors—neither one is MD-

passive, because L does not commute with either of the two directional derivatives.

A more general definition of an inductor, suitable for use in time-varying or nonlinear problems
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is

0 . 1 0 OLi
v= \/Za—tj (VLi) = 5 <La_tj + a—t) (3.42)
for any transformed coordinate ¢;. In this case, L can depend on t or even on v or i; as long as
we have L > 0 and use power-normalized waves, the MD inductor defined by (3.42) is MD passive
[48, 85]. For constant L, (3.42) reduces to (3.34). Circuit elements of this type appear in circuit
networks for fluid dynamical systems [16, 49, 70, 191], as well as in a vector-matrix context when
dealing with the linearized Euler Equations [86]. We also note that passivity under time-varying
conditions can be enforced as it has been done in digital waveguide networks [166]; it would appear
that waveguide networks (to be discussed in depth in Chapter 4) could be generalized to include the

nonlinear case in the same manner (see Appendix B for an interesting application of these ideas).

3.5.2 Other MD Elements

The inductor and capacitor are the only circuit elements which need a more involved treatment in
the MD casef. The capacitor is treated as the dual to the inductor, replacing v by i and L by C, and
needs no further comment, other than that, as with the lumped capacitor, there is no sign inversion
in the resulting MD wave one-port. The graphical representations of these MD one-ports and their
MDWD equivalents are shown in Figure 3.5. Note that for the sake of compactness, in the circuit
diagrams that will follow, we will use the derivative notation of the MDWDF literature [131] where

we have

D. 2 —
J Ot;
for some transformed coordinate t;. In some instances, derivatives with respect to the original

untransformed variables appear, and we will write

A@

D, = —
"7 ot

0 0
D,2— , D,2_—
’ Ox ’ Y Jy

‘We will also use the notation

to refer to the dimensionless time derivative, which appears frequently. Also, in a signal flow graph,
we represent the operation of shifting by T} in direction ¢; by the symbol T;. In cases where the
system or N-port is linear and shift-invariant, we will be able to replace T; by zj_l, the transmittance

of a shift in direction ¢; (see the next section).

TWe will return to the multidimensional generalization of the unit element in §4.10.
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Figure 3.5: MDWD one-ports— (a) an MD inductor, with inductance L, direction t; and its MDWD
counterpart, for step-size Tj and R = 2L/T; and (b) an MD capacitor, of capacitance C, direction
t; and its MDWD one-port, with step-size T; and port resistance R =T} /2C.

All the other elements for which we will have a use, namely the resistor, transformer and gyrator,
as well as scattering junctions are memoryless and hence their pointwise behavior in MD is identical
to that of their lumped counterparts. Their graphical representations are also identical (see §2.2.4).
We must keep in mind however, that these are still distributed elements. For example, a resistor of

resistance R(t) in an MDKC represents some resistivity at every point in the domain of the problem.

A network made up of Kirchoff connections of N-ports which are individually MD-passive can
be shown (through the use of Tellegen’s Theorem [136], which is unchanged in multiple dimensions)

to be be MD-passive as a whole [44].

3.5.3 Discretization in the Spectral Domain

If our network or N-port is linear and shift-invariant, it is also possible to view the discretization
procedure as a spectral mapping, just as in the last chapter. Consider now the case where the
problem domain is some n-dimensional space, with coordinates u = [z1,...,7n,t]T, and where we
have changed coordinates to t = [t;,...,#;]", with k¥ > n + 1 via a transformation of type (3.21).
The defining equation of an MD inductor of direction ¢; for any j =1,...,k is

B
8t]’

and for an exponential state at frequencies s¢, we have
0 = Lsjt

~ T . 4 T e . . .
where v = 0e%¢ t and i = ie%¢ t. The “impedance” is here Z = Ls; and clearly satisfies MD positive

realness criterion given in (3.31) (and furthermore is MD-lossless) if L > 0 . As in the lumped case,
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the trapezoid rule, now applied in the ¢; direction, can be interpreted as a spectral mapping

21— T 21—z
s 2 S i N 3.43
57 Y Tjl+e T~ Tjl+2! (343)

where Tj is some arbitrary step-size in the ¢; direction. For notational purposes, we have used

ZTI — e_SjTj

J

to represent the frequency domain equivalent of a unit shift in the ¢; direction. In complete analogy
with the lumped case, (3.43) implies that
Re(s;)

0 <= Re(yy) = |zl

AV

AV
o
AV
=

This shift can of course also be written in terms of delays and shifts in the u coordinates. For
example, consider the coordinate transformation defined in (3.18). In this case we have, in the

frequency domain,

1 1
S = — S + Sz
! \/51)0 ! \/5
1 1
= ——S5— —=5g

S =
2 \/51)0 ! \/5

where s; and s, are the frequency variables conjugate to t and x respectively. (We assume that
our spatial domain is of infinite extent, so that s, corresponds to an imaginary Fourier transform
variable.) Suppose we have also chosen the step-sizes in the two coordinates such that the grids
overlap, that is, T} = v2A = v/2u,T, where T is the shift in the pure time direction. Then, for a

shift of T in the ¢, direction, we can write

1 1
6751T1 — 6_\/5“0 StTl—ﬁSle — e*StT*SIA
or
2t =2"he! (3.44)

where 27! represents a delay of duration T in the time direction, and w~! corresponds to a shift

over distance A in the positive space direction. Similarly, we can write

2yt =2 w (3.45)
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For a more complex example, consider again the transformation defined by

1 0-1 0 0
H=|0 1 0 -1 0
11 1 1 1

which maps coordinates [z,y,t|T to a five-dimensional coordinates [t,ts,t3,%s,¢5]7. A shift of

T1 = A in direction t; corresponds to a transmittance of the form

_ 1
z1—1 —e 51Tt — (satg5st)A _ e—(s22+s:T) _ z_lwm_l

1

where w, represents a unit shift (of length A) in the z-direction, and as before, z~! corresponds to

a unit delay of T'= A/vg. The other shifts can be written as

where wy, represents a unit shift (of length A) in the y direction. At a given grid point in the old
coordinates, the unit delays 21_1, . ,z4_1, interpreted as directional shifts, refer to points on the
grid at the previous time step, and located one grid point away in the —z, —y, x and y directions,
respectively. The unit delay z; 1'is simply a unit time delay.

It is important to note the manner in which the special character of the coordinate transformation
manifests itself here. Due to the positivity requirement on the elements of the last column of H,
a unit delay in any of the directions #; will always include some delay in the pure time direction.
By means of this requirement, and the introduction of wave variables, MDWD networks can, in the
same way as their lumped counterparts, be designed in which delay-free loops do not appear. Such

networks, when used for simulation, will give rise, in general, to ezplicit numerical schemes [176].

3.5.4 Other Spectral Mappings

One could well ask whether the spectral mappings of the form (3.43), which correspond to an
application of the trapezoid rule, are the only means of deriving an MD-passive discrete system from
a continuous one. The criterion for a passivity-preserving mapping is that it map multidimensional
positive real functions (i.e., functions whose real parts are positive when the real parts of all of their
arguments are positive) to functions which have the same property in a generalized multidimensional

outer disk.

In a brief section of one of the original papers on the subject of WD integration [61], a differ-
ent type of mapping is proposed, in a discussion of boundary conditions for the transmission line

equations. Suppose that, in the (14+1)D case, our transformed coordinates are given by (3.18). The
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alternative mapping can be written as
81— ¢ Sy = P2

where the frequency variables ¢; and ¢, are defined in terms of the variables ¢ and 1, from (3.43)

by

b1 N U _ i(l_zl_l)(1+22_l) (3.46a)
L+ T onta/d Tr o 1+z7'2"
A s 1(1=-2"0+2") ,
= — 7 - 3.46b
02 1+ Ty /4 T 1+zflz;1 ( )
‘We then have that
Re(d)i) — Re(d}l) + T1T2 |¢)1 |2Re(l/'2)/4 Re(¢2) — Re(¢z) + T1T2 |’I’[12 |2Re(w1)/4
|14+ T1Totp14p2 /4] |14+ T1Totp14p2 /4]
from which we can conclude that
> > - > , >
Re(y1) = 0 and Re(i-) = 0 = Re(¢1) = 0 and Re(¢») = 0
Another simple way of seeing positive realness is by rewriting (3.46) as
A 1
= 3.47a
o 1/ + TiTonpa /4 ( )
1
¢ = (3.47b)

1/’(!72 + T1T2¢1/4

in which case ¢; and ¢y can be viewed as impedances of parallel combinations of passive (indeed,
lossless) elements. For example, ¢; is equivalent to the impedance of a parallel combination of an
inductor of impedance ; and a capacitor of impedance 4/(T1T>¢2). Second-order accuracy is also
obtained under these mappings; this should be clear from (3.47) as well. This spectral mapping
differs from the trapezoid rule in that the discrete spectral images of the two continuous frequency
variables s; and sy are now mixtures of the two discrete frequency variables z;° ! and zy !, In addition,
the transformation does not have a unique inverse, but this is of little consequence because we will
never have any occasion to invert such a mapping. We mention this particular mapping, because it
will serve as the bridge between multidimensional wave digital filters and digital waveguide networks
(to be discussed in Chapter 4). We will spend some time in §4.10 elaborating this link. It will also

allow us to introduce higher-order accurate methods, which we will discuss in §3.13.
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3.6 The (141)D Advection Equation

Perhaps the simplest hyperbolic partial differential equation imaginable is the so-called scalar ad-

vection or one-way wave equation in (1+1)D, defined by

o1 ol

where « is a real constant [176]. It is complemented by the initial condition
i(z,0) = io(x), —00 <z < 00 (3.49)

Here, the solution i(z,t) is assumed continuously differentiable (though it need not beT), and is

defined over the entire z-axis, and for ¢ > 0. The solution is simply
i(z,t) = ip(x — at) (3.50)

That is, the initial data travels to the left or right (depending on the sign of a) with speed |a|.

Despite its simplicity, it is often used as a model for numerical schemes [95].

3.6.1 A Multidimensional Kirchoff Circuit
We first change coordinates via transformation (3.18), which gives

vo +a O1 v —a 01

0
\/§ 8t1+ \/§ Oty

-~ -~
U1 V2

The basis of the WD integration approach is to view this equation as a loop equation for a multi-
dimensional circuit, i.e., a circuit in which voltages and currents may depend not only on time but
on space as well. The equation above is to be interpreted as describing a series connection of two
inductors, where the dependent variable i is considered to be the current passing through them. The

MD-inductors have inductances

s (vo + @) s (vo — @)

V2 V2

As explained in §3.3, these two inductors are associated with the directions #; and #». The circuit

L1 LZ

representation of the connection is shown in Figure 3.6(a).
It is important to note that the circuit pictured here is merely a graphical representation of

(3.48)—in particular, it represents the point-wise or differential behavior of (3.48) anywhere in the

TGiven the solution (3.50) to (3.48), it is easy to see that it remains unchanged even if ig is not differentiable
everywhere. In this case, ¢ must be considered to be a solution to the integral form of (3.48).
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(Ly, Dy) R, + 7,

O O
-1 -1

(a) (b)

Figure 3.6: The (1+1)D advection equation— (a) MDKC and (b) MDWD network.

(t1,t2) plane. It does, however, permit an immediate discretization via wave digital filters, in exactly

the same manner as described in the previous chapter on lumped networks. That is, we can replace

the circuit by two MDWD inductor one-ports connected through a series adaptor. This complete

wave digital network is shown in Figure 3.6(b), where we have defined the port resistances to be:
204 vg + o 2L, Vg — &

T A T A (3:51)
where we have used T} = T, = 2A. Figure 3.6(b) is an abbreviated notation for a numerical
integration routine. We can expand out the spatial dependence into a full signal flow graph in order
to better perceive the flow of data. This is shown in Figure 3.7, where we have indicated unit time

delays by T'; series scattering junctions are separated by a distance A.

A
?_1 _1 _1 ’(
Ry Ry Ry
—— —— ——

e em ] e

Figure 3.7: Signal flow graph for Figure 3.6().

This signal flow graph can be interpreted as follows: At every grid point in the domain, and at

every time step there are three computational stages:

1. Retrieve the incoming wave variables from the registers. Referring to Figure 3.6(b), this means
that for the port of port resistance R;, which accepts a wave variable shifted by T;, we must
use the sign-inverted wave quantity output from the corresponding port, one time step earlier,

and one grid point to the left. This shifting operation is to applied at every grid point, as
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per Figure 3.7. Similarly, the input to the port of port resistance Ry takes the sign-inverted

output of its corresponding port one time step earlier, and one grid point to the right.
2. Perform scattering operation.

3. Insert output wave variables into registers.

If vo = ||, then either R, or Ry is zero, depending on the sign of a. In this case, the associated
inductor can be dropped from the network entirely (i.e., we can treat it as a short-circuit). For
example, if @ < 0, then vy = |a| implies that R; = 0, and we get the simplified network of Figure
3.8. Here, we in fact have an exact solution to (3.48); the signals in the delay registers are shifted
repeatedly to the left, and directly implement the traveling wave solution given by (3.50). Note that

the sign inversion of the inductor is canceled by that of the reflection from the port.

Figure 3.8: Simplified signal flow graph for Figure 3.6(b), for vy = |a|, a < 0.

3.6.2 Stability

It is easy to see that the MDKC of Figure 3.6(a) will be MD-passive if the inductances Ly and Lo,
and consequently the port resistances Ry and Ry of the MDWDF in Figure 3.6(b) are non-negative.

From (3.51), this gives a constraint on vy, the space step/time step ratio, namely that we must have
A ..
v =5 > |af (for passivity)

Any such value of vy yields a passive, and thus stable algorithm.

It is important to mention, however, that the instances of the MDWDF, sampled at every grid
point as in Figure 3.7 are not connected port-wise, as must be true for a traditional lumped WD-
network. The output wave at the bottom port at spatial location z = A is sign-inverted and then
sent as input to the same port, at location # = (i — 1)A at the next time step. Thus the realization
of Figure 3.7 can not be analyzed directly as a chain of lumped elements; passivity follows from the

multidimensional representations shown in Figure 3.6.
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3.6.3 An Upwind Form

One of the interesting (and only briefly mentioned [86]) features of the MDKC representation is that
it can easily be manipulated to yield what are known as upwind difference methods; such methods
are usually applied to problems for which there is a directional bias in the propagation speed, and
are heavily used in fluid dynamical calculations [89].

We can rewrite the advection equation (3.48), where we assume, without loss of generality, that

a >0 as

oty
———

U1 V3

ﬁaﬁ+(vo—a)%:0
N————

which can be written as the MDKC shown in Figure 3.9(a). We now have
L1 = \/§CY L2 =y — &

In this case, we have left a directional derivative in the pure time (or scaled time) direction in

(a) (b)

Figure 3.9: An upwind-differencing form for the advection equation— (a) MDKC and (b) MDWD-
network.

the MDKC; for this inductor, we apply the generalized trapezoid rule discussed in §3.5.1, with a
step-size of T/ = A. The resulting MDWD network is shown in Figure 3.9(b), with port resistances
given by

R, = 2a Ry = 2 (vo — @) (3.52)
A A
(Note that a directional shift of length A in the scaled time direction ¢ = vgt corresponds to a pure
time shift of duration A/vg =T, and so we have indicated this shift in Figure 3.9(b) by a T). The
signal flow graph, with spatial dependence expanded out, is shown in Figure 3.10.
This structure is in a sense, a better model for the advection system; recall that for o > 0, the
solution at any future time instant ¢ > 0 will simply be the initial distribution shifted to the right

by an amount at. By using upwind differencing, we have dispensed with the unphysical leftward

traveling wave which appears in the signal flow diagram in Figure 3.7. As before, the network will
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Figure 3.10: Signal flow graph for Figure 3.9(b), for a > 0.

be MD-passive for vg > . It also degenerates to a simple delay line when vy = « (in which case we

will have Ry = 0, and the right-hand inductor in Figure 3.9(b) can be dropped from the network).

Because all the systems that we will subsequently examine do not have any directional disparities
in the wave speed, we will not pursue the subject of upwind differencing further here. We do mention,
though, that digital waveguide networks [166, 198], which are intimately related to MDWD networks,
are incapable of performing upwind differencing for the simple reason that they are constructed
from bidirectional delay lines (or unit elements), which carry information symmetrically in opposite
directions. In this respect, the two approaches stand in stark contrast; the advantage of having an

MD representation is very clear in this case.

3.7 The (141)D Transmission Line

As a slightly more involved example, which highlights some of the issues which typically arise in the
construction of these algorithms, consider the (14+1)D transmission line or telegrapher’s equations

[63]:

i Ou . .
la+£+rl+e = 0 (3.53a)
ou ,

ca + a +gu+h = 0 (3.53b)

Here, i(x,t) and u(z,t) are the current and voltage in the transmission line, I, ¢, r and g are
inductance, capacitance, resistance and shunt conductance per unit length respectively, and are all
non-negative functions of z (I and c are strictly positiveT). e(z,t) and h(z,t) represent distributed

voltage and current source terms. System (3.53) is symmetric hyperbolic; it has the form of (3.1),

In fact, I and ¢ should be bounded away from zero, so that the local wave speed (given by 1/\/l>c) remains finite
everywhere.
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with w = [i,u]?, and

I 0] A lo 1] B [r 0] e H (3:54)
0 ¢ 10 0 g h

Phase and Group Velocity

In the constant-coefficient case, where r = g = 0, the dispersion relation, defined in (3.10), will be
xrL(w,B) = —w’le+ 5° =0

in terms of real frequencies w and wavenumbers 3, and has solutions

w::l:i

Vie

The phase and group velocities, from (3.12) are then

A/%L = ”/%L ==+ (3.55)

S
o

and if [ and c are functions of x, the maximal group velocity will be
1

"/g = — 356
'"T'L maz \/m ( )

where (1¢)min = mingep(lc).

3.7.1 MDKC for the (141)D Transmission Line Equations

In order to put this system into the form of an MDKC, let us first change dependent variables by

) . . u .
i 2 iy 2 — (3.57)

0
where ro > 0 1is a free constant parameter which has dimensions of resistance. The primary reason for
introducing this parameter is so that the numerical algorithm may later be tuned to be optimally
efficient (in terms of the largest allowable time step for a given grid spacing). After changing

variables, and multiplying the second equation by r¢, we obtain:

giy  Oiy 3 2 g
la—kroa—m +riy+e = 0 (358&)
222 O 2 ek = 0 (3.58b)

0 ot Ox
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At this point, it is already possible to write the above system in the form of an MDKC, which is
shown in Figure 3.11(a).

(1"3 ¢, Dy) 97‘3 (va 1‘3(‘ — 1o, Dys) 97’3

(=ro,Dz)

(=ro, Dz)

Figure 3.11: MDKCs for the (1+1)D transmission line system (3.58)— (a) a direct representation,
and (b) after splitting and shifting inductances.

Kirchoft’s node equation tells us the current in the common branch, which is ¢y + ¢2, then the
loop conditions yield system (3.58). This representation, however, can not give an explicit algorithm,
because of the purely spatial MD inductors which form a T-junction between the two loops; that is,
if one tries to treat these as one-ports, their WD counterparts will be found to contain delay-free
paths from input to output; in other words, the algorithm will be implicit. Nor can it be considered
to be MD-passive, since there are negative inductances. By performing a few network theoretic
transformations to this MDKC, we can obtain a representation which is MD-passive, and which will
give rise to an explicit numerical method. The idea here, grossly speaking, is to make sure that each
inductance is positive, and that every inductor “points” in the direction of a transformed coordinate,
as per conditions (3.14).

First note that we can split and shift the differential operators around at will, as long as the loop
equations remain unchanged. In particular, we can redraw the circuit as in Figure 3.11(b), where
we have introduced the scaled time coordinate ¢ = vyt and its associated derivative Dy. Now,
examine the three inductors which form a T-junction connecting the two loops. If we are planning
to use coordinates defined by (3.19), then the two inductors on the vertical rail can be identified as
MD-passive—we have Dy — D, = v/2D,. The inductance in the common branch, however is not yet
in proper form. It is now possible to apply transformations from classical network theory so as to
ensure that the resulting equivalent two-port is composed of only MD-passive elements. Although

the system as a whole does not change under these manipulations, we would like it to be concretely
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passivef, so that it may be decomposed into a connection of simpler passive blocks. Since the two-
port containing the T-junction will always be, by itself, linear and shift-invariant (i.e., shift-invariant
with respect to any coordinate, because the inductances are constant), we are justified in describing
it by means of impedances and applying spectral transformations. When it is connected to the other
components which are not shift-invariant, the spectrally transformed two-port may be interpreted

in terms of differencing formulae.

11 1/-1 19
in Za Za g, it Z i )
Z1
2

Zs Zs
U1 ZB V2 U1 V2 U1 Vg
s Z2
2
Al

(a) (b) ()

Figure 3.12: Equivalent two-ports— (a) T-junction, with impedances Z4 and Zg and (b) and (c),
lattice and Jaumann equivalent two-ports, both with Z, = Z 4 and Zy = Z 4+ 2Zp.

The symmetric T-junction, and its lattice [55, 131] and Jaumann [132] equivalents are shown in
Figure 3.12, for arbitrary impedances Z4 and Zp. Replacement of the T-junction in Figure 3.11(b)
by either of the two-ports in Figure 3.12(b) and (c) gives an MDKC which is indeed concretely
MD-passive; this circuit is shown in Figure 3.14(a). Note that in this representation, we have left
inductors (with symbols Dy ) in the circuit, instead of rewriting them as Dy = (Dy + Dz)/ﬁ. In
this case, we must proceed as such because their inductances are possibly spatially-varying (note
that they depend on [ and ¢); for this reason these elements cannot be split into inductances acting
along directions #; and t» without giving up passivity. For these inductances, we will apply the

generalized trapezoid rule, which was discussed in §3.5.1.

3.7.2 Digression: Derivation of an Inductive Lattice Two-port

‘We have derived the WD equivalents for all the standard circuit elements, but the two-ports pictured
in Figure 3.12 need a special treatment. Fettweis and Nitsche find the lattice form to be the
most straightforward derivation, but we would especially like to call attention to the fact that the
resultant WD two-port is the same regardless of which of the equivalent structures we choose; use of

a concretely MD-passive two-port, however, makes the passivity of the resulting circuit obvious. We

By concretely passive, we simply mean that all elements in the network should be individually passive. A network
(or N-port [12]) may be abstractly passive, but not concretely passive; the MDKCs shown in Figure 3.11 are of this
type.
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will continue to use the Jaumann equivalent in all future diagrams (though we could equally well
use the lattice form). Basu [10], as well as Fettweis [46] make the point that an electrical network
equivalent is a convenient formalism for developing MD-passive discrete networks, but it is by no

means necessary.

Beginning from any of the equivalent two-port structures in Figure 3.12, we can immediately

write down the impedance matrix, which we will denote by Z:

111
T 201 —1

where we have set N = H_H and A= ZO? 201 ]

Zo+ 2y Zy— 74
Zy— 21 Zy+ 7y

Zy 0
0 Z

1 1
1 -1

1
Z=§

] =N"!'AN

We now introduce a port resistance matrix R = [ff ?2] > 0, where we can choose equal port

resistances because the two-port is symmetric. The scattering matrix is then, from (2.21),
S=(N'ANR™ +1,) ' (N 'ANR™' - L)
where I, is the 2 x 2 identity matrix. This is easily rearranged to become

S=N"'(AR'+L) (AR -L,)N

Returning to the problem of the (14+1)D transmission line, for the two-port in question in Figure
3.14(3), we have Z; = \/§r032 and Z, = \/§r051. Notice in particular that for these choices of
impedance, any of the two-ports of Figure 3.12 are described by MD positive real matrices. We now
discretize using the trapezoid rule, i.e.

91— 27"

;i 1,/)j= J j=12

S T, 1
Ti 1+ z;

where we also will set T} = T5 = \/§A. If we make the choice R = 2rq/A, we obtain the discrete-

time, causal scattering matrix
—z! 0
S(z1,20)=N"1| ! N (3.59)

The resulting MD two-port is shown in Figure 3.13.

It should be clear that the same procedure can be used for arbitrary impedances Zy and Z»; it
should be remarked, however, that we can not always get a simple form without a through path like
that pictured in Figure 3.13. Since this two-port is strictly causal, it may easily be connected to

other ports without the risk of the appearance of a delay-free loop.
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|
W=

bo 7 T, 7* as
by 4—0—6{ T, 4@{ ax

o=

Figure 3.13: Signal flow diagram for the MDWD lattice or Jaumann two-port.

3.7.3 A MDWD Network for the (14+1)D Transmission Line

Returning to Figure 3.14(a), and making use of the discrete two-port derived in the last section, we

can now write the complete wave digital network. It is shown in Figure 3.14(b).

hrg
-
(Ly,D,)) 970 T -10
L] Rg Rgh

(Lo, Ds) (Lo, D)

1A

Figure 3.14: (a) MD-passive network for the (141)D transmission line equations and (b) its associ-
ated MDWD network.

The inductances in the MDKC of Figure 3.14(a) are

g'|~3
NO

L1 = ’U()l —To L2 = ’U()T;Z)C — T L() (360)
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and the port resistances of the MDWD network of Figure 3.14(b) are

2rg 2L, 2L,
R() = K R1 = T R2 = T Rgh = g?"g Rer =r (361)
The MDWD network is MD-passive if all the port resistances are non-negative over the entire
spatial domain; from (3.60) and (3.61), the only port resistances which are possibly negative are R;

and R,. Requiring their positivity gives the constraints

To 1
vo 2> vo 2>
lmin T0Cmin
where l,,,;, = min, | and ¢, = min, c. A judicious choice of ry = i’“# [131] allows the largest

possible time step for a given grid spacing; the condition is then

1

Vo > ﬁ/g“L,maw (362)

lmincmin
where Y1, maz 1s defined by (3.56).
If | and c are constant, and (3.62) holds with equality, so that we have

1

Yo = E = h/%L,mam (363)

then the MDWD numerical scheme is said to be operating at the Courant-Friedrichs-Lewy (CFL)
bound [176]. For varying coefficients, however, vy is bounded away from 7%, . so the time step

will have to be chosen smaller than might be expected; we will look at how to improve upon this

bound in §3.12.

3.7.4 Energetic Interpretation

Let us now reexamine the passive MDKC in Figure 3.14(a). The total stored energy flux in the

network is contained in the four inductors and will be, from (3.35),
]_ 9 ]. 2 1 . N2 1 . < \2
Eiotal = §L1llet' + ;Lﬂget' + §L0(21 +i2)%e; + §L0(61 —i2)%ey

where the e, is a unit vector in direction #', and e; and ey are unit vectors in directions #; and #,
respectively. Applying the definitions of the inductances, from (3.60), the current definitions from
(3.57), and the fact that e; = (ey + e,) /\/5 and e; = (ey —e,) /\/5, then this total energy flux

can be rewritten as

1 1 . 1 1
Eiotal = §voli2et/ + §vgcu2et/ + ute, = Elizet + §Cu2et + ure,
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Here e; = vpeyp is a unit vector in the time direction. The total scalar energy at time ¢ of this

network will, from (3.30), be

+oeo teoq +ee g

E(t) = / el'Eiprqde = / (1 +eu?) do = / —wliPwdx
—o00 —0 2 —o00 2

and thus coincides with the energy definition of the symmetric hyperbolic system, from (3.6). This

is certainly not surprising, but the important point here is that in an MDKC such as that of

Figure 3.14(a), the scalar energy has been broken down into contributions from several interacting

components (the inductors), each of which is passive individually; this useful energy subdivision has

been exploited here as a means of developing passive numerical methods.

3.7.5 Simplified Networks

In the particular case for which [ and ¢ are constants, and where we do not have sources, the
MDWD network shown in Figure 3.14(b) can be simplified considerably. If we pick vy = 1/Vic
and ro = \/l/_c, then R; and R become zero, and their associated inductors may be dropped from
the network (that is, they can be treated as short-circuits). The two series adaptors then reduce to

simple multiplies of the signals output by the lattice two-port as in Figure 3.15(a) where we have

written
rA —2rg groA — 2
b= —15- Pr ="
rA 4+ 2rg groA + 2
B2 —B
e )
) )
L
2
- Ty - T |-
T1 Tl -
L
: B -3
) ).
) )

(a) (b)

Figure 3.15: Simplified MDWD network for the (1+1)D transmission line equations— (a) for con-
stant 1 and ¢ and (b) further simplified in the distortionless case.
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If, in addition, the transmission line is distortionless [28], so that we have lg = cr for all values of
z (though as mentioned above, we require [ and ¢ to be constant), then the network can be simplified
further giving Figure 3.15(b), where 8; = 85 = 3. Now the MDWD network has decoupled into two
independent loops, each comprised of an MD shift and a scaling. Examine the expanded signal flow
graph of Figure 3.16, where the value of the multiplier coefficient —3 at location x = iA is written
as f3;. Values input into the upper array will be shifted repeatedly to the left and attenuated by
the factor —/, and similarly, those in the lower array are shifted to the right and attenuated by
the same factor. We thus have a traveling wave formulation of the solution to the transmission line

equations, to be compared with the digital waveguide implementation to be discussed in Chapter 4.

—Bi—2 —Bi1 —3; —Bit1

—Bi—2 —Bi-1 —Bi —Bit1

z=(i-2)Aa z=(i-1)A z = iA z=(i+1)A

Figure 3.16: Signal flow graph for the MDWD network of Figure 3.15(b).

Two special cases are of note here. If the transmission line is lossless, so that » = g = 0, then
B = —1. The initial values in the storage registers are shifted without attenuation. We would like

to note, however, that if A > 93—10, then 8 > 0, and the traveling waves will be oscillatory, and the
2

solution is thus non-physical. More disturbing is the case A = T in which case we have § = 0, and
all energy leaves the network immediately! Though these examples would seem to indicate that the
MDWD network is not behaving correctly, it should be kept in mind that, by construction, it is stable
and consistent with the continuous time/space transmission line equations, and is convergent in the
limit as A — 0, by the Laxz-Richtmeyer Equivalence Theorem [176]. A can always be chosen small
enough so that 3 is negative, and that thus the solution will be well-behaved (i.e., non-oscillatory).
This important extra restriction on the grid spacing, which is independent of the time step, is purely
a result of the use of the trapezoid rule as our integration method. The lesson here is that passivity,
while providing a guarantee of stable numerical methods, does not ensure that we necessarily get a

physically acceptable solution in all cases.
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3.8 The (2+41)D Parallel-plate System

Generalizing the above procedure to several dimensions is straightforward. We examine here, as a

practical example, the (241)D parallel-plate system, which is written as:

Oty Ou

l o + o +rig+e = 0 (3.64a)
Oiy  Ou . .
la + % +rig+f = 0 (3.64b)
Ou  0Oiy, Oy .
- -y h = .64
c@t+6w+8y+gu+ 0 (3.64c)

This system was treated using MDWDFs in [62, 211]. Now the dependent variables are a voltage u,
and current density components i, and i,; these, and the sources e, f and h are functions of time
t and two spatial variables, x and y. [, ¢, r and g are arbitrary smooth positive functions of z and
y (I and c are strictly positive). It is worth mentioning that the same equations can be used in the
contexts of (2+1)D linear acoustics, the vibration of a membrane, and, with a trivial modification,
(241)D electromagnetic field problems (involving TE or TM modes).

System (3.64) is symmetric hyperbolic, and thus has the form of (3.1), where w = [i,, 1y, u]T,
and with

{1 00 0 01 0 00 r 0 0 e
P=(0 [ 0 Ar=10 0 0 A>=10 0 1 B=1|0 r 0 f=|r
0 0 ¢ 100 010 0 0 g h

It will follow, as in the case of the (141)D transmission line system (see §3.7.4), that the total energy
of the MDKC that we will derive in the next section will be equal to the energy of system (3.64), as
per (3.6).

Phase and Group Velocity

For the constant-coefficient, lossless and source-free case (i.e., 7 = g = e = f = h = 0), the numerical
dispersion relation, in terms of the frequency w and wavenumber magnitude ||B]2 = /52 + 37 will

be, from (3.10),
. 1 .
2 Lygie) =
o (= LBl =0

1
=0 = — .
w w i”lc”'an

which has roots
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Discounting the stationary mode with w = 0, the phase and group velocities are then, from (3.12),

and if [ and ¢ are functions of x and y, the maximal group velocity will be

1

- 3.65
(lc)min ( )

9 —
ﬁ/PP,maz' -

where (I¢)min = ming, ,ep(lc). This bound is the same as for the (141)D transmission line equa-

tions.

L():

wl;

L1=L2='U0l—7‘()

Ly = vortz)c — 2rg

e r (L1, Ds) e r  (La, Ds)

Figure 3.17: MDKC for the (2+1)D parallel-plate system in rectangular coordinates.

3.8.1 MDKC and MDWD Network

The circuit can be derived along the same lines as for the (14+1)D case; we deal here with the
discretization on a rectilinear grid, and will thus apply coordinate transformation defined by the H of
(3.22). Rewriting system (3.64) in terms of the new coordinates [t;,...,t5]" using Vy, = VH “vq,
with the pseudo inverse (3.23) gives
. To . . To . . . .
(’U(]l — '1"0) D521 + EDI (Zl + 23) + §D3 (Zl — 23) +riy+e= 0 (366&)
. T . . r . . . )
(U(]l — T()) D522 + EODQ (62 + 23) + TOD4 (62 — 63) + Tty + f = 0 (366b)
. . r . . r . .
(vorge —2rg) Dsiz + EODl (i3 +i1) + §0D3 (i3 —41)

N . L T 2 . . \
+ EODQ (23 + Zz) =+ §0D4 (23 — 22) + nglg + hT‘O =0 (366C)
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where we have used the new current-like variables

A . LA . . oA U
1 =1 12 =1y 3 =

ro

and 7y is, as in the (1+1)D case, an arbitrary positive constant (which has also been used to
scale (3.66¢c)). Ds = Dy will be treated as a simple time derivative, according to the generalized
trapezoid rule discussed in §3.5.1. Figure 3.17 shows the MDKC that results from the transformed
set of equations (3.66). The MDWD network corresponding to the MDKC is shown in Figure 3.18,

where we have used step-sizes T; = A, 7 =1,...,5.

hrg
O-1
Ryn Ry

— 2rg
Ro = =}

Rer = Ry =7

Rl = R2 = %(1}0177’0)

R3

_ Z(vnr;‘;c—2ru)
— A

Ryn = grg

% Rwé _1 % Rﬂé _1

Figure 3.18: MDWD network for the (241)D parallel-plate system, in rectangular coordinates.

Passivity follows from a positivity condition on the network inductances, in particular Ly, L,

and Lj (the values of which are given in Figure 3.17). These conditions are

r 2
Vo 2 0 Vo 2 (367)
Lmin T0Cmin
The choice of ro = 2017“—_“’, where l,,;,, = min, , I and ¢, = min, 4 ¢ gives a stability bound of
2 g
Vo 2 2 \/§7PP|mar (368)

lmincmin

which is the best possible bound for this network [61]. Note that vy is again bounded away from
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the maximum group velocity, even taking into account the scaling factor (\/§ in this case), which is
a consistent feature of explicit numerical methods in multiple spatial dimensions.
If | and c are constant, and in addition r, g, e, f and h are zero, and (3.68) holds with equality,

i.e., we have

o = ﬂvg)P,maz (369)

then the network of Figure 3.18 simplifies to the structure shown in Figure 3.19. This particular
structure bears a very strong resemblance to the (24+1)D waveguide mesh [157, 198] which we saw

briefly in §1.1.2, and will examine in detail in Chapter 4.

Figure 3.19: Simplified MDWD network for the (241)D transmission line equations, in the lossless,
source-free and constant parameter case.

3.9 Finite Difference Interpretation

It should be clear that a MDWD network corresponding to a particular MDKC (and thus to a given
set of PDEs) is no more than a particular type of finite difference method, and can be analyzed
as such. We will do so here for the case of the (141)D transmission line, in order to compare the
schemes that arise from the WD approach to the simple centered difference schemes which will be
introduced in the next chapter in the waveguide context, and which can also be put into a scattering

form.

3.9.1 MDWD Networks as Multi-step Schemes

Recall that the discretization step discussed in §3.5.3 consisted of the application of a spectral
transformation of the form
9 1—271

J
sy —
J T]1+Z;1

s
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where s; is the frequency domain transform variable corresponding to any MD-causal coordinate t;,
and z;l is the frequency domain unit shift in the same direction.
For spatially inhomogeneous problems, this spectral mapping is equivalent to the application of

the trapezoid rule in direction ¢;. We can thus write, using operator notation,

0

o 7 (4 8) 7 (1) (3.70)

where J; is a shift operator defined by

(Sjp(tl,...,tj,...,tk) =p(t1,...,tj—Tj,...,tk)

when applied to any continuous function p(t). Consider again the lossless (1+1)D transmission line

equations

ot Ou

B + e =0 (3.71a)

ou ot )
C% =+ i 0 (3.71D)

which can be written as
v o1 0 . g . .

(vol — 10) a‘t} }E( 22)+\;—"_6—t}(z1 —iy) =0 (3.72a)
ot ro . . .
(vocrg — 7'0) 315 \/_8t (i +41) +\/_8t —11)=0 (3.72b)

under the application of coordinate transformation (3.19) and using scaled variables 1 = ¢ and
iy = u/rg, as well as the scaled time variable ¢’ = vyt. Under the substitution of (3.70), for j = 1,2,

and using the generalized trapezoid rule in time, defined by

0 . .
i —(1+5t,) (1—dy)

where §;: is a shift in the scaled time direction #' of duration T", we get

(vol—rg) (146:) " (1=5u)in + ‘/—”’

(1+6) " (1= 8) (i1 +1i2)
\/—To

+

(1+4382)" (1= 8y) (i —iz) =0
\/—7“0

2 ., .. _ <. o
(Uocrg—rg)ﬁ(1+5t/) 1(1—§t/)z2 + (1+44y) (1—51)(22+21)

(14382)" (1 =8y) (iz—iy) =0

\/—To
T

2
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to second order in A. This can be rewritten as
. Ry . o . . .
(1 + 51) (1 =+ 52) R_ (1 — (St/) 1+ (1 + Jt/) (1 - ét,) 11 + (1 + 5t/) ((52 - (51) 19 = 0 (373&)
0

. R: . . , .
(1461) (14 65) R—Z (L—0p)is+ (L+6p) (L —07)ia+ (L4 8p) (82 — 61) i1 =0 (3.73b)
0

where we have used T = v,T = A, T) = T, = /2A, the fact that §,6, = 47,, and also the definitions
of the port resistances of the MDWD network of Figure 3.14(b), given in (3.61)". Upon replacing
the quantities 7; and iy by their respective grid functions I ;(n) and I, ;(n), which take on values
for n and ¢ integer, (3.73a) and (3.73b) define recursions on a regular grid, of spacing A. (3.73a)

can be written as

ailii(n) + Biyiliipi(n—=1)+Bicilii—i(n—1) + il ;(n—1)
- Lioi(n=1)+DbLin(n—1)
— Bixiliiti(n=2) = Biahioa(n—=2) —vilh i(n —2)
— DLjisi(n=2)4+Lit1(n—2)

— a;1;(n=3)=0 (3.74)
with
Ri(iA) Ry(iA) . Ri(A)
pAp g ) A ) S L1 ) 3.75
w=l+—n 5= ; o (3.75)

The recursion corresponding to (3.73b) is very similar, under the interchange of I; and I;. Note
that if [ and ¢ are constants, and if the difference scheme is operating at the CFL bound (so that
Ry = Ry =0, then (3.74) can be simplified to

ILi(n) — Il,i(n — 2) + I2’2‘+1(7l — 1) — Igyl‘_l(n — 1) =0 (376)

which is a simple centered difference approximation to (3.71a) and which we will see again in the
waveguide mesh context in §4.3.2. Unlike the case of the mesh however, away from the passivity
bound we have a multi-step scheme [176] which involves three steps of “look-back” in order to update
a grid variable at a particular location. The introduction of wave variables, then, can be considered
to be a means of expanding the state of the system so that using the new state, the recursion (now
in the form of the MDWDF of Figure 3.14) requires access only to wave quantities at the time step

immediately preceding the current one.

In order to generate a scheme which operates on alternating interleaved grids (called offset

TWe have also used the fact that because this system is linear and time-invariant (though not shift-invariant),
time-shifting operators such as d,; commute with purely spatially-varying quantities such as Rj.
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sampling in [61]), it is possible to use a doubled time step of 7/ = 2A in order to implement the
generalized trapezoid rule applied to the time derivatives in (3.72a) and (3.72b), i.e.,
3] 2

or T

- oy 1 - .
(1=82)7 (14+07) = 5 (1-82)7 (1457)

in which case we get, as an approximation to (3.71a),

a;lii(n) + Bipihipiin—=1)+B8ipihiian—1)+Lpi(n—1)—L; 1(n—1)
— Biviliit1(n—=3) = Bix1hiici(n—=3)+ L iyi(n —3) — I i—1(n—3)
- aiIM(n - 4) =0 (377)

where o and 3 are defined as per (3.75), but where R; is now equal to i (vol — rg). This form also
reduces to simple centered differences when [ and c are constant, and when we are operating at the
CFL bound.

The computational stencils corresponding to the two different schemes are shown in Figure
3.20; the top black dot in either picture represents the location of the grid variable currently being
updated (either Iy or I»), and the other dots cover the discrete region of influence of the difference
scheme. Notice in particular that each scheme has a width of only three grid points, corresponding
to nearest-neighbor-only updating. Also, because these are multi-step methods, one might expect
that we will have to take special care when initializing the scheme; we discuss this issue in §3.10. For
the offset scheme of Figure 3.20(b), the stencil can be shifted one step to the left or right without any
overlapping; thus such a scheme can subdivided into two mutually exclusive subschemes (operating
only for n + ¢ always even or always odd), one of which may be dropped from the calculating
scheme entirely. This behavior appears in many of the difference schemes which we will come across
subsequently; we will pay particular attention to such schemes during a spectral analysis of finite
difference schemes in Appendix A. One of the interesting features of the MDKC representation of
a set of PDEs is that the same circuit can give rise to an entire family of MDWD networks, or, in
other words, of difference methods, all of which are consistent with the original set of PDEs. In the
case of the MDKC for the transmission line equations derived previously, although we have defined
the directions of the various inductors (along which we will be integrating), at the circuit stage we
have not as yet specified any spectral mapping which will determine the type of differencing to be
applied. Any passivity-preserving mapping which is correct in the low frequency limit will give rise
to a passive, consistent MDWD algorithm. We will examine the important implications of a more
exotic type of mapping in §4.10, but it is also interesting to note that we can apply the trapezoid
rule using different step sizes for all the reactive elements. The constraint on our choices of these
step sizes is that all shifting operations refer, ultimately, to another grid point (for computability).

Finally, we note that in general, the determination of stability for a multi-step scheme can be

quite difficult; even in the constant coefficient case, it will in general be necessary to perform Von
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rrrrrrrrrrrrrrrrrrr ‘ t! = nT! ‘
rrrrrrrrr ooo # = (nm )T oo
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Figure 3.20: Computational stencils of the equivalent multi-step schemes of MDWDPF's for the (1+1)D
transmission line equations— (a) scheme (3.74) and (b) “offset” scheme (3.77).

Neumann analysis [176] (see Appendix A for such an analysis applied to difference schemes for
the wave equation in (241)D and (3+1)D), which can be quite formidable. Here, however, we are

ensured stability through the passivity condition on the network.

3.9.2 Numerical Phase Velocity and Parasitic Modes

Because, in general, the image MDWDF of a given MDKC for a system of PDEs is a multi-step
numerical integration scheme, it is reasonable to expect that parasitic modes [176] will be present in
the solution. Energy in such modes often travels at speeds other than the desired wave speed in the
medium, and may be highly oscillatory. If the scheme is consistent with the original system of PDEs,
and stable, as is an MDWD network derived from the equivalent MDKC under the application of the
trapezoid rule, then these parasitic modes must disappear in the limit as the time step is decreased
(by the Laz-Richtmeyer Equivalence Theorem [176]). They have not as yet been addressed in the
wave digital theory, and the subject is related to how initial conditions should be set in a MDWDF.
The subject of initialization has been touched on only very briefly in [106].

Analysis of parasitic modes is easiest in the constant-coefficient case. We will examine the
simplest possible non-trivial MDWDF, namely that of the constant-coefficient lossless source-free
(141)D transmission line. Because at the stability limit, this scheme becomes equivalent to simple
centered differences (see previous section), for which we do not have parasitic modes at all, we will
look at the MDWDF of Figure 3.14(b) away from this limit?. We have chosen ry = \/l/_c The

T Analysis of a numerical method away from its stability limit is useful because it can give some indication of how
the scheme will behave in the presence of material variations; if the system does exhibit such variations, then, locally
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MDWDF is redrawn in Figure 3.21, where we have

[
<
(=)

R =Ry, = (Uol — 1"0) Ry =

D> o
|

for some vy > 1/ Vlec. Note that because the system is now linear and shift-invariant, we have replaced

Figure 3.21: Steady-state MDWD network for the lossless, source-free constant-coefficient (1+1)D

transmission-line equations.

the shifts Ty and T, in the two directions #; and t, by their frequency domain counterparts z; !

and z; '. Recall also that we have, from (3.44) and (3.45), that

where 27! represents a unit delay in the time direction, and w a unit shift in the x direction. We

have written the outputs of the delay registers, in an exponential state, as
zj(kA,nT) = 3;2"wk,  for j=1,....4

where the ; are complex amplitudes. The updating of the values in the delay registers can be

written, in terms of these amplitudes, as

5 e e A
T —« 5 5 0 T
~ 1 1 ~
iy . #w ow 0 % Gy
I 1 _ _ 1 _ .
i3 (-;ﬂ)w 1 0 aw=1 _(-'Iz-a)w 1 s
- l—a a—1 P
T4 0 > > —« T4

speaking, we will necessarily be operating away from this limit in at least part of the problem domain.
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which is parametrized by a reflectance

_Ry—R,

=01 3.78
=R TR (3.78)

If we introduce the variables
Y1 =21 + 24 Yqg =21 — T4

the updating decouples into two subsystems, namely
By _ | ow  (I+ajw) b = :1A,, o2 (3.79a)
Y1 (1—-a) —a 91 Y1

oo e,
Ya (1-a) —o Ya

Ay and Ag, are known as spectral amplification matrices (see Appendix A).

iS] (3.79b)

The symbols [176] of the two subsystems, Q24 and Qg are defined by
Qu=L—-z""Ay Q=L —z"Ay

where I is the 2 x 2 identity matrix. Nontrivial solutions to the update equations (3.79) occur when
the determinants of the symbols vanish. In the absence of boundary conditions, we may assume
w = e/P2 | where § is a real wavenumber, in which case we have four solutions in terms of z given

by

21+ = et <ja sin(%) + \/1 —a? sinz(%)) (3.80a)
2344 = =5 <—ja sin(@) + \/1 —a? sinZ(%)) (3.80b)

which are simply the eigenvalues of the spectral amplification matrices. The corresponding eigen-

vectors of these same matrices are

BA 2 an2(BA BA 9 = 2/ BAN
acos(5=) £ 14/1 —a?sin” (= acos(5=) £ 4/1 —a?sin” (5=
Uz + = (2) (2) Ug4 + = (2) (2)

BA ) BA

(1—a)e™ = (1—a)e=

All four eigenvalues are of unit magnitude, and thus, using z = /7, we can rewrite solutions (3.80)
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as

elenT — o' (BEv) eiwassT — 475 (B£) (3.81)

for some real v defined by sin(vA/2) = asin(8A/2). (v always exists because we have |a| < 1, from

(3.78).) For small wavenumbers, we have
v af

and we thus have in this limit, for the roots subscripted with + in (3.81),

jA(§+a]B w214

edvn+l oy =

Q

@
-
—_ 0

jA(12+0)/3 W34+

elwsstT oy o™ =

Q

BT Vi

where we have used the fact that (1+a)/2 = 1/(voVlc), which follows from (3.78) and the definitions
of the port resistances in (3.61) as well as vg = A/T. The quantities wy14 /8 and wysy /3 are called
numerical phase velocities [176]; they approach the propagation speed in the medium, from (3.55),
and these two solutions are to be interpreted as approximations to the traveling wave solution to the
transmission line equations. The other modes, however, are parasitic, in that they do not propagate
near the physical velocity. They are not problematic, provided initial conditions are set properly;
indeed, in the limit as A becomes small, any reasonable initial conditions tend to align the system

with the dominant traveling modes of the system.

Clearly, if we are at the passivity limit, where vy = 1/ \/E, then R; = 0, and thus a = 1, which
implies, finally that v = 3, so that we have, from (3.81), that wy, 1 /8 = 1/VIcand wysy /5 = —1/Vlc;
wave propagation is thus dispersionless. As mentioned in the previous section, at this limit, the
MDWD network reduces to an exact digital traveling wave solution (this was also noted in §3.7.5).
It is also interesting to note that when Ry = Ry = Ry, so that a and v are zero, then (3.81) implies
that wave propagation is also dispersionless in this case as well. It is easy to see here, from Figure
3.21, that because R; = Ry = Ry, there will be no scattering through the adaptors; the pure time
delays may thus be shifted directly into the lattice two port, and we can perform a manipulation
similar to that of §3.7.5 to give a simplified digital “traveling wave” network, with doubled time
delays. Here, we are in effect implementing a traveling wave solution on a different grid, but the
implication is that for the corresponding problem with material variation, the MDWD network gives
a good approximation to the numerical phase velocity even for certain values of vy which are far
from the local physical wave speed. This is not true for digital waveguide networks, where the
numerical phase velocities degrade considerably away from the passivity limit. We will return to

these expressions (which provide complete information regarding the numerical dispersion properties
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of the scheme) in §4.3.8 in a comparison with the digital waveguide network for the same system. In
anticipation of the discussion in §3.10, we mention that for constant vy, we have for the eigenvectors

corresponding to the dominant modes, that

) . a+1
lim U4+ = lim U3g 4 =
A—0 A—0 1—«

Because we also have, from Figure 3.21, that &, = —&, = —(§; + 94)/2, and s = — (&2 + £3)/2, we

can also write, for the dominant mode,

a—+1 _ 2

B _R1 + Ry

R,
Ry

I a 1 lim ( " :
= —= us u = -
Alino Gio 2 Alino 2+ 34.+) 1—a«

Thus in this limit, the wave variables incident on the left adaptor occur in the same ratio as the
port resistances, and are in fact aligned with an eigenvector of the scattering matrix corresponding
to the adaptor. A similar statement holds for the quantities incident on the right adaptor. We will

return to this observation in the next section.

3.10 Initial Conditions

Numerical simulations for time-dependent systems of PDEs must necessarily be initialized; while
this is a relatively straightforward matter for WDF-based integration schemes, it has only been

addressed in passing [106] in the literature.

We will examine here the initialization of the MDWD network for the source-free transmission
line system (3.53) with e = h = 0. This system requires initial distributions for both the current
and voltage, which we will call ig(z) and wo(z), respectively. For the initialization of the MDWD
network for this system (shown in Figure 3.22), we will also need their spatial derivatives (assuming
they exist), which we will write as i((z) and uj(z). We note that in the approach considered in [106],
spatial derivative information has not been taken into account. For the MDWD network of Figure
3.22, we must initialize all the wave variables incident upon the scattering junctions, written as aj,
Jj =1,...,4; because we have assumed no sources, no wave enters through the loss/source port. This
circuit is a MD representation, and each of these wave variables refers to an array. Assuming that
the spatial grid spacing is A, and the time step is T, we can index the elements of these arrays as
@jm(n), for m and n integer; this represents an instance of the MD wave variable a; at grid location
x = mA, and at time t = nT. For initialization, we must thus set aj,,(0), over all grid locations
z = mA included in the domain of the problem, in terms of the quantities ig(mA), uo(mA) and

their spatial derivatives.

We will consider only the settings for the wave variables in the left-hand adaptor; one proceeds
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Figure 3.22: MDWD network for the source-free (141)D transmission line equations.

in the same way for the right adaptor. We recall that the port resistances are defined by

2 2
Ri=—(nl—ry) Ry=—" Ry =r
A
Since the port resistances R; and R., are functions of position, we will write R, 2R (mA) and
Bepm 2 R.,.(mA). Ry is independent of x. It is easy to see, from (2.30), that the initial values
a1m(0) and a2, (0) must be arranged such that we produce the initial current ig(mA). Thus we

need

. . 1
io(mA) = prp (alm(O) + aZm(O)) (3.82)

Another condition is required to fully specify the wave variable initial values. Referring to the

generating MDKC for this MDWD network in Figure 3.14(a), we can see that the voltage across the

91
at’*

voltage across the inductor of port resistance R; in Figure 3.22. We have

inductor of inductance L; will be L, ‘We intend to relate this voltage to the associated digital

ot (3.17) Ly Ot
Yot T w0t
(3.60) vgl — rg Ot
Vo 5

(3.53) To Ou .
= <v0l 1) <8x + rz) (3.83)

At time t = 0, and at location z = mA, we may write this voltage as

ot (3.61) Rim

—_— e oo ! A " . A
132?’ r=mé,t=0 RO + le (uO(m ) +r Z()(m ))
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The wave digital voltage across the same port, at location x = mA is defined by

1
RO + le + Rerm

1 _ , .
=L+ (o B~ o) 330

2
Thus, for initialization, equating the voltages in (3.84) and (3.83), we must have

_ le (le + RO + Rerm)
Rym + Ry

(U:)(mA) + Rev‘miO (mA)) = (RO + Rev‘)alm(o) - R1a2m(0)

This requirement, along with (3.82) fully specifies the initial values of the wave variables at the

left adaptor. We thus have

Rev‘lenz . Rlnz /
m(0)= (Rim - —————% A) — ——— A 3.85
aim(0) ( 1 R 1 Ro) io(mA) R+ I ug(mA) (3.85a)
\ Re?‘mR m .y \ R m \ ) .
() :(Rg + Rerm + ﬁ) io(mA)  + ﬁug(mA) (3.85b)
1m 0 Im 0

We note that uj(mA) may be obtained from the initial voltage distribution ug(z) by any reasonable

(i.e., consistent) approximation to the spatial derivative.

It is important to recognize that for constant vy, we have
AILHO alm(O) = leio (mA) ilil’lo GQm(O) = Rolo(mA)

These values occur in the same ratio as those of an eigenvector of the scattering matrix for the
left series adaptor. In particular, they follow the distribution of the principal eigenvector (i.e., the
unique eigenvector whose elements are all of the same sign) of the scattering matrix. Thus the proper
setting for the initial conditions (except at the loss port) should be aligned with the dominant mode
of the numerical scheme in this limit (and the fraction of the initial energy injected into the parasitic
modes will vanish)—see §3.9.2 for a discussion of parasitic modes in this particular system’. We

also suggest the following very simple “rule of thumb” for setting initial conditions:

TWe would like to note here that the eigenvectors of the scattering matrix will give extremal values for the quantity
a”Pb for an N-port with N-vector input waves a and output waves b and a diagonal weighting matrix P containing
port conductances. This quantity, at least for some simple lumped systems, can be identified with what is called as the
Lagrangian [190]. Many physics problems (indeed, all the systems treated in this thesis) can be recast as variational
problems involving finding an extreme value of the Lagrangian integrated over all possible system states. Though we
have not worked out all the details in the distributed case, it would appear that the alignment of the discrete system
with an eigenvector of the scattering matrix is the scheme’s “attempt” to conform to Lagrangian mechanics (which is
to be expected). This is interesting for two reasons; first, the wave digital Lagrangian could form the basis for a new
set of quantization rules, which, in addition to (or perhaps instead of) ensuring passivity, nudge the system toward
a preferred state. Second, the variational or Lagrangian formulation of a physics problem is a necessary first step in
developing what are known as finite element methods (FEM) [95]; these methods are not restricted to operating on
regular grids, as MDWD methods are. Could MDWD networks operating on unstructured grids be arrived at through
such a formulation? This is, admittedly, a very vague notion.
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For a given series M-port MD-adaptor in a MDWD network, with associated current
1, port resistances I?; and input wave variables a;, j = 1,..., M, then if the initial
value of ¢ at the adaptor is to be 2y, we should set the initial values of the wave

variables to be

a;(0)=0 at a loss/source port

aj (0) = Rjig otherwise

This rule is to be interpreted in a distributed sense, i.e., it holds for every instance of an adaptor
on the numerical grid. A similar rule holds for a parallel adaptor. These settings ignore spatial
derivative information, but give a simple way of proceeding in general, especially during the first
stages of programming and debugging, and are correct (to first order) in the limit as A approaches
0. If losses are large, though, one may prefer to use exact conditions like (3.85). This rule applies
regardless of the number of dimensions of the problem (but may need to be amended if sources or

reflection-free ports are present).

3.11 Boundary Conditions

Boundary terminations have been discussed in [61, 107, 131, 211]. We have not done significant
work on this problem, but would like to mention the several disparate approaches which have been
proposed. The problem of general passive termination of a MD network is very involved, and would
probably merit a long treatment in a separate work; termination of a (14+1)D MD circuit, which is
all we will be able to discuss here, is a simple matter, and the ideas can be extended to cover certain
important cases in higher dimensions. The most straightforward method was put forth in [107]. We
will refer here to Figure 3.22, the MDWD network for the source-free transmission line equations.
This network represents the signal behavior at any grid point in the domain. In particular, the
signals z, and x3 are obtained at each time step from signals input into the shift registers at grid
locations immediately to the left and right, respectively. Suppose now that we have a left boundary
termination at x = 0, and that the domain has been sampled such that a grid point coincides with
this point. Then at this location, z, cannot be directly obtained because there is no grid point to

the left to which the shift register refers.

Let us now examine some simple lossless boundary conditions of the form of (3.8). Suppose that

we would like the boundary condition for the transmission line to be that of an open-circuit at the
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left termination, so that we have
i(0,t) =0 Open-circuit termination

The wave digital approximation to the physical current at any grid point is calculated from the wave

variables incident on the left series adaptor, so that we have

= ta)= ( Lt ))
1= a; +az) = -1 — =(z2 +a
Ro+ Rer+ Ry "% 7 Ro+ Rer + Ry L= 52T s

If we set, at the left-most grid point,
T9g = —T3 — 2.t1

then the calculated current will be identically zero, and x, is easily obtained from x3 and x;, both

of which are available. A short-circuited termination, i.e.,
u(0,¢) =0 Short-circuit termination

can be accomplished by treating the right-hand adaptor in a similar manner. It is possible to mix

these conditions, and to introduce loss and a lumped terminating source as well [107].

This idea is also easily extended to multiple dimensions for rectilinearly sampled grids, if the
boundary is parallel to one of the grid axes. We would like to add, however, that such a termination
has never been shown to be passive, and that there is no general theory applicable to boundary
termination of MDWD networks [142](though we will provide a possible foundation for such an
approach in §6.2.3). While it is easy to prove that the simple cases above correspond to passive
lumped terminations, there are situations in higher dimensions when this approach becomes difficult
to apply reliably; in several instances, (see Chapter 5 for some added discussion), this approach has
failed in simulation. The difficulty with approaching boundary termination in this way is that the
physics of the problem (in particular the passivity at the boundary) is not being taken into account;
this method, though easy to apply, is essentially no different from what is done using conventional
finite difference methods. Fettweis and Nitsche [61] provided an alternative method which is more
satisfying from a physical point of view; in this case, the region beyond the boundary is modeled as
a material with extreme parameter values (typically r = co or g = oo, for the transmission line or
parallel-plate problem). These regions are still passive, though it may now be necessary to employ

a “layer” of this material, which will incur extra calculation costs.

Other recent work has involved more general lumped boundary terminations [5, 211, 212], as well
as the termination of the (2+1)D parallel-plate problem in hexagonal coordinates; we mention that

these approaches are unwieldy in the extreme; in at least one case [210], the proposed modelling of
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a passive boundary condition requires active elements!

The problem with the termination of MDWD networks is that when spatial dependence is ex-
panded out to get a signal flow graph, we do not end up with a lumped network of portwise-connected
elements; see, for example, the flow graph for the simple advective system, shown in Figure 3.7. Such
is not the case for digital waveguide networks, which are in fact formulated from the outset as large
lumped networks. For this reason, boundary termination is much simpler in a DWN. In Chapter
4, which is devoted to digital waveguide networks, we will discuss boundary termination for the
(141)D transmission line problem in §4.3.9, and for the parallel-plate problem in §4.4.4. Boundary

termination for vibrating beam and plate systems is discussed in detail in Chapter 5.

Note on Perfectly Matched Layers

An interesting and related direction in current research into boundary termination (and one into
which we invested some considerable time and effort) involves the use of so-called perfectly matched
layers (PMLs) [13, 14] as boundary terminations in problems to be solved over an unbounded spatial
domain. The idea, generally speaking, is to surround a numerical problem domain with a layer of
a material which creates as little numerical reflection as possible, while also attenuating waves that
enter from the problem interior.

Absorbing boundary conditions (ABCs) [185] were long used for this purpose in (2+1)D and
(34+1)D electromagnetic problems; in terms of the (2+1)D parallel-plate problem (which is equivalent
to (241)D TE or TM mode electromagnetics), the layer is chosen to be matched to the characteristic
impedance of the plates, namely \/l/_c As such, it can be thought of as an extension to (2+1)D of the
reflectionless matched termination that can be applied to a (141)D transmission line. Unfortunately,
in higher dimensions, such a termination is reflection-free only for waves at normal incidence, and
there will be significant backscatter into the problem interior at oblique incidence; furthermore, the
amount of reflection is frequency-dependent.

Berenger [13] solved this problem, at least in theory, by proposing a new unphysical medium as
an absorbing material. For the parallel-plate problem, the dependent variables in this new medium
are the current density, and two orthogonal (“split”) voltage components; if the layer is infinitely
thick, then it indeed absorbs and attenuates waves of any frequency or angle of incidence. The
problem here, as has been pointed out in [1, 2, 189)] is that the proposed medium can be described
by a system which, though hyperbolic, is not symmetric hyperbolic and thus not of the form of
(3.1), and what is worse, is not even strongly hyperbolic [82]; strong hyperbolicity is the necessary
requirement for the initial value problem to be well-posed. As a result, lower-order perturbations
such as those that might result from numerical discretization, can render such a system ill-posed,
and susceptible to numerical instability. (It is worth noting that the MDKC representations that
we have disussed in this chapter have only been applied to symmetric hyperbolic systems of the

particular form of (3.1). An MDKC representation of a (3+1)D PML medium has been proposed
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in [129], but in this case, the asymmetries in the system were lumped into dependent source terms,
and MD-passivity does not immediately follow.) Other more physical reformulations of the PML in
terms of an anisotropic frequency-dependent medium [153, 216] and stretched complex coordinates
[185] do not alleviate this problem significantly, and other similar aproaches, such as sponge layers
[138] and the transparent absorbing boundary [137] and Lorentz materials [217] appear to have
similar problems.

New PML-type media, which can be described by symmetric hyperbolic systems, were put forth
in [2, 189]; they are of the form of (3.1), but for these media the symmetric part of the B matrix is
not positive semi-definite, so an energy estimate of the form of (3.7) is not available. In particular,
though one can indeed develop MDKC representations for these systems, the non-positivity of the
symmetric part of B leads to active (though purely resistive) coupling between the various circuit
loops. This is somewhat curious, because it is shown in [2] that field quantities in the absorbing
medium decay as a function of distance from the boundary in any direction, so it would be expected
that these media are indeed passive. Several questions arise here which are related to the general
issue of the when a passive MDKC representation can be derived from a physically passive system.
In particular: what kind of symmetries are required of the various system matrices? Is it possible to
represent systems which are not symmetric hyperbolic, but only strongly hyperbolic (in which case

non-reciprocal reactive elements would be necessary)?

Finally, we mention that although these absorbing layers have been proposed for use in elec-
tromagnetic field simulation problems, they apply equally well to the associated mechanical and
acoustic systems; a version of the layer intended for use in fluid dynamic problems was put forth
in [93]. Applications in musical and room acoustics would seem to be manifold (calculating the
sound fields radiating from the open end of a musical instrument into a large space, or in open-air

architectural acoustics problems come to mind as two possible examples).

3.12 Balanced Forms

Consider again the (1+1)D transmission line, with spatially-varying coefficients. It has been noted

in the past [130, 131] that the restriction on the time step, namely

1
V lmincmin

with [,,;, = min, [ and c¢,,;, = min, c is rather unsatisfying; the local group velocity at any point in

vy >

our domain is given by +1/ \/l_c, so we would hope that a more physically meaningful bound such as

vy > “/%L)mam 2 max 4/ — (3.86)
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(which is obtained in using, for example, digital waveguide networks, which will be discussed in
Chapter 4) could be attainable. Depending on the variation in / and ¢, the new bound can allow a

substantially larger time step. We will show that this is in fact possible via a MDWD approach.

The transmission line equations given in (3.53) can be transformed in the following way: first

introduce new dependent variables
zl = \/72 Z‘Z =u / \/Z
where Z, the local line impedance is defined by

roye L

Such a transformation in fact changes to variables which both have units of root power. After a few
elementary manipulations (namely scaling (3.53a) by 1/v/Z and (3.53b) by V/Z), we have

\/E% + Oi + i(ln(ﬁ)ﬁz +riv/Z+e/VZ

TR =0 (3.87a)
za—gz+a—gl—ﬂ(1 (V2)ir+9Ziy+WWZ = 0 (3.87b)
“ot " ox oz Yt gz N o

System (3.87) is still symmetric hyperbolic; referring to the general system from (3.1), for w =

[21,22]7“, we now have

Vie 0] Al:lo 1] B:l r/Z #n(VZ))

P=l0 v 10 ~2n(VZ)) gz

(3.88)

Note that because P is now a multiple of the identity matrix, there is near complete symmetry
between the variables ;1 and ;2 We use the term “balanced” to describe such a system. Note
also that new off-diagonal terms have appeared in B (compare (3.88) with (3.54)), but they appear
antisymmetrically’, and thus do not give rise to loss—in other words these terms do not appear
in (B + B)T, which determines the growth or decay of the solution, as per (3.5). In fact, these

off-diagonal terms yield a lossless (but non-reciprocal) gyrator in the circuit setting.

In terms of the coordinates defined by (3.18), we can then rewrite (3.87) as

LiDyiy + LoD, ({1 +;2) + LoD, (21 — Z72) + Rgis+7i14+¢é = 0
LyDyiy + LoDy (i +11) + LoDy (iz —i1) — Rgiy + giz+h = 0

TRecall from §3.2 that the term “symmetric hyperbolic” does not refer to the coefficient of the constant-proportional
term B, which is not constrained to be of any particular form.
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Figure 3.23: (a) Balanced MD-passive network for the (1+1)D transmission line equations and (b)
its associated MDWD network.

where

1 ) .
Ly =Ly =uvic—1 L= o= = (m(ﬁ))

(which should be compared with (3.60), for the standard form), and

F:T/Z é:e/ﬁ g=97Z ﬁ:hﬁ

As mentioned previously, in a MDKC setting, the terms with coefficient R can be treated as a
gyrator. The network and its wave digital counterpart are shown in Figure 3.23. The port resistances
are given by

2 2 ) _
R1:R2:K<v0 le—1) Ro=% Re=i Ry=j

In order to accommodate the gyrator, we have been forced, in order to avoid delay-free loops, to
set one of the ports to which it is connected to be reflection-free (see §2.3.5). In (1+1)D, we can

choose either of these ports, but picking the bottom port in Figure 3.23(b) allows us to extend the
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idea to (241)D easily. This port resistance is then constrained to be
Rcgi =Ry + Rar + Ry

We have two simplifying choices for Rgy; either we can choose it to be reflection-free as well, so that

we will have a general gyrator described by (2.25), or we can choose

R

Ry = =5
“~ Re

in which case the gyrator equations (2.25) reduce to a pair of throughs, scaled individually by
Rg/Rg1 and its inverse; this latter choice may be problematic if Rg approaches zero, because one
of the multipliers becomes unbounded. If R is small over some part of the problem domain, how-
ever, it is probably wiser to remove the coupling from the network altogether over these regions
(it can be replaced by a simple two-port short-circuit). We have assumed, throughout this devel-
opment, that [(z) and ¢(z) (or rather, the local characteristic line impedance Z(z) = /I(x)/c(z))
are differentiable. An offset-sampled version of this network is also possible, if we halve the port
resistances Ry and R, and double the delays at the same ports.

The stability bound, from a requirement on the positivity of R; and R, will be exactly (3.86).
In an implementation, there will be of course the slight additional costs due to the extra gyrator
and the rescaling of the new dependent variables 71 and 7y at every time step in order to obtain
and u. We note that this scaling can be fully incorporated into the MDKC by treating the scaling
coefficients as transformer turns-ratios, though there is no advantage in doing so (other than putting
one’s mind at ease regarding whether such a scaling is a passive operation).

We will examine how this same technique can be applied to more complex systems when we
approach the Timoshenko beam equations in §5.2; in that case, the maximum allowable time step

can be radically increased for a system with only mild material parameter variation.

Extension to (24+1)D

We briefly note that the same approach can be easily extended to the parallel-plate problem as well;

beginning from system (3.64), we can introduce new variables

i = VZi, i = VZi, W= u/VZ

where Z(z,y) £ \/W, and then multiply (3.64a) and (3.64b) by 1/v/Z and (3.64c) by
VZ. The new system is again symmetric hyperbolic. We do not show the network here, but we
mention that we will require two gyrators; one linking the series adaptors with associated currents
Zl and 23, the other between the adaptors for 22 and 23. One reflection-free port must be chosen for

each gyrator; choosing both reflection-free ports at the adaptor with current i3 must be ruled out,
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but other configurations are acceptable.

The stability bound for the balanced (2+1)D network will be

/2
_ g
vo 2 H.zlilx le ﬁq’/PP.mam

which is superior to (3.68), the bound for the standard form.

3.13 Higher-order Accuracy

WDF-based numerical methods are, in general, second-order accurate in both the time step and the
grid spacing. In all the schemes that have been examined in the literature, these quantities occur in
a fixed ratio (usually written as vg), so we can say that such schemes are accurate to second order
in either one (or of any of the shift lengths in the new coordinates). A numerical approximation
to a system of PDEs obtained using a MDWD network will converge to the solution to the model

problem with a truncation error [176] proportional to the square of any of these spacings.

‘While this is true in general, in this section we would like to point out that it is indeed possible to
devise MD circuit-based schemes which exhibit a higher-order spatial accuracy. Temporal accuracy,
however, remains fixed at second-order; for this reason, such schemes must operate using a small
time step; this limits their usefulness somewhat. Even more importantly, however, we note that the
schemes we will develop here can be rewritten as very simple finite difference schemes of the form
corresponding to digital waveguide networks (to be discussed in Chapter 4). We include this section
merely to show that higher-order spatial accuracy is not incommensurate with MD-passivity, and to

indicate a possible direction for future research.

Consider again the lossless source-free transmission line problem, defined by

Ji  Ou .
ou O ,

(Losses and sources may be reintroduced at a later stage in these schemes without any difficulty.)

Because higher-order spatially accurate explicit methods will require access to grid points other than

TWe remark here that this restriction may be fundamental. Tt should be recalled that MD systems are passive with
respect to the time coordinate—coordinate transformations are simply a means of distributing this passivity property
among all the independent variables of the problem. It is well-known [65] that lumped passive systems of first-order
can be approximated by passive numerical methods which are at best second-order accurate. This restriction would
appear to carry over in MD, though we have not attempted to prove this. Passivity does not hold, however, with
respect to the spatial coordinates, and it may be this distinction which we are able to exploit in this section.
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nearest neighbors, we introduce the following coordinate transformation,

3
gt 122 a H-F - g? |m@een O (3.90)
1 1 1 1 ... 1 1 0 3

for some positive integer ¢ (if ¢ = 1, then we get the coordinate transformation defined by (3.18),
scaled by a constant factor). 2¢ will shortly be shown to be the order of spatial accuracy of the

resulting difference scheme. As before, we have
u=V~'Ht t=H "Vu

with u = [z,t]", and t = [t;+,t;-,ts+,ts—.... ,t4+,t,-]"; the coordinate transformation defined
by H thus describes an embedding of the (1+1)D problem in a 2¢-dimensional space. A uniform
sampling of the new coordinates with spacings T+ =T}~ = ... =T+ =T, = A merely regenerates

a uniform grid with spacing A. The first two pairs of unit shifts are as shown in Figure 3.24.

(n+ 1T O O O O O

nT O

(i—2)a (i-1)A ia (i+1)A  (i+2)Aa

Figure 3.24: Unit shifts in the coordinates defined by (3.90).

We now rewrite system (3.89) as

dir iy
vol%—l-ro;aqj% = 0

, iy o
vocroﬁ+r0;aq]~8—m = 0

. . . ., . /
where, as before, we have i, = i, iy = u/r¢ for some positive constant ro, and t = vot. The ay;,
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7 =1,...,q, are constants which satisfy

zq:aqj =1 (3.91)

j=1
We may continue and write
q . q . .
logi| | 9ia logs| (00 . NE
Uol—Tojzle W-l-rojzzl F W-i—]sgn(aqj)a_m =0
2  ag;| | 9iz ~ lag| (062 . N
UOCTO_TO;T W‘FTOJZ:;T W‘F]Sgn(aqj)a_m =0
Because, from (3.25), we have that
0 0 0 0 0 0
oy o ar T Tar Jar T hd
we can immediately write
q , \
LigDyiy + Y My (D (ir + Bgjiz) + Dj- (i1 — Bgjia)) = 0 (3.92a)
j=1
LogDyiz + Y My (D (in + Bjir) + Dj-(iz — Bgjir)) = 0 (3.92b)
j=1
with
? lovg;| 2 q rolog| rolovg|
Lig =wvl —ro Z 4 Loy = voery — Z T Mg = T Bq; = sgn(ag;)
j=1 j=1

(3.93)

The system (3.92) can immediately be identified with an MDKC, as in Figure 3.25.

Each of the Jaumann two-ports can be discretized according to the trapezoid rule; as long as
our choice of the constants ag; satisfies the constraint (3.91) and L, and Ly, remain positive, the
resulting MDWD network will be a second-order stable accurate approximation to system (3.89).
Suppose, however, that we apply a different set of discretization rules, namely

Djv =~ (146;8;:) 7 (1=6;4) (146;) (3.94a)

Bl

D,- —

; (146;-054) " (1=6;-) (1+3;+) (3.94b)
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Figure 3.25: MDKC for the lossless source-free transmission line equations, according to the decom-
position given by (3.92).

for j=1,...,q. Here, §;+ and ;- are the shift operators in the directions #;+ and ¢;- defined by
dre(t) =e(t —Tj+) di—e(t) =e(t—T;-)

for a function e(t), where T;+ and T;- are vectors of length A in directions #;+ and #;- respectively
(see Figure 3.24 for a graphical representation of these shifts on the computational grid). These rules
correspond, in the linear shift-invariant case, to pairs of spectral mappings of the type mentioned
briefly in §3.5.4, with shift lengths equal to A; they are also MD-passivity preserving, and are in
general second-order accurate [61]. To the scaled time derivative, we apply the trapezoid rule with
a doubled time step T’ = 2A, as defined by

2 -1 . 1 1 .

Equation (3.92a) then becomes
Ly (1+62)7 (1-62)i + ZM,” (146;-64) " (1=6;4) (146,-) (i1 + Byjiz)
j=1
q
+ ZM,” 148;-6;4) 7 (1=6;-) (148;4) (ir — Byjiz)

= 0(A?Y (3.95)

Because, however, §;+4;- = 62 and our system is time-invariant, the operator 1 + d;+0;- commutes
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with L4 and Mj, and may be factored out of (3.95), giving

q
Ly, (1 - 5t2') ir + ZM’qj (1 - 5j+) (1 + 6}") (il + ﬂqjiZ)
j=1
q
+ Z M; (1 —9; ) (1 +6.7+) (i1 — Byjiz)
j=1
= O(Az)

which can be further simplified to

q .
U[)l (1 - 5?/) le + 7o Z % ((5]— - 6]+) ig = O(AZ)

i=1
or, writing §;- = 5t«5z_j and d;+ = 5t15g; where §, is a simple shift in the z direction of A, as
(5 ' —du) )
i +7‘02an , =0(A?)
N————’

~2 ~
~Z 7

~a
which is easily seen to be a simple difference approximation to (3.89a), The approximation is nomi-
nally second-order accurate in A, but we have not as yet made any special choice of the ag;. This can
be done via a conventional finite difference approach [176] in such a way as to yield a higher-order

accurate approximation to the spatial derivative.

We can write, expanding the shift operators in Taylor series,

a4 ((rj — (59') Ak—1 4 o*
x T _ k-1
E Qgj 72]'A = E x] E QgjJ 9k (3.96)
j=1 k>0 odd Jj=1
There are g degrees of freedom, corresponding to the parameters ag;, 7 = 1,...,q9. We require,

from (3.91) that the coefficient of the first derivative on the right-hand side of (3.96) equal one. We
may then additionally require that the other coefficients, for k = 3,...,2q9 4+ 1 be zero; the resulting

difference approximation will then be accurate to order 2q. This yields the linear system
Co,=¢, (3.97)

where C is a ¢ x ¢ matrix with [C;;] = 207, oy = [ag1,-- ., 4], and e, is a g x 1 vector whose first
entry is one, and whose others are zero. C is always full rank, so there is a unique solution for any gq.
The same o will also give a higher-order approximation to (3.89b), and thus system (3.89) will be

approximated to higher-order accuracy as a whole. For a fourth-order approximation, for example,
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Figure 3.26: Unit shifts in the coordinates defined by (3.98).

we obtain ap = [4/3,—1/3]", and for a sixth-order approximation, we get a3 = [3/2,—3/5,1/10]".
These values completely determine the MDKC pictured in Figure 3.25.

The passivity requirement is, as before, a condition on the positivity of L, and Ly4. Choosing

70 = \/lmin/Cmin gives
3
vy > —— Fourth-order accurate scheme
2 Vv lmincmin
11
Vo Ry Sixth-order accurate scheme

- 6Vlmincmin

It is interesting to note that in the constant-coefficient case, this bound is distinct from the stabil-
ity bound obtained from Von Neumann analysis (see Appendix A) applied to the same difference
method. For example, for the fourth-order accurate scheme defined by o, the stability bound is
vy > 1.37v, with v = 1/\/%; there is thus a range of values of vy for which the scheme will be stable,
but not MD-passive. We will comment extensively on the distinction between passive and stable

methods in Appendix A.

It is also of interest to define a similar scheme with respect to the coordinate transformation

defined by

L _1 3 _3 2q=1 _ 2¢—1
H= 2 2 2 2 2 2 (398)
11 1 1 1 1

Keeping the same notation for the new coordinates, the shifts are as shown in Figure 3.26; now we
have a grid ideal for a staggered or interleaved algorithm, with alternating grid points at alternating

time steps.

For this coordinate system, we follow through a development very similar to that in the previous
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pages. We again have an MD circuit representation as in Figure 3.25, where now we have

q q
i Qgj rol|ag;
qu = U()l — T Z —l,aqjll qu = ’U(]CT% — T Z —l qul -A/Iqj = 70] q"ll
P P 2(j = 3)
for some set of agj, j = 1,...,q which sum to unity. The symbols D;+ and D;- in the figure now refer

to directional derivatives in the coordinate directions defined by (3.98). For higher-order accuracy,
constraint equation (3.97) will apply, now with [C;;] = (j—1/2)2(i=1. For fourth-order accuracy, we
obtain aiy = [9/8,—1/8]T, and for a sixth-order approximation, we get a3 ~ [1.179, —0.195,0.0234]T.

Because here we are using an alternative discretization rule, the resulting MDWD networks are
more appropriately discussed in the context of digital waveguide networks (which are the subject of
the next chapter). We will return briefly to waveguide network representations of these higher-order

accurate methods in §4.10.5.
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Chapter 4

Digital Waveguide Networks

4.1 Introductory Remarks

We now turn our attention to a different approach to numerical integration which is, in many re-
spects, very similar to the multidimensional wave digital filtering technique discussed in the last
chapter. Digital waveguide networks (DWNs) [166] are also based on ideas of scattering and prop-
agation of wave variables in multiple dimensions; indeed, the basic signal processing block of the
DWN, the scattering junction, is identical to the wave digital adaptor. As such, a waveguide network
will possess the same discrete passivity properties as a wave digital network, and passivity in finite
arithmetic also follows accordingly [165].

The process through which one arrives at a particular DWN intended to simulate the behavior
of a distributed physical system has been, to date, quite different. Following the wave digital
approach, one first obtains a multidimensional circuit representation (MDKC) of a system of PDEs,
then applies a set of coordinate transformations and spectral mappings in order to obtain a discrete
time/space algorithm. As discussed in the previous chapter, all MD circuit elements (as well as
Kirchoff connections between elements) are to be interpreted as distributed, from the outset through
to the final wave digital network. The integrity of each multidimensional circuit element (including
its energetic properties) is preserved through the discretization step, as is network topology as a
whole. As we mentioned in §1.1.2, however, the DWN is usually thought of as a collection of lumped
elements, and as such, there has not as yet been a convenient multidimensional representation for
such a network. We will address this point in some detail in the last section of this chapter. A DWN
always operates on a predefined grid, at the points of which are located scattering junctions. Even
though the paired delay elements (waveguides) which connect the various scattering junctions behave
like transmission lines, we will persist in calling them lumped elements, because they are typically
connected between junctions at neighboring grid points, and their behavior is hence localized in a

way that that of a MDWD element is not.

127
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A multidimensional WD network will behave consistently with the generating system of PDEs
because the continuous-to-discrete spectral mapping applied approximates differential operators con-
sistently; for a DWN, we must first show consistency of a DWN with a particular physical system.
For both approaches, convergence of simulation results to the true solution of the physical system

follows from this consistency as well as stability implied by passivity [176].

It was shown in [200] and [198] that the DWN structures designed to solve the wave equation in
(241) and (34+1)D could berecast as finite difference approzimations [176] (and in particular centered
difference approzimations) to these equations; we looked at the (2+1)D waveguide mesh briefly in
§1.1.2. In infinite-precision arithmetic, these DWNs and centered differences yield identical results.
A similar correspondence holds for the MDWD networks examined in the last chapter, though the
equivalent difference methods are more involved (see §3.9). The distinction between a DWN and
a finite difference approximation is in the types of signals used. Finite difference methods operate
using grid variables which are approximations to the physical dependent variables of the problem
at hand, but the DWN propagates wave variables; in this formulation, the solution to a system of
PDEs is obtained as a by-product of the scattering of these waves. It is perhaps best to think of
the difference between the finite difference scheme and DWN implementations as analogous to the
distinction between direct form and lattice/ladder form digital filters [79] both can be designed
to implement the same transfer functions, but for the latter forms, stability is tightly controlled by
the range of values which the filter multipliers (“reflection coefficients”) can take. And indeed, as
we saw in §1.1.1, a particular type of (1+1)D DWN can be shown to be directly related to these
lattice/ladder forms [165]. One goal of this chapter and the next is to show how this correspondence

between the DWN and centered differences may be extended to a wide variety of physical systems.

The immediate question which arises is then: If the DWN is equivalent to finite differences,
then is there a compelling reason for using it? Finite differences, after all, are more straightforward
to implement. The answer is two-fold. First, although the approaches are equivalent in infinite
precision arithmetic, this is no longer true when we are forced, inevitably, to truncate both the
signals and multipliers in a computer implementation; stability of a DWN can be simply maintained
even in finite arithmetic. Second, the stability criterion for a DWN is, as for MDWD networks, a
positivity condition on the values of the elements contained in the network (i.e., the immittances of
the transmission line segments). It thus becomes very simple to check stability of a given DWN,
even in the presence of boundary conditions. Checking the stability of a finite difference scheme
is considerably more involved, especially considering that a difference scheme which is stable over
the interior of a domain may become unstable when boundary conditions are applied [82]. There
is a theoretical machinery for performing such checks (known as GKSO theory [82, 176]), though it
can be formidable even in the (141)D case. It is quite possible, of course, to design a convergent
numerical method using a DWN, and then to apply it as a finite difference scheme; as mentioned

above, however, its stability in finite arithmetic is then no longer guaranteed.
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A full technical summary of this chapter appeared in §1.3.

4.1.1 FDTD and TLM

Numerical integration methods for the transmission line equations and electromagnetic field problems
have developed along two important directions. The first approach was pioneered by Yee [214]
in the mid 1960s, and has since blossomed into what is now known as the finite difference time
domain method, or FDTD [184]. The idea behind the method is a straightforward application of
centered differences to (in Yee’s case) the defining equations of electromagnetics, namely Maxwell’s
equations. (241)D simplifications of Maxwell’s equations which describe the evolution of transverse
electric (TE) and transverse magnetic (TM) fields can also be treated as well, and are, with some
trivial modifications, equivalent to the (2+1)D parallel-plate problem. The important advantage
of Yee’s method is that, due to the structure of the system of equations to be modeled, it is not
necessary to calculate all the field components simultaneously—the field components are interleaved
both temporally and spatially. We will examine FDTD in the (2+1)D case explicitly in §4.4. The
literature on FDTD is quite large; we refer to chapters 2 and 3 of [184] for a succinct technical
overview.

The transmission line matriz method, or TLM [4, 29, 90] appeared a bit later, in the early 1970s
[97, 100]. It (like the wave digital filtering approach) is a descendant of the ground-breaking work of
Kron [109], who developed circuit models of electromagnetic field problems before the widespread
availability of electronic computers. TLM is very similar to the DWN;, in that it employs a network
of discrete transmission lines connected at scattering junctions in order to simulate the behavior of
a distributed system. The first formulation, known as the ezpanded node formulation was derived
from a lumped (RLC) model of the (241)D transmission line equations [90], and is identical to the
type III DWN we will present in §4.3.6. TLM has developed in numerous ways since its inception;
the most significant thrust has been towards formulations for which the various field components
are not staggered, but computed together at larger nodes. The symmetric condensed node [99] and
its numerous offspring, such as the hybrid symmetrical condensed node [159] are the results of this
work.

FDTD and TLM have been compared and linked in various ways [38, 98], most significantly
through the use of field expansions [110], and new variants of FDTD have been developed using TLM
as a starting point [27]. We will take a different approach here. Beginning from the observations
that have been made regarding the equivalence of certain DWNs to difference methods [67, 157, 198,
200] we will show that Yee’s algorithm is equivalent to a family of scattering structures, some of
which appear to be quite different from those that have been proposed in the TLM literature. The
correspondence holds for media with spatially-varying material parameters; numerical integration of
the equations defining such materials has not, as yet, been approached using DWNs. We also note

that the TLM community appears to be aware neither of the many valuable numerical properties
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which scattering-based numerical methods possess [46, 165], in particular their behavior in finite
arithmetic, nor of other useful signal-processing manipulations (such as power-normalization of wave

quantities and dynamic range minimization [167]) which have their roots in electrical network theory.

4.2 Digital Waveguides

We surveyed the basics of digital waveguide networks in §1.1.2. In this section, we review the main
principles of waveguide networks, now in the transmission line setting. For a full treatment, we refer
the reader to [166].

4.2.1 The Bidirectional Delay Line

The basic element in a waveguide network, and the one which does the work of moving energy from

one part of the network to another, is the bidirectional delay line, shown in Figure 4.1. It is no more

vy —— r = U}

Uf «————r ——U,

Figure 4.1: Bidirectional delay line.

than a pair of digital delay lines, whose delays are equal length (m samples of duration T in Figure
4.1). It should be understood that, for realizability, all delay lengths in a given network should be
multiples of a common smallest (“unit”) delay. We will use the terms waveguide and bidirectional
delay line interchangeably in this work.

Associated with the bidirectional delay line are two sets of signals, called waves: voltage waves
U, and current waves I. Only voltage waves are shown in Figure 4.1. Waves of either type are
indexed with respect to a particular end of the delay line; in Figure 4.1, waves at the left end of the
delay line pair are subscripted with a “1”, and those at the right end with a “2”. In addition, one
of the waves at either end enters the waveguide, and one leaves; the waves are superscripted with —

or + respectively’. We can immediately read the relationship among the variables from Figure 4.1:

U5 (n) = Uy (n—m) UF (n) = Uy (n—m) (4.1)

TWe have chosen here to break with the notational tradition in [167], in which the superscripts are reversed. We
choose the above notation so that signal nomenclature in a waveguide network is well-defined. That is, a signal
leaving a bidirectional delay line, and a signal entering a scattering junction (to which each end of the waveguide
will ultimately be connected) are both superscripted by a +. This will simplify the derivation of difference schemes
later in this chapter. The other indexing method is more useful from the point of view of a unified treatment of both
scattering junctions and bidirectional delay lines as digital n-port devices (where we would want 4+ and — to denote
incoming and outgoing signals, respectively, for any N-port).
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The delay duration T is implicit, so that a wave variable indexed by n refers to the value of that
quantity at time ¢ = n7. In terms of z-transformed quantities [133] (which we will denote with a
hat),

U2+ = z_mUl_ U1+ = z_mUz_ (4.2)

We also define, at either end of the waveguide, the so-called physical voltage by

Uj=Uf +U; i=12 (4.3)

4.2.2 Impedance

From the point of view of a programmer, the above description of the operation of an isolated bidi-
rectional delay line is complete. In order to connect one bidirectional delay line to others, however,
we must introduce the impedance Z, a positive number associated with a particular waveguide. The
impedance allows us to define the relationship between the voltage waves and the current waves

which were mentioned in the last section, which is:

+
U;

Uy

Zrf (4.4a)
-ZI; (4.4b)

where j = 1,2 referring to Figure 4.1, which implies, from (4.1), that we have
I (n) = —I7 (n —m) If (n) = =I; (n—m) (4.5)

Thus current waves entering a bidirectional delay line are delayed by the same amount as their
voltage wave counterparts, but with sign inversion. In view of (4.4), we need only propagate a
particular type of wave (i.e., either voltage or current) in a particular waveguide. In a waveguide
network, however, we are free to use different types of waves in different waveguides, converting

between the different types with (4.4) where necessary.

The admittance Y of the waveguide is defined by

Y =—
Z

and we define the physical current at either end of the waveguide, like the voltage, to be the sum of

the wave components. Thus we have

Li=If +1I; j=12 (4.6)
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4.2.3 'Wave Equation Interpretation

The second-order PDE describing the voltage distribution u(z,t) along an electrical transmission
line with constant inductance and capacitance [ and ¢ per unit length and which runs parallel to the

r-axis is

Pu 0%

= ~

o2 ' ox2

(4.7)

where the wave speed 7 is l/\/l_c As we saw in §1.1.1, the solution to this equation, if we set aside

boundary conditions for the moment, can be written in terms of traveling waves:
u(z,t) = ul(z + yt) +u"(z — 1) (4.8)

That is, the solution at any time ¢ > 0 is made up of a sum of two shifted copies of the initializing
functions ul(x) and u"(z), which have traveled to the left and right respectively with velocity -y over

a distance yt. For any A we have, for the leftward-traveling wave, the identity
ul(z +vt) = u' ((z + A) +7(t — A/7)) (4.9)
If we set v = A/T, then at time t = nT,
ul(z +ynT) = ul((x +A)+y(n—1)T)) (4.10)

Associate now with a particular waveguide a delay T and a physical length A, so that in Figure 4.1
U1+ represents an outgoing voltage wave quantity at position x, and U, an incoming wave at position
z+ A. It is then clear that if we have A/T = ~, then (4.10) is equivalent to the second equation of
(4.1), with m = 1, and with u!(z +ynT) = U;" (n) and u'(z + A+~(n—1)T) = U; (n—1). A similar
correspondence holds for the right-going traveling wave component " and the wave variables at
either end of the rightward waveguide, U;” and U, . A chain of bidirectional delay lines, connected
in cascade will then implement an exact traveling wave solution to the wave equation. The physical
voltage u may be obtained (as should be clear from (4.8)) by summing the leftward and rightward
traveling components at any particular location in the cascade, as per equation (4.3). Note that
because v = A/T, the delay period and the waveguide length cannot be chosen independently, if

the discrete wave quantities are to behave as traveling wave solutions to (4.7).

4.2.4 Note on the Different Definitions of Wave Quantities

Waveguides are sometimes defined in a slightly different way [165], as pictured in Figure 4.2. Now
the superscripted + and — refer to a direction of propagation (to the right or left, respectively)
rather than to outputs and inputs to the delay line pair. If we still assume (4.4a) and (4.4b) to



4.2. DIGITAL WAVEGUIDES 133

Figure 4.2: Oriented bidirectional delay line.

hold for some positive impedance Z, then this definition of wave quantities implies that there is a
direction associated with a particular waveguide—that is, a leftward (—) traveling current wave is
sign-inverted with respect to the leftward traveling voltage wave, but the same is not true for the
rightward traveling waves. It should be obvious that this definition of wave quantities also leads to
a traveling wave solution of the wave equation (indeed, the bidirectional delay line of Figure 4.1 is
identical to that of Figure 4.2 if we are using only voltage waves). The difference here is that we can
now interpret the traveling wave pair (U, I) to be a solution to the transmission line or telegrapher’s

equations [28], a set of two first order PDEs (from which the wave equation is often derived):

01 Ou

—4+ = = 4.11
oetor = ¢ (4.112)
ou O v
— = =0 4.11b
Cat + Oz ( )
which, for constant [ and ¢ has a solution
u(z,t) = wz+t) +up(z — 1)
i(e,t) = iz +t)+ ir(z =)

where

uy = — -1 Up = =y
c C

and v is again given by 1/ Vle. It should be remarked that if we had chosen the relationship between
the wave variables to be such that (+) superscripted current wave were to be sign-inverted with
respect to the (4) voltage wave, then we would be solving the “mirror-image” PDEs that one would
get if one replaced z by —z in system (4.11). The definition of wave variables (which we might call
the “input-output” definition) given in §4.2.1 solves the wave equation which results from eliminating
variables in system (4.11), or its mirror image, and hence does not have an orientation.

In practice, in order to proceed with numerical methods in systems of PDEs for which direction
is important, we can either use the oriented wave variable definition given in this section, or we can

use the input-output formulation, and reintroduce directionality into the network where appropriate.
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We have chosen the latter course, and we will indicate which changes must be made (usually through
the use of transformers) explicitly on the signal flow graph. From a programmer’s point of view,
there is no substantial difference between the algorithms which develop using the different definitions.
Both definitions lead to the same scattering equations (to be discussed in the next section) and are
identical from a power conservation point of view (that is to say, sign-inversions of wave quantities
do not affect the energy measure of the network).

An additional reason for choosing the input-output definition of wave variables is that it will

require less notational juggling when we eventually link DWNs to MDWD networks in §4.10.

4.2.5 Scattering Junctions

Returning to the “input-output” waveguide defined in §4.2.1 and §4.2.2, we now must deal with
connecting bidirectional delay lines; this is done in the same way as in the wave digital filtering
framework, namely through the use of Kirchoff’s Laws, which conserve instantaneous power at
a connection. The resulting equations relating input to output waves at such a connection or
scattering junction are identical to the adaptor equations for wave digital filters already mentioned
in §2.3.5. For completeness sake, we will re-derive the scattering equations for a series connection of
M bidirectional delay lines, of impedances Z;, j =1,..., M.

At such a series connection, we must have

L=L =...=Iy 21,

—~

4.12)

U +Us+...+Uy =0 4.13)

—~

where I; is defined to be the junction current common to all waveguides.

Thus, we have
(4.13) M (4.3) M (4.4a),(4.4b) M (4.6) M
0°="N U =Y (UF+Up) TR (I —1) =7 (17 - 1)
j=1 j=1 j=1 j=1

where the equation numbers appear over the equalities to which they pertain. Using (4.12), we can

then write the equation used to calculate the junction current from the incoming current waves

9 M
- = 7t
L= Z Z Zil;j
j=1
as well as the scattering equation

M
2
I;=_I;+Z—JZZ]-I].+, k=1,....,.M
i=1
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where we have defined the junction impedance Zj by

M
7,237
i=1
In terms of voltage waves, using (4.4a) and (4.4b), the scattering equations can be written as

2

M
z
U,;:U,j—ZJ’“E Ui, k=1,...,M
i=1

This is identical to the definition of a wave digital series adaptor (2.31) for voltage waves, where we
replace U, by by, U,;" by ay and Zj by Ry, for k=1,..., M.

The scattering equations for a dual parallel connection are similar under the replacement of U,j'

and U;~ by I,": and I, Zy, by Y, and Z; by the junction admittance, defined by

M
YV, 23
i=1

so that we have

2
Uy = —§ YU 4.14
J YJ = JIYg ( )
and
9 M
- T+ i g7t _ y
U, =-U, +YszleJUj, k=1,....M (4.15)

The representation we will use for scattering junctions in the waveguide networks in this and the
subsequent chapter will usually be as shown in Figure 4.3 (in the case of a connection of four

waveguides).

A waveguide’s immittance is placed at the port at which it is connected to the junction, and
the junction quantity to be calculated from incoming waves appears at the center of the junction.
Sometimes, if there is no room in the figure, we will indicate the immittance of a waveguide by
an overbrace (see, e.g., Figure 4.8). In the case of electrical variables, a junction current Iy is
calculated at a series junction, and a junction voltage Uy at a parallel junction, but when we move
to mechanical systems in the next chapter, we will of course use different variable names. A small
“s” or “p” is placed in a corner of the junction in order to indicate that the junction is series or

parallel, respectively. In addition, because it is only necessary to propagate one type of wave in a

bidirectional delay line, a graphical representation of a waveguide network will always imply the use
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Figure 4.3: Graphical representations of scattering 4-port junctions— (a) series and (b) parallel.

of voltage waves everywhere. This is the same convention that is used in wave digital signal flow
graphs. This is important, because it will be recalled from §4.2.2 that current waves require an
additional sign inversion that is not shown in the network diagrams.

Instantaneous power is preserved at the scattering junction (here again, as in the WDF case,
the scattering junction is no more than a wave variable implementation of Kirchoff’s Laws, which
preserve power by definition). The power-normalization strategy employed in the wave digital filter
setting can also be used here as well, and gives rise to the same orthogonality property of the
scattering junction in either the series or parallel case (see §2.3.5). Power-normalized waves can be
used in order to construct time-varying passive waveguide networks [165], though for time-invariant

problems, the use of such power-normalized quantities involves more arithmetic operations.

4.2.6 Vector Waveguides and Scattering Junctions

Tt is also possible to extend a DWN to the vector case [167, 169]; this has also been done in the WDF
framework in [46, 131], as discussed in §2.3.7. We briefly introduce vector waveguides, because it
will be necessary to apply them when simulating the behavior of stiff systems and elastic solids; we
will examine this problem in depth in Chapter 5.

A vector waveguide accepts two incoming signals ﬂf and Ij; and outputs IAJE" and IAJ'SL, all are
assumed to be g X 1 vectors (note that we have used z-transformed quantities here). The waveguide
itself, like its scalar counterpart, is described by two parameters: its impedance Z, a ¢ X ¢ matrix,
which we will assume to be constant and symmetric positive definite (though it may be generalized
to a para-Hermitian matrix function of the unit delay z=' [169]) and its generalized delay, H(z™"),
a 2q X 2q matrix function of the unit delay, which we assume to be para-unitary (lossless) [193]. The

input and output voltage waves are related by
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fjf(zil) _ -1 fj;(zil)
lﬂﬂz—l)] SHE [GI(Z‘I)]

(In applications in Chapter 5, where bidirectional delay lines are extracted from an MDKC, we will
always set H(z7!) to be a multiple of the 2¢ x 2¢ identity matrix.) We can define instantaneous

current wave vectors I;r and I, for j = 1,2, and Ohm'’s Law becomes, in the vector case,

+ _ g1t - _ -
U; =171 U; =-1I;

The scattering equations at a series or parallel junction of £ waveguides generalize in a straightfor-

ward way to the vector case—we have

M

I, = -1 +2z;' Z ZjI}' Series junction (4.16a)
j=1
M
U, = _UZ + QYJ_l ZY]-U;' Parallel junction (4.16Db)
i=1
fork=1,...,M, whereY; = Z]-_1 is the admittance of the jth waveguide, which must exist because

Z; is assumed positive definite (for passivity) [167]. The vector junction admittance and impedance
are defined by

M

Z; 2 Z Z; Series junction
J=1
M

Y, 2 Z Y; Parallel junction
=1

By virtue of the fact that they are sums of positive definite matrices, they will also be positive definite,
and thus their inverses, used in the scattering equations (4.16), must exist. Vector waveguides were
explored extensively in [169] in the context of artificial reverberation. Power normalization may also
be applied by scaling the wave variables by a square root of the impedance (which is non-unique)

[167]. Vector junction passivity has been shown to hold in the fixed word-length case in [167].

Vector/Scalar Waveguide Coupling

In a few cases, it is useful to have a means of connecting vector and scalar network elements. This
comes up when designing networks to simulate mixed vector/scalar systems of PDEs; in particular,
it will be necessary to use vector methods when working in non-orthogonal coordinate systems (see

§4.8) and in the WDF context for some of the mechanical systems of Chapter 5.
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We will always assume that for any given scattering junction, the number of components of
any approaching wave is the same at every port; it may not be, however, that every junction in
the network accepts waves with some universal number of components. In particular, a vector
waveguide, one of whose ends is connected to a vector junction may be split into several scalar
waveguides, or more generally into a number of vector waveguides each with a smaller number of
components. Similarly, it is possible to “bundle” several waveguides into a single larger waveguide.

Let us assume that all splittings and bundlings are from vector to strictly scalar and scalar to
vector respectively. An element which splits a single three-component waveguide into three scalar
waveguides is shown in Figure 4.4(a), and its simplified graphical representation for arbitrary ¢ in

b). In (b) the admittance of the jth scalar waveguide, j = 1,...,q is Y;, and the voltage waves
( J guide, j = 1,...,q is ¥}, g

w

(a) (b)

Figure 4.4: (a) Element for splitting of a vector waveguide into three scalar waveguides and (b) a
simplified graphical representation in the general case of q scalar wavegquides.

entering and leaving the splitter at the connection with this waveguide are UJT" and U, On the
other side of the connection, we have a single g-vector waveguide, of matrix admittance Y. The
column vector voltage waves entering and leaving the connection are V* and V~. In order for this
connection to make sense, we must choose Y = diag(Y1,...,Y;), and order the splitting such that
the jth components of V_ and V are equal to U;L and U i respectively; such an ordering for a
1:3 splitting is shown in (a). In this case, it is easy to see that energy is conserved across such a
connection (indeed, if the scalar waveguides are thought of as acoustic tubes, then the black bar in
(b) is merely equivalent to a “rubber band” joining them). The power entering the connection from

the vector side can be written as
- q
(VI+V ) Y (VT - =-> (U +U))Y; (U -U;)
j=1

which is the total power leaving the connection through the scalar waveguides. It is important to
note that such a connection can not be viewed as a multi-port element. In addition, passivity is

contingent upon this choice of Y. It is easy to generalize this picture to a connection which splits a
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vector waveguide into various smaller vector waves (instead of scalars). In that case, Y should be
chosen to be the block diagonal “direct sum” of the various matrix admittances on the other side of

the connection.

4.2.7 Music and Audio Applications of Digital Waveguides

Digital waveguide networks have been widely applied towards the synthesis of musical sound. Sig-
nificant portions of many musical instruments can be simply modeled as nearly lossless uniform
transmission lines: strings support transverse wave motion, and stiff strings and bars allow longitu-
dinal and torsional motion as well; acoustic waves travel in the tubes that make up brass and wind
instruments, organ pipes, as well as the human vocal tract, as we saw in §1.1.1. As such, there is a
traveling wave decomposition of the motion in these systems.

As we already mentioned in §4.2.3, a bidirectional delay line can be thought of as a discrete-time
description of traveling wave propagation in a uniform transmission line. Thus a single waveguide,
which is in itself no more than a pair of delay lines, can be used to model an uninterrupted stretch
of a tube or string, without requiring any machine arithmetic. Scattering occurs only at the ends of
the waveguide, and in fact, it is possible to use bidirectional delay lines to model wave propagation
even in lossy [160] or dispersive [199] media by consolidating these effects at the terminations. If
the length of the string or tube does not correspond to an integer number of delays at a given
sample rate, then it is possible to employ fractional delay lines [114, 195], which approximate non-

integer delay lengths using all-pass (lossless) filters’. A typical situation is shown in Figure 4.5. The

To tone hole,
bow, hammer

'
A RSN F i A ST [ R F )

To mouthpiece, To bell, nut,
bridge sound board

~{aTilr] - el i - e

Figure 4.5: Typical digital waveguide configuration for musical sound synthesis.

string (or tube) is modeled as two bidirectional delay lines; at the extreme left and right, digital
filters may be employed which model bridge terminations [164], horn bells and acoustic radiation
[15, 160], coupling with an instrument body or resonator such as a stringed instrument body [102],

and, conceivably, coupling between different strings, and for a stiff string, even coupling between

TThis is often essential, because working at the audio sampling rate often forces a large grid spacing. In an acoustic
tube, for example, the wave speed is ¥ = 330 m/s. At the audio sampling rate we will have a waveguide delay of
T = 1/44100 s, which implies a waveguide length of A = 330/44100 m = 0.75 cm. For a woodwind instrument,
this distance is on the order of the tone hole separation distance, and will thus be far too crude for good physical
modelling.
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different types of motion (i.e. transverse, longitudinal and torsional). Excitation mechanisms (such
as mouth pressure for a woodwind instrument [164] and lip pressure in brasses [15]) may be modeled
as sources, are also used to terminate the waveguide; these may be linearly or nonlinearly coupled
to the instrument body. If wave propagation is disturbed along the length of the tube or string,
either by an excitation (such as a piano hammer [197] or bow [164]), or by an impedance change
(due perhaps to a woodwind tone hole [160, 194, 196], or a change in the cross-sectional area of the
vocal tract [30]), then these effects may be modeled at the junction between the two waveguides. In
some situations, it may be necessary to employ a larger network of interconnected waveguides, as
when the vocal tract is to be coupled with the nasal passageways. A full articulatory model of the

human vocal tract has been built in this way to simulate the singing voice [30].

Digital waveguide networks have also been used to simulate wave motion in higher dimensions,
in which case they are sometimes called waveguide meshes [198, 200]; cases of particular interest
have been (2+1)D meshes (see §1.1.2) used to simulate the vibration of a uniform membrane [67],
and (34+1)D meshes used to model acoustic spaces [156]. Many different types of mesh have been
proposed; they differ chiefly in their numerical dispersion properties [157], and we will analyze these
forms in detail in Appendix A. A good deal of recent work has gone into the problem of correcting
numerical dispersion by introducing terminating filters at the boundaries, and by using interpolation
and frequency warping techniques [157]. A (241)D rectilinear mesh is shown in Figure 4.6(a). Unit-
sample bidirectional delay lines (here represented by two-headed arrows) are connected to scattering
junctions (white circles) located at the nodes of a rectangular lattice. Such a mesh has been used
to model drum heads as well as gongs (where a nonlinear mesh termination has been applied) [197].
We mentioned in §1.1.2 that this mesh indeed solves the (2+1)D wave equation numerically [198].
We will elaborate on this idea extensively throughout the rest of the chapter.

Waveguide networks have also been used in a quasi-physical manner in order to effect artificial
reverberation [163]. In this case, an unstructured network of waveguides of possibly time-varying
impedance is used; such a network is shown in Figure 4.6(b), where the number of samples of delay
in each waveguide (integers a through h) may be different. Such networks are passive, so that signal
energy injected into the network from a dry source signal will produce an output whose amplitude will
gradually attenuate, with frequency-dependent decay times dependent on the delays and immittances
of the various waveguides—some of the delay lengths can be interpreted as implementing “early
reflections.”[163]. Such networks provide a cheap and stable way of generating rich impulse responses.
Generalizations of waveguide networks to feedback delay networks (FDNs) [149] and circulant delay

networks [150] have also been explored, also with an eye towards applications in digital reverberation.

We will call these DWNs used for reverberation unstructured; by this we mean that the waveguides
and scattering junctions are not necessarily arranged according to a regular grid in any coordinate
system. Yet such a network is, by construction, passive. This contrasts sharply with the MDWD

networks discussed in the previous chapter. In that case, discretization is performed through the use
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Figure 4.6: Other waveguide network configurations— (a) a (2+1)D waveguide mesh, and (b) an
unstructured network suitable for implementing artificial reverberation.

of a spectral mapping or integration rule; implicit in such an approach is that the algorithm operates
on a regular grid in some system of coordinates (and the same will be true of the DWNs that are
derived through an MDWD-like discretization procedure, as will be discussed in §4.10). The reason
for this is that the DWN, as we have described it in this section, is essentially a large network of
lumped elements, whereas the MDWD network is a multidimensional object. In certain cases (see

§4.9), unstructured DWNs may come in handy.

4.2.8 Transitional Note

We have now finished reviewing the fundamentals of digital waveguide networks. On the more prac-
tical level of the implementation of DWNs, there are many more topics which deserve elaboration,
including strategies for reducing the numbers of delays, and also various normalization techniques
which can be used to vary the number of required arithmetic operations. In this last respect, we
note that it is possible to establish formal links between chains of bidirectional delay lines and other
similar filter designs such as the normalized ladder form [80], etc. We refer the reader to [166] for

an in-depth treatment.

4.3 The (141)D Transmission Line

We return now to the transmission line, which served as a useful model problem for MDWD network
methods in §3.7 of the last chapter, and show that its numerical solution can also be approached

using waveguide networks. The material in this section has also appeared in [19].
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4.3.1 First-order System and the Wave Equation

We recall that the set of PDEs which describes the evolution of the voltage and current distributions

along a lossless, source-free transmission line in (141)D is:

01 Ou .
& + % = 0 (417&)
ou 01 . .
— 4 — = 4.17b
cat + ox 0 (4.17b)

where i(z,t) and u(z,t) are, respectively, the current in and voltage across the lines, and [(z) and
¢(z), both assumed strictly positive everywhere, are the inductance and capacitance per unit length.
For the moment, we will leave aside the discussion of boundary conditions, and deal only with the
Cauchy problem (i.e., we assume the spatial domain of the problem to be the entire z axis). Note
also that this system includes the vocal tract model (1.20) as a special case, under an appropriate

set of variable and parameter replacements.

As discussed in §4.2.3, if we assume that [ and ¢ are constant, then the set of equations can be

reduced to a single second order equation in the voltage alone':

O%u 9 8%u

where the wave speed v is given by

1
/ - \/E

This equation and its analogues in higher dimensions (see Appendix A) are collectively known as
the wave equation. The solution, as mentioned in §4.2.3, can be written in terms of traveling waves.
In the (141)D case, we can write an identical wave equation in the current alone, but this does not

hold in higher dimensions.

4.3.2 Centered Difference Schemes and Grid Decimation

Suppose we are interested in developing a finite difference scheme to calculate the solution to (4.17)
numerically. We first define grid functions I;(n), and U;(n) which, for convenience, will run over
half-integer values of ¢ and n, i.e.,

N _ 1 1
Z,n—...—l,—g,o,g,l...

TEven if [ and ¢ are functions of 2, it is still possible to reduce system (4.17) to a second order equation in the
voltage alone, but it does not have the simple form of (4.18).
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They are intended to approximate i and u at the points (iA,nT’), where A is the spatial grid
step, and T the time step. We note that we have used the same variable, ¢, to stand for both the
continuous-time current which solves (4.17), as well as the discrete-valued variable representing the

spatial coordinate on the grid.

We have the centered difference approximations

Ow w(iA, (n+ %)T) —w(iA, (n — %)T)

— (2
E (AT — T + O(T ) (419&)
) i+ DA T) —w((i — DA, nT . ,
Oz iAnT A

where w stands for either of 7 or u.

Employing these differences in (4.17), and replacing the continuous time/space variables 7 and u

by their respective grid functions yields the difference scheme

1 .
L(n+3) = Litn=3) +— (Ui (1) = Uiy (n)) =0 (4.200)
Uoli 2 2
. , 1 ,
Uitn+3) = Uin =) 4 — (I3 (n) = [y () =0 (4.20D)
Vo C; 2 2
Here, we have chosen
I; 21(iA) +0(A?) (4.21a)
¢ 2 c(iA) + O(A?) (4.21Db)

for half-integer i. Because the centered difference approximations (4.19) are second-order accurate,
| and ¢ may be approximated to the same order without any decrease in accuracy. We leave the
exact form of these approximations, I and  unspecified for the moment, but will return to various
settings in §4.3.6. Also, in order to remain consistent with the notation in the MDWD schemes of

the last chapter, we have set

Vo

[I>
N| b

Thus difference equations (4.20) are consistent with (4.17), and accurate to O(AZ%, T?).

In a difference scheme for a general system of PDEs, it would be necessary to update all the
grid functions every time step, and at every grid point that is to say, at every increment in n
and : of one-half, new values of the grid functions would have to be calculated, and indeed, we can
proceed in this manner in with the scheme (4.20) as well. In this case, however, it is easy to see that
updating Ur(m), for 2k and 2m even requires access only to I;(m) at the previous time step, and

at neighboring grid locations (thus for 2m odd and 2k odd), as well as U at the same location, two
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time steps previously (2m and 2k again even) [131, 184]. Similarly, updating I (m) for 2m odd and
2k odd involves only values of U for 2m even and 2k even, and I for 2m odd and 2k odd. It is then
obvious that only values of Uj(m) for which 2m is even and 2k even (and values of I(m) with 2m
odd and 2k odd) need enter into our scheme. We can thus decimate the grid in the manner shown

in Figure 4.7. We calculate the values of U;(n) at the grey dots in Figure 4.7, and I, 1(n + 1) at

I U I U I U I T
O @O @ Qo @ O
(i-%a G-va (i-ba ia (i+35Ha (+na  (i+3)a

Figure 4.7: Interleaved sampling grid for the (1+1)D transmission line.

the white dots. The difference scheme on the decimated grid can be written as

| 1
a2 §) = Ty (0= )4 o () = Uim) = 0 (4.222)
T3
n 1 . . .
Ui(n) = Ui(n = 1) + — (Liyy (0= 5) = L_y(n=3)) = 0 (4.22b)
Vo C; 2 2

for 2, n integer. We perform the calculation on the decimated grid with no decrease in accuracy,
although we are of course approximating the solution at fewer grid points. In analogy with the
continuous case, when [ and ¢ are constant it is possible to combine the difference equations (4.22)

into a single equation for the voltage grid function U, which is

2

Ui(n + 1) — 2[]2'(71,) + Ui(n — 1) = Z—g (UH_l(n) — 2U,(n) + Ui,l(n)) (423)

and which solves the (1+1)D wave equation (4.18). For the so-called magic time step [184],

vy =7 2 i
le
the difference scheme (4.23) reduces to
Uin+ 1)+ Ui(n—1) = Uiy1(n) + U;—1(n) (4.24)

a form which has great relevance to the discussion to follow on the waveguide implementation. It
is interesting that in this case, the grid may be further decimated; we need only calculate U;(n) for
i+n even (or odd), for i, n integer. We will examine this point in further detail in higher dimensions

in Appendix A.
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4.3.3 A (14+1)D Waveguide Network

Consider the waveguide network pictured in Figure 4.8. Each scattering junction (in this case
parallel) is connected to its two neighbors by unit sample bidirectional delay lines. The spacing
of the junctions is A and the waveguide delays are of duration 7. The voltage at a junction with

coordinate iA and at time n7 is denoted by Uy ;(n) for integer i and n'.

T, 141

+ + - A+ -
La:_,i—l ati—1 v i Ua:+ i L.t i1 2t ig1

= - Dl =
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Figure 4.8: (1+1)D waveguide network.

We can name the voltages and current flows in individual waveguides in the following way. At

junction iz, the line voltages are:

U,+; = voltage in waveguide leading east

U,- ; = voltage in waveguide leading west

and the flows are:

I+ ; = current flow in waveguide leading east

I, ; = current flow in waveguide leading west
The constraints, imposed by Kirchoff’s Laws at a parallel junction, are:
Usi =Up+ ; = Up- L i+ 1- ;=0 (4.25)

As discussed in §4.2, the voltages and current flows in the individual waveguides can be further

broken up into incoming and outgoing waves. That is, we have, at a junction at grid location :
— 77t — o+ _
Upi=U;; +U,; Iyi=1,+1;

where ¢ is either of 27 or 2. The variables superscripted with a 4 refer to the incoming waves,

TIn any case where the time index n is omitted, we mean for the statement to hold at any time step.
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and those marked — to outgoing waves. In a particular waveguide section, the current and voltage

waves are related by:

If; = Yq:U]; I, =-Y.U,, (4.26)

q,%

where Y ; is the characteristic admittance of the waveguide connected to junction ¢ in direction ¢. In
addition, because the junctions at ¢ and 74 1 are connected to opposite ends of the same waveguide,

we have
Yo-iv1 = Yot i
As before, we will also define the impedance of any waveguide to be

1
Zei =3
q,?

At a particular parallel junction, the junction admittance will thus be
YiiE Yo i+ Yo

In this case, from (4.14), the junction voltage can be written in terms of incoming wave variables as

2 .
Usi = (Yw_,iLT:—J + Y:c‘*’,iU;;,i) (4.27)

Ji

and the outgoing voltage waves from any junction are related to the incoming waves by
- _ _t
er,i - _LTT,i + UJvi

where r refers to either of the directions % or z~.

The incoming voltage wave entering each junction from a particular waveguide at time step n
is simply the outgoing voltage wave leaving a neighboring junction, one time step before. Reading

directly from Figure 4.8, we have

Ufei(n) = U y(n=1) (4.282)
U_.n) = Uy, (n=1) (4.28b)

The case of flow waves is similar except for a sign inversion—that is, we have

I:Jr’l.(n) = I, ,(n=1) (4.29a)
Il (n) = —I,, (n=1) (4.29D)
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As discussed in §4.2, we can perform all calculations using voltage waves; in the waveguide networks
pictured in this chapter, we will always assume, without loss of generality, that we are dealing with

voltage waves.

4.3.4 'Waveguide Network and the Wave Equation

Now consider the case in which Y;; = Y is invariant over ¢ (and thus ¢, where again, ¢ stands for
either 7 or 7). At all junctions, then, we have Y;; = 2Y. From (4.3.3) and (4.28), it is possible
to obtain a finite difference scheme purely in terms of the junction voltages U, ;. Beginning from

(4.27), we have

2
Yy
= Um_+,z‘—1 (n)+ U,- it1 (n)
= Uji—1(n)+Uysiyi(n) — U;—+,z’—1(") - U:,yz._'_l(n)
= Uypi-1(n) +Ugiy1(n) =U_ ;(n—1) — Uy iin—1)

= Ujsizi(n)+Ugiti(n)—Uyi(n—1) (4.30)

UJ’i(n + 1)

Zz

(Yx— U (n4+ 1) + Y ;UL (0 + 1,))

This is identical to (4.24) if we replace U; by U. In this case of identical impedances in all the
waveguides, there is no scattering, so the parallel junctions in Figure 4.8 reduce to simple “throughs,”
and Figure 4.8 becomes Figure 4.9. Thus we have a discrete equivalent to the traveling wave solution
to the wave equation, to be expected when the impedance does not vary spatially along the line.
This particular case, which is trivial to implement (as a single many sample bidirectional delay line),
has enormous applications to (141)D problems in homogeneous media, as were mentioned in §4.2.7.
‘We also note that if the impedances do vary from one waveguide to the next, as in Figure 4.8, then
we have a useful model of a system such as a tube with varying cross-sectional area or horn [66], a

system whose impedance varies along its length, but whose wave speed remains constant. (In order
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Figure 4.9: Simplified (1+1)D waveguide network.
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to deal with local changes in the wave speed, we will have to introduce self-loops, which we will do
shortly in §4.3.6.) This waveguide network is essentially equivalent to the Kelly-Lochbaum model
used in speech synthesis [104], which we discussed in §1.1.1. Tt is interesting that linear predictive
coding (LPC) [124], which is used to design filters to fit the spectrum of an analysis signal, essentially
synthesizes a waveguide network like the one shown in Figure 4.8 (in effect it produces, as a by-
product of the main calculation of direct-form filter coefficients, the reflection coefficients at the

scattering junctions, from which impedances can then be deduced).

Comment on Numerical Instability

We have just shown, in the derivation ending with (4.30), that scattering in a particular waveguide
network can be rewritten as a finite difference scheme purely in terms of the junction quantities.
Thus all numerical solutions obtained using the waveguide network implementation could also be
obtained (at least in infinite-precision arithmetic) using such a scheme. It is interesting to note
that certain solutions to the finite difference equation (4.30) can not be obtained using the DWN,
if we require that the wave variables in the network be bounded in magnitude. As a very simple
example, consider initializing scheme (4.24) with U;(0) = —1 and U;(1) = 1, for all i. Then we
will have U;(2) = 3, U;(3) = 5, and in general, U;(n) = 2n — 1 for all i. Similar linear growth
will result from setting U;(0) = U;(1) = (—1). We will then have, at any future time step n,
Ui(n) = (2n — 1)(—1)”’"‘1.

Though these solutions would appear to be completely unphysical, it is worth mentioning that
the (141)D wave equation (to which (4.24) is an approximation) admits linear growth as well; u = ¢,
for example, is a solution to (4.18). It is possible to view this solution as the sum of two traveling
wave solutions (z/v + t)/2 and (—x/v + t)/2; these, however are unbounded in magnitude, and
thus the wave variables used to initialize the DWN will be as well; the finite difference scheme, on
the other hand, produces this behavior for the bounded initial conditions mentioned above. It is
important to note that this linear growth occurs at the spatial DC and Nyquist frequencies; it is
simple to show that these are in fact the only spatial frequencies for which scheme (4.24) will admit
such behavior. We will return to this point in some detail in Appendix A, because the analysis is

somewhat easier in the frequency domain.

4.3.5 An Interleaved Waveguide Network

The simplified waveguide network described above solves the wave equation for voltage, at the magic
time step, I' = A/~. That is, the junction voltages Uy solve the difference equation (4.24), and hence
approximate u. We would, however, like to be able to have direct access to a discrete equivalent of
the other variable as well, the current z.

Bearing in mind the discussion in §4.3.2 on interleaved grids, examine the identity pictured in

Figures 4.10 and 4.11. We have merely split the unit sample bidirectional delay line into two half-
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Figure 4.10: Bidirectional de- Figure 4.11: Split equivalent to the bidirec-

lay line. tional delay line.

sample delay lines of equal impedance, and placed a series junction (in cascade with sign inverters)
in between. In this case, since there is no scattering, the net behavior of the junction and sign
inversion is that of a simple “through,” with sign inversions exactly canceling those that appear in
the signal path (these can be added formally using transformers). Later we will add additional ports
to this new junction. We introduce these series junctions so as to be able to associate a junction
current with them, which we will identify with the physical current in the transmission line.

If we now replace all the bidirectional delay lines in Figure 4.8 by the split pair of lines, then

we get the arrangement in Figure 4.12. As at the parallel junctions, we can define wave voltages

L =7 _ Z . =1t 1l -z _ Z =
Yr+,i—1 - 2_% I+’1_% Y.z:_z YJ:+,1' - ’2+% sty Y.r_1.+1
—_— —_— —_—— —_——

] o172 O—\172 -~ 2

Uy Iy Uy I; Uy [ =
-~ . fo—zy2 . o1z ol

-1 -1
(i —1)A (i—-5Ha iA i+ LHHa (i+1)A

Figure 4.12: (1+1)D interleaved waveguide network.

and currents at the series junctions, which we will index by 7 + % for i integer. Furthermore, we

name the impedances at the left- and right-hand ports of the series junctions Zz—,F% and Z,¢ ;_1
respectively. As indicated in Figure 4.12, we must also have
1 1
Zz+,i7% = Y, Zm—,i+§ = Sy

The junction impedance at the series junctions will be

1 1

+ J—
Yori  Yo-inn

A
Zyivy = Zoivy tZor iy 1 =

See Figure 4.13 for a complete picture of the various wave quantities at the interleaved junctions.

Assuming that the impedances in all the delay lines are identical and equal to Z (and so Z Jiol =
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Figure 4.13: Wave quantities in the interleaved network of Figure 4.12.

2Z), we can now define

2

— + +

IJ,i—% = 7. (Zm+,i7%-[z+,i_% +Zm—,i7%.[z_’l._%>

EL

_ 7t +

- I:n‘*',i—% +I.L‘_,Z'—%

‘We also have that
+ . _ — 1

USn) = <UL, ,(n—})

—U,- ;(n)

zt,i—=

U+ 1(n+ %)

and (4.26) holds as before.

We now show that this waveguide network performs a calculation identical to that which we
would get for centered differences on a decimated grid, exactly as in Figure 4.7. For integer ¢ and

n, we have:

Usi(n) = U:+,Z.(n)+U:_‘i(n)

= 7(15 0+ I )

=—Z (IJ,z'+%(n —3)- Iyi-1(n— 3 )
+ U in—1)+U (n—1)

xz

=2 (L y (0= 5= Ly (0= 1)) 4 Usiln = 1) (431)



4.3. THE (1+1)D TRANSMISSION LINE 151

If we now identify I, with I and U; with U, we get (4.22b) (in the constant-coefficient case),
with Z = 1/(vec). A similar derivation beginning from the series (white, in Figure 4.12) junctions

yields (4.22a), with Z = vgl, for constant [. Together, these constraints imply that:

so that we are again at the magic time step. Furthermore, the impedance of any waveguide in the
network must be set equal to the characteristic impedance of the continuous time/space transmission
line described by (4.17), whereas in the network of Figure 4.8, the constant impedance value could
be set arbitrarily, since it is not used in the simulation. It is important to realize that, at least in
this constant-coefficient case, no scattering occurs at any of the junctions. We can still perform all
operations at the original sampling rate, and on the original grid (i.e., with grid spacing A and time
step T'). It is, however, possible to see more clearly how initial (and boundary) conditions must be
set, and also to extend the network to handle more complex problems. We will deal with one such

generalization in the next section.

4.3.6 Varying Coefficients

We now return to the more general case in which the material parameters ! and ¢ have spatial
dependence. The staggered, or interleaved network of delay lines and scattering junctions presented
in the last section gives rise to a centered difference method which approximates the solution to

system (4.17). Consider the waveguide network in Figure 4.14.

iy s

ZC _1 ZC
] O—T/2—» T/2— 2
A Zom g Zogfeeeee RO z,- Iy Zo4f-ooonnee =>
s 1 c P s

(i-1)a L T J (i+3)a

Figure 4.14: Waveguide network for the (1+1)D transmission line equations with spatially-varying
coefficients.

The picture is the same as in the constant-coefficient case, except that we have added an extra
port to each scattering junction, which is connected to a delay line of impedance Z, (marked as Y, at

the parallel junctions). These self-loops [167] are bidirectional delay lines in their own right—since
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both ends are connected to the same junction, we are free to drop one of the line pairs. Note that the
loop connected to the series junction contains a sign inversion (like a lumped wave digital inductor)
and the loop at the parallel junction does not (like a capacitor). Also note that the delay in this
line is a full sample, so that we are able to operate on the interleaved grid. The reason for this
choice should be clear from Figure 4.7. Now, the immittances of the delay lines are in general no
longer identical, so we expect non-trivial scattering to occur, due to the spatially-varying material
parameters. The admittances of the lines connected to the parallel junction at grid point z, ¢ integer,
are denoted by Y+ ;, Y- ; and Y. ;. The impedances of the self-loops at grid points ¢ + % for ¢

integer will be called Z, ;1. (We have marked these new immittances in Figure 4.14.) The junction

2

immittances are now

Yy = Yo+ it Ye- i+ Yo Parallel junction
Z.I,i—i—% £ Z.L"",i—l—% + Zl.—|,-+% + ZC,H_% Series junction
1 1
=+ +Z...1
Yioipr  Yar; e

at parallel junctions at grid point ¢ and series junctions at grid point 7 + %, for integer i. We will
call the new voltage wave variables entering and leaving the parallel junction from the new port
UC"'Z-(n) and U_;(n) respectively, and those entering and leaving the series junction from its new port

U;"Z.+l (n+3%) and Ulips (n+ %), for integer values of i and n. In addition, we will adopt the notation
Iy 21(EA) cr 2 c(kA)

for half-integer values of k.

One physical interpretation of the need for these self-loops is that if | and ¢ vary over the
domain, the effective local wave speed does as well. Thus, if we choose a regular grid spacing, there
are necessarily grid points at which the space step/time step ratio is not the magic ratio (it must
be greater, by the CFL criterion). Thus if we were to try to use a structure such as that pictured
in Figure 4.12, regardless of how the waveguide impedances are set, energy would be moving “too
fast” through the network. The extra delays at the junctions serve to slow down the propagation
of energy, by storing a portion of it for a time step. The amount of slowdown is locally determined
by the values of self-loop admittances and impedances. Self-loops are used for the same purpose in
TLM [29, 90]—in this context they are called inductive or capacitive stubs, depending on whether

or not they invert sign.

Beginning from a parallel junction in Figure 4.14, we can proceed through a derivation similar

TWe take care to distinguish these quantities, which are simply values of the continuous functions [ and ¢ from the
indeterminate quantities /; and ¢ defined in (4.21).
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to that leading to (4.31):

Uji(n) = Yiz ( wr US () + Y, US (n)+Yc,iUc+7i(n)>
_ Yiz (I L) + T )+ Yo iU ()
= Yi( I — DAL (= D)
= (-

YJi IJ2+%( %)+IJ2 (n_ %))

Tl CRIUEF R SRUEE RS SUERY)
2

= v, (_IJ,i+%(n — )+ i(n— %))

)

2 . )
- 7 (Izj’i(n D+ (n—1)+ I ;(n— 1))
52
2 . o i
= 7 (s =D+ Ly 0= ) +Usiln =) (4.32)

)

In order to equate this difference relation with (4.22b), we must have, recalling (4.21b),
YJJ = 2v9G; (4.33)

Beginning from the series junctions at @ = (i + )A for 2 integer, we obtain similarly an

interleaved central difference approximation to (4.17a), under the constraint
ZJ,z'+% = Zl’oii+% (434)

Under the further condition that all impedances in the network be positive, these constraints give
rise to a family of stable centered difference approximations to (4.17). We can distinguish three

special types:

Type I: Voltage-centered Network

We set the admittances of the waveguides leading away from a parallel junction to be identical, i.e.,
Yo- i =Yyt i = voc (4.35)

and set

Yeij=0
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which satisfies (4.33) with & = ¢;. From (4.35), we have that

1
Loy j41 = Z. .
=Tty VoCit1 e

Thus the series junction impedance at location ¢ + % will be

1 1
+

, — 4+ Z. i1
Vo Cy VoCi+1 ‘

)

Z.},z'+§ =

We can then set

. : 1 /1 1
Zeivr =vo(li +1; ——<—+ )
R ol +1) Vo \CG  Cit1
which satisfies (4.34) with l_z-_,_% = %(lZ +liv1)-
Only the series self-loop impedances are possibly negative, so the network will be passive if

Z

¢ir1 > 0. This will certainly be true if we choose
T

> ! 4.36
vy > mlax I ( . )

Recall that in our earlier discussion of group velocities for symmetric hyperbolic systems in §3.2 and
for the transmission line in particular in §3.7, the maximum group velocity for the transmission line

is

1
oA = — 4.37
L maz = 2K 7= (4.37)

The optimal space step/time step ratio from (4.36) is exactly the maximum of the local group
velocity of the transmission line, at least over the range of values of [ and ¢ sampled at the parallel
junction locations; thus it approaches the maximum group velocity for the continuous system in the

limit as the grid spacing A becomes small.

Type II: Current-centered Network
This arrangement is the dual to the previous case. We now set
Zz+,i+§ = Zr,i+§ = UOZH-% Zc,i+§ =0

and

1 1 1
Vor o (e +ers) .
’ Yo cl"’Q—'_cZ 2 Vo (l 3 +l 1) ( 38)
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We have thus chosen ¢; = %(CH_% + ci_%) and l_i+% =l;;1. Now we must have

1
vp > max e
7 li+%ci+%

which is very similar to condition (4.36), except that the maximum is now taken over the series
junction locations.

Here, scattering at the series junctions is trivial, since the impedances at the two connecting
ports are identical, and the self-loop impedance is zero (and we thus drop entirely any calculation
of the value in the self-loop at the series nodes). We can operate at the down-sampled rate, with
scattering occurring only at the parallel junctions. In this case, we are directly computing only

junction voltages, and are in fact solving the second-order reduction of system (4.17), namely

0%u 10 [10u
= cow (73_> (439)

We could have made a similar statement about scattering at the parallel junctions in the previous

case. This efficient configuration, unlike type I, however, generalizes to the (2+1)D case, as we will

see in §4.4.2.

Type III: Mixed Network

Suppose we set all the impedances which connect one grid point to another to be equal to some

constant Z..,s: which is independent of position. Thus
Yx—,i = y’z‘*,i = 1/Zconst

We then choose, to satisfy (4.33) and (4.34),

2
Y;,i = 22)00,‘ -
const
ZC,i-f—% = 21)0li+% - 2Zconst
and this leads to the conditions
1 1 Zconst Zconst
vp > max = vp > max ——— = ————
¢ CiZconst Cmianonst ¢ li+l lmin

where

Cmin = IiN¢; lmin = mjnli+%
2 2
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The lower bounds on vy coincide when

Zconst =V lmin/cmin

in which case we have

1
vg >

LninCmin
Since in general, I yinCmin < rninl-(_lic,-), for 22 either even or odd, we are no longer at the optimal
bound, and are forced to use a smaller time step than in the previous two cases, if we wish the
network to remain concretely passive. This arrangement bears a strong resemblance to the MDWD
network in [107] and [131], and discussed in §3.7. We will explore this similarity in more detail
in §4.10. Many other choices are of the waveguide immittances satisfying (4.33) and (4.34) are of

course possible.

Comment: Passivity and Stability

At this point, we would like to mention an interesting property of the interleaved waveguide net-
works discussed in the earlier part of this section. We showed, in the last few pages, that three
different types of immittance settings for the waveguide network could be used to solve the (1+1)D
transmission line equations, and could, in fact, be interpreted as centered difference approximations.
The three types of network integrate system (4.17) using slightly different effective inductances ]
and capacitances ¢ which converge to [ and c in the limit as the grid spacing becomes small. We

had, for integer z,

_ 1

liyi = 3 (i +1iv1) Ci =¢; Type I
_ 1

li+%:li+% Ei:i((‘.i-l—%_’_(:if%) Type II
l_i+% :lH-% Ci = C; Type 11T

The three types, however, yield different requirements for passivity on the space step/time step ratio

1
vg > max (‘/ 7 ) Type 1 (4.40)
? iCi

1
vo > max < l—> Type II (4.41)
i+5Citd

v()7

—_

vo > \/— Type III (4.42)
min, 1 [; min; ¢;
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The first two bounds are roughly the same, and are close to optimal, in the sense that vy is bounded
by(in the limit as A approaches 0) the maximum of the local group velocity over the transmission
line. The type III bound, however, may be substantially poorer, and is similar to that which arises

in MDWD networks (see §3.7).

If we choose [(z) and ¢(z) to be positive affine functions (linear in 2 with a constant offset), then
I and ¢ are the same in all three cases, so the three networks will, in infinite-precision arithmetic,
calculate identical solutions. But there will be a range of values of vy (namely, the range of vy greater
than the bounds given in (4.40) and (4.41), but less than that of (4.42)) for which the type I and
IT networks are concretely passive [12], but for which the type III network is not. Over this range,

some immittances in the type III network will necessarily be negative.

We can conclude that there is a large middle ground between passivity and global stability of
networks. One important difference would seem to be that wave quantities in a concretely passive
network are power-normalizable, whereas if a network is only abstractly passive—that is, its global
behavior is passive, even though it contains elements which are themselves not—may not be. We
do not investigate this further here, but comment that it would be of great interest to make clearer
the distinction between passive and stable numerical methods for solving PDEs. This subject has
been broached in some detail for ODEs [32, 75], and we will see some other interesting examples of

this distinction in Appendix A.

4.3.7 Incorporating Losses and Sources

We now reconsider the full (141)D transmission line equations, including the effects of losses and

sources; this system was presented earlier in §3.7, and we repeat its definition here:

ot Ou .
la+6—m+rl+e = 0 (4.43a)
ou O v
corta-tguth = 0 (4.43b)

Here r(z) > 0 and g(z) > 0 represent resistance and shunt conductivity at any point in the domain,

and e and h are driving terms and can be functions of x and ¢.

In order to add these terms to the centered difference approximation in such a way that we may
still use an interleaved scheme, we can use the semi-implicit [184] approximations to ¢, and u given
by

i(,1) = 3 (il = T/2) + i, 0 4 T/2)) +0(T?)

(o, t) = % (ula,t = T/2) + u(e, t + T/2)) + O(T?)
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‘We also define

ripr 2 (4 5)A) gi £ g(iA)
Cipi(nt+ L) Ze((i+HA, (n+4)T) hi(n) £ h(iA,nT)

(Z+1 n+i +ei+%(n—%))
(R

i(n)+hi(n—1))

N = N =

We then get, as an approximation to (4.43),

IH_%(H‘F%) - Prit+l 2_,_1(71—%)
+ 0rip 1 (Uiga(n) = Ui(n)) + Aoy 18, 1(n) =0 (4.44a)
Ui(n) — puiUi(n—1)
+ oui (Luy (=D =Ly (=) + Aouifiln=§) =0 (4.44b)
with
Wigr —ripn T a 26 —giT
Prigr = 2 T2 pUi = o
Lits 2li+21)+7‘1-+%T 2¢; + g;T
g1 2 2 ou; = S —
1i+4 21)011._1_% +7'i+%A i 200C; + giA

Losses and sources can be added to the waveguide network scheme rather easily, by introducing
new ports at each series or parallel junction. In fact, as per wave digital filters, each pair of terms
ri + e, and gu + h can be interpreted as a resistive source [46], and only requires the addition of
a single new port at each junction. (The resistive voltage source was discussed in §2.3.4.) For
any parallel port we will call the new port admittance Y ;, and the voltage wave variable entering
the port UE For a series port, we call the new impedance Zp; 1, and the incoming voltage

wave variable U The generalized network is shown in Figure 4.15, with the new loss/source

R+ 1"
port immittances marked. As a result of the addition of this port, the junction admittances and

impedances become

(>

Y Yo i+ Yo i+ Y i+ YR,

(>

ZJ,z‘+§ Zz+,z’+§ + Zz—,i+§ + Zc,z'+§ + ZR,z’+§

Beginning again from a parallel junction, and proceeding through a derivation similar to that which
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Figure 4.15: Waveguide network for system (4.43).

leads to (4.32), we obtain a difference relation among the junction voltages and currents:

v Y;i—2YR; 2
Usi(n) — %Uh‘(” -0+ (IJ,H%(” —3) =I5 1(n— %))
2

. (U +Uf(n—1)) =0

In order to equate this relation with (4.44b), we can set

Yr: = @A
hi(n)
U}er,i(") = - 2—91

Beginning from a series junction, we obtain an analogous relation, which becomes (4.44a) under the

choices

ZR,Z'—}—% = T1+%A
1
Aejp1(n+ 7)

Ut .(n+3) = - 5

R+

Note that in the case where the loss parameter g is zero, or close to zero, U}"{',i(n) will become
infinite, or very large. For this reason, it will be necessary in this case to use the dual type of
wave; i.e., if g; is small, set IE’Z. = YR,iUE’i = —%hi, and use current waves at the series junctions.
The other impedances in the network remain unchanged under the addition of losses and sources;
thus all the stability criteria mentioned in §4.3.6 remain the same. It is rather interesting to note,

however, that in the case of the current-centered network, for example (type II), scattering at the
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series junctions is no longer trivial if we have non-zero sources e or loss r. That is, the series
junctions cannot be treated as simple throughs. A similar statement holds for the dual case of the
voltage-centered network (type I) in (14+1)D, but will not be true when we generalize to the (241)D
mesh (see §4.4).

4.3.8 Numerical Phase Velocity and Dispersion

We now make a few comments regarding the spectral properties of these difference methods; a
detailed summary of spectral methods is provided in Appendix A.

Consider again the type II DWN for the (1+1)D transmission line equations, as discussed in
§4.3.6. In the lossless, source-free case, the difference scheme can be written purely in terms of the

junction voltages, and for integer time steps n as

2
Usi(n+1)+ Upiln=1) = == (Vor iUsi-1(n) + Yar Usiga () + Ve,Usi(n) ) (4.45)
Jyi
where Y, - ; = 1/(v0li7%) and Y+ ; = 1/(voli+%), and the self-loop admittance is given by (4.38).
In effect, we are numerically solving the reduced form (4.39) of (4.17) obtained by elimination of
the current .

If the material parameters are constant, then (4.45) can be rewritten as
Usi(n+1) + Usiln —1) = 3 (Upi1(n) + Usiga (n)) +2(1 = 32)Us(n)

where A = v/vy and v = 1/V/lc is the wave speed. It is possible to examine this scheme in terms of
discrete spatial frequencies 3, as per the methods discussed in [176]; the range of spatial frequencies
which are available on this grid of spacing A are —x/A < 8 < «/A. The spectral amplification
factors (defined in §A.1) for this scheme are given by

1
P /2 )
Gg7i—§(—35i B,B_4

where
Bg = —2(1 +A%(1— cos(ﬁA)>

These spectral amplification factors define the numerical phase velocities vg phase[176] (see §A.1.4)
and thus the numerical dispersion of the scheme (in general, the numerical phase velocity is different
from the physical velocity 7). It is of interest to plot the numerical phase velocity of this scheme
versus that of the MDWDF for the same system; the spatial frequency dependence of the various

modal frequencies of the MDWDF were discussed in §3.9.2.
In Figure 4.16, the quantity vphase /7 is plotted for various values of the parameter A. At the
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stability bound, for A = 1 (i.e. vo = v = 1/Vlc), both schemes are dispersionless. For the DWN,
all spatial frequencies are slowed increasingly as A is decreased, but for the MDWD network, wave
speeds decrease for A > 1/2, then are exact again at A\ = 1/2, and finally faster than the physical
speed if A < 1/2. This curious behavior of the phase velocities in the MDWD network was also
mentioned in §3.9.2. In general, the phase velocities of the MDWD network are closer to the correct
wave speed over the entire spatial frequency spectrum for a wide range of A—this is mitigated,
however, by the fact this MDWD network corresponds to a three-step difference method (compared

to two-step for the DWN), and is thus more computationally intensive.

v v
hase phase
i Y
1.1 1.1 A=o0.4
1 A=1 1 A=1,05
AX=056
0.9 - 0.9 X =0.95
X =0.85
X =0.95
0.8 E 0.8
X =0.85
0.7 dx o6 0.7
=0.4
o ey £y 3m n o Y ey 3m E3
ix A an A A an A

(a) (b)

Figure 4.16: Numerical dispersion curves for various values of A— (a) for the DWN and (b) for the
MDWD network.

4.3.9 Boundary Conditions

The (141)D transmission line equations, if they are to be solved on a domain of finite extent,
require one supplementary boundary condition at any end point [82]. Suppose that z = 0 is such
an end point, and furthermore assume that our grid has been constructed such that the point x = 0
coincides with one of the parallel (grey) scattering junctions of the interleaved waveguide network
shown in Figure 4.15. We now are faced with terminating the waveguide network, by replacing the
left-hand port of the parallel junction at x = 0 with a lumped network. If the lumped network is
passive (that is, if its reflectance is bounded), then it should be clear that the network as a whole

will be passive as well.
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The two most important types of boundary condition are

u(0,) =0 Short-circuit at z = 0

i(0,t) =0 Open-circuit at = 0

Both are lossless, and have the form of (3.8). The first of these conditions is easy to deal with
by short-circuiting the left-hand port. In this case, we may also remove the self-loop, as well as
the combined loss/source port from the junction at x = 0. Uy is forced to zero by the short-
circuit condition; this boundary termination is shown in Figure 4.17(a). We have assumed that
Yy+ 0 =Y, o, so that the termination degenerates to a simple sign inversion of the wave incoming
from the right-hand side. The other boundary termination requires a bit more analysis, because we
e=0 s =0
Uroo

!

U-I- YRo U+

Ye,0 U_]’(] Yz+,ﬂ

[
|

|
|
-1 : Ujo
[
|

+ T—
zt,0 UC,O P L +.0

(a) (b)

Figure 4.17: Boundary terminations of the waveguide network for the (1+1)D transmission line
equations at x = 0 when (a) u(0,t) = 0 and (b) i(0,t) = 0.

do not have access to I; at a parallel junction. It is sufficient to drop the left hand port entirely in
this case (or, equivalently, to terminate the junction with an open circuit, which, when connected in
parallel, may be ignored). In this case, though, we must retain the self-loop and the loss/source port.
We now show that such a termination does indeed approximate the boundary condition (0, ¢) = 0.
The resulting termination is shown in Figure 4.17(Db).

Beginning from system (4.43), where we assume no source (to avoid conflicting conditions at the
boundary), we can apply centered differences in time, and use a one-sided [176] approximation for

the spatial derivative,

oi 2/ . . y . .
- = - z(.—,(n+ .—)T)—Z(O, (n+ —)T) +O(A)
Ox 2=0,t=(n+1)T A( 2 2 2 >

2 71 1
= i (n+3)T)+0(4)

where we have set (0, (n + $)T) = 0 in accordance with the boundary condition. This yields the
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difference approximation to (4.43b) given by

250 — g(]T

Up(n) ~ 5o g Uo(n = 1)+ (n—1)=0 (4.46)

— I
2v0Co + goA 2

The difference formula obtained from the network termination of Figure 4.17(b) is

Y50 -2Y]; . 2
Ups(n) — LB j(n—1) 4+ —1, ;=0
Yo Yo
where we now have
Yo = Yot 0+ Yro+Yeo (4.47)
It is easy to see that if we set
. 1 1 _
YR,() = ;g()A YJ = EUO (200 —|- g(]T) (448)

then the waveguide network is indeed performing a calculation equivalent to (4.46). Yoo and Yot o
may be set according to the type of network we are using (i.e., I, II or III in §4.3.6) as long as
(4.47) and (4.48) are satisfied; the stability bounds are unchanged. It is important to note that
this realization of the boundary condition i(0,¢) = 0 will be first-order accurate in the grid spacing
A, due to our use of a one-sided difference approximation. It is recommended, then, to align the
waveguide network such that a series junction lies at the left-most grid point, where it can be simply
terminated by an open circuit. Such a termination will be second-order accurate.

Because any bounded reflectance may be used to terminate the waveguide network, it has been
proposed [96] (in the context of the Karplus-Strong algorithm [103], which can be shown to be equiv-
alent to a particular digital waveguide configuration [168]) that one can model wave propagation in
a dispersive medium (like a beam [77]) by using a non-dispersive waveguide for the interior with an
all-pass terminating reflectance. Such an all-pass filter will introduce a frequency-dependent phase
delay which can be chosen so as to match the dispersion of the medium itself, without dissipating
energy. It should be kept in mind, however, that one means of synthesizing such an all-pass filter
would be by adding an additional chain of junctions on the opposing side of the boundary junc-
tion, and terminating it with an open- or short-circuit. Synthesis (for a given dispersion profile)

presumably proceeds along the lines of methods used in related filter-design areas [215].

4.4 The (241)D Parallel-plate System

We return now to the parallel-plate transmission line problem that was discussed in the previous

chapter in §3.8. As we mentioned before, this is a useful model problem in that it can be simplified
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to model the transverse motion of a membrane, and (2+1)D linear acoustics. It can be modified in
a trivial way to model transverse electric (TE) or transverse magnetic (TM) fields in a substance of

spatially-varying dielectric constant, magnetic permeability, and loss characteristics.

4.4.1 Defining Equations and Centered Differences

The set of PDEs describing a lossless, source-free parallel-plate transmission line in (24+1)D is a

direct generalization of system (4.17):

Oty = Ou

o ou v
=24+ — =0 4.49b
at T oy (4.49b)
Ou Oi, Oiy .

Now iy(z,y,t) and iy(z,y,t) are the components of the current density vector in the z and y
directions, respectively, and u(z,y,t) is the voltage between the plates. [(z,y) and c(z,y), both

assumed positive everywhere, are the inductance and capacitance per unit length.

If we assume that [ and ¢ are constant, then as in the (1+1)D case, the set of equations can be

reduced to a single second order equation in the voltage alone:

8%u _ 2(82u 02u>

=" am top (4.50)

and again, the wave speed 7 is given by

1

Yy = ﬁ
The centered difference scheme for system (4.49) also generalizes simply. Define grid functions
I j(n), I j(n) and U; j(n) which run over half-integer values of i, j, and n, ie.,

0.3, 1.,

. . _ 1
Lhn=...—1—-3

We will furthermore assume that the spatial step in the x direction and the y direction are the same
and equal to A/2. As before, the time step will be 7'/2. We can use the approximations (4.19), as

well as an approximation to the derivative in the y direction,

Oow _ w(i,j+%,n);w(i,j—%,n)+O(A2)

9y iAjANT
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where w stands for either of i, or u. We obtain the difference scheme

gt 8) = Teisln =)+ o (Vg s) = Ui ) =0 (43ta)
st 8) = Ly = )+ o (Ui () = Uiy () =0 (451b)
Uij(n+3)=Uij(n—3)+ 2 ([mz+2,] Iz,ifé,j(”))

L (Iyzﬁl(n) y”_,(n)) 0 (4.51c)

where we have written

>

lij 2137, jA) + O(A?)
i; 2 1A, jA) + O(A?)

and

Vo

22
T

As in the (141)D case, it is possible to subdivide the calculation scheme (4.51) into smaller,
mutually exclusive subschemes. Using a decimated grid for the variable coefficient difference scheme

amounts to rewriting scheme (4.51) as

1

Livyjndg) =L i(n— 2)+T(Ui+1,;‘(”)—Ui,y‘(”)) =0 (4.52a)
0 z+ J
1 v
Lagy (1 3) = Lyagey (0= 5) + o Ui (n) = Uis(n) = 0 (4.52b)
4,)T 5
. 1 . .
Ui j(n) — Uy j(n — (1. (n—L)—T l)
,](n) .](n UOEz,j z,z+%,](n 2) z 17— ](n 2)
1 . . .
— (L (=5 =L,y = ) = 0 (4.52¢)

U Ci

where we now compute solutions for ¢, j and n integer. The interleaved grid is shown in Figure 4.18;
a grey (white) dot at a grid location indicates that the adjacent named variable is to be calculated at
times which are even (odd) multiples of 7'/2. This interleaved form was originally put forth by Yee
[214] in the context of electromagnetic field problems, and forms the basis of the widely used finite-
difference time domain (FDTD) family of difference methods [184], which were discussed briefly in
§4.1. If system (4.52) is rewritten as a TE or TM system, the interleaved arrangement of the field
components also has an interesting physical interpretation as a discrete counterpart to the integral

form of Ampere’s and Faraday’s Laws [184]. This result also extends easily to the discretization of
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U Iy U Iy

Figure 4.18: Interleaved computational grid for the (2+1)D parallel-plate system.

Mazwell’s equations in (3+1)D [214]; see §4.10.6 for more details.
The (241)D analogue of (4.23), which holds in the case where [ and ¢ are constant, is

2
v . \ N .
7—3 (Uz‘.j(n+1) + Ui,j("—l)) =Uit1,j(n) +Ui-1j(n) + Uijri(n)+Ui;-1(n)

+ 2 (% - 2) Ui i(n) (4.53)

!

The magic time step will now be

Vo = \/5”/
and (4.53) simplifies to

1
Uij(n+1) +Uij(n-1) = 5 (Uz’+1,j(n) +Ui-1,j(n) + Ui j1(n) + Ui,jfl(")) (4.54)

Asin (141)D, when we are solving the wave equation by centered differences at the magic time step
(or at CFL), the calculation further decomposes into two independent calculations; we need only
update U; j(n) for i + j + n even (or odd). We will examine this interesting decomposition property

in detail in Appendix A.

4.4.2 The Waveguide Mesh

Consider the original form (2+41)D waveguide network, or mesh [198], operating on a rectilinear grid.

Each scattering junction (parallel) is connected to four neighbors by unit sample bidirectional delay
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Figure 4.19: (2+1)D waveguide mesh and a representative scattering junction.

lines. The spacing of the junctions is A (in either the z or y direction) and the time delay is T

in the delay lines (see Figure 4.19). We now index a junction (and all its associated voltages and

currents and wave quantities) at coordinates (iA, jA) by the pair (¢, 7). Asin the (14+1)D case, at

each parallel junction at location (i, ), we have voltages at every port, given by

and current flows

I,

~

1y

1,

as well as wave quantities

i,
n—
+.ij

LY

U+ ij
Us-ij
Uy+,i,j

U,-

Yy~ i,

v

voltage in waveguide leading east

voltage in waveguide leading west

voltage in waveguide leading north

voltage in waveguide leading south

current flow in waveguide leading east
current flow in waveguide leading west
current flow in waveguide leading north

current flow in waveguide leading south

- + J—
Ugij UgiitUgi;
A + -
loij = Iji;+ 1
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where g is any of x+, 7, y* or y~. The variables superscripted with a + refer to the incoming

waves, and those marked — to outgoing waves. The voltage and current waves are related by

It . = Y:]i]U+ I .. = —}/;],,"jU7' . (4.55)

7,4,J q,1,] 4,1, q,%,)

where Y7 ; ; is the admittance of the waveguide connected to the junction with coordinates (iA, jA)

in direction ¢. The junction admittance is then
Yo 2 Yo i 4 Yorig + Y i+ Vor i (4.56)

and the scattering equation, for voltage waves, will be, from (4.15),

+ _
Uiy = ~Ulis ¥ - (Yem i gUe i+ Yo iU 4 Y iU 4 Yy iU ) (457)
where r is any of 2, 7, y*, or y~. Voltage waves are propagated by:
UL z,]( n) = Uz_f,i+1,j(:" - 1) U+ i ,J(v n)=U; i—1,j(" - 1)
U-;; ) ](n) = Uy_—,z‘,j+1 (TL - 1) LT;—,i‘j(n) Uy_+ i,j— 1(n - ]‘)

The case of flow waves is similar except for a sign inversion. The complete picture is shown in Figure

4.19.

Similarly to the (14+1)D case, it is possible to obtain a finite difference scheme purely in terms
of the junction voltages Uj; j, under the assumption that the admittances of all the waveguides in
the network are identical, and equal to some positive constant Y. Thus, from (4.56), Y;; ; = 4Y.
We have, for the junction at location x = 1A, y = jA,

Usijin+1) = - Z iUt i(n+1), g={z", 2",y ,y"}
Z] q

= 35 (Um i1 ](n) + Lm+ i—1 ](n) + LT z]+1(n) Ly:-‘i,jfl(n))
(Ugit1,5(n) + Uyiz1,(n) + Uy j1(n) + Usij—1(n))

1/

5 (U i )+ U S) + U )+ U ()
= (UJi-H i) +Ugi-1j(n) +Usijri(n)+Usij—1(n))

Zqu,]qu](n )

N =N =

Jz]

1 . ) .
3 (Usit1,j(n) +Ugiz1,j(n) + Ui jr1(n) + Usij-1(n)) —Ugij(n—1)
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This is identical to 4.54 if we replace Uy by U.
If we now replace all the bidirectional delay lines in Figure 4.19 by the same split pair of lines

shown in Figure 4.11, then we get the arrangement in Figure 4.20. We have placed the split lines

|

=, N 12O
P a— <— <——O— -~

w|p>
=]
N
=
N
E
N
=
N

-
----- - — - [ == -
- <— <——O— -

Figure 4.20: (2+1)D interleaved waveguide mesh.

such that the branches containing sign inversions are adjacent to the western and southern ports of
the parallel junctions. We also introduce new junction variables I, ; at the series junctions between
two horizontal half-sample waveguides, and I,y at the series junctions between two vertical delay
lines, as well as all the associated wave quantities at the ports of the new series junctions. It is
straightforward to show that upon identifying I, ;, I,y and Uy with I, and I, and U, the mesh will
calculating according to scheme (4.52) with constant coefficients, if we choose

2 21

= — 7 = _
v le c

where Z is the impedance in all the delay lines. We are again at the magic time step, but the
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impedance has been set to be larger than the characteristic impedance of the medium. Also, notice
that the speed of propagation along the delay lines is not the wave speed of the medium, which is
v = 1/\/1_0 Such a mesh is called a slow-wave structure [90] in the TLM literature. At this point,
it is useful to compare Figures 4.20 and 4.18.

Losses, Sources, and Spatially-varying Coefficients

We can deal with spatially-varying material parameters as well as losses and sources in a manner
similar to the (141)D case. The full (2+41)D transmission line equations, as originally presented in
§3.8, are

Oty Ou .
lﬁ—}-a—ﬁ—?"lz—ke = 0 (458&)
azy Oou . .
at + 6_ +riyz+f = 0 (4.58b)
Ou Oty Oiy .
h = 4.
6t+6 + ay—i—gu—l— 0 (4.58¢)

where we have r(z,y) > 0 and g(z,y) > 0, and e, f and h are driving functions of z, y and ¢.

The centered difference approximation to (4.58) is

Livy i+ 5) = privy leiey i =3) + 0140y Uissj(n) = Uij(n)

+ Aoyipr €1 i(n)=0 (4.59a)
Lyijry(n+3) = prijealyijrr(m=3) + 0501 Uijn(n) = Ui (n))

+ Aal,i,H%fi,ﬁ%(n) =0 (4.59Db)

tv|>—‘

Uij(n) = puijUij(n—1) + ovj (Iz,i+%7j(n_%) — Loy j(n—

D)
)

+ v (Lagey(n=1) = Loy (0=t

AO’U’Z"]']TI,Z')]'(TZ — %) =0 (459C)
where
2l_k p L pT 2
== - 4.60
P = S+ ripT TR = S olep + Thp A (4.60)
rip = r(kA, pA) Iy =1(kA,pA) + O(A?) (4.61)

for k, p half-integer such that 2(k + p) is odd, and

2¢i; =i T 2
e OUi = 5= T X
26+ gi ;T 200Cij + gijA

gij = g(iA,jA) Cij = C(ZA,]A) + O(AZ)

Puij =
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for ¢, j integer. For the sources, we have used

o 1 .
iy j(n) = 3 (%%,j(n +3) ey jn— %))
- 1 : v
T = 5 (Bt 9+ fijy (0= )
_ 1
hijin—3) = 3 (h"”'(") +hig(n = 1))
where
eirrin+3) = e((i+3)A,jA (n+3)T)
fz',j-{—%(”"‘%) = f(iA,(j+%)A,(n+%)T)
hi(n) = h(iA,jA,nT)

Again, we have applied a semi-implicit approximation to the constant-proportional terms of (4.58).

The waveguide network shown in Figure 4.21 is a direct generalization to (241)D of Figure 4.15.
To the structure of Figure 4.20 we have added an extra port to each scattering junction, series or
parallel, which is connected to a self-loop of impedance Z, and doubled delay length, as well as a port
with impedance Zp to introduce losses and sources. All immittances are indexed by the coordinates
of their associated junctions. As before, we set the admittance Y = 1/Z for any impedance Z in the
network. In Figure 4.21, the linking admittances of the bidirectional delay lines are indicated only
at the parallel junction, since we must have

1 1 1 _ 1

Yovij=5——— Yeij=5p——— i =y Y=
7 it g,] zt i—3,j Yy~ ,i,j+3 ytij—3

The junction admittances and impedances are thus

Yiig = Yo-ij+Yorij+Yy—ij+Yyei;j+Yeij+Yrij
Zrivty = Zort it Zevivt it Zeirs it 2Rt
Zrijry = Zy-ajrs T2yt Y Zeijit Y 2R+l

Beginning from series and parallel junctions, and proceeding through derivations similar to (4.32)

yields the difference scheme (4.59) in the junction variables Uy, I, and I, provided we set

— Goo . R . L— .. .
Y5 = 200G + Agi Yrij = Agi; Ugij; = —hi;/2g:;
— 7 — + —_ ; ’

— 7 — + —
Zyigey =200lijoy + A1 Zpigey = Arger Tpga = —een/2ri
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Figure 4.21: (2+1)D waveguide mesh for the varying-coefficient system (4.58), with losses and

sources.

We can again identify three useful ways of setting the immittances:

Type I: Voltage-centered Mesh

At a parallel junction, we set the self-loop admittance Y. ; ; to zero, and the admittances of the

branches leading away from a parallel junction at grid point (7, j) to be identical, thus

Yei;j=0 Yo-ij=Yorij =Y i =Y = %Oci,j
and set
Zeivr; = vollij+livij)— 2 ( 1 + .1 )
2 Vo Ci j Cit1,j
Zejjry = vollij+lije) = % (% + %1,“)
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The positivity requirements on ZC’H_%’]- and ZC,i,j—I—% force us to choose

2, i,7Ci,j

vp > max < 2 (4.63)

Thus we have a simple CFL-type bound on the space step/time step ratio, which must be chosen
greater than V2 times the maximum value of the local group velocity 1/ Vlc over parallel junction
locations (iA, jA). The bound (4.63) converges to \/57?,1_,|mam, as defined by (3.65), in the limit as

the grid spacing A becomes small.

Type II: Current-centered Mesh

This arrangement is the dual to the previous case. We now set

Zx+,i+%,j = Zz—,i+%,j = UOIZ'+%,]' (4.64)
Zy+,i.j+§ = Zy—,i,j+§ = UUli,j+% (4.65)
ZC,l’-I—%,j Zc,i,j+% = 0 (466)

and

1 1 1 1 1 vo
Yeij=--17 +7 +7 +7 +"5(Q+aj+cﬁéa+cm+§+cm—%)

Yo \Yi+yg  timgg tigrr o lid-g
We then have

2
Uvp > max (4.67)
2(k+p) odd lg pCh p

for half-integer &k and p. It is rather interesting that in (2+1)D, if we have r = 0 and e = f = 0, this
arrangement (and not that of type I) allows the series junctions to be treated as throughs (with sign
inversion). We may thus operate at a reduced sample rate in this case. This particular choice of
immittances, in the constant-coefficient, lossless and source-free case with vy = \/m7 yields the
original form of the waveguide mesh proposed in [198], and mentioned in §4.2.7. We also note that

networks such as this and type I, for which the connecting immittances may vary spatially have also
been explored in TLM [29, 159].

Type III: Mixed Mesh

We set

Zy-ivt i = Zorivt j =2y ijrt = Zyt i jrt = Zeonst
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where Z.onst is some positive constant, and then choose

4
Yeij = 2wcij—
const
ZC,H—%.]' = 2v0li+%,j _2Zconst
Zc,i,j+% = 2U0li,j+% - 2Zconst

The optimal value of Z.,,s: is easily shown to be

mlnm- Ci,]'

2miny(k1p) odd lkp
Zconst =

and this leads to the constraint

2
vy > . .
0= \/mlnz(k_,_p) odd(lk,p) Hllni,j(Ci,j)

for 4, j integer and k and p half-integer. Asin (141)D, this bound is inferior to those obtained using
the type I and type II meshes. Because the immittance settings are simpler, however, this form may

be preferable, from a programming standpoint.

4.4.3 Reduced Computational Complexity and Memory Requirements in
the Standard Form of the Waveguide Mesh

The standard form of the waveguide mesh [198] was proposed as a means of solving the (2+1)D
wave equation (4.50). We would like to note that it is possible, in this special case, to reduce both
computational complexity and memory requirements by taking advantage of the fact that the mesh
calculation can be subdivided into two mutually exclusive schemes. We represent this subdivision
graphically in Figure 4.22 by coloring the two subgrids white and grey. Voltages are calculated at all
the junctions, at every time step. However, it should be clear from the figure that the calculation of
U; at a grey-colored junction will only depend on wave variables scattered from the white junctions
at the previous time step. We then only need calculate half the junction voltages at any given time
step: at the grey junctions at even multiples (say) of the time step, and at white junctions for odd
multiples.

We can go further as well—if we have dropped half the junction calculations at any given time
step, then we are in fact only using one of the two delay registers in any bidirectional delay line
(grey or white in Figure 4.22). Thus only one delay register will be required for any waveguide. In
addition, because in calculating the junction voltage at a grey junction (say), we make use only of
incoming wave variables, and not the junction voltages at the white junctions, calculated one time

step previously, one set of registers may be used at alternating time steps to store both the grey and
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Uy Ug Uy

Figure 4.22: Grid decomposition for the standard waveguide mesh.

white voltages.

This amounts to a factor-of-two savings in terms of both memory requirements and the operation
count. We are, of course, approximating the solution at only half the mesh points at any time step,
but there is no reduction in accuracy, because the separate sub-calculation which has been removed
operated completely independently. (It is true, however, that we have sacrificed the higher end
of the range of spatial frequencies which can be approximated without aliasing.) One additional
advantage is that under this simplification, there will be no need for temporary registers (normally
necessary during the scattering operation); at a given time step there is no danger of overwriting an
incoming wave variable at a particular junction, because if we have just scattered there, we will not
scatter there again for two time steps. The savings in terms of memory is of a factor of 14/5 over the
standard mesh implementation, though the reduction in the spatial frequency range should be taken
into account. We note that in this implementation, each pass through the main loop in the computer
program will contain two time steps worth of scattering operations. Once one has programmed a
mesh a few times, the possibility of performing such a computational trick becomes obvious, and for
this reason it is rather surprising that it has apparently not been explicitly mentioned in the TLM
literature, even in papers specific to parallel computation [170]. We will look at grid decomposition

issues in much more detail in Appendix A.
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Such memory-sharing ideas also appeared early on in wave digital filters which use unit elements
[41] and in WDF-based numerical integration schemes [131]. We note that this idea can be applied
here only for the wave equation at CFL; otherwise, if we are using, for example, a type II mesh,
we necessarily have unit-delay self-loops at the junctions, so that the mesh calculation can not be

similarly decomposed.

4.4.4 Boundary Conditions

We now examine the termination of the waveguide mesh which simulates the behavior of the (241)D

parallel-plate equations. The two most important types of boundary conditions are

u=20 Short-circuit termination (4.68)

1, =0 Open-circuit termination (4.69)

where ¢, refers to the component of (¢;,¢,) which is normal to the boundary. Condition (4.68)
corresponds to a transmission line plate pair which are connected (and thus short-circuited) at the
boundary; the same condition holds for a clamped membrane for which wu is interpreted as a trans-
verse velocity, and (iy,4,) as in-plane forces. Condition (4.69) is an open-circuited termination;
current can not leave the plate at the edges. This second condition is analogous to the rigid ter-
mination of a (2+1)D acoustic medium, where (i,,%,) are interpreted as flow velocities, and u as
a pressure. Both conditions are of the form of (3.8), and are lossless. We will examine only the
termination of the mesh on a rectangular domain (though the result extends easily to the radial
mesh to be discussed in §4.6.2).

In the case of the (1+1)D transmission line, we could treat a staggered mesh terminated by a
parallel junction, and through the duality of : and u extend the result to include termination by a
series junction (see §4.3.9). This is no longer the case in (2+1)D, and we must treat the two types
of termination separately. Consider a bottom (southern) boundary at y = 0 of an interleaved mesh

of the type shown in Figure 4.21. The two possible types of termination are shown in Figure 4.23.

(a) (b)

Figure 4.23: Grid terminations at a southern boundary.
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Grid Arrangement Requiring Voltage and Tangential Current Density Component on

Boundary

Consider the termination arrangement of Figure 4.23(a). In the source-free case, if for y = 0 we

have u(x,0,t) = 0, then from (4.58a),

Oty

l@t

47, =0 for y=20

Thus the current density component tangential to the boundary is uncoupled from the other depen-
dent variables. It is convenient to assume, then, that i,(z,0,t) is initially zero, so that it will remain
so permanently. In this case, we can drop the series junctions corresponding to ¢, on the southern
boundary from the network. Otherwise, we may allow the junctions to remain, as lumped damped
(by a factor r/l) elements, still uncoupled from the rest of the network. In either case, the parallel
junctions at the grey points in Figure 4.23(a) may be short-circuited as in the (14+1)D case in order
to realize boundary condition (4.68). The waveguide mesh termination corresponding to (4.68) is
shown in Figure 4.24(a).

To deal with the boundary condition i,(z,0,t) = 0, we may proceed as in the (1+1)D case, and
write down a difference approximation to (4.58¢), where we use the one-sided difference approxima-
tion

di, 2/ A _
6_y y=0 = Z (Zy(l'7§7t) — zy(m,O,t)) +O(A)

2, A
= Fivle 5.8 +0(4)
and centered differences in the time and x directions,

Uio(n) = puioUip(n—1) + ouip (Im,H-%,O(n —35) =L 1o(n— %))
+ 200003 (n—3)=0

where oy ;0 and py ;o are as given in (4.60).

Here, the voltages on the boundary are related to the tangential currents, which, from Figure
4.23(a), are also calculated on the boundary. This implies that the corresponding junctions will
be connected to one another by waveguides which lie directly on the boundary. Also notice the
doubled weighting of the I,, grid function at the boundary; this requires special care in the DWN
implementation, though it also follows from a structurally passive termination, provided we make
use of transformers along the boundary waveguides. Though we have not discussed transformers in
the DWN context [166], they are identical to wave digital transformers, which were mentioned in
§2.3.4. In effect, we may introduce multiplies by s and 1/k, for any real & in the two signal paths

of any waveguide without affecting losslessness, provide we scale impedances at both ends of the
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waveguide accordingly. The DWN termination corresponding to ¢y, = 0 at a southern boundary is
shown in Figure 4.24(b). We have used transformers of turns ratio 2, implying that the immittances
on the boundary satisfy

1 1
. — _ /- - = 470
,1,0 4Z zt 4,0 4sz’l'+L 0 ( )

2

Y,-

zti—10

)

The corresponding difference equation at a parallel boundary junction is then

Yiio—2Yp; . 1 .
Ujio(n)— WU#,O(” -1 + Yria (IwJ,z'+§,o(” —3) Lgioioln— ;))
2 N
+ Yyio ¥ 72(n— 2) =0
where
YyioEYe-io+ Yorio+ Y0+ Yeio+Yaio (4.71)

The junction updating will be equavlent to the centered difference scheme if we choose

i0A i0A
= Yiio = 25— (4.72)

Yi0 =v0Cio+

Given that the northward immittances at the boundary junctions must be set as interior values, the

settings for the remaining immittances for the type I and II meshes discussed in §4.4.2 will be

Type I:
. VoCi 0 1 1
Yoio = Yo+ io=—— Lyt ivio = —— Zy=ith 0=
4 T VOCit+1,0 T VoCi—1,0
1 1
Yeio = 0 Zgiv19=volit1,0 +volio — —— —
2 VoCi+1,0 VoCi0
Type II:
Z Z l Y, ! Y, _
e=it3,0 T Le—itlo = Voliplo et 0 = o z=,i,0 = ,
4[’0[2_’_% 0 4[’0[2_% 0
VoCi L V0Cipl g FU0Ci_L g 1 1 1
Zejirgo = 0 Yeio = —5—+—3 4 wel;1 dul 4l
Vot; L Volit 1o Vol; 10

The passivity conditions which follow from the positivity of the boundary self-loop immittances will
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be

1
vg > max Type I
o ] i,0Ci 0

and clearly are less restrictive than the conditions (4.63) and (4.67) over the mesh interior, and

2
max

Y

l
2
vo max , max , | —— Type 11
¢ i+1,0Ci+1 0

; ;1 i+ L
ll, Cl.§ i+

Wl

hence do not affect the overall stability bound on vy.

+
L,

“
.
O
3
5

(a) (b)

Figure 4.24: (2+1)D waveguide mesh terminations at a southern boundary, for the grid arrangement

of Figure 4.23(a) (a) for u(x,0,t) = 0 and (b) i(z,0,t) = 0.

Grid Arrangement with Normal Current Density Component Required on Boundary

Termination of the other type of mesh, as shown in Figure 4.23(b) is comparatively simple, because
the series junctions are isolated from one another along the boundary itself. Terminations for both
types of boundary conditions are shown in Figure 4.25. The boundary condition ¢, = 0 can be
simply implemented by terminating the series boundary junctions in open circuits. The condition
u = 0 can be ensured by through proper adjustment of the self-loop impedance, depending on the

type of waveguide mesh. The settings will be

- Type 1
VoCiy 1,

= 0 Type I1

ZC,H—% o = voliy

=
[SIC

[N
[

Zc,i-i—%,ﬁ
The positivity condition on the boundary self-loop impedances for the type I mesh again does not
degrade the stability bound over the mesh interior. As for interior series junctions, we will have
Zr =rA/2 at the boundary junctions.

This type of mesh possesses an additional advantage—if we are working on a rectangular domain,
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Q!

Figure 4.25: (2+1)D waveguide mesh terminations at a southern boundary, for the grid of Figure
4.23(b)— for (a) u(x,0,t) =0 and (b) iy(x,0,t) = 0.

then the “holes” in the staggered grid (that is, those points at which neither U nor I is calculated,
as per Figure 4.18) may be placed at the corners of the domain. The extra programming task of
specializing the waveguide mesh at the corners can then be safely ignored.

All results can of course be extended, by symmetry, to any edge of a rectangular domain.

4.5 Initial Conditions

We have dealt, so far, with a method of integrating the transmission line and parallel-plate trans-
mission line systems, but have not examined the necessary initialization of the algorithm. We will
deal, here, with the lossless source-free cases.

In (141)D, the hyperbolic system (4.17) requires two initial conditions. That is, we require the
knowledge of initial current and voltage distributions along the line. We would like to enter the
discrete equivalent of this data into the delay registers somehow at the first time step n = 0. From
Figure 4.14, it should be clear that four sets of data are required: U:_ )l.(O), U:Jr’l.(O'), U:Z.(O), which
are the initial incoming waves at the parallel junctions, and I:i +1 (%), the values initially stored in
the self-loops at the series junctions.

The first problem we encounter is that, on our decimated grid, we calculate values of Uy and I,
the grid functions corresponding to voltage and current, at alternating time steps. We have chosen
our grid such that for k£ and m half-integer, I},(m) is calculated for odd values of 2m, and Ui(m)
for 2m even; at time zero, then, Uy is accessible (as a combination of wave variables). How then
do we enter the current initial data into the algorithm? It turns out that this problem is rather
simply addressed. We can do one of two things: set the value of I; at time step % to be equal to
a sampled version of i(z,0), and accept the error that this introduces, which will be O(T'), or we
can use any available numerical method (i.e. one which does not operate on a staggered grid) to

propagate the initial data io(z) forward by T/2. Such a method should be at least O(T?) accurate,
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but it is allowed to even be unstable, since we will only be using it to update once [176].

Assume then, that our initial data are U7(0) = u(iA,0), and I;+§ (%), some approximation to
i((t+ %)A, g obtained by either of the methods mentioned above. At time step n = 0, we can write

the junction voltages Uy ;(0) as

Uy,i(0) = v (Yﬁ,iU:},i(O) +Y,- U (0)+ Y::,iU:i(O)) (4.73)
and I.I,i—f—%(%) as
2
IJ’H_%(%) _ZJ i+ 3 (Z;,;+ H_%Ix_'— Z+%(%) +Z,- l+1I+—,i+%(%) + 2. l+§[:,_z+%(%))
= _ M ! + 1 + 1
_ZJ.i+% (U;c+,z+% (5) + Um— l+%(z) + ZC7Z+1Ic,i+%(§))
2 - —
o (U2 0+ VR 0) + Zesiy Ty ()
Jyit+3
2 | |
“Zyiey (~Usin1 O+ UsiO) + UL (0) = U O+ Zegiy I, (3)) - (474)
2

The safest and most general way of proceeding, given that the immittances ZCJ_’_% and Y, ; may be
zero, depending on the type of network we are using, is to set the initial values in the self-loops to

zero. In this case, we can set

ULi(0) =11,.(3)=0 (4.752)
. 1 (YU (0 . ,
Ul (0)= 1 (Ji() + ZJ,i_;I;l(g)) (4.75b)
I 2 2
L (Yy,U7(0) — |
LT;’__'_J(O) = Z (ﬁ — ZJ,l+éIz+%(%)> (475C)

It can be easily verified that with these initial values for the wave variables, the junction voltages
Us,i(0) and currents I, 1 (3) calculated from the DWN by (4.73) and (4.74) respectively will be
consistent with the initial values of the continuous problem to first order in A. These settings may

be used with any of the three types of network mentioned in §4.3.6.

We may ask, however, whether there is a way of setting the initial values such that we achieve
better initial accuracy. For a network of type I, say, we have Y,; = 0. Then, if ZC,i—I—% is non-zero

everywhere (this can always be arranged by operating slightly away from CFL), we may use

UL (0) =S ,(0) = 5T (0)

. 1
+ _ *
Ic,i+%(%) ~ 97 B (ZJ,i+%Ii+

(1) = U7 (0) + U7, (0))

1
2
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in which case the waveguide network reproduces the initial currents and voltages with no error.

Similarly, for a type II network, we may set

*' 1 Ir
Uaﬁ*’ z( ) = Ul ( ) 2V 4 . z+]§(%)
* 1 *
U:_’,i(o) = UZ (0) + 2) _ 'Iz——(%)

1 - * * 10
UZ(0) =21,_(<yc,l~—n_,i—n+ DU O) + Iy (3) - Iy (1)

)

which also yields an exact calculation. Either of these two means of initializing wave variables may
also be used in the type III DWN

These initialization procedures generalize simply to (2+1)D, where the parallel-plate equations
require three initial conditions u(z,y,0), i,(z,y,0) and iy(z,y,0). In general, we now have seven
wave variables to set: the waves approaching any parallel junction with coordinates (4, j) at n = 0,
namely U: (O) m+ y ](0) U+ j(O), U$7i‘j(0) and U}, :(0), as well as the values stored in the

c,i,j

self-loop reglsters at the series Junctions, I:C i+l (—) and I;'C il ( ). For the sake of brevity, we

provide only the settings for the general case, analogous to (4.75):

U;—,i,j(o) = % <w +Zsi-yil; 2=, (3) )
Ul 00 = % (512212:;] = Zyivs i, il e %))
Ul (0)= % (3 iU, L +Zm__ viies(3) )

US,;(0)= %(Ym e H(O) Zyiivs M+1(§)>

with, in addition,

U ) =IF () =TF,,  (2)=0

c,i,j z,i+5,j UENE 2

where

U;r;(0) =u(iA, jA,0)
I; it ](%) = Zw((l + %)A,]A’ %)

Because DWNs of the forms discussed in the previous sections are equivalent to two-step finite
difference methods, problems with parasitic modes do not arise as they do in wave digital networks

which simulate the same systems. This problem was discussed in detail in §3.9.
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4.6 Alternative Grids in (241)D

We have looked, so far, at waveguide mesh solutions to the (2+1)D parallel-plate equations on a
rectilinear grid. We now mention some other possible grid arrangements, first hexagonal and trian-
gular regular grids, then a radial grid. Because Appendix A is devoted to an in-depth exploration
of the various types of mesh which have appeared in the literature, we will only take a brief look at

these meshes here, with an emphasis on spatially-varying media.

4.6.1 Hexagonal and Triangular Grids

Two other ways of regularly sampling the (z, y) plane are shown in Figure 4.26. It was shown in [157]
and [200] that a waveguide mesh can be constructed which solves the (2+1)D wave equation on a grid
of either type. We will extend this result to include the lossless, source-free but varying-coefficient

parallel-plate problem (4.49).

Y Yy

(a) (b)

Figure 4.26: Alternative sampling grids— (a) hezagonal and (b) triangular.

For both types of grid, lines between the grid points (marked by black dots in Figure 4.26)
indicate that the points are to be connected by bidirectional delay lines. Connected points are
separated by a distance A. We will look at meshes of the type IT form—that is, meshes for which we
will need to calculate using only parallel junctions (recall that if we did not have losses or sources
in (4.58a) and (4.58b) for the type II mesh of §4.4.2, the impedances of the bidirectional delay lines
were set so that the series junctions degenerated to simple throughs) located at the grid points. We
still allow [ and ¢ to vary smoothly over the domain. Additionally, we could allow sources and losses
in (4.58c), but as mentioned above, we consider only the fully lossless source-free case here. We
remark that we now have a mesh for which all delays are of equal duration (i.e., in both connecting
waveguides and self-loops), unlike the interleaved mesh of type I or III.

The derivation of the waveguide mesh equivalent difference schemes on a hexagonal or triangular

grid is very similar to the rectilinear case, and we will omit most steps. Referring to Figure 4.26(a),
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for the hexagonal mesh we have a four-port parallel junction at each grid point. At grid point
0, for example, we have unit sample bidirectional delay lines connecting the junction to those at
locations 1, 2, and 3, and we will name the admittances of the three connecting lines Yy, Yj2 and Y3
respectively. In order to allow variation in local wave speed, we also add a self-loop of admittance
Y. 0. The junction voltages at points 0, 1, 2, and 3 will be named Uy, U1, Uj2 and U, 3, and we

have, for the junction admittance at point 0,
Y70 = Yo1 + Yoo + Yo3 + Yo

The scattering junction at grid location 0 is shown in Figure 4.27(a). It should be clear from Figure

Figure 4.27: Scattering junctions— (a) on a hezagonal grid, and (b) on a triangular grid.

4.26(a) that the scattering junctions will be upside-down with respect to that of grid point 0 at half
the grid points in the domain, but the waveguide mesh we will develop holds, by symmetry, at such
points as well.

Beginning at junction 0, and performing manipulations similar to those on a rectilinear grid
(i.e., breaking the junction voltage into wave components, and tracing their movement through the

network), we get a difference relation among the voltages at point 0 and its neighbors:

2 . . _
Uso(n+1)+Ujo(n—1)= Vo (YorUy1(n) + YooUy2(n) + YosUys(n) + Ye oUsp(n)) (4.76)

J,0

which we would like to identify with

Pu 1,0 (10u 0 (10u

g (e ) A (4.77)
ot? c \ Oz \I Oz Oy \l 9y

fIn fact, we are being somewhat cavalier here (as we will be again when we look at the tetrahedral mesh in §4.7),
because the updating is not the same at every junction. We will deal with this aspect in full detail in Appendix A.
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which is simply the reduced form of system (4.49) where we have eliminated i, and i,. If we were to
identify this mesh with the type II mesh of §4.4, we might guess that we should set the impedances
of the bidirectional delay lines to be equal to vy times the value of I at the midpoint of the line,
where we again have vg = A/T. That is, if grid point 0 is situated at coordinates (z,y), then we

should set

- Yip= =
voloy volpo vglos
with
, V3A A V3A A A
lo1=l($—Tay+Z) lo2=l($+T7y+Z) lOS:I('Tay_E)

With this choice of the waveguide admittances, we must have, in order to force consistency of (4.76)

with (4.77),
3
Y0 = 500% (4.78)
where ¢ is some second order approximation to ¢ at the location of junction 0. We can now choose,

in order to satisfy (4.78),

. v 1 1 1
c,0 = EO (co1 + co2 + co3) —

volo1 volo2 volos

where co; and cgy and cg3 are values of c(z, y) at the midpoints of the waveguides connecting the
junction at point 0 to its neighbors.

The stability bound for this mesh, resulting from a positivity condition on the self-loop admit-

2 . .
vg > max \/ (4.79)
waveguide midpoints ¥ [C

The approach to the triangular mesh is very similar. We now have, at each grid point, a seven-port

tance Y, x over all grid points X is

junction, to accommodate waves incoming from six directions and a self-loop (see Figure 4.27(Db)).

We now make the choices, at a grid point 0, of

1
0y UOIOj ) 7 ) )
where ly;, j =1,...,6 are the values of the inductance at the midpoints of the attached waveguides

in directions 1 through 6. The relevant condition for consistency with (4.77) can be shown to be

Y’J70 = 31)06
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and we choose

S /1 1
Yc,o = Z (§U0C0j - —>

volo;
j=1 000y

where cyj, j = 1,...,6 are the values of the capacitance at the adjacent waveguide midpoints. The

stability bound is again

vy > max V2/le (4.80)

waveguide midpoints

If I and c are constant, and we are operating at the CFL bound (i.e., vo = IZ—C), then in both the
hexagonal or the triangular meshes Y. o vanishes, and we have, respectively, three-port and six-port
scattering junctions, all of whose port admittances are identical. These meshes, although they are
slightly more difficult to program than the rectilinear mesh, possess better numerical dispersion
properties [157]; a comparison of the directional dispersion of various types of (2+1)D meshes in the
constant-coefficient case is given in §A.2. We also note that in this same constant-coefficient case,
when we are at CFL, the hexagonal mesh, like the rectilinear mesh, can be decomposed into two
meshes which operate on half the grid points, and thus a cut in computational and memory costs of
a factor of two is possible (see §4.4.3). This is not true for the triangular mesh—see Appendix A.

We do not include any material about boundary termination of hexagonal or triangular grids,
although we do conjecture that it should be comparatively less tricky than the termination of
MDWDF networks in the same coordinate systems (we mentioned a hexagonal coordinate system

in passing in §3.3.3), where the available results are extremely unsatisfactory [211, 212].

4.6.2 The Waveguide Mesh in Radial Coordinates

We will look at waveguide meshes in general curvilinear coordinates in §4.8, but radial coordinates
are an important special case, especially for musical instrument physical modelling applications
(considering how many instruments exhibit some form of radial symmetry).

In terms of radial coordinates (p,8), where
x = pcost y = psinf (4.81)

the parallel-plate system (4.58) becomes

15/) Ou . .
lpc')_tp a_p +rpi,+e, =0 (4.82a)
Oip  Ou . ,
l"ﬁ + %0 +7rgipg+ep =0 (4.82D)
Ou  0i, Oty
— + =L + A — + gy w= 4.82
c@t+8p+ 89+gu+e 0 (4.82¢)
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where we define radial and angular current densities by

(—igsinf + iy cosf) (4.83)

> =

ip = p (iy cost + iy sinf) g =

and the effective radial material parameters and sources by

l
=~ lo = pIX cu = pe
p
r
r, = p rg = prA Ju = pg (4.84)
e, =ecosb + fsinh eg = p(—esinf + f cosf) ey = ph
A is a scaling coefficient which we will set, in anticipation of discretization, equal to %, the ratio of
P

the grid spacings in the 8 and p directions. We will allow these spacings to be, in general, different.

It is evident that system (4.82) has a form similar to its counterpart in rectilinear coordinates,
apart from the extra factor of A in (4.82¢). The chief difference is that we now have different effective
inductances [, and Iy in the two coordinate directions, but, as we shall see, this anisotropy is easily
taken care of (indeed, we could have defined anisotropic inductances l, and [, in the rectilinear case
without greatly complicating matters). We can see immediately that when centered differences are
applied to system (4.82), we will be able to operate on an interleaved grid in the (p, ) coordinates.
A version of Yee’s algorithm in arbitrary curvilinear coordinates first appeared in [91], and is also
discussed in [209]. The interleaved grid, viewed in rectilinear coordinates, is shown in Figure 4.28,
where, as before, the dependent variable to be calculated at a particular grid point is indicated
next to the point. Grey and white coloring of points indicates operation at alternating time steps.
Centered differencing yields a scheme nearly identical to (4.59), with, again, the difference that the
inductance has a directional character. We can thus proceed directly to the waveguide mesh, and,
furthermore, can use the same indexing as in the rectilinear case; now, the grid indices (4, j,n) will
refer to points (p,0,t) = (iA,, jAg,nT). Due to the interleaved nature of the resulting difference
approximations, we will have series junctions at locations (i + %,j, n 4+ %) and (4,7 + %, n 4+ %) for
i >0, j and n integer (with associated junction currents I,;; 1 ;(n+ 1) and Iyijrr(n+ 1)) and
parallel junctions at locations (4, j,n) where we will calculate junction voltages Uy ; j(n), for i > 0, j
and n integer (we return to the central grid point at ¢ = 0 later in this section). The computational

molecule of the mesh is shown in Figure 4.29.

Referring to Figure 4.30, which gives the immittance nomenclature in the waveguide network,

and where in addition we have the junction immittances defined by

- A -
Yoij = Ypmig+¥orij+Yorij+Yo-ij+Yeij+Yrij
A
Zrivti = ZerirditZointit Zeirti t ZRivt
A
Zyijvy = Zpriget T 2o et Y Zeijet T 2R
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Figure 4.28: Interleaved grid in radial coordinates.

for ¢ > 0 and j integer, we can perform an analysis similar to the rectilinear case in order to determine

that we must have

R 6u,i,j 1 -
Yy =247, (T + §Qu,z’,j> Yrij=ApGu,ij
i s 1 s 1
_ pit3,) —

Zaivy,i =280 <T t 3 hithi ZRith,i = Bolpit}

l_ei i+ 1 1
)+ g — )
Zyijvy =200 < T T3t ZRijry = DTty

(The junction admittance Y00 will be dealt with shortly.) The source waves should be chosen as

+ o __ cuijn)
Uaj(n) = —5 "=
u,2,j
L
It (n+l) = vy i(n+t3)
Ri+d T2 2, it
it
1
b i (n+13) _Soin3 ()
Rijts 2 20 i j+ 4

where we may of course use the dual type of wave in regions where the loss parameters become small,
as discussed in §4.3.7. Just as in the rectilinear case, these conditions define a family of waveguide
networks which solve the radial transmission line equations. We here provide the impedance settings

for voltage- and current-centered meshes, as well as stability bounds.
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Figure 4.29: Waveguide mesh for the (2+1)D parallel-plate system, in radial coordinates.

Type I: Voltage-Centered Mesh

Apcu,ij

g = Yom i = You i = Yo i = —0 0 Yeij=0 (4.85)
Apl, i 2T Aply i1 2T

2oy = Doleii_ loit1i 4.86

c,i+3,] T Apcu’m- + T Apcu,i-i-l,j ( )
Agl@ i 2T A9l9 i,5+1 2T

7, = i _ L 4.87

oty T Apcu,ij T ApCui,jt 0

The stability constraints (which follow from the requirement of positivity of Z. everywhere) are

Ap
—— > max
T = ij

Ay 1 2
AN il 4.88
T 2 max ( o (4.88)
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Figure 4.30: Representative scattering junctions for the waveguide mesh for the (2+41)D parallel-plate
system, in radial coordinates.

There is thus a dependence on p in the second condition (relating the angular spacing Ay to T),
which we expect, since the spacing between the junctions at a given radius now varies linearly with
the radius. Stability bounds are, for a radial mesh, necessarily more severe than in the rectilinear

case, due to this variation in grid spacing.

Type II: Current-Centered Mesh

Al i1 s
pyit+3,]
Zprivyi =Zpivki = T (4.89)
Aelg,i,ﬂ_;
Zovijry = Zomigey = T (4.90)
Zeivgi = 0 (4.91)
Zejjvy = 0 (4.92)
Yoi; = 28pCuity,y T +2Apcu,z~—§,j_ T
cd,j = T Aplp,i.;%,j T Aﬂlp.i—%,j
N QApCu,i,j+% T ZApcu’i,j7% T
T lg,i,j+§ T 19,2.‘]._%

The stability bound is the same as given by (4.88), except that we take maxima over the series
junction locations.

We leave out a discussion of the type III mesh because it was already shown in §4.4.2 to be
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relatively inefficient in terms of the maximum allowable time step for a given grid spacing (when

compared to types I and II).

Central Gridpoint in a Radial Mesh

We have so far restricted our attention to interior points of the grid (for which ¢ > 0). If the center
of the (p,f) coordinate system is to be contained in the grid, a special treatment is required. We
have indexed the grid variables such that, in our interleaved mesh, a single parallel junction lies at
the origin (for ¢ = 0). If the problem domain includes a full circle, we also must assume that Ay

divides 27 evenly so that we have a positive integer N such that

_271'

N = —
Ag

Thus the central parallel junction will be connected to N series junctions at locations (%, JAg),
7=0,...,N—1. We will name the admittances of the IV waveguides radiating from the central hub
Yjo00.7=0,....,N —1, and the admittance of the self-loop and loss/source ports will be Y. ¢ ¢ and

Y0, respectively (see Figure 4.31).

Ay

x
= UJ,(],O Yooof =

Figure 4.31: Central scattering junction for the waveguide mesh in radial coordinates.

The difference scheme relating the junction voltage at the central grid point to the radial currents

at the surrounding junctions will then be

N—1
Y00 —2Ygoo0 , : 2 1
Lt UV ) -1 I..1.(n—=
Yroo s00(n—1)+ Yroo ;:0: pa2,i(n=3)

2Y, . . ) .
— S (Ug () + Uy (0= 1)) =0 (4.93)
Y00 0, 0,

Ujoo(n)
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The sum over the junction currents, which we now look at in the continuous time/space domain
so as to develop a series approximation) may be rewritten using (4.83) in terms of the rectilinear

current variables as

N—-1 N—-1
LA, Ay, (0 A, . A, L
D in(SHide) = > (zm(T”,JAe,) cos(jA9) + iy (5 7A0) SIH(JAe))
=0 j=0
A N-1 N—1
= 7pim(0,0) cos(jAg) + —=1,(0,0) sin(jAp)
j=0 j=0
A2 (i .
g (621 cos’(jA,) + —* SinZ(J'Ap))
=0 \ 9Tl (0,0)
NAZ [ 9 ;
= o [ Ol 9ty (4.94)
8 Ox (0,0) Jy (0,0)

where we have neglected higher order terms in A, and used, in the last line, the identities

N-1

N-1 : N—1 . . N—1 .
21y . 21y 5 [ 2m] .o (27 N
Z Ccos (T) = Z sin (T) = . CcOos T = Z s W = 7
J=0 J=0
which hold for N > 2. Using approximation (4.94) and by comparing (4.93) with (4.82c), we must

choose the junction and loss/source port admittance to be

1 5 [ C 1 .
Yioo0 = ZNAf, (% + g(;_,o) Yroo = gNAf)go,o

and the source wave variable U;;O o(n) to be

h()‘() (n)

U;;,o,o(") = - 90,0

A mesh of type I is infeasible because it would require access to I, 00 in order to set Zc,%.j as
prescribed in (4.86), but [, as defined in (4.84) is singular at the origin (although if we are working
with a radial geometry which does not contain the origin, this problem does not arise). For a mesh

of type II, we have, from (4.89),

1 T T
T A 20

/—. . —
3,0,0 = 7

P50 Pr5yJ 1

and so we may set, for the self-loop admittance at the central junction,

N-1 /A2q, . T
}/—c — 14 Eu] _
00 Z( AT 21%‘].)

i=0
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which is positive when

>  max
j=0,... . N—1\/ ]

A, 2
T

1L

Thus the stability requirement at the central junction does not interfere with the requirements over
the interior of the mesh given for the type II mesh.

We note that a different type of central node, proposed for use in radial TLM simulations, is
described in [24].

Simulation: Circular Region with Varying Inductance

We show here a simulation of the parallel-plate problem over a circular region, radius 1, with short-
circuited boundary conditions (u = 0 on the outer rim). The capacitance is 1 everywhere, as is
the inductance except over four circular regions of radius 0.2 with centers at radius 0.5 and equally
spaced around the circle (circled in black in Figure 4.32). In these smaller regions, the inductance
has the form of a 2D raised cosine distribution—/ takes on a maximum value of 3 at the centers, and
decreases to 1 at the edges. The initial voltage distribution is a raised 2D cosine of radius 0.15 and
amplitude 1, centered at radius 0.5, directly between two of the circular regions of higher inductance.
The grid spacings are A, = % and Ay = 120—7:), and we use a radial waveguide mesh of type IL

The time evolution of the voltage distribution is shown in Figure 4.32, where light- and dark-
colored areas indicate regions of positive and negative voltage respectively. The plot is normalized to
show voltages between —0.3 (black) and 0.3 (white). We remark that the voltage distribution on this

pair of plates will behave identically to the transverse velocity distribution on a clamped membrane

which has regions of increased density. Interpolation has been performed for better plotting results.

4.7 The (341)D Wave Equation and Waveguide Meshes

In this brief section we summarize, for completeness sake, (34+1)D waveguide meshes, introduced in
[200] and [156]. We will return to these mesh formulations in §4.9.5, where we will discuss interfaces
between meshes of different grid densities. We will also analyze the spectral characteristics of these
methods in some detail in Appendix A.

The transmission line problem with spatially-varying material parameters does not generalize
in a meaningful way to (3+1)D; there is no commonly-known physical system that would behave
according to such a set of equations (though linear acoustics in non-Cartesian coordinates might serve
as one example). Physical systems of interest in (3+1)D generally have a more complex form than
would be implied by such a straightforward generalization. We will have occasion to examine two
such systems in detail, namely the (3+1)D equations describing the vibration of a linear, isotropic

elastic solid, in §5.6, and Maxwell’s equations (see §4.10.6).
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Figure 4.32: Sumulation of a circular parallel-plate system using a radial waveguide mesh.

The (3+1)D wave equation, however, is of interest in linear acoustics (and it is arrived at by
linearizing a system of conservation laws, namely Fuler’s equations [112], to which we will return
briefly in Appendix B). It is written as

1 02 o2 o2 o?

e E (4.95)

~2 Ot Ox Oy 0z
where p(z,y,z,t) is pressure deviation from ambient pressure, and v = /K /p is the wave speed
(K and p are the bulk modulus and density of the medium [15, 66]). In order to enforce notational
consistency, we will assume that we can write 72 = 1/l¢, for some positive constants | and c.
Obviously, any such choices of [ and ¢ will be appropriate, if we are only interested in solving for

the pressure. (In particular, a reasonable choice would be l = p and ¢ = 1/K.)

Three regular grids are shown in Figure 4.33, and we have indicated waveguide couplings between
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[83

(b)

Figure 4.33: Regular grids in (3+1)D— (a) rectilinear, (b) octahedral and (c) tetrahedral.

neighboring points (where scattering junctions will be placed) by double-headed arrows. Delays in
these bidirectional delay lines are assumed to be of length T, and are identical over the entire
network, in all three cases. Junctions are separated by a distance A. The first, shown in (a),
is the standard rectilinear mesh [156, 198], and the second, shown in (b) is a mesh obtained by
superimposing one rectilinear grid on top of a shifted copy of itself, then connecting each point to
its eight nearest neighbors; an appropriate name for such a configuration might be an “octahedral
mesh.” A third structure, the so-called tetrahedral mesh [200], is shown in (c). Self-loops, necessary
when we are operating away from the CFL bound, are not shown, and the immittances of the
connecting waveguides are assumed to all be identical. Other structures are also conceivable.

We remark here on a computational aspect of these junctions—as mentioned in [200], if we are
at CFL (and so do not need self-loops), it is useful to have the number of waveguides connected
to a particular junction be a power of two; if this can be arranged, then all multiplies carried out
during the scattering step may be implemented as simple bit-shifting operations in a fixed-point
implementation. Because this is not true for the rectilinear mesh, (i.e., there are six waveguides
connected to each junction), the tetrahedral mesh was proposed as a more efficient structure. We
note, however, that the octahedral mesh, with eight waveguides connected to each junction, also
can be implemented efficiently in fixed-point. Furthermore, it may be easier to deal with from the
programmer’s point of view, because unlike the tetrahedral mesh, it will not involve any special
indexing strategy (for a tetrahedral mesh, half of the junctions will have an inverse orientation with

respect to the other half).
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If we are at the CFL bound—that is if we have
vo = V3y (4.96)

where A is the physical length of a waveguide in any of the three types of mesh, then we may choose
any constant to be the admittance of the connecting waveguide. In this case, all three types of mesh
can be decomposed into two meshes, to be used at alternating time steps; as in (2+1)D, this can be
exploited to increase computational efficiency (see §4.4.3). If we are away from CFL (as we may be

in a multi-grid setting see §4.9), then we must set, for the self-loop admittances,

Y. =2vpc — — Rectilinear mesh
v()l

4 4

Y. = —vgc — V3 Octahedral mesh
\/3 U()l
4 4

Y, = —vge— — Tetrahedral mesh
3 U()l

where the connecting waveguide admittance has been chosen as ULQI

4.8 The Waveguide Mesh in General Curvilinear Coordi-

nates

A generalization of the waveguide mesh to arbitrary curvilinear coordinates is useful in that it
becomes possible to model boundary conditions which may not be simply aligned with a rectilinear
grid. The resulting structure is quite similar to the interleaved forms discussed earlier, and for this
reason we will give only a brief description of the coordinate transformation procedure. Consider

the following system:

oi . .

lxa—: + Vyu+rgix +ex = 0 (4.97a)

ou . . .

cza +Vx-ix+gxu+hy = 0 (4.97b)

Here we may assume any number k of physical spatial coordinates x = [z1,...,2¢]?, so that Vyx =
% = [%, ceey % T iy and ex are both assumed to be k-dimensional column vectors. Iy, cx, rx

and gx are all positive functions of x (Ix and cx are strictly positive), and ex and hyx are the source
terms. If £ is 1 or 2, then we have the transmission line or parallel-plate transmission line system
respectively, and if k = 3, we have the system describing linear acoustic phenomena (assuming that

the material parameters are constant).
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Consider the mapping

x = ¢(w)

where w = [wy,...,w;]T are the transformed coordinates. A rectilinear grid in the w coordinates
can be mapped to a curvilinear grid in the physical x coordinates. We can then define the k x k
matrix of partial derivatives J by

9a
Josl = ,B=1,...,k
sl = 3, @ f

where (, is the ath component of {. We assume J to be nonsingular everywhere in the problem
domain (though this assumption may be relaxed as will mention later in this section) . Defining the

differential operator Vy, by Vy = % =[Z,..., %]T, it then follows [69] that

Sw,

1

Ve =JTV, Vi a= —
]

V- (13137 "a)

for any k X 1 column vector a. Here, |J| is the so-called Jacobian determinant [172]. Using these

relationships, the system (4.97) may be rewritten as

dig .
liTé 4 Vet + 3T +3Tex = 0
Oou s
CX|J|§ +Vu- (|J|J 1x) +|Jgxu+|Ihxy = 0O
or
Olw .
LWW +Veu+Ryiw +tew = 0 (4.98a)
ou ,
cwa—: + Vz:, iw F gwtt+hy = 0 (4.98Db)
where
iw = |[J|T tix
and
lx T Tx ;T T
Ly =—=—J"1J Ry =—=—J"1J ew =J ex
J] g
Cw = |J|Cx Jw = |J|gx hw = |J|hx

System (4.98) is similar to (4.97), except that we now have “vector” inductance and resistance
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coefficients (note that both Ly, and R, are positive definite matrices, if J is non-singular). In
particular, it is still symmetric hyperbolic (see §3.2), so we may expect that it is possible to derive
a waveguide structure.

Consider now the transformed system (4.98) in (2+1)D. If J7J is diagonal, then Ly, and Ry,
will be as well; in this case, system (4.98) is in the same form' as the parallel-plate system in radial
coordinates (4.82), so we need not discuss this case further here. Indeed, the radial system is a

special case of (4.98) with w = [p,6]T and

J =
sinf  pcosf

cosf —psin 0]

On the other hand, if J7J is not diagonal (so that we are working in non-orthogonal or oblique
coordinates), then the situation is more complex. Due to the cross-coupling between the components
of iy, through the matrices Ly and Ry, it will no longer be possible to stagger all the components
of the solution; in particular, it will be necessary to use wvector scattering junctions. Let us look
at the case k = 2, so that (4.98) are the equations of the parallel-plate system in the curvilinear
coordinates w. Furthermore, we will set w; = p and wy = g. A centered difference approximation
to (4.98), over grid points with coordinates p = iA and ¢ = jA, and at times ¢t = nT for ¢, j and n

half-integer is

i 1 1 Uit1,(n) — Ui j(n)
Wl i (T (0 43) Iz‘+%a(" -4)+ Upjis(n) - ”-(n)]

b SR (L4 D 4Ty = )
+ ( with (M 5) Feg i i(n— %)) =0 (4.99a)

V0Cw i j (Ui,j(") = Ui j(n — 1)) + Lyrn—5) =1, 1 i(n=3)
+ Iq.i.H%( —3) = Iql]*%(”_%)
+ %gww (Ui () + Ui j(n = 1))
+ %(hw.i,j(n) + hw,ij(n — 1)) =0 (4.99b)

Here, we have the vector grid function I, 1 ;(n + %), which is a two-vector with components

Ip’i+%‘j(n + 1) and Iq’i+%‘j(n + 1) as well as the scalar grid function U; ;(n). f‘w,i+%,j+% and

Cw,,; are second-order approximations to Ly and ¢y at the indicated grid points. The scheme

above has been written so that it is clear that it can operate for n integer, and for 7 and j such that

1 + 7 is integer; notice that U and I are calculated at alternating time instants and grid locations,

Tt is in the same form except for the scaling parameter A which was introduced so as to allow a different grid
spacing in the two radial coordinate directions; such a scaling parameter may be used here to exactly the same effect.
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Figure 4.34: (2+1)D DWN for the parallel-plate system (4.98) in general non-orthogonal curvilinear
coordinates.

but the components of I can not, in general, be calculated at separate locations. vg, again, is equal

to A/T, and (4.99) will be a second-order accurate approximation to (4.98).

We will skip the tedious procedure of deriving a waveguide mesh, and simply present the resulting
structure in Figure 4.34. Junction vector currents I; are calculated at the series vector scattering
junctions; the black bars surrounding this junction in the figure are the splitting elements that were
discussed in §4.2.6. Although we have not drawn them in the figure, there will be similar vector
junctions at the four grid points neighboring any of the parallel junctions where the voltages Uy
are calculated. This vector junction has four 2 x 2 matrix impedances associated with it: Z., the

self-loop impedance, Zg, the loss/source impedance, and Z; and Z,, which are constrained (see
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§4.2.6) to be
L 1
0 — 0
Yot i Y~ 1,
Ziivgi=| "o | Zoiryi=| "y | (4.100)
Yot i+h -} Yo il i+t

The junction impedance Z; is defined to be the sum of these four matrices. The admittances at the
parallel junctions are defined in a manner similar to those of the DWN in rectilinear coordinates.
Also, we have the source voltage waves U;i‘ ; at the parallel junctions and vector source current

I+

waves o
Ri+1,j

at the series junctions.

This DWN can be identified with the difference system (4.99) if we set

Zj = 2voLw + ARy Zp = ARy I, =-AR_'ew/2
Y = 2008w + Agw Yi = Agw Uy = —Agwhw/2

at the grid points for which such quantities are defined.

There are, of course, various realizations, depending on how the self-loop and connecting immit-
tances are chosen. First, note that because Z; is not diagonal, it will not be possible to distribute
it equally among the two connecting impedances Z; and Z,, which are constrained to be diagonal
from (4.100). Thus a type II (current-centered) realization analogous to that which was discussed
in the case of the rectilinear mesh will not be possible, even in the absence of losses and sources.
A type I realization is certainly possible, but for brevity sake, we will only provide the settings for
the type III DWN. Here all the connecting impedances are all set to be some constant value Z.qnst.

This then implies that
Zc = 2U0EW - QZconstIZ Y; = :)UOEW - 4/Zconst

where I, is the 2 x 2 identity matrix. Requiring the positivity of Y, and the positive definiteness of

Z. gives the constraint

2

Lw,mincw,min

for cw min the minimum of cy over parallel junction locations and Ly min the minimum of the

eigenvalues of Ly, over series junction locations, and where we have made the choice

2Lw,min
Cw min

Zeonst =

In general, this bound will depend on the choice of coordinates.
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FDTD in general curvilinear coordinates has developed in a similar way; most formulations
are slightly different in that they are based on a tensor density formulation [91, 209] and employ a
double set of variables (covariant and contravariant) in the non-orthogonal case; differencing involves
interleaving these two sets of components at alternating time steps. They have also been used as
a starting point for developing FDTD methods in “local” coordinates defined with respect to an
automatically generated grid [72, 73]. Curvilinear coordinate systems have been touched upon in
the MDWD framework as well; An approach similar to the above is discussed in [69], and a tensor

density formulation is given in [131].

4.9 Interfaces Between Grids

In (2+1)D, we have looked so far at numerically solving the parallel-plate transmission line system
over regular grids—that is to say, grids whose points can be indexed with respect to some regular
coordinate system. We now examine ways of connecting grids of different types, and in particular
grids of differing densities of points. The ability to decompose a domain into regions of different grid
point densities is especially useful when dealing with boundaries and irregular features (i.e., variations
in material parameters) throughout the problem domain; we may use a fine grid to calculate the
solution to a problem in such regions, and then a coarse grid everywhere else. The problem, then,
is in connecting the various subgrids so that consistency of a numerical method with the original
set of equations to be solved can be maintained at the boundaries between the regions. The use of
multi-grid techniques in numerical integration had developed into a very large field recently, and we
can not hope to summarize the many developments that have taken place, nor even the basic theory.
Unfortunately, there is not as yet a single good basic reference; we refer the reader to [140] for an
general introduction. Multi-grid methods have been used in the TLM framework, but the structures
there employed are somewhat different. In particular, the methods proposed in [88] and [87] (and
reviewed in [29]) do not, in general, enforce passivity at an interface between a coarse and fine grid,
though they are capable of operating using different time steps in the coarse and fine meshes. The
method of [207] is perhaps closer in spirit to that presented here, in that the time step is everywhere
the same, but in that case, certain a priori assumptions are made about the fields at the interface.

We will show that it is in fact possible to devise passive connections between waveguide networks
(themselves generally passive, unless sources are present) which operate on different types of grids,
so that passivity can be maintained in a global sense—there is, as before, an energy measure for
the network which can be expressed as a weighted sum of the squares of the wave variables in the
network. In this section, we will look in particular at the lossless, source-free parallel-plate equations
in (241)D (system (4.58) with r = g = ¢ = f = h = 0 everywhere). Furthermore, for simplicity, we
will confine our attention to waveguide networks of type II as described in §4.4; it will be recalled

that for type II networks, when r = e = f = 0, there is no scattering at the series junctions, and
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we need only calculate voltages at the parallel junctions. [ and ¢ will still be allowed to vary over
the problem domain. (It may be possible to extend the multi-grid methods to be described here to

the full lossy system including sources, but we will not pursue this direction here.)

4.9.1 Doubled Grid Density Across an Interface

I
=

II

ﬁb

Figure 4.35: Interface between mesh and mesh with doubled grid density— (a) grid arrangement,
where boundary junctions are labelled B, and (b) scattering junction at such a boundary junction.

In Figure 4.35(a) is shown an interface between a regular rectilinear grid with spacing A (region
I) and a grid with spacing A/v/2 (region I) whose orientation is rotated by 45 degrees with respect
to that of region I. Clearly then, the density of grid points in region II is double that of region
I. At any point in the interior of either regions I or I, if we are interested in solving the parallel-
plate transmission line equations, we can use the rectilinear mesh described in §4.4. We indicate
waveguide connections between junctions located at the gridpoints by black lines. At points lying
on the interface between the two regions (labelled B) however, we need to develop special scattering
junctions. The most straightforward arrangement requires a six-port junction at a boundary point
(waves enter the junction from five irregularly spaced directions, as well as through a self-loop).
Such a junction is shown in Figure 4.35(b). The problem, then, is in finding the correct admittance
settings for the waveguides connected to such boundary points. If these admittances can be chosen
positive and in such a way that the resulting scheme is consistent with the parallel-plate system,
then we are assured convergence over the entire problem domain. We note that such interfaces bear
a resemblance to the very early work of MacNeal [123], who developed asymmetric resistive networks
as a means of solving elliptic problems via relaxation.

We assume that the boundary is aligned with the y-axis, so that the boundary junctions are
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located at coordinates (0, jA), for j integer. We also assume, for the moment, that all delays in the
network will be unit sample delays (we will return to interfaces between grids with differing delay
lengths in the next section). As before, we will set vy = A/T. At a boundary junction at coordinates
(0,5A), we will have six port admittances: Y,- o ;, Y- o ; and Yy+ o ; corresponding to waveguide
connections with junctions to the west, south and north respectively, Y +,+ ¢ ; and Y+, ¢ ; for
connections to junctions to the northeast and southeast, respectively in region II and a self-loop

admittance Y, j. The junction admittance at a boundary point B is then
J,0,j £ YwﬂO,j + YyﬂOJ’ + Y +0,5 t Yw+y+ 0jt Yw+y‘ 0jt Yoo,

Because this waveguide mesh is an extension of the type II mesh described in §4.4.2, we might expect
that the waveguide admittances will be related to values of the material parameters ! and c at the
midpoints of the waveguides. This is, in fact, true, even at the boundary junctions, though because
of the asymmetric nature of these junctions with respect to the coordinate axes, we must perform
a judicious scaling of some of these admittances. In fact, we must only scale the admittances of
the waveguides which lie along the boundary itself, and that of the self-loop. The admittances of
waveguides connected to interior points in region I or I1 should be treated as “interior,” so that the

scattering will be correct at junctions neighboring the boundary).

The difference scheme operating at a junction on the boundary will be

Y50,
2

(Usoj(n+1) 4+ Uspj(n=1)) = Yoyt 0,Uss jp1(n) 4+ Yary=0,;Uss j-1(n)
+ Y, OJUJ—LJ(”) + Y+ UJLJO,]-l—l(n)
+Y OJUJO,] 1(n)+YCO,]LJ0,](n)

If we now treat the junction voltages as samples of a continuous function u, then the difference

scheme above can be expanded in a Taylor series about (0, jA, nT) to give

. ou
)JOJTZ = ( )m—O (1m+y—0] +1m+y+,0,3)) or
+2A )y+ 0~ Yy—05t 3 (Yr+y+ 0,j — m+y ,0 ,J)>

8%u

(Y:c 0 z+y 0,7 + Yz+y+,0,])) @
( 0%u
L

1

Yoo+ Yyr o5+ 7(Fory- 05+ Yz+y+.0,j)) a7
o%u

+ 9 ztyt,0,j — ﬁy 0-]) m

+O(A®,T?) (4.101)
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In order to associate this expansion with the reduced form of the parallel-plate equations of (4.77),

we may set

v 1 . 1 1
e=,0,j = 7 yt,05 = 5 y=,0,j =
bOl—%,j uvolo,j+§ 22)010,]-_%
1 1
Yotyto) = vols -1 Yoty = vls - 1
0 3its 0 3i-1

and for the self-loop admittance, we set

3
chgyj = Evo (207%.]' +26%’j+% +20%,j7% +CO)J-+% +CO’J-7%)

~Yo- 0 =Yy 05— Yyr 05— Yoryr 05 — Yory-0 (4.102)

These settings yield a difference scheme which is consistent with the transmission line equations,
and which is first-order accurate in the grid spacing A. It is important to note that the admittances
of the waveguides connecting two junctions on the boundary itself are set to be half what they would
be in the interior of region I. Also note that the mixed derivative term in (4.101) becomes O(A?)
(because Y+ ,+ o j and Yy+,- o ; are the same to zeroth-order, and hence their difference, which is
the coefficient of the mixed-derivative term, will be O(A)).

The additional stability requirement, from (4.102) is

8
vy > max —
boundary waveguide 3le

midpoints

which is marginally more restrictive than the requirement on the interior of region I (by a factor of
\/g). This deterioration in the stability bound is offset, however, by the fact in region /I, the grid
spacing is A/ V2 we must have

A 2 1

_— > max — = vy > max 24/ —

\/§T waveguide midpoints in le waveguide midpoints in le

region II region II
because we are by necessity operating away from the CFL bound in this particular multi-grid setting,
which incorporates different grid spacings and yet maintains the same time step throughout the mesh.
: _ 1
The choice of Y- o; = w1,

previously discussed in §4.4.2 for a type IT mesh.

means that all other admittances in region I may be set as

Corners

If we are interested in using a grid of doubled density over a particular region of the problem domain

(in order to surround a particular feature or an irregular part of the boundary), then we are faced
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with corners, and must develop special scattering junctions for them. An example of an irregular

partitioning of the problem domain into two regions, I and I1, is shown in Figure 4.36(a). Boundary

(a) ()

Figure 4.36: (a) A particular grid arrangement between a rectilinear mesh I and one of doubled grid
density II, (b) a scattering junction at a corner point (labelled C'), and (c) a scattering junction at
another type of corner point (labelled C').

points (labelled B) were treated previously, and it was found that waveguides connected to points B
which lie along the boundary must have their admittances set to one-half what they would be in the
interior of region I (i.e., to ﬁ, where [ is the inductance at the center of the particular boundary
waveguide).

There are two types of corners which can arise in an irregular domain decomposition of this
kind: those which are concave with respect to region I (the grid point at such a corner is labelled C'
in Figure 4.36(a)), and those which are concave with respect to region II (labelled C’). There are
obviously four possible orientations for each type of corner, though, by symmetry, we need only treat
the type shown. Because the admittances of the boundary waveguides (represented by thick lines
connecting boundary points) are now prescribed, then for a corner junction the linking admittances
are fixed; only the self-loop admittance may be varied. Scattering junctions corresponding to corners
of type C' and C' are shown in Figure 4.36(b) and (c).

Suppose we have a corner point of type C located at coordinates (0,0). Then, from the results

previously given in this section, the admittances of the five waveguides connecting this corner to its
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neighbors will be

1 1 1
Yyro0= 17 Y00 =77 Yory=00 = 7
1 1 1 1
0%o, 0 -3,0 otL -3
v 1 B 1
z+.,0,0 = y=,00 = 5 ;7
2U0l%’0 2’0010’_%

and the difference equation relating the corner junction voltage Ujg o to those of its neighbors is

Y 1
S (Usoo(n+1)+Ujspo(n—1)) = Ug-10 + Usoa
2 vol_%70 010‘%
1
U. —Ujo -
0ol 1 g J1,0+ Svoly 1 J,0,—1
3, ,
1
+——U;1 1+ Y. 00Us00
’U()l%q_% 12T 3

where we have yet not specified Y. ¢ or Y;09. A Taylor expansion about (0,0) gives, in terms of

the continuous variable u and neglecting higher-order terms,

WaosPu_(0(1) 10 (1))0u (0 (1) 10 (1))
Tvg Ot2 oxr \'I 70y \'l Ox oy \1 70x \ Ay
1 /0%°u O%u 2 O%u
+1 (5 + o) * 7ty

We can thus conclude that the differencing occurring at the corner junction is not consistent with the
lossless source-free parallel-plate system, regardless of our choice of the self-loop admittance. The
coefficients of the spatial first derivative terms are incorrect, and there is an extra mixed-derivative
term; neither vanishes in the limit as A — 0 (although if / is constant in a neighborhood surrounding
the corner, then the first derivative terms vanish).

The corner junction is, however, still lossless, as are all junctions in this waveguide network,
and hence a simulation of the parallel-plate system using such a mesh will be stable, regardless
of inconsistencies at the corners. It is possible to argue, loosely speaking, that if the number of
corners in the interface does not grow as the grid spacing is decreased (an example of this would
be an enclosed rectangular doubled density grid, for which the number of corners will be four,
independently of the grid spacing), then the error at the corners will become negligible. Although
we will make no attempt to prove this, the simulation which we will present later in this section
concurs readily with this assertion; indeed, in all tests we have run, any anomalous scattering at the
corners is certainly far less important than the first-order scattering error (i.e., numerical reflection)
along the interface itself. In the interest, however, of making any scattering error at the corner

junctions as small as possible, we should set, at a corner with coordinates C' (in order that the wave
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speed at the corner is correct, in a gross sense)

7 4
Y.c = -vocc — —
c,C 4 occ I lC
where [ and c¢ are the inductance and capacitance at a corner point C'. The stability requirement

at such a corner is then

16

Tloce Corner C'

vy >

which is, like the stability condition at boundary points B, only marginally worse than the CFL
bound, and mitigated by the somewhat worse bound to be found in region I (due to the decreased
inter-junction spacing). See the discussion earlier in this section.

A similar argument follows for points C’, and we also ideally have [ constant in the neighborhood

of such points. The setting of the self-loop admittance Y, s should be

5 4
-YC = — ’r—
.C 4UOCC Vol
The resulting stability bound is
16
vy > Corner C'
5lC/CC/

Simulation

To demonstrate the behavior of the interface discussed above, we will simulate the parallel-plate
system (4.58), assuming no losses or sources, over a square region with side-length 1, with short-
circuited boundary conditions (i.e., u = 0). Over a central square region with side lengths of %
(bounded by the white square in Figure 4.37), we use a mesh of doubled density with respect to
the outer region, where a simple rectilinear mesh is in place. The grid spacing in the outer region
is A = 0.01. We set the capacitance per unit length ¢ = 1 everywhere, and the inductance per unit
length [ is equal to 1 in the outer region. In the inner region, it also takes the value 1, except in the
interior of the black circle in Figure 4.37(radius 0.1, center at z = 0.6, y = 0.5), where it rises, in a
2D raised cosine distribution, to a maximal value of [ = 11.

The initial voltage distribution takes the form of a 2D raised cosine over a circular region of
radius 0.07, centered at coordinates x = 0.4 and y = 0.5. The initial voltage takes a maximum of 1,
and is zero everywhere outside this circle.

The voltage distribution is shown at three successive time instants, with light and dark coloring
indicating areas of positive and negative plate voltage, respectively; the plots have been normalized
and interpolated for better plotting results. At time ¢ = (0.15, the voltage distribution has spread

and begun to scatter from the inductive region inside the black circle. Note that the local wave
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Figure 4.37: Simulation of a parallel-plate system, with an inductive feature surrounded by a region
of doubled grid density.

speed decreases in the interior of the circle. By ¢t = 0.3, it has progressed through the interface,
with little visible numerical reflection, and by ¢t = 0.45, the outward moving voltage distribution has

reflected with inversion from the boundary at z = 0.

4.9.2 Progressive Grid Density Doubling

The delays in the bidirectional delay lines of the combined coarse/fine grid of the previous section
were everywhere identical. In this section, we will look at networks for which this is not true all
delay line lengths, though, will be multiples of a common smallest unit delay, in order that the
network remain synchronous [46]. It should be said, though, that even in a portion of the network
where the delay line lengths are longer than a single sample delay, we will still be scattering at the

rate of the smallest delay line length in the system as a whole. We will, however, be performing
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scattering operations at fewer points in the coarse regions. We will call such structures (for lack of
a better word) multi-rate, though it should be understood that such networks are not multi-rate in
the sense of [193] (see above comment). Specifically, we will focus on the use of such structures in

order to extend the grid refinement technique introduced in the previous section.

SN N

Figure 4.38: (a) Mesh I, with grid spacing A, is adjoined to a doubled density mesh II, which is in
turn adjoined to a quadrupled density mesh II1, with grid spacing % and a halved wavegquide delay.
(b) A scattering junction at a point B on the boundary between layers II and III.

Counsider the grid arrangement of Figure 4.38(a). The interface between region I and region I
was discussed in the previous section; in that case, we assumed the waveguide delays to be identical
everywhere in regions I and I, including the boundary. We can, of course, apply the same idea
again in order to introduce a grid of quadrupled point density, by adjoining it to region II. In this
case, however, we would like to take advantage of the fact that waveguide lengths in region I'I] are
half those of region I; it is more natural, then, to use a delay of half that of region I throughout
the interior of region I11. Waveguides which run along the boundary will still operate at the rate
of regions I and II, as will the self-loop (of admittance Y., not shown). A scattering junction at
a typical point B on the boundary between regions I and II] is shown in Figure 4.38(b). Here,
we have abbreviated the depiction of a bidirectional delay line to a single double-headed arrow, and
have omitted the self-loop (which contains a full unit delay). Note in particular that for such a
boundary junction, the delays of the connecting waveguides are now not all identical. As might be
expected, the difference scheme relating the junction voltage at such a point to those of its neighbors
is no longer a simple two-step difference method, but a four-step scheme, where each time step is
now %; a full derivation of this difference scheme is very lengthy but rewarding, in the sense that
it becomes clear why it takes four steps for the wave variables to fully “recombine” into junction

voltages. We will, however, only present the resulting difference equation for a boundary junction



210 CHAPTER 4. DIGITAL WAVEGUIDE NETWORKS

at location B as in Figure 4.38(b). Here the junction voltage will be U g, and the junction voltages
at the neighboring points are, referring to Figure 4.38(b), Uy p,....Usv. The admittances of the
connecting waveguides will be called Ypp,..., Yy p, the self-loop admittance Y, p and the junction

admittance at point B is defined as
Y;p=Ypp+Ygp+Yre+Ysp+Yvp+Y.n

‘We have

1/JT’BUJ,B(TL +1)=YvpUsv(n+ %)+ YspUss(n + 3)
+YouUso(n)+ YrsUsp(n) + YreUs r(n)
+ (Yo g —Ysp —Yvp)Usp(n)

+ YvpUsv(n— 1)+ YspUss(n— 1)

Y. R
— %L/.}’B(n - ].)

A Taylor series expansion allows us to set the admittances of the waveguides to be

o1 1 o1
PB = ’UglpB @B = QUOIQB IiB a QvolRB
Ysp = =
5B uelsn VBT uply

where lxy is the material inductance at the point midway between points X and Y. Note in
particular that the setting of Ypp coincides with an interior point setting of a connecting waveguide
admittance in the interior of region II, from (4.64) and (4.65). These relative strengths of the

connecting waveguide admittances are indicated by adjacent small numbers in Figure 4.38(b).
Because we now have a four-step scheme, the determination of Y. g is no longer as simple as in

the two-step case, but it can be found, nevertheless, to be

v
Y.p= go (2cpB + coB + crB + CcsB+ cvB)

5 < 2 n 1 n n 1 n 1 )
12v9 \lpp lg IlrB lsp lvB
where cxy signifies a waveguide midpoint evaluation of ¢ between any points X and Y.

The positivity requirement yields the bound

10
vy > max e
- 1I/111 boundary 3lc

waveguide midpoints

Corners present essentially the same problems as before, and we will not discuss them further,
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other than to repeat that, given the settings derived above for the waveguide admittances at the
I1/III boundary, which determine completely the scattering behavior at the corners (an example of
which is point D in Figure 4.38(a)), the mesh will not be consistent with the parallel-plate system

at these points.

4.9.3 Grid Density Quadrupling
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Figure 4.39: (a) Grid I, with grid spacing A, is adjoined to a quadrupled density region II with grid
spacing %. (b) Detail of the interface.

Instead of progressing, in two steps, from a grid to one of quadrupled point density, as we did in
the last section, we might ask whether it is possible to design a direct passive interface in order to
quadruple grid density in one step. Such an arrangement is shown in Figure 4.39(a): a quadrupled
density region (II), for which the delay in all waveguides is one-half time step, or %
a rectilinear mesh (/) via a matching layer composed of various waveguides connecting each point

is adjoined to

on the boundary of region I with five neighboring points in region I'I. The admittances and delays
of the waveguides in the matching layer must be set to particular values relative to the values in
the interiors of regions I and II so as to satisfy the transmission line equations at all grid points
(junctions). These delays and admittance settings are shown in Figure 4.39(b), where we have used
the following notation for the admittance settings: first suppose that admittances in the interior of

region I are set to the normal values for a type II mesh—mamely, the admittance of a particular

1

connecting waveguide is equal to 2ol

where [ is evaluated at the midpoint of the waveguide. All

other connecting admittances in the network, including those in region I7 and in the matching later,
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will also be set to ﬁ, where [ is evaluated at the center of the particular waveguide, and multiplied
by a scaling coefficient. In Figure 4.39(b), this scaling coefficient is shown next to the waveguide.
For example, for the waveguide connecting point P to point S, the admittance should be set to

1 1

Yps = -
PSS uolps

where [ pg is the inductance evaluated midway between points P and S. Note in particular that
even though the space step/time step ratio is the same in region I (both quantities are halved),
the admittances of the interior waveguides should be scaled by a factor of % This, however, has no
bearing on stability, since scaling all connecting waveguide admittances in a network by the same
factor does not affect the reflection coefficients (though we must change the self-loop admittance
settings in region II; we provide this setting shortly).

It is simple (after some tedious algebra) to set the self-loop admittances at the junctions in the
matching layer such that the transmission line equations are approximated at these points. We first

define average capacitances and inverse inductances at a junction at point X by:

Iy 1 gy I S =
<l>X Ejﬂijj:lXj €x Ejﬁijj:/BX]CX]

where the index j runs over all the junctions to which the junction at point X is connected and
where By is the scaling factor of the waveguide connecting point X to point j. Ix; and cx; are the

inductance and capacitance at the midpoint of the same waveguide. Obviously, we have (%) Y= ﬁ

and ¢x = cx to first order in A. For example, we would have, from Figure 4.39,

c 1+1-|-1+1-i-1 e +1 +1 +1 +1
Cy = —_ —_ —_ —_ —_ —CvVWw —Cv —-Cv —-Cyv —-Cvyv
V 9 4 4 4 4 2‘“ 4VQ 4$S 4$P 4VR

Referring to Figure 4.39(a), it is easy to see that we need only examine self-loop admittances Y. p,
Y. v and Y, g at points P, V and @); all other junctions in the matching layer will behave similarly

(because they map to these three points under translation in the vertical direction). We set

. 3 43 (1 v _ 3 (1
ep==vgCp——| = ev = Ugly — — | =
TR T 600 \T ), OV Y T o \T),
o= a2 (1)
C@T 2 T \1 /),
and, at an interior point in region II (such as point W),

1
Yo w = volw — 2 (—)
) l W

It is interesting that, in contrast to situation at the grid-doubling interface presented in the last
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section, the positivity conditions that arise from these self-loop admittances do not degrade the
stability bound which arises from self-loop admittances in the interior of either region I or II. We
note that it would appear (through trial and error) that this is the simplest density-quadrupling

layer possible.
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Eine
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Figure 4.40: Log plot of the ratio of reflected energy to incident energy versus number of grid points
per wavelength, for a wave normally incident from a region containing a standard rectilinear mesh
on two types of interface—density-doubling (solid line) and density quadrupling (dashed line).

We also show some numerical results, comparing the numerical reflection error of the density
doubling and quadrupling layers for normally incident waves. Waves (one period of a raised cosine)
impinge on the layer from the side of smaller grid density (region I) in both cases. In Figure 4.40,
we have plotted the log of the ratio of the reflected energy to the incident energy (%) versus the
log of the number of grid spacings A per wavelength A. E,.;; and E;,. were computed by taking
the sum of the squares of the junction quantities Uy over region I, before and after the passage of
the wave through the interface.

The density doubling layer (solid line in Figure 4.40) leads to a smaller reflected energy than the
quadrupling layer (dashed line). This is to be expected—in general, the more abrupt a change in
grid density, the more numerical reflection will result. As exemplified by Figure 4.40, however, the
reflected energy will always tend to zero as grid density is increased on both sides of the interface.
The case of oblique incidence has not been examined; it would appear, also, to be possible to derive
an analytic expression for the numerical reflectance, though we have not done so here.

It would be very interesting to know whether the coarse/fine mesh arrangements discussed in this

section and the last could be made truly multi-rate—that is, could we have scattering operations
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which recur with period T in the coarse mesh, and period % in the fine mesh? As mentioned earlier,
there are TLM structures which are capable of this, but they in general perform time-averaging of
wave quantities which may render the interface non-passive [87, 88].

We also note that because interfaces between grids operating at different rates by necessity cor-
respond to multi-step methods, we may also see parasitic modes [176] appearing along the interface
(though we are assured convergence in the limit as the grid spacing becomes small). A discussion

of parasitic modes in MDWDF's appears in §3.9.2.

4.9.4 Connecting Rectilinear and Radial Grids

As another example of a passive interface between different types of waveguide meshes, we examine
the means by which grids defined in different coordinate systems may be connected, for the special
(but quite practically important) case of the connection between a rectilinear and radial grid. Such
a grid would be useful in cases where it is desired to solve the parallel-plate system or wave equation
over some region which has boundaries which are are straight in some places, but circularly curved in
others. One could in general proceed by attempting to find a global coordinate transformation which
maps an irregular region to a regular one (like a rectangle), and then developing a waveguide mesh
in the new coordinates, as per the methods discussed in §4.8. It is perhaps simpler, however, to use
rectilinear and radial meshes at appropriate places in the domain, and then define a matching layer
at the boundary between the regions, which should also be locally consistent with the equations to

be solved. Consider the grid arrangement of Figure 4.41. We have a type II radial waveguide mesh in

A
l — O
— O

C/
N
J

Figure 4.41: Interface between radial and rectilinear meshes.
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z > 0 and a type Il rectilinear mesh in « < 0; parallel junctions are to be placed at all the grid points,
and waveguide connections (bidirectional delay lines of delay T') are indicated by connecting lines.
Special boundary waveguides, which lie along the y axis, are drawn in bold. All interior waveguide
admittances in either region (i.e., all admittances except for those of the boundary waveguides) are
assumed to be set to the values that they must take in the interior in order to solve the lossless
source-free transmission line equations, as given in (4.64)—(4.66) and (4.89)—(4.92). Self-loops are
of course required in general at all junctions, though for simplicity, they are not represented in
Figure 4.41. The spacing A between junctions in the rectilinear mesh is assumed to be equal to
the radial grid spacing in the radial mesh. The angular spacing in this same grid, Ay, may be set

independently. We will use vg = A/T here.

In order to derive the admittance and self-loop settings at the boundary, we may examine a
junction at coordinates (0, jA), j integer (one such point is labelled B in Figure 4.41). In keeping
with the notation for a rectilinear mesh (used in z < 0), we call the admittances of the four connecting
waveguides at such a point Y, o j, Yo+ 05, Yy
The junction admittance Y ; is then the sum of these five admittances. The junction voltage at

~0,; and Y4 o 5, and the self-loop admittance Y. ;.

point B will be called Ujyg j, and we will call the junction voltage at point @) directly to the right

Uj . The difference scheme in the junction voltages resulting from such a mesh is then

Y0,

2 (Uso,j(n+1) +Usp j(n—1)) = Yo 0;Us-1,j(n) + Yar o ;Usq(n)

+ Y- 0,iUs0,5-1(n) + Yyr o ;Usp j+1(n)

+Yc,0,jUJ,0,j(n)

Expansion in terms of a Taylor series about (0, A, nT’) gives, in terms of the continuous function

u(z,y,t),
YTLOJTZ &%u ou N ou
—5 gz = A (Yyr 0, = Y= 0.4) ay T A(pjAYer 0,5 = Ye-0,5) Iz
A? A%u
+ 5 (Y0 + Y- 0,) a7
A? o 9%u
+ 5 (Yem o) + PN Y 0) 53 (4.103)

where we have discarded higher-order terms in A, and used A = Ap/A and p; as in §4.6.2.

First examine, in (4.103), the coefficient of ‘g—; on the right-hand side. Notice that in order for
this term to behave as O(A?), we must have Y,- o ; = pjAY,+ o ; + O(A). Since Y+ o ; is assumed

set as an interior admittance in the type II radial waveguide mesh, namely, from (4.90) as

1

Y, ==
z+,0,j )\21)0113@/0;'
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where [ pg is the value of the inductance at the midpoint of the waveguide connecting points B and

(), we may choose

1
Y, = ———
270, Avol _1

—5,)

Because Y, - ¢ ; is to be interpreted as an interior admittance in the rectilinear mesh, it is clear that
all connecting admittances in this mesh should incorporate this same scaling factor of A.

Since a boundary waveguide can be interpreted as lying in both waveguide meshes, a good initial
guess as to its admittance might be a simple linear average of the admittances of interior radial and

rectilinear waveguides located at the same position. This would give:

1 1
Yyr 0.5 = Yym 041 = 303 l0 gy <1 * Pj+é)‘>
It is straightforward (but tedious) to show that these admittances do indeed yield a difference scheme
which is consistent with the lossless source-free parallel-plate system, provided that we set
_ C_1 ;Y  Co iy 1g 1 Cp,j—1%0 1 VoCBQPL;
— 2] JT 3 ) - WJ T3 ) - QFj
YC707] - 2\ + 4\ <p]+%+ A) + 4\ (P]—%+ \ + 9

=Yoo= Yot o = Yy-0 — Yyt

where cpq is the capacitance at the midpoint of the waveguide joining points B and @), for any j.
The stability bound is identical to that obtained in the interior of the radial mesh, and this type of

matching layer requires very little extra programming effort in an implementation .

Simulation: Solving the Acoustic Wave Equation in a U-Shaped Tube

As a simple application of an interface between radial and rectilinear meshes, we solve the (2+1)D
acoustic wave equation (1.18) in a U-shaped tube that is, a tube consisting of two straight segments
connected by a semicircular radial tube; we note that the (3+1)D version of this problem was first
solved using a waveguide mesh by Tim Stilson at CCRMA, in the context of physical modeling of
brass instruments [200]. In that case, a rectilinear mesh was used over the entire domain, which forces
a staircase-type approximation to the radial boundary. Here, however, because we are modeling
the semicircular tube in radial coordinates, boundary conditions can be implemented in a well-
defined manner; the trade-off will be in the added numerical reflection at the radial /rectilinear mesh
interface.

We assume a wave speed of 1 throughout the interior, and an open-circuited boundary condition
(i, the normal current density component is zero everywhere on the boundary). The thickness of
the tube is 0.2, the inner radius of the circular portion is 0.1, and the lengths of the two straight
tube segments are each 0.3. The grid spacing is set to A = 0.005, and white lines indicate the
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Figure 4.42: Simulation of wave propagation in a U-shaped tube.

interfaces between the radial mesh and the adjacent rectilinear meshes. The input signal is a raised
cosine voltage of period 0.2 at the upper left-hand entrance to the tube. The evolution of the voltage
in the tube is shown in Figure 4.42. Here, u can be interpreted as a pressure in a tube with hard
boundaries; this situation comes up in the modelling of brass instruments, in particular in curved
sections of tubes, such as trombone slides or crooks (though we have used, for illustrative purposes,
an unnaturally short wavelength; longer wavelengths in the musical range can be modeled more
cheaply using a coarse grid, and numerical reflections will be even smaller as the number of grid

points per wavelength increases).

4.9.5 Grid Density Doubling in (3+1)D

It is straightforward to extend the grid density doubling technique presented in §4.9.1 to (3+1)D.
Asin §4.7, we will assume that our mesh is to simulate the (3+1)D wave equation (4.95). If we have

a rectilinear mesh (region I in Figure 4.43(a)) with inter-junction spacing A to which we would like
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1I
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Figure 4.43: (a) Grid I, with grid spacing A, is adjoined to a doubled density region II with grid
spacing 3@. (b) a junction at the interface.

to adjoin a mesh of doubled grid density, we may introduce an octahedral mesh (region I7) with a

grid spacing of \/gA, to be connected to region I across an interface; special matching waveguide

connections at this interface are shown in bold in Figure 4.43(a). The spacing of \/g A in region IT
is chosen so that the octahedral grid may be decomposed into two offset rectilinear grids of spacing

A, and may hence be aligned with region I at the interface.

The relative admittances at the special boundary 10-ports (nine connecting waveguides and a
self-loop) are shown in Figure 4.43(b); only the waveguides in bold in (a) take on special values; all
others may be set as interior admittances. For consistency with the wave equation, we must choose
the admittances in region I to be double those in region II. In addition, the self-loop admittance
at a boundary junction (labelled B in Figure 4.43) must be chosen to be

3 )

Y. p= zvoc— — Boundary junction
’ 2 Uol

where we have chosen the connecting admittance in region I to be and where we must have

1
vgl?

7=/ ll—c as discussed in §4.7. The stability requirement at such a boundary junction B is then

/10
vy > ?A/ Boundary junction

which is worse than the bound over the interior of region I, as given in (4.96). On the other hand,

because the grid spacing is \/gA in region I/, we must set, at an interior point in region I,

4
Y. =cvyg — o = vy > 27 in region I/
Vo
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This bound is, as expected, worse still than the boundary requirement, and hence boundary scat-
tering, as in the (241)D case, does not compromise the overall requirement on space step/time step
ratio which is forced by the settings in region I1.

We briefly mention that at edges and corners of a doubled density region, the waveguide mesh
cannot be made consistent with the wave equation. We may invoke the same argument that was
ventured in the (2+1)D case, namely that numerical reflection should be minimal, and should
vanish in the limit as the grid spacing becomes small. Special admittance values for the connecting
waveguides along such edges, and for the self-loops at both edges and corners may be chosen such
that numerical reflection is made as small as possible, though we do not provide here those values,
due to the ease with which they can be calculated, and relatively large number of cases that must
be considered (two edge types and four corner types).

We have not investigated ways of redoubling (quadrupling) grid density as was done in the
(2+41)D case, though we would conjecture that it should be possible, either via a direct quadrupling
layer with a special interface (analogous to the scheme of §4.9.3) or via successive redoubling (as per

§4.9.2).

4.9.6 Note

We would like to add that an interesting future direction of development of waveguide meshes might
involve the use of fully unstructured grids—that is, grids whose points cannot be ordered according
to some regular indexing system. An unstructured DWN is certainly conceivable (and has been used
for artificial reverberation [163]), though it is difficult to design a structure which is locally consistent
with the continuous parallel-plate problem (though it will be passive, regardless). Such a structure
would, of course, be very useful for dealing with the irregular geometries which typically arise in
almost all musical instrument bodies. On the other hand, FDTD has evolved in this direction,
specifically by making use of the finite volume method [89, 140], long known in the fluid dynamics
community. The FVTD (finite volume time domain) method is the result the general idea is that
instead of using finite differences to approximate derivative terms, the integral forms of the governing
equations (Maxwell’s, for the FDTD people, but mechanical systems can be treated equally easily)
are discretized over cells of finite size which may not have any particular ordering. For a look at

some recent work in this area, we refer the reader to [21] and [148].

4.10 Incorporating the DWN into the MDWD Framework

At this point, the reader may have noticed more than a few similarities between the treatment of
transmission lines in this chapter and the last. It should be recalled from Chapter 3 that the multi-

dimensional wave digital networks that numerically integrate the parallel-plate system are derived
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Figure 4.44: Signal flow diagrams of the DWN and MDWD networks for the (1+1)D lossless source-
free transmission line.

from multidimensional Kirchoff circuits under a set of coordinate transformations and spectral map-
pings from the continuous to discrete domain. A DWN, on the other hand, is constructed entirely in
the discrete time and space domain, and is then identified with a finite difference method consistent

with the problem.

It will be shown in this section that certain DWNs may in fact be derived from an MDKC
under an alternative spectral mapping (also passivity-preserving), provided new wave digital circuit
elements (multidimensional unit elements) are also defined. In this way, the DWN may be considered
to be a multidimensional wave digital network in its own right, depending on how attached one feels
to the trapezoid rule as an integration method. The behavior of TLM and wave-digital numerical
integration methods have been previously compared in [131] and [71], and the material in this section

also appears in [18].

It is instructive to first reconsider the (141)D transmission line system in the lossless source-free
case. In Figure 4.44 are presented both the type III DWN, and the MDWD network for the same
system using offset sampling, with spatial dependence expanded out. For the MDWD network, we
have chosen a grid spacing of A/2, and a time step of T/2 so as to align it with the DWN. (In other

words, we have used T} =15 = A/ﬁ see §3.7 for details.)

First, notice that for the DWN, we have one three-port scattering junction at each grid point,
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and that parallel junctions are interleaved with series junctions. Approximations to ¢ and u are
calculated at alternating grid points, and at alternating multiples of the time step, T//2. For the
MDWDF, we have two two-port series adaptors at each grid point; we are approximating both 7 and
u together at the same locations, though due to offset sampling, these locations alternate from one
time step to the next. Both variables are treated as currents. For both networks, all the material
variation of the transmission line is expressed in the immittances of self-loops at every junction or
adaptor, the delay in which is twice that of the linking delay between adjacent grid points. It is also

useful to compare the waveguide immittances to the port resistances of the MDWDEF. We have

2 2 4r
R1 = Z (U()l - 1"0) Rg = Z (’U(]Tgc— 7‘0) R() = %
and
1 1 1
ZC =2 (U()l — 1"0) Y—C =2 <U()C— E) Z;z'_ = Zm"' = Yz_ = Yz+ =Ty

where we recall, from the discussion of the type III waveguide network in §4.3.6, that the connecting
impedances were chosen to be some constant Z.ops¢, in this case Z.onst = ro-
Enforcing the positivity of Ry and Ry or Z, and Y, leads to identical stability conditions, and

the self-loop immittances and inductances are simply related to one another by
Zc = ARl Y’C = ARZ/T‘S

at locations for which both quantities coexist in their respective discrete networks.

Most important, though, is the observation that, whereas the DWN can be considered to be made
up of an array of lumped two-port bidirectional delay lines, the signal flow diagram of the MDWD
network in Figure 4.44 does not have such an interpretation—the port in this setting is defined only
as a multidimensional object, and instances of this port in the discrete domain are not connected
port-wise. It is crucial to recognize that passivity of such a discrete network is reflected by the power
conservation of the scattering operation, and not by where wave variables go in the network after
they have been scattered; in particular, they need not be paired as they are for waveguide networks,
as long as the shifting operation which they undergo subsequently does not increase energy in the
network. On the other hand, as we shall see in Chapter 5, boundary conditions are much easier to

implement in a lumped network.

4.10.1 Multidimensional Unit Elements

As a first step towards reintroducing this port structure to a MDWD network (and hence towards
relating the DWN to the MDWDF), we can extend the definition of the unit element (and recall from

§4.2.1 that the unit element is a wave digital two-port which is equivalent to a single bidirectional



222 CHAPTER 4. DIGITAL WAVEGUIDE NETWORKS

delay line) to multi-D in the following way!. Suppose that we are dealing with a (141)D system,
and new coordinates ¢; and t, are as defined by (3.18). We thus have two transform frequencies s;
and s;, as well as two frequency-domain shift-operators z; ! and zy !in the two directions t; and t,.

The multidimensional two-port defined, at steady-state, by

by 0 =t |
li)z] B Lll 0 ] le] (4.104)

and shown in Figure 4.45(a) bears some resemblance to the lumped unit element discussed initially
in §2.3.4; it is clearly lossless (because it merely implements a pair of shifts), but, unlike the unit
element, it is no longer reciprocal. In this last respect, we remark that a multidimensional element so
defined is perhaps closer in spirit to a generalization of the so-called quasi-reciprocal line (QUARL)
proposed by Fettweis [46]. The two port resistances are assumed identical and equal to some positive
constant . When the spatial dependence is expanded out, it appears as an entire array of unit

elements, as in Figure 4.45(b), where we have assumed

[NIC

1 1
R T —1 -3

2 =z zZw 29 =z w

_1 _1
where z72 and w™ 2

have thus chosen T} =T = A/ﬁ

correspond, respectively, to unit shifts in time and space by T/2 and A/2. We

z = iA z=(i+ 1)Aa

a; —— ZIl —— by

N
[N
N
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183

[
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&
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b —a— 2, -

=}
&)
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Figure 4.45: (a) Multidimensional unit element at steady state making use of shifts in directions t,
and ty and (b) its steady state schematic when spatial dependence is ezpanded out.

This element, like the standard unit element, is defined in the discrete (time and space) domain,
and using wave variables. Rewriting the scattering relation in terms of steady-state discrete voltage

and current amplitudes, (4.104) becomes the impedance relationship

U1 R 1+ zflzgl 22{1 {1
lA ] = I (4.105)
U2 ]

-1 —1_—1] |z
2z 1421 2 19
TFettweis has already defined a multidimensional unit element in [44], but in that case, shifts in a single direc-
tion were used in both delay paths; the multidimensional unit element defined here can be thought of as a simple
generalization of this structure.
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4.10.2 Hybrid Form of the Multidimensional Unit Element

We now have an impedance relationship describing the multidimensional unit element in terms of
the discrete frequency variables z; ! and Zy ' It is of interest, however, to introduce a particular
type of hybrid form [12]. The reason for doing this ultimately has to do with the fact that in a
DWN in interleaved form, such as that shown in Figure 4.14 or 4.21, a typical linking waveguide (or
unit element) is connected in parallel at one port and in series at the other; it is somewhat easier
to make the transition from wave digital filters to digital waveguide networks if we take account of

this asymmetry.

Suppose we have a two-port which is defined, at steady-state, by the relationship ¥ = Zi, or

Uy i
By i

This can be rewritten in a so-called hybrid form as

le ZlZ
Z21 ZZZ

01 1 | ZuZy — Zi2Zay Zio i

22 ZZ'Z —Z21 1 1:’2
or as

p = K q

For the multidimensional unit element defined by (4.104), the hybrid matrix is, given the
impedance relation (4.105),

1 R(l—zl_lzz_l) 2::;1

1 1

Kue 2_1,2_1 =

It should be clear that the definition of the unit element holds regardless of which complex frequencies
we choose. In particular, the delays z; Land Zy ! could be replaced by delays in higher dimensional
spaces (we will make use of this in §4.10.4, §4.10.5 and §4.10.6). We will enforce the order of the
arguments of K, so that, for example, Kue(zl_l7 22_1) and Kue(zz_l7 21_1) refer to unit elements of

mirror-image orientation.

Suppose now that we have IV two-ports defined by their impedance and hybrid relationships
Ve = Ziik pr = Kidg k=1,....,N

If we are interested in connecting the first ports of all N two-ports to each other in series, and the
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Figure 4.46: Series/parallel connection of N two-ports.

second ports in parallel as in Figure 4.46, then we will have, for the total voltages and currents

N N
v = E Uik i2 = E izk
k=1 k=1
and
i =11 Vgp = U2 k=1,...,N

which hold instantaneously, and thus, in order to describe the two-port resulting from the connection,

we may write
N

Kqr = <Z Kk) q
k=1

Thus for such a series/parallel combination of two-ports, the hybrid matrix of the connection is

simply the sum of the hybrid matrices of the individual two-ports, and thus

N
K= Z Ky Series/parallel combination of N two-ports
k=1

4.10.3 Alternative MDKC for the (1+1)D Transmission Line

We now reexamine the lossless, source-free (141)D transmission line equations and show that how,

after a simple network manipulation and under the alternative spectral mappings mentioned in
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§3.5.4, we end up with an interleaved DWN identical to that discussed in §4.3.6.

We begin by first scaling the (141)D transmission line equations by a factor of A, and where, as

before, we introduce a scaled time variable defined by ¢ = vot, giving

o Ou
ot Ou

It should be clear that the scaling by A will have no effect on the solution to equations (4.106),
even in the limit as A — 0. The MDKC for this system is shown in Figure 4.47(a), where we
have used the coordinate transformation defined by (3.18). Aside from the scaling of the element
values by A, this is identical to the MDKC of Figure 3.14(a), where the resistors and voltage sources
(corresponding to loss and source terms) have been omitted (they can be simply reintroduced at a

later stage).

i -1/1 o b
(Lo, D3) |
(L1, Dy) §<L2.Dt/) (L1, Dy) u| == (Ca, D)
(Lo, Dn)
BI

(a) (b)

Figure 4.47: MDKCs for the lossless source-free (1+1)D transmission line equations— (a) the stan-
dard representation and (b) a modified form.

The element values are given by
L1 =A (Uol - TO) LZ =A (vocrg - 7"0) LO = AT‘()/\/§

In this representation, the transmission line voltage u is considered, after a scaling by 1/rq, to be a
current. This is somewhat unsatisfying from a physical point of view; it is easy, however, to rectify
this: by a simple network transformation, the inductor in the right-hand loop (through which current
u/rg flows) may be replaced by a gyrator of gyration constant ro terminated on a capacitor. The

voltage across this capacitor of capacitance Cy = A (voc - %) will then be exactly u. See Figure

4.47(b).

Counsider now the two-port of Figure 4.47(b), with terminals A, A’, B and B’. The hybrid matrix
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for this linear shift-invariant two-port is, in terms of the frequencies s; and s,,

K(sl,s.z) = A To (81 + 52,) S1 — S

\/§ S1 — S2 %(814—52)
We now apply the alternative spectral mapping introduced in §3.5.4, namely

1 (1271425 L (-0 4"
— . . 5 — - 4.107

with Ty =Ty, = A/ V2 (recall that the for the interleaved scheme, we will have increments in the
time step of 7'/2 and in the space step of A/2, and thus we have chosen 77 and T5 to be half the
values they previously took). It will be recalled that this mapping, like the trapezoidal rule, is

passivity-preserving. The hybrid matrix becomes
2 ro(l—zflzgl) z{l—zf

—1_—1 I R | 1 -1 _—1
142 2, Zy — 2 —(1—,/.1 Zy )

To

1

K(z 'zt = (4.108)

which, upon inspection, can be written as the sum
-1 -1y _ 1 _—1 —1 -1
Kz 2 ) = Kuelz 520 ) + Kue(=2 5 —2)

where it will be recalled that K.(z; 1,22_ 1) is the hybrid matrix for the multidimensional unit
element defined in (4.104), with R = ry. Because for a series/parallel connection of two-ports,
hybrid matrices sum, we have thus decomposed our connecting two-port into two multidimensional
unit elements of opposing directions, one of which incorporates a sign-inversion in both of its signal
paths. The MDWD network can then immediately be constructed as in Figure 4.48. The port

resistances are

2 A 1
R1 = —L1 = 2’00l - 2')"0 R2

A 26’2 2U00 - 2/1“0 0 "o

We have chosen here a doubled delay length (of 7/ = A) in the self-loops, according to the offset

scheme mentioned in §3.9 (for these one-ports, we use the trapezoid rule as for MDWD networks).

This network is, when spatial dependence is expanded out, identical to the DWN shown in
Figure 4.44, under the replacement of the series and parallel adaptor symbols by series and parallel
scattering junction symbols—recall that they perform identical operations. This MDWD network,
then, (if it can be called that) operates on a decimated grid, unlike the standard form shown in
Figure 4.44. Losses and sources can easily be added back in to the alternative MDKC of Figure
4.47(b), and the resulting MDWD network will be identical to that of Figure 4.15.

We would conjecture that it is possible to find similar equivalences for the type I and II DWNs for
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o
Ry Ry
T

Figure 4.48: MD network equivalent to type III DWN for the lossless source-free (141)D transmission
line equations under an alternative spectral mapping.

the same system (which have better stability bounds); in these cases however, recall from §4.3.6 that
the immittances of the connecting waveguides did indeed vary from one grid location to the next.
In order to design a MDKC corresponding to such a network, it would be necessary to extend the
definition of the multidimensional unit element to include spatially-varying port-resistances (indeed,
this extension is automatic, since the port resistances do not appear explicitly in the definition of
this element in (4.104)). The problem, then, is that the two-port connecting the series and parallel
adaptors will no longer be shift-invariant, so we must take special care with application of the

discretization rule, which can no longer be treated as a spectral mapping.

4.10.4 Alternative MDKC for (2+41)D Parallel-plate System

The same idea extends simply to the (2+1)D parallel-plate equations (3.64). In this case, we again
look at the lossless source-free system, scaled by a factor of A, and can develop an MDKC along
the lines of Figure 4.47(b), with u now treated as a voltage instead of a current as in Figure 3.17.
We remind the reader that we use the notation Dy, k = 1,...,5 in circuit diagrams to indicate
directional derivatives in the directions t; defined by the coordinate transformation (3.22). Also,
we have written iy and iy for i, and i,, in keeping with the WDF literature [62]. The alternative

MDKC is shown in Figure 4.49, and the element values are given by

, 2
L1=L2=A(U0l—7"0) C(SZA('UOC—_) LQ:AT’Q/2

To
ro > 0 is, as before, a free parameter which can be scaled to achieve an optimal space step/time
step ratio.

The two two-ports with terminals 4;, A}, B, B’ and A,, A}, B, B’ are both linear and shift-

invariant, and their right-hand pairs of terminals are both connected in parallel with the capacitor.
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Figure 4.49: Alternative MDKC for the (241)D parallel-plate system in rectangular coordinates.

The hybrid matrices for these two-ports are

A -

Ki(s1,83) = — ro (514 53) ) 5178 Two-port A, A|BB’
2 S1 — 83 E(éﬁ +53)
A $9 + 5. S — S,

Ko(s2,81) = - o (o2 ¥ 24) 1 9.2 . : Two-port A, A,BB’
2 S2 — 54 7o (82 + s4)

and under the spectral mappings

L (1= 42" 11—z 42

s1 = — : S3 — — - 4.109a

! T 1+ 21_123_1 s Ty 14 3’1_133_1 ( )
1 (1—2y(1+ 27" 1 (1—z7H(1 420

L )fl t 2 ) L El +2 (4.109h)
15 142, 2, T 1422

with T = T, = Ty = Ty = A/2, we again have a decomposition of the discrete hybrid two-ports

into pairs of multidimensional unit elements (impedance ry) connected in series/parallel, i.e.

Ki(z7'2")

Ky(z ',z )

Kuo(z7" 2 ) + Kue(—257, =211
Kue(zz_lazzl_l) + Kue(_zzl_la _22_1)

The MDWD network, corresponding to “checkerboard”-type sampling, is as shown in Figure 4.50,

and where T1q,..., T4 are the shifts in the coordinate directions t1,...,t4, and the port resistances
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are given by

) . 1
Ry = Ry =2 (vl — Ry=-———— Ro=
1 2 (1/0 7‘0) 3 2(v0c—2/r0) 0 To
Ry
Rg Rg Rq Ry

~0
O~
=1
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=
=
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=
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=

—
—

Figure 4.50: MD network equivalent to type III DWN for the lossless source-free (241)D parallel-
plate system under an alternative spectral mapping.

For the one-port inductors and the capacitor, we have again applied the trapezoid rule, with a
step-size of T5 = A (implying a delay of T, written as T in Figure 4.50).

When spatial dependence is expanded out, the signal flow graph is identical to the interleaved
type III DWN for the parallel-plate equations shown in Figure 4.21, without the loss/source ports.
As in (141)D, loss and source elements can be reintroduced into the MDKC of Figure 4.49 without
difficulty.

It should also be possible to derive DWNs from MDKCs for the same system on alternative grids,
such as the hexagonal and triangular grids mentioned in §4.6.1, though we have not investigated
this in any detail. In this case, one would presumably begin from the MDKC under the appropriate
coordinate transformation. One of these coordinate transformations (which generates a hexagonal
grid under uniform sampling in the new coordinates), was discussed briefly in §3.3.3. The full MDKC

for the parallel-plate equations in these coordinates is given in [62].

4.10.5 Higher-order Accuracy Revisited

Recall that in §3.13, we derived two MDKCs that were suitable for solving the transmission line
equations to higher-order spatial accuracy; we were forced, however, to employ a set of alternative
spectral mappings very similar to those that have appeared earlier in this section. For this reason,
we postponed showing the full scattering network until now. This is a good opportunity to see the
flexibility of having a multidimensional representation of a DWN.

The MDKC in Figure 3.25 represents the lossless source-free (1+1)D transmission line equations,

in a set of 2¢q coordinates defined by (3.21) using the transformation matrix of (3.90). These new
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coordinates allow us to define directional shifts that refer to points other than nearest neighbors.
The general approach to deriving a DWN for this MDKC is the same as in the previous sections; first
we perform some network manipulations on the MDKC, and then we apply alternative spectral map-
pings or integration rules to the connecting LSI two-ports, which then reduce to multidimensional
unit elements, which are then interpreted as arrays of digital waveguides. The circuit manipulations
in this case are slightly more involved; skipping several steps, we note that we can rewrite the MDKC

as shown in Figure 4.51.

(C2Q| Dt’)

W
w

A,ﬂT AfllT Aqgo2 ;2 A”T TA{M
. 2 ar

(ng;

2
D) M gD )

a7 )

(a) (b)
Figure 4.51: (a) A modified MDKC for the lossless, source-free(141)D transmission line system and
(b) a detail of connecting two-ports qu,Af”-,B, B’ for any j, j=1,...,q from (a).

As before, we treat u as the voltage across a capacitor, and have introduced a gyrator in each
of the connecting two-ports with terminals A,;, Af”., B and B', j = 1,...,q. In addition, we
have extracted a transformer, of turns ratio ny; for each of these two-ports; the gyrator constant is
similarly scaled in order to compensate. The effect of this extracted transformer will be to weight the
port resistances of the various multidimensional unit elements that result (and hence the waveguide
impedances in the resulting DWN). In addition, we will also need to re-scale the inductances from
(3.93) by a factor of A, giving
|o Arglag|

2j

qj|
- M, =
roj qj

q . q
quzA Uol—T()ZlCE#l C'Zqu U()C—Z
i=1

i=1
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The two-port shown in Figure 4.51(b) contains two inductors of inductances My; defined with
respect to the directions ¢;+ and t;-. Its continuous hybrid matrix will be, in terms of the two

associated complex frequencies s;+ and s;-,

0?2 . . Mgjng;Bej L — .
Myjng; (sj+ +55-) T (sj+ —55-)
Myjng;Bq; M,

Ky j(sj+,8;-) =
R L (s — ) # (sj+ +55-)

Under the spectral mappings from s;+ and s;- to the frequency domain unit shifts 2]11 and z;_l

given by
Sit —> i(1—2;+1)(1+2‘7_71) N i(l_zj_})(l—FZ]_Jrl)
N N

(which are passive and correspond to the integration rules (3.94), with a shift length of A), the

discrete hybrid matrix becomes

1 - My;ng;Bg; (- -
) Myin2 (1 —z23'27" MyineiBos 27— 2]
.(771 271) _ 3" q) Jjt =g o J J
Ky; R e All —1_—1 My;ing;Ba; —1 -1 M,y -1_-1
Zoiz. aj"qiaj > — 43 —_z. .
(L4251 25-) 7o R A T

It should be clear that in general, this hybrid matrix does not reduce to a pair of series/parallel
connected multidimensional unit elements (in which case it should have the form of (4.108), with
_—1

z;° and z];l in place of z;l and zfl) Under the special choice of ng; = 2j/ay;, however, it does

reduce to such a connection, so we have

Kgj(z270) = Kue(z57 5 271 ) + Kue (=27, =257

where the port resistances of the unit elements are

2jro

|aqj|

Ry =

The two-port multidimensional unit elements are connected to transformers, of turns ratio ng;,
as per Figure 4.51(a). The port resistance at one end of each transformer can be set to that of the
unit element to which it is connected, which is Ry;. It is possible to implement these transformers
as multiplies by ng; and 1/n,; directly in the signal paths, if we make the choice of the other port

resistance (which we call Rf”-) according to the rule discussed in §2.3.4; we thus choose

TOlaqjl

;o 2
qu _R‘ZJ/nqj - 25
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Figure 4.52: Multidimensional DWN suitable for a qth-order spatially accurate solution to the
(1+1)D transmission line equations.

For the one-port inductor and capacitor (of inductance Ly, and Cy4 respectively), we use the trape-
zoid rule with a doubled time step 7' = 2A, and the wave digital one-ports (of port resistances
Riqy = Lig/A and Ryq = A/Cyq) result. The multidimensional network shown in Figure 4.52 can
be interpreted as a DWN, and if the parameters «; are chosen according to the method discussed
in §3.13, then the DWN will give a gth-order spatially accurate solution to the (1+1)D lossless
source-free transmission line system. In order not to belabor this point any further, we leave the
explicit construction of the expanded signal flow graph for this multidimensional DWN from Figure
4.52 (as well as the interleaved DWN which results from the use of coordinates defined by (3.98))
as an exercise to the reader.

It is interesting that not all DWN topologies permit a higher-order spatially accurate scheme; in
§A.2.5, we will look at a stable fourth-order accurate difference scheme for the (24+1)D wave equation
which cannot be realized in a straightforward way as a DWN. The topology of the DWN in this

section follows directly from a passive MD circuit representation.

4.10.6 Maxwell’s Equations

We now take a brief look at Maxwell’s equations, the (3+1)D system of PDEs which describes

the time evolution of electromagnetic fields. This system was the original motivation behind the
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development of FDTD [184, 214], and MDWD network methods for Maxwell’s system were explored
early on in [50]. In the interest of solidifying the link between these two types of methods, we show
how a passive circuit representation yields a DWN, which is no more than a scattering form of

FDTD.

Maxwell’s Equations, for a linear isotropic (though not necessarily spatially homogeneous) medium,

. . .
are usually written in vector form" as

OE oH ,
e =V xH psy =~V xE (4.110)

where E = [E,,E,, E.|T and H = [H,, H,, H.]" are, respectively, the electric and magnetic field
vectors, €(z, y, z) and p(z, y, z) are the dielectric constant and magnetic permeability of the medium,
assumed positive and bounded away from . (We have left out losses here.) This system has the

form of (3.1), with w = [ET,HT|T, and

1 . . A
o ] A]:[ . ”] i=12.3
I ij .

where I3 is the 3 x 3 identity matrix, - stands for zero entries, and where we also have

P=

0 0 0O 0 0 -1 0
Ay=10 0 1 Ay =10 0 O Az =|-1 0
0 -1 0 1 0 0 0

Phase and Group Velocity

If € and p are constant, then from (3.10), the dispersion relation for Maxwell’s Equations has the

form
. o\ 2
W (enes” = ||BI)” = 0

in terms of frequencies w and wavenumber magnitudes ||3]|2. This equation has solutions

- L _ Bl

NG

TWe leave out the supplemental relations
V-E=p V-H=0

where p is the charge density. These can be viewed as extra restrictions on the allowed solutions to (4.110).
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Leaving aside the non-propagating mode with w = 0, the phase and group velocities will then be
given by

1
P — A9 —
TMazwell = TMazwell = +
NGT

For spatially inhomogeneous problems, the maximum group velocity will be

1

~9 e —
/Maa:well,maa: - \/W
min

Scattering Networks for Maxwell’s Equations

This system has been represented by an MDKC in [50, 131], where the coordinate transformation

defined by (3.24) has been employed, and the current variables are defined by
(i15i27i3ai477;57i6) = (E:c/rm Ey/T'OaEz/TOaHzaHya Hz)

for some positive constant rg. We have reproduced this MDKC in Figure 4.53. This network can be
viewed as two coupled (2+1)D parallel-plate networks (see §3.8), and this is not surprising, given
that the (2+41)D parallel-plate system is essentially equivalent to the transverse electric (TE) or
transverse magnetic (TM) system alone. The resulting MDWD network is shown, at bottom, in
Figure 4.53; here, we have assumed the directional shifts T;, j = 1,...,7 to be of length A. (And
thus Tr = T = A/vg = T.) The passivity condition is again a condition on the positivity of the

network inductances in the MDKC; these values are given in Figure 4.53, and the resulting conditions

are
2T0
Vo Z Vg =~

To€Emin Mmin

Under the choice of ry = ,/£= the stability condition becomes
2 o
vo 2 / e 2 “A/Mamwell,max (4111)
/—Lmznemln
with
€Emin = ININ € Mmin = MiN 4
z,Y,z z,Yy,z

and the numerical scheme is passive and hence stable over this range of vy.
In order to generate a digital waveguide network, we may proceed as for the (14+1)D transmission
line and (2+1)D parallel-plate systems discussed in §4.10.3 and §4.10.4, and apply the by now familiar

network transformations to yield the modified circuit shown in Figure 4.54. Electric field quantities
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are now treated as voltages across capacitors, and the six LSI connecting two-ports will all become
multidimensional unit elements under the application of alternative spectral mappings.
The coordinate transformation from coordinates u = [z,y, 2,t]T to coordinates t = [t;,...,#7]T

defined by (3.21), using the transformation matrix of (3.24) gives us, in the LSI case, seven fre-

quencies si,...,s7. For the connecting two-ports, we may use pairwise spectral mappings defined
by
1 1=z 427 1 (1=z2)1+2h '
s; = 1= )_(1 _1”3) Sj4s = ( J+32(1 —i j=1,2,3 (4.112)
T; 1—|—z]- Zits Tjys 1+Zj+3zj
where z}l, j=1,...,6 corresponds to a unit shift in direction ¢;, and the step-sizes T, j = 1,...,6

are all chosen equal to A/2. For the one-port time inductors and capacitors, we use the trapezoid
rule with a step-size of Ty = T = A. The resulting multidimensional DWN is shown at bottom in
Figure 4.54, and the stability bound is unchanged from (4.111).

When the spatial dependence is expanded out, we have a DWN operating on an interleaved
numerical grid as shown in Figure 4.55, with the electric and magnetic field components calculated
at parallel (white) and series (grey) junctions respectively. The connecting waveguide impedances
(of delay T'/2, shown as solid lines) are all equal to rg, and the self-loops (of delay T, not shown) have
impedances 2vgp — 2r¢ and admittances 2vge — 2/ry at the series and parallel junctions respectively,
where these expressions are evaluated at the junction location. It is also possible to derive DWNs
of the type I and II forms (see §4.3.6), for which the stability bound is improved to CFL.

It is easy to verify that this scheme is indeed a scattering form of FDTD. Referring to Figure 4.55,
we will have six sets of junction quantities: at the parallel junctions, we will have E, ; ; ;. Lgtl (n+ %),
Eyijripnt 3) and E. iyt jeip(n+ 3), and at the series junctions, we will have H, i1 jk(n);
HyJJ’j_,_%qk(n) and quvjyk_,_%(n). The indices i, j, k¥ and n take on integer values. Examine the
DWN at a parallel junction with “voltage” EmJ”i’]—_i_%’k_i_%(n + %) The DWN updates this grid

function according to

B pijryprs(t3) = Eupijiieri(n—3)
1

Uofi,H;,Hé( ZJ7'7]+1,k+%(n) ZJJ,J,H;(H)

—Hy i+t k1 (n)+Hy,; it 1k ("))

with € ;1 p1 2 e(in, (j + $)A, (k + £)A). This is exactly centered differences applied to the
equation in E,, H, and H.. according to the Yee algorithm [184]. It is also worth comparing this
DWN to the TLM version, discussed in [4].
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5
Lo=3

(Lo, D7)

=Lo=Lz=vg rge — 2rg

=Ls=Le¢=vgpu — 2rg

Figure 4.53: MDKC and MDWD network for Mazwell’s equations (4.110).
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L= r(]2A
C1=Cy=C3=A(voe — 2/7q)

Ls=Ls=L¢=A(vou — 27rg)

=
Q

»
3

Figure 4.54: Modified MDKC and multidimensional DWN for Mazwell’s equations (4.110).
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z=(k+3)a

z=(k—-1)a

z:(i—%)A

e=(i+3)A

y=0-3)a

Figure 4.55: Computational grid for FDTD applied to Mazwell’s equations (4.110); electric and
magnetic field quantities are calculated at alternating multiples of T/2, and at alternating grid lo-
cations. In the DWN implementation, waveguide connections (of delay length T/2) between series

Junctions (grey) and parallel junctions (white) are shown as dark lines; waveguide sign inversions
and self-loops are not shown here.



Chapter 5

Applications in Vibrational

Mechanics

In the previous chapters, we dealt with the numerical integration of systems of PDEs that were all,
in some sense, generalizations of the wave equation. In the case where the material parameters (I
and c in the case of the transmission line) have no spatial variation, this amounts to saying that
wave propagation in these media is disperstonless; a plane wave travels at a fixed speed, regardless
of its wavelength. We now turn to sets of equations which fundamentally engender some degree of
dispersion, namely those describing the motion of stiff systems such as beams, plates and shells. As
a result, we move toward the use of mechanical quantities, as opposed to electrical, but the analogy
should be clear. We will show how waveguide and wave digital filter principles can be used in order

to obtain numerical solutions of such equations.

We will develop these algorithms in order of increasing dimensionality of the system; first we
look at classical beam dynamics, and then proceed to the more modern beam theory devised by
Timoshenko. We then look at stiff plates, and in particular the thick plate formulation of Mindlin,
and then at two types of cylindrical shell theories, first the so-called membrane shell, then the thick
shell system of Naghdi and Cooper. Finally, we look at the general (34+1)D system which describes

the motion of a linear elastic solid.

It will be necessary to introduce several new techniques in order to develop numerical methods for
such systems, which are considerably more complex than the transmission line test problems which
we examined in the previous chapters. First, although these systems are all (with the exception
of Euler-Bernoulli beam system) symmetric hyperbolic, we will need to make use of non-reciprocal
circuit elements in order to model some asymmetric couplings that occur. Second, we may have to
perform some additional initial work on these same systems in order to symmetrize them, as they

are not always symmetric hyperbolic in their commonly encountered forms. Third, in some cases we

239
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will be forced to make use of vector-valued wave variables and scattering junctions [131] (see §2.3.7).

A full technical summary of this chapter appeared in §1.3.

5.1 Transverse Motion of the Ideal Beam

Consider a thin beam, or rod, aligned parallel to the xz axis. We will be interested in the transverse
motion of the beam, which we will assume to be restricted to one perpendicular direction; we will
call the deflection of the beam from the z axis w(z,t). The relevant material parameters of the
beam are the mass density p, the cross-sectional area A, Young’s modulus E and I, the moment of
inertia of the beam about the perpendicular axis. The material parameters are, in general, allowed
to be slowly-varying functions of . Under the further assumptions that the beam deflection w(z,t)
is small, and that the beam cross-section remains perpendicular to the so-called “neutral axis”, it is

possible to arrive at the Fuler-Bernoulli equation [77]:

2 2 2,0
pAaaT;U = —% <EIngZL> (5.1)
Notice that this equation contains a fourth order spatial derivative, resulting from the fact that the
beam provides its own restoring stiffness, proportional to its curvature, in marked contrast to the
equation for a string, which requires externally applied tension in order to support wave motion. In
particular, it does not result from the elimination of variables in a hyperbolic system (see §3.2). If

the material properties of the beam do not vary spatially, then (5.1) reduces to the more familiar

form

9*w 5, 0tw

i (5:2)

where b =/ %. In what follows, however, we will deal with the more general case.

Phase and Group Velocity

Though equation (5.2) is not hyperbolic, it is simple to obtain a dispersion relationship by considering
wave-like solutions of the form e/(“*+8%)  where w is the frequency variable, and 3 is the spatial

wavenumber. The relationship can be written as
Ww-vBt =0
which has solutions

w = +b3?
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The phase and group velocities can then be written, from (3.12), as
vy = £b3 v, = £2b3
TeB = e =

These velocities are now dependent on the spatial wavenumbers, and hence wave propagation is
dispersive. Notice also that the group velocities are unbounded, so we will expect to run into some
numerical difficulties (recall that for all the systems dealt with in the previous chapters, stability

bounds on v, the space step/time step ratio were dependent on a maximum group velocity).

We also mention that a good model for the piano string is based on the wave equation, and
complemented by several perturbation terms, among which are a fourth spatial derivative term like

the above [25]; such a term models frequency-dependent dispersion in the string.

5.1.1 Finite Differences

There are many ways to approach the numerical integration of (5.1). If the material parameters are
constant, then a simple explicit method can be obtained by applying centered difference approxima-

tions to both the time and space derivatives, yielding the scheme

T2b?

Wiln+ 1)+ Wi(n—1) = xi (Wit2(n) — 4Wipi(n) — 4W;_1(n) + Wi_2(n))
+ <2 + 62—41)) Wi(n) (5.3)

where W;(n) is a grid function defined for integer i and n, and represents an approximation to
w(iA,nT), where A is a uniform grid spacing, and T is the time step. This scheme is accurate to
O(AZ,T?), but is stable only for 2b% < 1, so it is effectively only first-order accurate; this is typical

of explicit methods for systems with some parabolic character [176].

In order to deal more effectively with the varying-coefficient problem, we can divide (5.1) into a

system of two PDEs, and differentiate with respect to time, to get

v 1 9’m
= = ——— 5.4
ot pA Ox? (5.42)
am 8%
— = EI—; 5.4b
ot Ox? ( )
Here, v £ % is the beam transverse velocity, and m can be interpreted as a bending moment. We

have chosen these variables in order to make clear the relationship of the classical beam theory with

the more modern Timoshenko theory (see §5.2). Applying centered differences to this system yields
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Vi ) Vi) =l (Mia(n k- 3) =20t 3 4 Mia(n 1) 65)

Min+3) = Mi(n—3) = p(ED): (Vi (n) = 2Vi(n) + Vi 1(n) (5.5)

where V and M are the grid functions corresponding to v and m. Similarly to the case of the

transmission line (see §4.3.6), we have used

(pA); p(iA)A(IA) + O(A?)
(ET); = EGA)I(A)+ O(A?)

and in keeping with the literature [176], we have also defined

p= %

As for the transmission line, we can evaluate the grid functions V' and M at alternating time steps.
Due to the nature of the difference approximation, however, we cannot interleave these variables on
the spatial grid. That is, we are forced to calculate both V and M at every grid location (at their
respective time steps). We have written the difference scheme above such that temporal interleaving
is evident, i.e. Vi(m) and My (m), m half-integer, are calculated only for (say) 2m even and odd,

respectively.

5.1.2 Waveguide Network for the Euler-Bernoulli System

It is possible to design a waveguide network which simulates the behavior of equation (5.1), but
there are some extra features we must add which were not necessary in the case of the transmission
line. In addition, the overloaded symbols for the wave variables become even more overloaded, due
to the fact that we can no longer interleave the two dependent variables spatially, and are faced
with a double set of wave variables at every grid point. (This can be remedied with recourse to
other more involved difference methods, but we will not pursue this subject here.) The structure of
interest is shown in Figure 5.1. This is still a (1+1)D waveguide network, like that which simulates
the (141)D transmission line equations, but we have drawn the junctions which calculate V; and
M separately; it should be kept in mind that they operate at the same spatial locations. As before,
we use grey/white coloring of junctions to signify operation at different time steps. Here we have
interpreted V; (which we will identify with V' of difference scheme (5.5), and thus with v) as a
voltage-like variable, and M as the current-flow. Also as before, the diagram above is correct when
we are using voltage-like wave variables as our signals. Figure 5.2 gives the complete picture of the

wave quantities and immittances in the network.
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/ Viica Vi Viit1 \
i @ T2 i 172 i
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1 / 1
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My ; My i

-1 -1
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A

Figure 5.1: (1+1)D DWN for the Euler-Bernoulli system (5.4).

We note that the wave variables at the series scattering junction at location z = ¢A are indicated
by a tilde, to distinguish them from those at the parallel junction at the same location, even though
the two sets of variables are calculated at alternate time steps. As for the (1+1)D transmission
line, we index wave variables and immittances at the left and right ports of any junction by z~
and =1 respectively, and the same such quantities associated with any self-loop are subscripted with
c. We also have new waveguides connecting parallel and series junctions at the same grid point;
immittances and wave variables are subscripted with a ¢ in this case. With reference to Figure 5.2,
we can define the junction admittance at the parallel junction, and the junction impedance at the

series junction to be

(>

Y,
Zy;

Y- i+ Yo+ i+ Ye i+ Y (5.6)
Zac—,i + Zw+,i + Zc,i + Zt,i (57)

(>

It should be clear that this waveguide network is really a pair of coupled (141)D transmission lines;

the coupling is via the waveguide connecting the series and parallel junctions at the same grid location

1
2

Figure 5.3 deserve some extra commentary. Figure 5.3 shows an equivalence between two waveguide

the vertical waveguide in Figure 5.1). The factors of -2 and —= in the “coupling” waveguide in
g g v ping )

configurations. On the left, we have two identical waveguides with delay m time steps and impedance
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+ - + -
Vz_,i ‘/t’i ‘/t’i Vz+,i

Figure 5.2: Scattering junctions of Figure 5.1, with incoming and outgoing voltage waves indicated.

Z connected between a parallel junction and a series junction; in approximating a second derivative
by centered differences, as we are indeed doing in (5.5), we need such a configuration so as to double
the strength of the wave variable coming from the same grid location at the previous time step
relative to that of those entering from the neighboring junctions. The equivalent form on the right,
which introduces a transformer with turn ratio -2, serves to reduce the pair of waveguides to a single
one, accompanied by two multiplications (the waveguide transformer is identical to the wave digital
transformer, discussed in §2.3.4). This implies that the port impedance Y;; at a parallel junction
at grid point ¢ in Figure 5.1 and the port admittance Zt,i at the series junction at the same point

must be related by

4
Yii=—=— (5.8)
1,1
Parallel
Parallel Junction Junction
Y Y 2Y
A A A
mT mT
mT mT mT mT -

Z Z
Series Junction

Series
Junction

Figure 5.3: An equivalent form for duplicate bidirectional delay lines running between a parallel and
a series junction.
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(This equivalence can easily be derived through the manipulation of hybrid matrices for bidirectional
delay lines, as per the methods discussed in §4.10.2.) Also note the sign inversions in this central
coupling waveguide with respect to the left- and right-going waveguides.

We now trace the signal flow in the network to show that it does indeed solve the Euler Bernoulli

system. Beginning from a series junction at grid point ¢, we have:

2 /. - - .
Myitn+$) = 5= (V4 D+ T 0+ 1)+ V4 ) + T+ 1)
2 . o -
= Z~J|l' (thz._l(n) + ‘/w_’H_l(n') — QV;J-(_n) — VCJ(n — %))
2 o o .
= = (Voima () + Vains (0) = 2Vii(n) + Vis(n = §))
Zyi
2 .
7 (V‘Ltl—l(n) + /m—t,i-{—l(n) - ZV{E(n))
Jyi
2 ] i
= 7 (Vzi-1(n) 4+ Vaizi(n) — 2V5i(n))
_ 2 (f/_ m=—H+ V. n=-H+Vn-H+V(n- l))
Z.]i zt i 2 z= 2 t,2 2 c,i 2
2
= 5 Vaica(n) + Viiga (n) = 2Vii(n)) + Myi(n = 3)
J,i

which is identical to (5.5b) if we replace V; by V and M by M, and if we have

~ 2
Zyi= —= (5.9)
(EI)ip '
Beginning from the series junction, we arrive at a similar requirement for Y ;, namely
2(pA o
Y, = 20 (5.10)
u

As in the case of the transmission line, three families of waveguide networks are distinguishable:

Type I: Voltage-centered Network

In order to satisfy (5.10), with Y} defined by (5.6) we set

(pA)i v, = A Y.i=0

Ym*,i = I+ i = P
2u 7

Now, we have, recalling (5.7) and (5.8),
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and in order to satisfy (5.9), we set

5 1 1 1 _ 2u 2u 4p
ZC”‘(zu(EI)iHUu(Ef)i1+u(EI)z~) (<pA>i+1+(pA)“ (pA»-)

We have written here h; 2 h(iA), where h is either of pA or EI. In this case, ZCJ will be positive if

1 . (pA);
< —
u< in (ED);

. (5.11)

and we have an upper bound on the time step in terms of the grid spacing. In the constant-coefficient

case, we note that this is the same requirement as for the stability of scheme (5.3).

Type II: Current-centered Network

This is the dual to the previous arrangement. Now we set

Zo—i=Zo+i = 5 Zyi=——r Zei=
1 zt i t, ,U(EI)i , 0

and we thus choose

DAY )i A),
YCJ:<(P)+1+(P) 1+(P)
2u 2u

) — (2u(EI)it1 + 2u(EI);—y + 4p(ET);)

and we have the same stability condition as the previous case,

wsgmin (25
Type III: Mixed Network
We set
Yo i = Yot i = Yeonst Yii=2Yconst
(5.10) and (5.9) then require that we set
V= 20y Zojm e
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The optimal choice of Y, = \/mini (pA);) max;(ET); yields the stability bound

u< 1 Inini(@)i) <
2\ max;(EI);)

. [(pA)i

min

i (EI)i

N =

and we are thus forced to use a smaller time step than is required by either of the above arrangements.

5.1.3 Boundary Conditions in the Waveguide Network

If the ideal beam is of finite length, then we are required to supply boundary conditions at the
termination; we show here how to apply such conditions in the waveguide mesh described in the
previous section. We will assume that one end of the beam is positioned at x = 0; all discussion
of boundary conditions applies equally at the other end (or we may assume that the beam is of
semi-infinite extent). It is of note that because the Euler-Bernoulli Equation (5.1) is of fourth order
in the spatial variable, we are required to provide two boundary conditions at each termination [176].
The simplest boundary conditions for the ideal beam are correspondingly simple to implement in the

waveguide mesh. From [77], the most physically relevant such boundary conditions are the following:

Fixed End, Allowed to Pivot

In this simple case, we have

w(0,t) =0 = v(0,t) =0 (5.12a)
A%w(0,t . .
% =0 — m(O,t) =0 (512]3)

v(0,t) = 0 is ensured by terminating the parallel junction at ¢ = 0 with a short-circuit, so that
Vo is forced to zero. From Figure 5.4(a), we see that as a result (really by construction), we have
th o = — Vi - The second boundary condition, m(0,#) = 0 can be enforced in a similar manner

by terminating the series junction at grid location zero with an open circuit.

Fixed Clamped End

Here the boundary conditions are

w(0,t) =0 = v(0,t) =0 (5.13a)
ow(0,t) ov(0,t) :
2l =0 — 2 =0 (5.13b)

The boundary condition w = 0 is implemented as in the previous case. The condition W =0

requires some discussion.
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Counsider difference scheme (5.5) operating at the grid point i = 0. By condition (5.13a), Vo(n)
will be set to zero, so we do not need to use (5.5a) at all. The difference scheme used to update M,

would be
Moy(n + %) — My(n — %) = M(E)O(Vl(n) —2Vp(n) + V_l(n))

if we had access to V_1(n), a value of the grid function V' at the grid location to the left of the

boundary point. Since we don’t, we eliminate it by use of the numerical boundary condition

Vi(n) =V.i(n)

which is a second-order accurate approximation to W = 0. This leaves us with

My(n+ 3) — Mo(n — 3) = 2u(ET)oVi(n) (5.14)

Figure 5.4(b) shows the series junction terminated with a self-loop of impedance Zc,O- We now
show that with the proper setting of this impedance, this termination satisfies a numerical condition
identical to (5.14). At this junction, there will only be two incoming waves, f/mt 0 and V~C+O, and we
thus have:

Myo(n+3) = (Vzt,o(” +5)+ VA (n+ %))

Vmi,l (n) — f@jo(” - %)
( )

= 5 (V) =00 = Voa(n = 1)

)

2 2 ~ ) . ~ .
= —Vii(n)—=— (Vo n=-H+V, (n-1
Vi) = 5= (Vo= D)+ Vi 0 - 1)
2
= N—WJ’l(n) =+ MJ’(](n — %)
Zj0

Thus, by identification with (5.14), we require
Z0 2 Zog+ Zur g = —mer
Jo =Zco et 0= ——=
H(ET)o
and we can set

N 1 N

0

c,0 = — Lzt

H(ET)o

)

where the value of Zw+q0 depends on the type of network we are using (see previous section). For
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a network of type IT or III (see previous section), Z. o as defined above is automatically positive, if
the stability conditions over the interior network junctions are satisfied, respectively (this is easily

checked). For mesh of type I, we can show that it will be positive if it is true that

(pA)
2(El),

p <

Since, for a Type I network, we already must have condition (5.11) for stability over the problem
interior, then assuming that the material parameters do not vary greatly from one grid point to the
next (In the limit as A — 0, they must not), this boundary condition is stable for the type I mesh
as well.

In this case it can be seen that one of the benefits of the waveguide formulation is that it is
remarkably easy to check the compatibility of a particular type of boundary condition with a partic-
ular scheme. That is to say, the passivity condition, framed in terms of the positivity of the network
immittances, even at the boundary, tells us immediately which boundary condition implementations
will be stable. Compatibility can be checked directly in the finite difference framework, but the
procedure (which form part of what is known as GKSO theory [176]) may be quite involved.

Free End

The boundary conditions are now

9?w(0,t)
Pw(0,t) om(0,t) _

The condition m = 0 is the same as for the fixed end which is allowed to pivot. Thus we terminate

om(0,t)
dz

the series junction in the same way as in that case. For the other condition, = 0, there is

complete symmetry with the case of the fixed clamped end, where the condition was % = 0. The
junction can be terminated as in Figure 5.4(c), and we choose Y. o = Yo —Y,+ o, where Y o = %,
and Y+ o follows from the particular type of mesh configuration that we are using. Stability of this

boundary condition for the three types of mesh follows as before as well.

5.2 Timoshenko’s Beam Equations

Timoshenko’s theory of beams constitutes an improvement over the Euler-Bernoulli theory, in that
it incorporates shear and rotational inertia effects [77]. This is one of the few cases in which a more
refined modeling approach allows more tractable numerical simulation; the reason for this is that

Timoshenko’s theory gives rise to a hyperbolic system, unlike the Euler-Bernoulli system, for which
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Figure 5.4: Boundary terminations for the Euler-Bernoulli system— (a) fized end, allowed to pivot;

(b) fized, clamped end; (c) free end.

propagation velocity is unbounded. It is this partially parabolic character of the Euler-Bernoulli
system which engenders severe restrictions on the maximum allowable time step (at least in the case
of explicit methods, of which type are all the scattering-based methods included in this work). For
a physical derivation of Timoshenko’s system, we refer the reader to [77, 146, 152, 187, 188], and

simply present it here:

A?w 0 Ow
P ot? = ox <AHG(8_I B l/’)) (5.162)
52 3} 3} ow ' |
pl atzb Ox <EI al.ﬁ) ARG <3_9L' B U") (5.16b)

As before, w(w, t) represents the transverse displacement of the beam from an equilibrium state, and
the new dependent variable ¢)(x,t) is the angle of deflection of the cross-section of the beam with
respect to the vertical direction. Here, the quantities p, A, E and I are as for the Euler-Bernoulli
Equation (5.1). G is the shear modulus (usually called p in other contexts) and & is a constant which
depends on the geometry of the beam. For generality, we assume that all these material parameters

are functions of x. Losses or sources are not modeled.

Nitsche [131], in his MDWD network-based approach preferred to use the more fundamental set
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of four first order PDEs from which system (5.16) is condensed:

Qv o} dw am
pAa = o (5.17a) pfa = o +q (5.18a)

1 Jq dv 1 Om Ow
IGor — o, @ (1) El ot =~ or (5.18b)

We have introduced here the quantities

a Ow a O & - 00 & g ow
ot Y m_EIOw ¢ = ARG ax_“'

v

v is interpreted as transverse velocity, w as an angular velocity, m as the bending moment, and ¢
as the shear force on the cross-section. Each of the subsystems (5.17) and (5.18) has the form of
a lossless (14+1)D transmission line system; they are coupled by constant-proportional terms, and
it is this coupling that gives the Timoshenko system its dispersive character. The Euler-Bernoulli

system (5.4) is recovered in the limit as AkG — oo and pI — 0 [131].

This is a symmetric hyperbolic system of the form given in (3.1), with w = [v,q,w,m]T, f =0

and
pA 0 0 0 0 -1 0 0 0 00
0 4z 0 0 -1 0 0 0 0 10
P= ARG A= B=
0 0 pl O 0 0 0 -1 0 -1 00
0o 0 0 2 0 0 -1 0 0 0 00
Dispersion

The characteristic polynomial equation, from (3.10) with the system matrices given above, in the

case of constant coefficients, is

L ExG N
+ 3 (E+Gn))—|— ;z B4 =0 (5.19)

AR N

4 w? (AHG

where w and 3 are frequency and spatial wavenumber, respectively. There are two pairs of solutions

to this equation, which can be written as

1 [ AkG . . ArG , A\ 2

wie = =+ % I;G+/32(E+G/~:)+\/< I;G+/32(E+G/~;)) — 4ExGB*
1 [ AxG AkG ?

wox = i\% ’; +/32(E+G/<o)—\/( ’; +/32(E+G/<o)) _ AERGpS
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and it is simple to show that in contrast with the Euler-Bernoulli beam, the group velocities will be
bounded. Indeed, we have in particular that

. . Gk

lim w4 = +5— lim woy £+ f—
the first of these relations is similar to that which describes longitudinal wave propagation in a bar,

and the second corresponds to shear vibration [77]. For the full varying-coefficient problem, the

maximum group velocity, as defined in (3.13), will be

VT max = MAX 4 f £ (5.20)
) xeD P

5.2.1 MDKC and MDWDF for Timoshenko’s System

Nitsche [131] showed how to write a MDKC and MDWD network corresponding to Timoshenko’s
system. In order to deal with the asymmetric coupling of the system of equations, he constructed
a network using both MD capacitors and inductors, but here we will take the more conventional
approach, and use a gyrator (For computational purposes, there is no essential difference between
this representation and his.)

Consider again the Timoshenko system of (5.17) and (5.18). We can scale the variables just as

for the transmission line (see §3.7). That is, we can write
v = 7"1i1 q= i2 w = ig m = T2i4 (521)

where the constants r; and r,, are strictly positive. We introduce, as before, the scaled time variable
t' = vot where vq is the space step/time step ratio. Then the Timoshenko system can be rewritten

as

. Oiy Biy Biy Biy

vorlpA% = Tlé‘_x (5.22a) vOpIW = g +iy  (5.23a)
vg Oiy O . vor? Oiy dig
— = r=— —i3 (5.22b — = ry—— 5.
1:C 97 rgs s ( ) %I ot - (5.23b)

The constant proportional terms on the right-hand side appear anti-symmetrically, and can be
interpreted as a lossless gyrator coupling. We can now write down a MDKC for the scaled system of
equations; it is shown, along with element values in Figure 5.5. Its MDWD counterpart is pictured
in Figure 5.6. Here, we have used the coordinate transformation defined in (3.18) with step sizes
T, =T, = V2A. We have used T" = A for the one-port time inductors. An MDWD network
can obviously also be designed to operate on alternating grids, just as in the case of the (1+1)D
transmission line.

A comment is necessary regarding the gyrator in Figure 5.6. In order to deal with the delay-free
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< Rg
- Ly = 7‘1/\/5

(Lo, D1) | )C (Mg, Dy) Ay My = 1"2/\/5

Iy = vﬂrpr —r

Ly = vo/(ArG) —
Ly = vgpl — 1y

7 [
(Lo, D3) o B TN Ly = wor /(EI) =
Rg =1
I I I TH0
(LlsDt/) (L2th/) (LS«DH) (L41Dt’)

Figure 5.5: MDKC for Timoshenko’s system.

loop which arises from the placement of a gyrator between two series junctions, we have set the
corresponding ports of the series junctions on either side of the gyrator to be reflection-free. This,
however, means that the two port resistances of the gyrator are not, in general, equal to the gyrator
constant, which, in this case, will be 1. In terms of wave variables, the signal flow diagram of the
gyrator will not be of the simple form of (2.26), but takes the more general form of (2.25) mentioned
in §2.3.4. It is of course also possible to set only one of the ports connected to the gyrator to be
reflection-free, (say Rs = Ry + RZ), and then the other port resistance to be Rg = R5, in which
case the general gyrator form degenerates to a pair of scalings. As for the parameters r; and ry, an

optimal choice can be shown to be

X

r = (IIIaX(AGh‘)IHiIl(pA))
xT - xr
1
) . 2
O—— (max(EI) mln(p[))
x xr
-10 -10 -10 -10
Ry Ry R3 Ry
Ry, = 2L, /A
1 Ry = 2Ly /A
T =< ™ Ry = 2L3/A
L) o |r; |RBa| re @ * il
Rs = Ro + R
- | Rs = Rg+ R
R7 = 27‘1/A
Rg = 2ry /A

Figure 5.6: MDWD network for Timoshenko’s system.
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which yields the bound

vg > max <\/maxm (AGr) \/maxm (EI)> > ”,/%,maz (5.24)

min, (pA) "\ min,(pl)

which is the same as that which is derived in [131]. We will show how to improve upon this bound

in §5.2.6.

5.2.2 Waveguide Network for Timoshenko’s System

Recall, from §4.10, that for the (1+1)D transmission line problem, it is possible to obtain a DWN
from an MDKC after a few network manipulations, and under the application of an alternative
spectral mapping, or integration rule. We may proceed in the same way for Timoshenko’s system,
and we will skip most of the steps that were detailed in the earlier treatment. We do recall, however,
that the original system of equations should be scaled by a factor of A, the grid spacing, before
making the switch to DWNs.

We first transform the MDKC of Figure 5.5 such that the quantities v and m represent voltages
across capacitors, instead of currents through inductors. The transformed MDKC is shown in Figure

5.7.

P Q
1/71 —O—
r2
(Mg, Dy) | P
(€1, D) T > C m| == (ca, 0,0
(L3, D) (Mg, Dy)
- o
AI q BI w Pl QI

Figure 5.7: Transformed MDKC for Timoshenko’s system.

The inductances are all as in Figure 5.5, except scaled by A, and the new capacitance values will

be

. 1 a1
Cl —A <’U0pA 1"1> C4—A <EI 7"2>

and the gyration coefficient R will be equal to A. As before, it is possible to interpret the two
two-ports AA'BB’ and PP'QQ’ as MD representations of digital waveguide pairs, if we apply the
alternative spectral mapping or integration rule as in §4.10. The MD waveguide network is shown
in Figure 5.8.

Here we have chosen the step sizes such that an interleaved algorithm results, just as for the
transmission line problem, as discussed in §4.10. Thus, we have T} = Ty = A/v/2 and T' = A so
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255
Ry
Rs R, = A/(2Ch)
Ry = 2Ly /A
Ry = 2La/A
° Ry = A/(2Cy)
Rs = 2Rqs + Ry
Rs = 2Rs + R3
R7 = r
Rs Rgs = ry

Figure 5.8: Waveguide network for Timoshenko’s system, in a multidimensional form.

that in a computer implementation, approximations to v and m are alternated with those of ¢ and w.

The signal flow diagram corresponding to Figure 5.8 is shown, as a DWN, in Figure 5.9. The junction

r = iA

-1
-] v, < T/2-O) - |T/2 Yo |
Y- Yo+ Zom o Qg et Yo Yot
—] V_] p—O—T/Q L T/2 V_] p—>
-1 T Z T
y ? §
Rg T §
! ?
-1 7z, - -
-] M; < T/2HO— - T/2 M, -
Yoo Yo+ Zo- Qg Zat o= Yo+
e O e -

)

z=(i+1)A

Figure 5.9: DWN for Timoshenko’s system.
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quantities V;, Q;, Qs and M, approximate v, ¢, w and m respectively and for consistency with the
DWN notation of Chapter 4, we have replaced the port resistances by waveguide admittances (at
the parallel junctions) and impedances (at the series junctions). Because there are now two sets of
immittances at any grid point (corresponding to the upper and lower rails in Figure 5.9), we have
indexed half of them with a tilde. Referring to Figure 5.9, the self-loop immittances will be given
by

2 ~ 21}0 2
Yei=2vo(pA)i — — Yei= - —
) UO(p ) r ) (EI)Z Ty
22)0 =
Zc’i+%:m_2rl Zc’i+%:21)0(p_[)i+%—21“2

at alternating grid locations indexed by integer :. The connecting immittances will be, referring to
the series junctions,
Zy- i+

z—, =Z.z+,i+]§ =r Z:c*,i+1§ =Z:c+,i+é =Ty

S

The DWN incorporates a gyrator between the two series junctions, and as such, we must employ
reflection-free ports at at least one of the two connected junction ports. Though reflection-free ports
and gyrators have not as yet appeared in the DWN context, it is straightforward (indeed immediate,
if we are considering DWNs derived from MDKCs), to transfer them from wave digital filters. These

port impedances (subscripted with a ¢) at the series junctions can be chosen to be

Zt,i+§ = Zc,i—l—% + Zx—,i+% + Zx+ i+L Zt,i+% = Zc,i+% + Zx—,i+§ + Zm+,i+%

This is a structure of the type III form (i.e., the connecting immittances are spatially invariant;
see §4.3.6), and the bound on vy is suboptimal (and the same as that for the MDWDF structure
discussed in the last section). The possible interleaving of the calculated junction quantities in this

structure is indicated, as in Chapter 4, by grey/white coloring of scattering junctions.

5.2.3 Other Waveguide Networks for Timoshenko’s System

For completeness sake, we mention two other DWNs for the Timoshenko system for which there is
no need for the coupling reflection-free ports; all junctions are isolated from one another by delays.
They were derived separately, and not through the manipulation of an MDKC. In fact, they can
be arrived at in this manner, but we will present only the resulting structures. We mention them
primarily because although they are quite similar to the DWN of the last section, the passivity
condition on the immittance values leads to a radically different bound on vy, the space step/time

step ratio.
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The difference between the two forms presented here is only in the coupling between the two lines,
each type of which gives rise to a different type of offset sampling. For example, in the configuration
shown in Figure 5.10, we calculate @Q; and M at the same time instant, and at the same grid
location, whereas in Figure 5.11, the updating of (J; with respect to M is staggered in both time

and space.

10

|

z = iA z=(i+3)a z=(i4+1)A

Figure 5.10: An alternate DWN for Timoshenko’s system.

There are many ways of setting the network immittances so as to approximate the Timoshenko
system. Since both networks are simply just pairs of coupled (141)D transmission lines, the deriva-
tion of the constraints on the junction immittances is familiar. Because the two networks are so
similar, we will state these constraints only for the network shown in Figure 5.11:

22)0

Zyipy =200(pD)ipy  Yoi=2u(pA) Yy = i

A 2’00
L] = —m—m——
J72+§ (AGH)Z+%

We use the bar notation again to indicate an approximation to at least second-order accuracy in

the spatial step A, and the tilde to distinguish between the immittances in the two transmission
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Figure 5.11: Another alternate DWN for Timoshenko’s system.

lines. Before we begin setting the immittances values, however, we must comment on the coupling
waveguides which run between the parallel junctions which calculate @)y and Q j; each such waveguide
has a non-reciprocal character (as evidenced by the sign inversion in only one of the two signal paths).
We have left the admittance of this coupling waveguide independent of position. The reason for this
is seen from the difference equations in the junction variables. For example, in the configuration of

Figure 5.11, we have, after following through familiar manipulations,

2

ZJ,z‘+§

Quirs(n+3)=Quiry(n—1)+ (Vais1(n) = Vai(n) = 2821504 ()
which will approximate (5.17b) only if Z; = A. The same statement is true of the other configuration

as well (where the admittance of each coupling waveguide is set to Z;/2).

It is convenient to set the immittances such that the self-loops at the parallel junctions (recall
the transmission line) can be dropped entirely from the calculation; in fact, in this lossless case, we
can drop the explicit calculation of V; and M altogether if we wish, since when the self-loops at
these junctions disappear, we are left with simple “through” junctions which do not scatter (recall

Figure 4.14). Eventually, though, we may wish to have access to this variable because it is indeed
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the time derivative of w, the primary dependent variable of interest. We thus set

1 ~ ~ E;I; ~
Lo =04 4 1= Zo_ . 1= 1= Z, o1 =27, ..1=A
z= it zt,i—3 UOpiAz' z7 i+ zt,i—3 Vo tits tity
and
Vo Vo 1 1
Zci L= + ; - - —A
it (AGk);  (AGK)it1  vopidi  vopit1dit
N o . EI); EI);
Zeiey = wolpD)i+vo(plyes — 2D EDis _
0 0

It is quite interesting to examine the positivity conditions on the self-loop admittances. For

example, ch'+% will be positive if, for all integer i, we have

Vo 1 A
— >
2_O

(AGr);  vo(pA)i
which, using vg = A/T, is equivalent to
w( 1l 1), T
(AGH)l 2/~ (pA)l

It is easy to see that, in contrast to the stability conditions we derived for the various transmission

lines, for the ideal beam, and for Timoshenko’s system in §5.2.1, for a passive realization there is
now a mazimum time step for the scheme regardless of the spatial step. That is, the above condition

can be true only when
T <min ———

i (AGr);

Assuming that this condition is met, we then must have

A > T'max

A positivity requirement on ZCJ yields a similar set of conditions,

. EI);
T <min(2pl); and A >Tmax (7)11
, PV G- T

In the limit as T" becomes small, both conditions on the spatial step size A approach conven-

tional CFL-type bounds (recall the wave speeds implied by Timoshenko’s system, mentioned in the



260 CHAPTER 5. APPLICATIONS IN VIBRATIONAL MECHANICS

beginning of this section); both must be satisfied for the waveguide network to be concretely pas-
sive, though they may be stable in the Von Neumann sense (see Appendix A). It would appear
that the special character of these passivity conditions on the scheme are the direct result of the

approximation of the memoryless asymmetric line coupling by a reactive waveguide coupling.

5.2.4 Boundary Conditions in the DWN

The three common types of boundary conditions used to terminate a Timoshenko beam are similar

to the classical beam conditions [146] which were discussed in §5.1.3.

w=m=70 Fixed end, allowed to pivot (5.25a)
w=1 =0 Fixed clamped end (5.25Dh)
g=m=20 Free end (5.25¢)

All of these conditions are of the form of (3.8), and are lossless.

There are several possibilities for the implementation of these boundary conditions (5.25) at a
boundary grid point in the MDWD network or any of the mentioned DWN structures. Through
simulation, we have determined that the use of reflection-canceling waves at the boundary, as per the
method of [107], does not lead to a passive termination. This statement also holds for the termination
of the plate and shell models that we will discuss shortly; violent instabilities may appear in these
systems, even though the termination of the simpler transmission line and parallel-plate networks
by this method is not problematic. At present, the termination of a MDWD network is very poorly
understood, even by experts [115]. Indeed, as we mentioned in §3.11, there is not, as yet, a general
theory of boundary termination of MDWD networks [142]. We refer to §6.2.3 for a discussion of a
possible avenue of approach.

For this reason, we decided to retreat from this problem, and work with the termination of the
DWN;, in its conventional lumped form. When a network is viewed in this way, it is much simpler
to see how boundary conditions may be set such that passivity may be maintained. The difficulty
in working with the expanded signal flow diagram for a MDWD network is that unlike the DWN,
there is no port structure in this case; in the DWN, applying lumped terminations to junctions on
the boundary is straightforward.

Because we looked at the termination of the (1+1)D transmission line, (2+1)D parallel-plate
and Fuler-Bernoulli systems in this way in §4.3.9, §4.4.4 and §5.1.3 respectively, we simply present
the terminations corresponding to boundary conditions (5.25). We have chosen here to work with
the DWN shown in Figure 5.9, although the termination of the networks of Figures 5.10 and 5.11 is
equally simple. In addition, we align the parallel junctions (at which V; and M are calculated) with
the left end point (say) of the beam, located at x = 0. In this way, we avoid the slight additional

complication of the coupling that occurs if the series junctions are placed at the boundary (though
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we will be forced to face this issue when we set boundary conditions in the Mindlin plate network

in §5.4.2). The three terminations are shown in Figure 5.12.

Y. Vj

=
S
=
S
=

[} T - [ T
1 I 1 1
1 1
e - e -
xz =20 xz =0 xz =0

Figure 5.12: Boundary terminations for the DWN for Timoshenko’s system (a) fized end, allowed
to pivot, (b) fized clamped end, and (c) free end.

A condition w = 0 (implying v = 0) or m = 0 is easily implemented by short-circuiting the
appropriate junction. For the condition ¢ = 0, it is easy to show that we should choose the self-
loop admittance to be Y, = vo/(EI) = 1/ry at the terminating junction at which M is calculated.
Similarly, for the condition ¢ = 0, we should choose Y. = vopA — 1/r; at the junction at which V;

is calculated.

5.2.5 Simulation: Timoshenko’s System for Beams of Uniform and Vary-

ing Cross-sectional Areas

We present here some two simple DWN simulations of the Timoshenko beam equations. In both
cases, we have made use of the DWN of Figure 5.9, which was derived directly from an MDKC (shown
in Figure 5.7). We simulate the behavior of a square prismatic steel beam, of length L = 1m, under
the application of an initial transverse velocity distribution at the beam center which has the form of
one period of a raised cosine, of wavelength 5cm and amplitude 0.0005 m/s. In the first simulation,
the beam is assumed to have a uniform thickness of 2 cm, and the boundary conditions are of the free
type at either end; the evolution of the velocity distribution is shown in Figure 5.13. In the second

simulation, the beam is assumed to be of linearly-varying thickness, from 1 cm at the left end to 3 cm
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Figure 5.13: Simulation: evolution of the transverse velocity distribution along a Timoshenko beam
of uniform thickness, with free ends.

at the right end. The area A thus varies quadratically, and the moment of inertia quartically. In this
second case (shown in Figure 5.14), the boundary conditions are assumed clamped. The material
parameters for steel are taken to be p = 5.38 x 10*kg/m®, E = 1.4 x 10"*N/m?, G = 5.39x 10"'N/m?
and Timoshenko’s coefficient for a beam of square cross-section is £ = 5/6 [83]. In both simulations,
we operate using a grid spacing of 1/400 m, and the time step is chosen to be at the passivity limit.
From (5.24), and given the above values of the material parameters of the beam, vy is chosen to be

5.1x10%* m/s for the uniform beam, and 4.59x 10* m/s for the beam of varying thickness.

In both simulations, it is easy to see that due to dispersion, the coherence of the initial velocity

x10* x10*
4r t=0.0s 4r t=4.32 x 107 °s |
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2| 2} 1
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Figure 5.14: Simulation: evolution of the transverse velocity distribution along a Timoshenko beam
of linearly-varying thickness, with clamped ends.
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distribution is lost; short wavelengths tend to move faster (and hence reflect first from the boundary),
as can be seen in the plot at ¢ = 8.65 x 10~°s. In the beam with linearly-varying thickness, velocities
are amplified in the thin region of the beam, and attenuated in the thick region; the propagation

velocities themselves, however, are not significantly altered.

5.2.6 Improved MDKC for Timoshenko’s System Via Balancing

In the preceding simulation of the steel beam of rectangular cross-section and linearly-varying thick-
ness, we have, from (5.24), vgp = 4.59 x 10*; the time step is thus restricted to be quite small. We
will now show how the balancing or preconditioning approach applied to the (14+1)D transmission
line problem in §3.12 can be used to drastically increase the maximum allowable time step for a
given grid spacing.

Suppose we scale the dependent variables according to
v = Tlil q = Tziz w = T‘3i3 m = 7“424

and allow the scaling parameters ry,...,rs to be arbitrary smooth functions of . Timoshenko’s

system (5.17)—(5.18) can then be rewritten as

1 321 822 Té .
— ) pA— = = 4 -2 5.26
Vo <7"2) P ot oz + rzlz ( a)
T2 1 67;2 621 7"1 . rs . )
— — = — 4+ —i - — .26b
v (1"1) ArG ot Ox + rlzl rq '3 (5.26b)
T3 Oi3 Oty 71/1 . Ty . \
— ) pl— = —+— — 2
T4 1 824 623 7"& .
— = = —+—= 5.26d
o <r3) EI ot Ox + r323 ( )
where primes above the r;, ¢ = 1,...,4 indicate z-differentiation. If we choose:
1 1 oy 1 oy L
r1 = (pA’Gk) * ro = (pA’Gr)* ry = (pEI?) * ry = (pEI?)* (5.27)
Then system (5.26) becomes
P ail 8i2 Té‘
= =24z 5.28
v Gk Ot Ox + ro ‘2 ( 2)
IR I VR Y v
o Rt = or 1 o 13 (5.28Db)
pOis_ Oia i, T,
o B¢ — o2 + Y 14 + o 19 (5.28¢)
o1 o y ,
paa _ R Tag (5.28d)

o E ot or ry
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and the constant-proportional terms appear anti-symmetrically (note, from (5.27), that ro/rs =
r3/r1). In the MDKC shown in Figure 5.15, these terms are all interpreted as gyrator couplings,
where the gyrator coefficients are spatially varying. It is easy to check that this system is still

symmetric hyperbolic according to definition (3.1).

i 1/-1 1/-1

> Raa
-
(Lo.Dl)é | >< (Lo, D1) | Ay

Lg = 1/V2
Ly = Lg = uvgy/p/(Gr) —1
Ly = Lg=vgy/p/E — 1
(Lo, D) g (Lo, D3) é : ,4 Ve
Rgy = ry/m2
Rgy = r3/m
figa ) ) Ras Beg = Al
7 1o A A s )éC
(L1, Dyr) (L2, Dyr) (L3, Dyr) (La, Dyr)

Figure 5.15: Balanced MDKC for Timoshenko’s system.

The MDWD network (not shown) implied by the MDKC will be slightly more difficult to program,
because of the additional reflection-free ports which will necessarily be introduced, but it has the
same memory requirements, and the operation count is slightly larger (due chiefly to the post-scaling
of the MDKC currents which must now be performed in order to obtain the physical dependent

variables). We now have, however, that

S E Gk g
vg > max | max 4/ —.,max4/ — | =~
- zeD \[ p > 2€D p T maz

where 77 .., is the maximum group velocity given in (5.20). v is now optimal (in the CFL sense),
for a constant grid spacing. Referring to the simulation of §5.2.5, it is easy to see that that due to
the quartic dependence of the moment of inertia I on z (for a beam of linearly varying thickness),
the maximum time step allowed by the previous approach (also the maximum time step allowed
in [131]) will be severely constrained. Using a balanced formulation and MDKC, we now have
vp = 5.10 x 10*. Thus for a given grid spacing, the maximum time step is now 9 times larger. From

a practical standpoint, this is a huge computational advantage.

We repeat that balancing is unnecessary if there is no spatial variation in the problem parameters,
and that in a region of the material for which the parameters do not vary, we may simply drop
the additional gyrator couplings Rg; and Rgs from the network entirely. We also note that it is

possible to incorporate the scaling of the dependent variables into the MDKC itself by introducing
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transformers with turn ratios ry,...,rs in all the circuit loops; while useful for showing the MD-

passivity of the system under scaling, there is no practical reason for doing so.

5.3 Longitudinal and Torsional Waves in Rods

In addition to transverse waves, a one-dimensional stiff medium can support longitudinal and tor-
sional waves [66, 77]. In these cases, the medium is usually referred to as a rod or bar instead of a
beam [83, 146].

When a bar aligned with the z-axis is vibrating longitudinally, motion within the medium will
only occur in the x direction. If u(z,t) represents the longitudinal displacement of the medium at

position z and time ¢, the equation of motion of the bar [146] is

8%u 0 ou
pAﬁ =35, (EA%> (5.29)

which is easily identified the second-order equation describing the behavior of current or voltage in the
(1+41)D transmission line, as per (4.39). Thus all methods applicable to the (141)D transmission line
discussed in this work are applicable to this case as well. Note that in the case of constant material
parameters and cross-sectional area, (5.29) becomes the (1+1)D wave equation, and thus longitudinal
waves travel non-dispersively (in contrast to transverse waves). Here, lateral inertia effects have been
neglected—that is, even though the medium undergoes axial compression and expansion, the bar is
not allowed to compensate for this by becoming “fatter” or “thinner” respectively. The so-called
Love theory [77] is an attempt to account for this important effect; it should be possible to apply
scattering-based numerical methods to the Love theory, although we have not attempted to do so.

Torsional motion involves the propagation of a twisting disturbance along the length of the bar.
For a bar of constant cross-section, the equation of motion here is

020 020

o2~ Oa?
where 0(x,t) is the angle at which the bar is twisted relative to its equilibrium state, .J is the polar
moment of inertia, and C' is a constant which depends on the geometry of the cross section [77].
Here again, we have the basic (141)D transmission line form, and the comments made regarding

longitudinal waves apply equally well here.

5.4 Plates

The equations of motion of a stiff plate are the (241)D generalization of those of a beam. We assume
the plate to lie, when at rest, in the (z,y) plane, and to be of thickness h(z,y); the deflection w(z,y)

of the plate from its equilibrium state is assumed to be perpendicular to the (z,y) plane. The plate
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material has density p, as well as Young’s modulus E and Poisson’s ratio v, all of which are assumed,
for the sake of generality, to be smooth positive functions of x and y. In particular, v must be less
than one-half. The classical development depends on neglecting rotational inertia effects and makes
various assumptions analogous to the “plane sections remain plane and perpendicular to the neutral
axis” hypothesis that was used as the basis for the Euler-Bernoulli beam model [77]. The resulting

equation of motion [6, 113] can be written as

2w . 0%2D 5w 0’D &*w %D H%*w
h— = =V?(DV? 1— -
PP on (DViw) + (1 =v) <8x2 07 920y 00y | 0y aﬂ)
where
po_ B
12(1—02)

and used V2 = 83—;2 + %. If the material parameters and the thickness are constant, then

2 )
Ow = —szvzw

7= on (5.30)

which is easily seen to be a direct generalization of (5.2). As such, we expect to find the same
anomalous behavior of the resulting propagation velocities, which can become infinitely large in the
high-frequency limit. Numerical integration of these equations via a waveguide mesh proceeds along
exactly the same lines as in the case of the Euler-Bernoulli beam; in particular, we find a restriction

on the space step/time step ratio similar to those that resulted in §5.1.2.
Because the development is so similar to the (141)D case, we will proceed directly to the more

refined model of plate motion, which is a direct generalization of the Timoshenko theory for beams.

First proposed by Mindlin, the model [77, 120], can be written as system of eight PDEs [173]:

ﬁ@wz _ Omg | Omgy
12 ot Oz + Oy ¢-  (5.32a)
0 O0gq, O . h? dw Oomy om
1 Oq, Ov 1 Omy, Owy Ow
HZGh;t = So4ws  (5.31b) 5 T (5.32¢)
1 0 Ov 1 ) -
/#Gh% = 5, e (5.31c) Bé?g;y %“; yagi (5.32d)
2 Omyy Owy  Ow, . .
— —Z 2
D(1—-v) Ot Ox Oy (5.32¢)
Here, we have written
_ e _ 9%y _ow
T ot V= ot - ot
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where w is the transverse displacement of the plate, and (¢, ) is the pair of angles giving the
orientation of the sides of a deformed differential element of the plate with respect to the perpen-
dicular. (In the classical theory, for which cross-sections of the plate are assumed to remain parallel
to the plate normal, we have (¢, 1¢,) = (—‘3—’;’, —%—Z’).) In addition, we have the shear forces (¢a, gy)
and moments (mg, My, M4y ), which are the (241)D generalizations of ¢ and m. The system (5.31)-
(5.32) as a whole is known as Mindlin’s system, although it is more commonly written s a system of
three second-order equations in the variables w, ¢, and v, [77]. We have written Mindlin’s system
so that it is easy to see the decomposition into two separate subsystems, one in (v, ¢.,qy) and the
other in (wy, wy, Mg, My, Mgy), with the coupling occurring via constant-proportional terms in w,,

Wy, ¢» and gy. In particular, subsystem (5.31) is similar to the lossless parallel-plate system (see

§4.4), except for the coupling terms.
It is easy to see that this system is not, as written, symmetric hyperbolic. It is easy to symmetrize
it by taking sums and differences of (5.32¢) and (5.32d), in which case we get, in terms of the variable

_ T
W= [an.raQy’Wmawyv mmamy’mwy] s

P}, A7, Al
P=Py=| " A, = Aui = [ M _ ] Ay=Ayy = [ M2 _ ]
Py - Ay - A,
B,
B = Bu=| ., M (5.33)
M x
where the - stands for zero entries, and
22 0 0 0 0 ]
12
A3
ph 00 0 22 o0 0 0
+ - e
Pyu=10 =g O Py=10 0 g5 Fs 0
0 0 oG U
(0 0 0 0 pEu
[0 0 -1 0 0]
0 -1 0 0 0 0 -1
A= -1 0 Ajy=1|-1 0 0 0 0 (5.34)
0 0 0 0 0
i 0 -1 0 0 |
[0 0 0 —1]
0 0 -1 0 0 -1 0
Aj,=10 0 0 Ay,=10 0 0 0 (5.35)
-1 0 O 0 =10 0
-1 0 0 0
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0 0 0 0 0
Buyx=|-1 0 0 0 0
0 -1 0 0 O

The system defined by (5.33) is lossless, due to the anti-symmetry of Bj;. Also, note that Py is
positive definite (recall that v is positive, and less than one-half), but not diagonal®; this did not
come up in any of the systems we have looked at previously, and will have interesting consequences

in the circuit representations in the next section.

Maximum Group Velocity

For the constant coefficient problem, the characteristic polynomial relating frequencies w to spatial

wavenumber ||8]]> = /82 + 2, from (3.10), will be
) w? 262G E Ex2G 19G2
(w4_7< “’6”2< 5 +Gr )) w”ﬂﬂé) < ||ﬂ||>——.> w? =0

The first factor, which is similar in form to that which defines the Timoshenko system, from (5.19),

has four roots, wy+, ws+ which behave as

E /GH
lim w 4+ == _ hm w 4+ ==
181l,— 1 ”13”2 (1 — 1/2) 181l— 2 “ﬁ“2 p

and the second factor has a pair of roots w3+, which have the limiting behavior

G
lim w =+
Bl % ”ﬁlh\/ p

All phase and group velocities are thus bounded. For the varying-coefficient problem, the maximum

global group velocity will be

g E
ol =max | ————=
IMmaz = yep \| p(1 —1?2)

1t is possible to write a symmetric hyperbolic form of Mindlin’s system for which the P matrix is diagonal by
introducing the variables my = (my + my)/2 and ma = (mz — my)/2. Though the resulting MDKC will be simpler,
boundary conditions become over-determined and difficult to set properly, because A; and Ay are consequently less
sparse (implying greater network connectivity). The form described by the matrices in (5.33) is more fundamental in
this respect.
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5.4.1 MDKCs and Scattering Networks for Mindlin’s System

‘We now introduce scaled dependent variables
(@150, 03,84, 15, 06,07, 08) = (F1U, Qa, Gy, Wa s Wy s F2Ma, T2y, T3 Mgy )

where again, ry, ro and r3 are positive constants, as well as the scaled time variable ¢/ = wvqt.
The MD-passive circuit representation of Mindlin’s system is shown in Figure 5.16, where we have
used the coordinates defined by (3.21) with the transformation matrix (3.22). Here, the port with
terminals A and A’ is assumed to be short-circuited (we will return to this port in §5.5.2). It is best
to view this as a three-loop network (on the left, in Figure 5.16) corresponding to the subsystem
(5.31), coupled to a five-loop network on the right (subsystem (5.32)).

Because P, from (5.33) is not diagonal, the coupling between the loops with currents ¢s and i7
(corresponding to the moments m, and my) is of a type not previously encountered in the systems
examined in this thesis. It can be interpreted in terms a coupled inductance between the loops (see
§2.3.7); in Figure 5.16, self-inductances are indicated by directed arrows, and mutual inductance by
bidirectional arrows. The element values are as indicated in the figure.

Optimal choices of 1, r» and r3, and the optimal stability bound on vy are a little more difficult
to find in this case. As before, however, they follow from a positivity requirement on the inductance
values defined in Figure 5.16. This requirement is simply applied to Ly, Lo, L3, L4, L5 and Lg, but

L¢ and L; define a coupled inductance between the loops with currents ¢4 and ¢;. The coupling

L¢ Ly
L; Lg

and is required to be positive semi-definite for passivity. This is true if

matrix will be

Lg > |Lq| (5.36)

An optimal choice for ry is easily shown to be

2
"= \/minz’y(ph) max, ,(k?Gh) (5.37)

and gives a first bound on vy, which is

2max, ,(k>Gh)
>y = 252y T 5.38
=0 A i (o) 539
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Figure 5.16: MDKC and MDWD network for Mindlin’s system.
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Figure 5.17: Modified MDKC and multidimensional DWN for Mindlin’s system.
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From the positivity requirement on L4, Ls, Ls, as well as condition (5.36), we have a second

bound on vy,

12(ry +r3) WaXey (1) maxw-y(ﬂ—hv)> (5.39)

vg > max - — 3\ > s
r2,r3>0 \ min, ,(ph?) 127, 12rg

This is a simple minimax-type problem—we would like to minimize the bound on vy, which is the

maximum of three quantities as per (5.39), with respect the parameters ro and rs. The solution is

1 Ehn3 ) min, ,(ph?®)
ry = -——max : - - 5.40
z 12 =y <1 —v \/maxw’y(Ehs) +maxm,y(Eh3) ( )

1—v 14+v

3 : 3
rg = imax < Eh ) \/ mlnx,y(ph ) (5.41)

12 2y \1+v maxm,y(%)+maxm,y(ﬂ—h3)

which gives the second bound

h3 h3
vo > vy & maxey (127) + maXe y(177) (5.42)
re min, , (ph?) '
and the overall stability bound for the combined network will be
vo > vy = max(vyg—, vy ) (5.43)

‘When the material parameters and the thickness are constant, this bound reduces to

Gk E
0z V2max <\/ o m) = V2

The MDWD network, shown at bottom in Figure 5.16, follows immediately from the MDKC; here,
as for the parallel-plate problem discussed in §3.8.1, we have used step sizes T; = A, j =1,...,5.
Recall that because coordinate t5 = t' = wyt, a step size of T5 = A implies a time step of A /vy =T,
and we have indicated pure time delays of duration 7" by T. As for the Timoshenko network of
Figure 5.6, reflection-free ports will be necessary due to the memoryless gyrator couplings between
the loops with currents 75 and 74, and i3 and 5 in the MDKC. The coupled inductance has been
treated as a vector scattering junction terminated on a vector inductor, as discussed in §2.3.7. We
also note in passing that this network may be balanced in the same way as the Timoshenko system
(see §5.2.6) in order to obtain a much better bound on vy (at the expense of increased network

complexity).

It is also of course possible to put the MDKC into a form which yields, upon discretization, a

DWN. This new form is shown in Figure 5.17; now the transverse velocity v and bending moments
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mg, my and m,, are treated as voltages, and inductors in these loops are replaced by gyrators
terminated on capacitances. In particular, the coupled inductance in Figure 5.16 is replaced by
a coupled capacitance. In order to discretize this MDKC, we apply the trapezoid rule to all the
inductances and capacitances with direction t5 (using a step size of 75 = A), and to the Jaumann
two-ports, we make use of the alternative spectral mappings defined by (4.109), with step sizes
T; =A/2, j=1,...,4. We have chosen these step sizes such that an interleaved algorithm results;
the computational grid is shown in Figure 5.18. Grid quantities (capitalized) are shown next to the
points at which they are to be calculated. The grid on the right, which operates on grid functions V,
Q. and @y is identical to the grid for the DWN for the (24+1)D parallel-plate problem (see Figure
4.18), which is to be expected, since the related subnetwork of the MDKC shown in Figure 5.17 is
the same as that for the parallel-plate problem (see Figure 4.49). It is coupled via gyrators (these
couplings are indicated by curved arrows) to a second grid, over which grid functions Q,, Q,, M,
M, and M,, are calculated. In particular, M, and M, are calculated together as a vector quantity
at a vector parallel junction—this vector is written as M in Figure 5.18. Waveguide connections (of
delay T'/2) are represented by solid lines, and self-loops and sign-inversions in the signal paths are
not shown. Note that at the grey dots, we will have parallel scattering junctions, and at the white

dots we will have series junctions; junction quantities are calculated at alternating multiples of 7'/2.

ia (i+La G+na

Figure 5.18: Computational grid for the multidimensional DWN shown in Figure 5.17.

5.4.2 Boundary Termination of the Mindlin Plate

There are four common types of conditions applied at a plate boundary [94]. At a southern boundary,

parallel to the z axis, the four conditions can be written as

Gy = my = my = 0 Free edge (5.44a)
U= wy, = my = 0 Simply supported edge (1) (5.44b)
Vo= Mg = my = 0 Simply supported edge (2) (5.44c)
Vo= w, = wy = 0 Clamped edge (5.44d)



274 CHAPTER 5. APPLICATIONS IN VIBRATIONAL MECHANICS

ia (i+3)a (i+1)a ia (i+3)Aa (i+1)a

Figure 5.19: Southern computational grid boundary at y = 0 for the DWN for Mindlin’s system.

These conditions are again lossless, and of the form of (3.8). (We note that conditions on v, w, and
wy in (5.44) are usually written in terms of their time integrals w, v, and ), but the formulation
above is equivalent.) The same conditions also reduce to a similar set of conditions which can be
applied to the classical plate, as defined by [17].

As we mentioned in §5.2.4, the passive boundary termination of an MDWD network, such as
that shown in Figure 5.16, is not at all straightforward. Indeed, it is somewhat complicated by the
fact that we must approximate all the system variables at any given grid point on the boundary, and
we were not able to implement a stable termination for this network. The “wave-canceling” method
[107] discussed in §3.11 becomes exceedingly complex when vector wave variables and reflection-free
ports are involved; passivity is not easy to ensure.

Termination of the DWN derived from the MDKC of Figure 5.17, operating on the computational
grid of Figure 5.18, however, is simpler, because we are able to work directly with the termination
of the lumped mesh representation. Suppose we choose our southern boundary at y = 0 according
to Figure 5.19. The only quantities to be calculated in this arrangement will be @, and Q,, at
coincident series scattering junctions, and My, at parallel scattering junctions. This arrangement
is to be preferred, because we do not need to worry about the termination of the vector scattering
junctions at which M = [M,, M,] is calculated.

The southern boundary terminations corresponding to the four conditions (5.44) are shown in
Figure 5.20. The conditions ¢, = 0 and w, = 0 that appear in (5.44a) and (5.44d) can be dealt
with rather simply, by terminating the boundary series junctions at which the junction currents @,
and €, ; are calculated in an open circuit’. For these conditions, the gyrator coupling between the
two subnetworks (indicated by curved arrows in Figure 5.19) may be dropped entirely. Similarly,
the condition my, = 0 can be implemented by short-circuiting the appropriate parallel boundary
junctions.

The other conditions, involving variables not calculated directly on the boundary require a slightly
more involved treatment; the analysis is similar to that performed in §4.4.4, and the termination
problem becomes (for the most part) that of setting the self-loop immittances at the boundary

junctions which can not be trivially terminated in an open or short circuit. To this end, we provide

TIn keeping with the notation of Chapter 4, we have appended a “J” to the subscript of any grid function, to
indicate that it is to be calculated as a junction current or voltage.
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the waveguide immittances at the junctions in the problem interior at which M,y;, Qy5 and Qys
are calculated. From Figure 5.17, it is possible to read off these values directly. As for the DWN for
the Timoshenko system in §5.2.2, immittances in the two overlapped networks are distinguished by
a tilde (7). For example, at a parallel junction in the five-variable grid at location = = (i + 3)A,
y = jA, for 7 and j integer, where we calculate szJ.i+%.j (see Figure 5.18), there are waveguide
connections to the north, south, east and west; their admittances are defined as

N 1 1

Yorirg g =Yymings = VYorirp = Yo inpi = - = o

respectively, which are simply the admittances of the multidimensional unit elements from Figure
5.17. Similarly, the four connecting waveguide impedances at series junctions at locations x = iA,

J =iA (at which Q,;; ; are calculated) will have impedances

Zy+ij=2Zy-ij=Ria=r Zy+ij = Zy- ;5= Ris =13

In the other waveguide mesh (on the right in Figure 5.18), the connecting northward and southward

impedances at the series junctions at which Q. ; is calculated will be
Zy‘*',z',j = Zy—,z',j = Rg =nr

The self-loop immittances at the three types of junctions will be

~ 1 4vy 4
Y1, = —=—7——— — — 5.45
Cit3,) Rs (D(l—y))l-_i_%’j ry ( a)
; h)is |
Zeij = Ra= U(](/J(Si),] —2rg —2r3 (5.45D)
21)0 |
Zei; = Ry=-——+——2 5.45
v 2 (K/th)i,]’ ri ( C)

We assume rq, 72 and r3 to be chosen according to (5.37), (5.40) and (5.41) respectively.

Free Edge

Referring to Figure 5.20(a), the conditions ¢, = 0 and m,, = 0 are rather simply dealt with by open-
or short-circuiting the respective junctions. In this case, the gyrator connection between the two
waveguide meshes can be severed at the boundary junctions, and in order to get a lossless numerical
condition equivalent to m, = 0 we need only set, for j =0,

- h3);
Zezo= in

which is less restrictive than (5.45b), and does not degrade the bound from (5.38) and (5.42).
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—1

z=(i-1)a z = iA z=(i+3)a z=(i+3)a

Figure 5.20: Various lossless boundary terminations for the DWN for Mindlin’s system—(a) free
boundary; (b) simply supported edge (1); (c) simply supported edge (2); (d) clamped edge.
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Simply Supported Edge (1)

Conditions (5.44b) are somewhat more complicated to implement than the others, because none
of the variables calculated on the boundary can be zeroed out by short- or open-circuiting. From
Figure 5.20(b), we can see that in addition to the gyrator coupling between the two meshes that
must be maintained, we also must keep the waveguides which lie along the boundary.

In the problem interior, parallel and series junctions in the five-variable mesh are connected,
through waveguides, to four neighboring junctions; on the southern boundary, however, each is
connected to three—two to the east and west) and one to the north. Due to this asymmetry, we
might suspect that it will be necessary to adjust the boundary waveguide impedances away from
the values that they would take on the interior (which is r3). In fact, it is possible to show that by
introducing transformers, with turns ratios of n = 2 in these waveguides, we indeed have a lossless

termination which satisfies conditions (5.44b). We must set the boundary immittances to

~ ~ 1 T3
Yr,z’+é,0 = Yz+,z’+§,0 = %y Zy=i0 =Lyt io = 0}
Notice that each waveguide now includes scaling factors (of 2 and 1/2), and that the impedances
at either end are no longer identical, due to the transformer impedance matching. The self-loop

immittances should be set according to

v _ 2vy 2
c,H—%,O - (D(l — V:))i-t—%,o s
~ v ( hB»i
Zc,z',o = % —Tr2—=T3
Vo
Zejo= = 7 -
,1,0 (”ZGh)i.O T

which are precisely half the values they would take at interior junctions, from (5.45) (and thus the
positivity condition on these immittances is no different from the condition over interior self-loop
immittances). We also mention that the gyrator coefficient, which takes on a value of Rg = A over

the interior, should also be halved to Rg = A/2 at the boundary junctions.

Simply Supported Edge (2)

The condition m,, = 0 from (5.44c) can be set by short-circuiting the parallel boundary junctions.

The condition v = 0 can be dealt with as for the preceding case, and we will again require

Vo

Zeip = oo —
0T (2GR0

1

and the gyrator coefficient at the boundary junctions should be set to Rg = A/2. The self-loop

impedances at the series junctions in the five-variable mesh should be set, in order to ensure m, = 0,
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as

- h3);
ZC,Z'.O = 7U0(p12) L

The positivity requirement on this impedance is again less restrictive than condition (5.45b) on the

mesh interior.

Clamped Edge

For conditions (5.44d), we may immediately terminate the series junctions in the five-variable mesh
with an open-circuit, and the gyrator coupling can be dropped entirely, as for the case of the free

boundary condition. The remaining self-loop immittances should be set as

7 _ A _ i
SHE0 T (DA -v))y0 T
Zeio= .vio -
& (k2Gh)i 0

which, as before, are less restrictive settings than those over the mesh interior, from (5.45).

5.4.3 Simulation: Mindlin’s System, for Plates of Uniform and Varying
Thickness

For the sake of illustration, we present two DWN simulations of the vibration of a Mindlin plate.
In both cases, the plate is assumed to be square, with side length 1m and to be made of steel; the
material parameters are thus p = 5.38 x 10’kg/m®, E = 1.4 x 10" N/m?, G = 5.39 x 10''N/m?. &
is taken to be 5/6, and Poisson’s ratio v is set to 0.3. In both cases, the DWN is initialized with
a transverse velocity distribution which takes the form of a single lobe of a 2D raised cosine, of
radius 0.1m, amplitude 0.0005m/s, and centered at coordinates = 0.3m, y = 0.3m, where z = Om,
y = Om are the coordinates of the bottom left-hand plate corner. The grid spacing is set to be
A = lcem in the DWN in both cases.

In the first simulation (see Figure 5.21), the plate thickness is 1lcm, over the entire plate surface.
Boundary conditions are of the free type, given by (5.44a), and implemented as per the DWN
termination discussed in the previous section, and shown in Figure 5.20(a). In the second simulation,
shown in Figure 5.22, the plate thickness is variable—over most of the plate, it is a constant lcm, but
over the circular region outlined in black (radius 0.2m, and centered at = 0.6m, y = 0.6m), it rises
in a raised 2D cosine distribution to a peak of 6cm. In both simulations, snapshots of the transverse
velocity distribution are taken every 2.875x107%s. The boundary termination is of the clamped type
(5.44d) in this case, and has been implemented in the DWN according to Figure 5.20(d).

Light- and dark-colored regions correspond to positive and negative velocities, respectively. The
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plots have been normalized and interpolated for better visibility. Notice in particular the numerical

directional dependence of the propagation velocities at short wavelengths.

t=0.0s t=2.875x%x107%s t =5.750 x 107 %s t =8.625 x 107 %s

t=1.150 x 10~ *s t=1.438 x 107 *s t=1.725x10"*s t=2.012 x 10~ *s

Figure 5.21: DWN simulation of Mindlin’s system, for a steel plate of uniform thickness, with free
edges.

t =0.0s t=2.875x%x 10" t =5.750 x 10~ %s t =8.625 x 10 %s

N\

t=1.150 x 107%s t=1.438x107%s t=1.725x 10" t=2012x 107
—

, ,
L

Figure 5.22: DWN simulation of Mindlin’s system, for a steel plate of varying thickness. The
variation is limated to the interior of the black circles. Boundary conditions are of the clamped type.
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5.5 Cylindrical Shells

A shell is simply a plate with some curvature; it also supports wave motion, but the curvature
complicates the motion considerably. As we will see, however, certain types of shell systems can also
be represented by (2+1)D MDKCs. We will look first at the so-called cylindrical membrane shell
formulation [77], then at a more modern (and elaborate) cylindrical shell formulation due to Naghdi

and Cooper [31, 128].

5.5.1 The Membrane Shell

The simplest type of cylindrical shell theory is the membrane shell formulation of Rayleigh [77]. In
this very basic theory, the shell is assumed to behave somewhat like a membrane, in that the restoring
stiffness is assumed negligible. The shell is assumed to lie parallel to the z axis, and has radius a.
We define 6 = af)’, where 6’ is the angular coordinate. This theory models the displacement of the
shell from its equilibrium position; in contrast to Mindlin’s plate system, however, displacements in
all three directions are modeled as a function of time, and we will write these three displacements as
w, (transverse), w, (axial) and wy (tangential). In the membrane theory, the three displacements
complemented by three in-surface stresses n, (axial), ng (tangential) and nye (shear) form a closed

system; bending moments and transverse shear stresses are not modeled. This system can be written

as
ph% = % + % (5.47a)
p a;:f = % + 6g;9 (5.47D)
Ph% = —éng (5.46) e = % <a;; + ”% + ng) (5.47¢)
ng = % (1/8;: + % + éwz> (5.47d)
neo = % <% + 8(;;“”) (5.47¢)

The material constants E, v, p and the shell thickness h are as discussed in §5.4, and are now

assumed to be smooth functions of z and 6. If we define the velocities v,, vy and v, by

ow,, _ % _ Owy,
Y= Ta Ve = ot

Uy =

B ot

then we again have a symmetric hyperbolic system of the form of (3.1) in the dependent variable

W = [vy, Uy, Vg, Ny, N0, nmg]T, where the system matrices are
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P+
P=Pp=|" | A =Ap-= _ Ay=Ap = _
PR AMl AM2
b
B =B, *
—bi" .
where
(oh 0 0 0 0 |
0 ph 0 0 0
P} = ph Pr=|0 & =0 be=[0 0 0 L 0
0 = 0
0 0 o0 ]

and A}, and A, are as defined in (5.34) and (5.35). The lower 5 variable system described by
P,, A, and A},,, when uncoupled from the 1 variable system in PE is essentially equivalent to
the lower subsystem in the Mindlin plate theory, except that our independent variables are now x
and 6 instead of  and y. (In fact, if we replace any occurrence of h*/12 in P, by h, we get exactly

P}.) We thus expect the MDKC to be very similar to that of the right-hand network in Figure 5.16.

We again introduce current-like variables
(11’ 195,21050115%12, 113) = (7"1UZa VsV, TNz, T4, 7‘5”19)

and make use of coordinates defined by (3.22) in terms of the physical coordinates [z,6,t]T. ry, ry
and rj5 are, as before, positive constants which we will later use for optimization. The MDKC for
the membrane shell system is shown in Figure 5.23. (We have marked the points B and B’ in the

figure in anticipation of the shell model in the next section.)

Optimal settings for r4 and rs, which follow from positivity constraints on the inductances
Ly,...,Ly3, can be shown (through an analysis identical to that performed on the Mindlin plate

system) to be

re = max( Eh ) \/ 2 iz o (ph) (5.48)

260 \\1—v maxwyg(%)+maxzyg(£—};)
Eh 2min, ¢(ph
rs = max < > EI}I:m olp ) = (5.49)
z0 \1+4+v maxr,g(m)+maxmjg(1+—y)

TThe reason for the unusual numbering of these variables will be made clear in the next section.



282 CHAPTER 5. APPLICATIONS IN VIBRATIONAL MECHANICS

2 rLr
K, = vwriph Rg = L2

Ly = Lig = voph — 14 — 15

2 2
— Yory __ _ vgvrg
(K1, Ds) L= 204 _py Ly, = 2O
4
- B B Jo = 7'24 Kq = r25
ki o (@)
11 Lz = =7 5 — 2pg

e Bl i

(Jo,D2) % | %(JmDa)
(Ly1,Ds5) é é (L11,Ds5)
110A AN Yig
(L12,Ds)
(Jo,Da) g | | %(JﬂyDl)
1

/1 —1/1
(L10,D5)§ g (Lg, Ds)
—1/1

T
(L1s, Ds)
(I(Ule)g | %(KU,DAO
(Ko,D3) | | %(R’U,Dz)
1

/1 =
213

Figure 5.23: MDKC for the cylindrical membrane shell system.

in which case we must have, for passivity

= Eh
N \/maxmo(‘ﬁ)"‘maxmﬂ(l-k_u) (5.50)

Vg > UR = -
0= "R ming ¢(ph)

The parameter ry is as yet unconstrained (notice that the inductance K is non-negative for any
choice of vy > 0).

We have presented the MDKC for the membrane shell because it is an important building block
in the more modern theory, which we now present. It should be obvious, from this MDKC, we can
immediately arrive at an MDWD network, and after applying network transformations, we can get

a multidimensional DWN as well.

5.5.2 The Naghdi-Cooper System II Formulation

As we mentioned, the membrane model of the cylindrical shell neglects certain important effects,
in particular the crucial transverse shear effects. Many so-called higher-order shell theories have
appeared in the literature; for a good survey of these theories, we refer to [77, 81]. We have decided to

focus on the Naghdi-Cooper system II shell model [31, 77, 128] because it can be simply interpreted
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as a passive circuit. We note in passing that not all shell theories have this property—Mirsky-
Herrmann theory [77], for example, does not, and Naghdi and Cooper’s system 1I, for example, is
simplified from their proposed system I which also does not. The problem, more specifically, is that
these systems can apparently not be written in the special symmetric hyperbolic form of (3.1), for
which the matrices A; and A, will be independent of x and #. This property is essential here in
that such dependence considerably complicates the inter-loop coupling in an MDKC (notice that
the port-resistances of the Jaumann two-ports which realize this coupling been constant for every

system we have looked at so far).

Another reason for choosing this particular shell model is that it can be simply written as
Mindlin’s plate system (in coordinates z and 6 instead of x and y) coupled with the membrane shell.

We can write this system in the form of (3.1), where the dependent variable w is defined by
T
W = [Uza Gz 90, Wz s Wo, Mg s TNy s Mgy, Uz, VY, Ny, 1, n:n@] (551)

Here, the first 8 variables are precisely those that appear in the Mindlin theory (see §5.4), but in
cylindrical coordinates; we have changed subscripts y to 6, and written the v, instead of v for the
radial transverse velocity. The other five variables appear in subsystem (5.47) of the membrane shell

theory (see §5.5.1). The system matrices are

P Ay . A ue :
P=Pyc=| " B Al = Ayer ="M B Ay=Ancy=| " B
PR ' AM1 ' AMz
_BNCx

where Py, Ay, Ay Ay, Ay, and By are as defined in §5.4, and P, appears in §5.5.1. The

coupling matrix is

- 1T
00000O0O0O
00000O0O0O

Byex=1|0 0 0 0 0 0 0 O
10000000
000000 0 O

Note that this coupling disappears in the limit as the shell radius a becomes large (effectively leaving
us with with the Mindlin systern). B¢ is indeed anti-symmetric, so we are guaranteed a lossless
MDKC network; in fact, this network can be directly constructed from the two networks shown in
Figures 5.16 and 5.23, by attaching terminals A and A’ in the former to B and B’ in the latter. The
scaling parameters ry, 72 and rs can be chosen optimally according to (5.37), (5.40) and (5.41), and
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ia (i+3)Aa (i+1)a ia (i+3$)Aa (i+1)Aa

(a) (b) ()

Figure 5.24: Computational grid for the DWN for Naghdi and Cooper’s system II. Grids (a) and
(b) correspond to @ DWN for a Mindlin-type subsystem, and are coupled to a membrane shell-type
DWN operating on grid (c). Grid functions (capitalized versions of the dependent variables (5.51))
are indicated next to the grid points at which they are calculated. Grey/white coloring of grid points
indicates calculation at parallel/series junctions at alternating time steps.

ry and 5 can be set as in (5.48) and (5.49), giving a bound for passivity on the combined network,
vo > Une = max(va,Vg)

where vy is the bounding space step/time step ratio for the Mindlin network, from (5.43) (in

cylindrical coordinates), and vg is the same quantity for the membrane shell system, from (5.50).

Because this system can be constructed entirely by connecting subnetworks that we have already
examined in detail, it seems unnecessary to show the discrete MDWD network or the alternate
MDKC and its discrete form suitable for DWN implementation. The MDWD network will be
exactly the combination of the “Mindlin” system, shown at bottom in Figure 5.16, and the MDWD
network corresponding to the MDKC for the membrane shell, shown in Figure 5.23; recall that the
MDKC for the membrane shell system (with a free port with terminals B and B’') is identical in
form to that of the uncoupled five-variable Mindlin subsystem, and thus its MDWD counterpart will

be of the same form as well.

For the transformed network to be used to generate a DWN, a few comments are in order. For
the Mindlin system, we first applied network theoretic rules in order to arrive at a modified form,
shown at top in Figure 5.17. In this case, the transverse velocity v (renamed v, in this section)
and the bending moments m,, m, and my, (renamed m,, my and mmg) have been interpreted as
voltages instead of currents. This transformed network can then be connected (via terminals A and
A’ in Figure 5.17) to a transformed form of the membrane shell system, shown in Figure 5.23; for

the shell subsystem, n,, ng and nyg will be treated as voltages, and v, and vy as currents.
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After connecting these transformed subnetworks, and applying the usual alternative discretiza-
tion rules, we end up with a DWN that will operate on an interleaved grid as shown in Figure 5.24.
Grids (a) and (b) are precisely the Mindlin grid shown in Figure 5.18, and are coupled instanta-
neously to a third grid (c), which adds the effect of curvature to the system.

5.6 FElastic Solids

The system defining the behavior of a (3+1)D linear, isotropic, elastic solid is somewhat easier to
handle numerically than the (24+1)D plate and (14+1)D beam systems which are derived from it; the
physics is less obscured by modeling assumptions. Numerical simulation of the full (3+1)D system
is, of course, much more computationally expensive.

Such a medium is characterized by its density, p, and two material parameters A and p, called
the Lamé coefficients, which describe its resilience; there are two parameters because an solid will
resist compressional and shear forces to different degrees. Other elastic parameters, which we have
already made use of earlier in this chapter, can be defined in terms of these two constants. Young’s

modulus E and Poisson’s ratio v can be written as

f)
p= B3 20 p=_—2
A+ 2(A + p)

We remark that p is the same as G that was used in the treatment of the Timoshenko beam (see
§5.2), the Mindlin plate (see §5.4), and the Naghdi-Cooper shell model of §5.5.2. For the sake of
generality, we allow all these parameters to be functions of z, y and =.

The equations of motion of the solid can be written in terms of stress and displacement fields
[77]. There are nine stresses: 04z, 0yy and 0. are normal stresses in the direction indicated by the
double subscript, and 0.y, 0z, 0yz, Oya, 0.z, and 0., are shear stresses. The displacements of a
point in the medium from its equilibrium position are given by d = [w,, w,,w.]". If the material is

assumed to be in rotational equilibrium, then we have
Ozy = Oya Oxz = Oz Oyz = Ozy

so that there are a total of six independent stresses acting at a given point in the solid [190].

Newton’s Laws for a solid (neglecting body forces) are written as

0w, 00y 004y = 0042

_ 52a
32’11)3/ 60'my 8Uyy 8092 ‘ »
_ .52b

2,,
Pw. _ 004 N Joy. + 00 (5.52¢)

P o oz ' oy | oz
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The stress-strain relation, or Hooke’s Law [77] is expressed as a linear proportionality between the

six stresses and spatial derivatives of the displacements (the strain):

ow, O
xr

Ow, Oow, Ow, ,
= — . . = 5.54b
Tyy 2u 3y +AV.-d (5.53b) o Iz < Ee + o ) (5.54b)

ow, . : ow ow

by = 2 AV -d 5. . = y z .

0.2 pa -t \% (5.53¢) Oy <8z + 8y) (5.54c)

The systems (5.52), (5.53) and (5.54) taken together are sometimes called the Navier system
[77, 131]. By introducing velocities defined by

a Ow, a Owy

ot Y= o

s Ow,

ot

Uz Uz

it is possible to manipulate these equations into the symmetric hyperbolic form of (3.1), with w =

T
[U]H vy7 UZ7 O-.L'JH Uyyv 0-227 O-.L'yv Uwzv Uyz] 3 and

Pt . A . A e . A
P= N ~ A1= l . ’le] A2: [ . 1\«2><‘| A3= l , NBX]
PN AN1>< AN2>< AN3><
with
% _TV _T” 0 0 0
_TV % _TV 0 0 0
v v L g 0 0
P}, = diag(p, p, e
N g(p,psp) N 0 0 0 % 0 0
0 0 0 0 1 o0
7
1
L 0 0 0 0 O i
and
- 4T _ T _ T
-1 0 0 0 0 0
0 0 -1 0 0 0
0 0 0 0 0 0 -1
AN1>< = AN2>< = AN2>< =
0o -1 0 -1 0 0 0 0
0 -1 0 0 -1 0
1 0 0 | L 0 —1] L0 -1 ]
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Phase and Group Velocities

The characteristic polynomial relation for the Navier system, in terms of frequencies w and wavenum-

bers [|B]l2 = /82 + 33 + B2, will be

A+2 2\ 2
o (oﬂ - %nﬂué) (w2 - gnﬁné) ~0

A+2 /
w=0, =+ ﬂ’ 4+ H
P P

Ignoring the non-propagating modes with frequency w = 0, and the multiplicities of the other modes,

and has roots

we can see that wave propagation is dispersionless, at least for the constant-coefficient problem.

There are two wave speeds,

[A+2p 7
”/%,P = 7?V,P = T > N/ﬁf,s = ’ngv,s = ;

which are also known as the P-wave and S-wave (or compressional and shear wave) speeds [35].

For the varying-coefficient problem, the global maximum group velocity is then

g A4 2u
r\/N,ma.r - l;cneaDX p

5.6.1 Scattering Networks for the Navier System

Nitsche has represented this system as an MDKC in [131]. Choosing current-like variables
(Zla 12,13,%4,15,26427,18, 69) = (‘U.’L‘a Uy, Vz3s T 022, T10yysT10 22,7202y, T20 22, r20—yz,)

he derived an MDKC for the Navier system, which we have reproduced (with some minor changes)
at top in Figure 5.25, where coordinates defined by the transformation matrix (3.24) have been used.
Notice that again, because P is not diagonal, the time derivatives of the components o,,, 0y, and
0., are coupled. In the circuit representation, this is represented by a three-port coupled inductance

of the form of (2.48), with a matrix inductance Lys¢ defined by

L4 _Lx _Lx
Liyse = |—Lx Ly —Ly
—-L, —L Lg
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where the inductances Ly, Ls, Lg and Ly appear in the figure.
The positivity condition on the inductances Ly, Lo, L3, L7, Lg and Lg, as well as a positive

definiteness condition on the matrix Lys¢ gives, as optimal choices of the parameters r; and r,

( E ) min, - (p)
) = 1max / '
zy,z \1—2v maxXy y - (fﬁ) + 2max, y - (21)
ry = max(2p) iney.7)

z,y,z

E
maXg,y,z (17211) + 2max;, y - (2u)

and a bound on vy,

E
maXg,y,z (m) +2max; y,- (2p)

vy > oy 2 -
- min, y - (p)

When the material parameters are constant, vy reduces to
3(A+ 2u) g
UN = T = \/gryj\/,ma:c

A modified MDKC is shown at top in Figure 5.26, where velocities are treated as currents,
and stresses as voltages; as such, the coupled inductance in Figure 5.25 has become a coupled
capacitance. This network may be discretized in a way very similar to the network for Maxwell’s
Equations, as described in §4.10.6. Under the spectral mappings defined by (4.112) (with step sizes of
T; =A/2,j=1,...,6), the connecting LSI two-ports decompose into series/parallel connections of
multidimensional unit elements. The one-port inductances and capacitances, as well as the coupled
capacitance are discretized using the trapezoid rule, with a step size of Ty = A. The resulting
multidimensional DWN is shown at bottom in Figure 5.26, and the interleaved computational grid
in Figure 5.27 (which is very similar to the grid for the DWN for Maxwell’s Equations, as shown in
Figure 4.55).

5.6.2 Boundary Conditions

The simplest boundary conditions for the Navier system are of the free type, i.e., all stresses normal

to the boundary are zero [77]. For a “bottom” boundary z = 0, these conditions can be written as
Opz =0y, =0,,=0 (5.55)

This condition is lossless and of the form of (3.8).
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Figure 5.25: MDKC and MDWD network for the Navier system.
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Figure 5.26: Modi ed MDKC and m tidimensiona DWN for the Navier system.
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Considering the W shown at bottom in Figure 5.26, and the associated computational grid
shown in Figure 5.27, it is easy to see that in this case, it best to arrange the grid such that parallel
unctions (at which approximations to ¢, and g, are calculated) lie on this bottom boundary. he

rst two of conditions (5.55) can be ensured by short-circuiting the parallel unctions. As a result,
the remaining series unctions on the boundary (at which approximations to v are calculated) are
decoupled from the parallel unctions, and it remains only to set a self-loop impedance at these
unctions so as to approximate the condition o 0. We leave the determination of these self-loop

impedances as an exercise to the reader.

%a'a:z .

n
1]
=

>

Figure 5.27: om tationa grid for the DWN for Navier s s stem stresses and ve o ities are a -
ated at a ternating m ti es of T 2 and at a ternating grid o ations. In the DWN im ementation
waveg tde onne tions of dea engthT 2 etween series 7 n tions white and ara e j n tions
gre  are shown as dark ines waveg ide sign inversions and se f- oo s are not shown here. t
the enter grid oint a ve tor ara e j n tion a  ates the ve tor (02, Oyy,0 ) of norma
stresses.
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